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Abstract: Near-Heyting algebras generalise Heyting algebras to distributive nearlattices, linking each principal
upset’s Heyting structure by a global identity. Sectional Hilbert nearlattices [23] drop this identity and instead build
a filter and congruence theory from sectional residuation alone. We extend this programme to the Epstein—-Horn
B-algebra setting [11,24]. A sectional semi-B-nearlattice (SSBN-algebra) is a distributive nearlattice (A, V, 1) whose
implication = restricts, on every principal upset [a), to a semi-B-algebra satisfying the Birkhoff-center adjunction
X Ag b <z e b < x = z. SSBN-algebras sit in a hierarchy NsB € SSBN C DNSB between near-semi-B-algebras and
the strictly larger class of distributive nearlattice semi-B-algebras. Within this hierarchy, ordinary (non-sectional)
semi-B-algebras and near-semi-B-algebras turn out to be incomparable classes, with neither containing the other.
For downward-directed SSBN-algebras, we build a complete lattice of implicative semi-B-filters and characterise
generated filters through a sectional meet; this repairs a natural implication-based formula that fails when the adjoined
element is not a Birkhoff element. From this characterisation we obtain an unconditional prime extension theorem, a
separation theorem, a prime-spectrum embedding, and a congruence-and-quotient theory for the semi-B-algebra
reduct.

Mathematics Subject Classification: 06D20, 06D99, 06F35, 03G25.
Keywords: semi-B-algebra; B-algebra; near-semi-B-algebra; sectional residuation; implicative semi-B-filter.

1 Introduction

Heyting algebras furnish the algebraic semantics of intuitionistic propositional logic, and near-Heyting
algebras [15,16] extend this structure to distributive nearlattices [6] by requiring each principal upset to
be a Heyting algebra, linking the sections through the identity (x vV y) = y = x = y. Sectional Hilbert
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nearlattices [23] show that this linking identity is not needed: a complete filter and congruence theory
follows from sectional residuation alone.

The present paper transplants that programme from Hilbert implication to the Epstein-Horn/Birkhoff-center
setting, and the transplant is not routine. Hilbert implication has no analogue of the Birkhoff center, so
every element plays a uniform role in generating a filter; here, only Birkhoff elements satisfy y < x = y
(property (b) of Section 2), and Example 1 shows that the natural implication-based description of a
generated filter, which works unconditionally for Hilbert algebras, fails outright once a non-Birkhoff
witness is adjoined. Proposition 7 replaces it with a meet-based description that has no counterpart in the
Hilbert-algebra case, and this is what makes the prime extension theorem (Theorem 6) unconditional rather
than requiring an extra join-compatibility hypothesis, as discussed further in Remark 8.

Both existing sectional approaches have limitations that the present setting is designed to remove.
Near-Heyting algebras impose the global linking identity (x V y) = y = x = y across all principal upsets
at once, which is unavailable whenever the algebra carries only a local, Birkhoff-center-relative notion
of implication rather than a full Heyting structure on each section. Sectional Hilbert nearlattices [23]
drop this identity, but their filter and congruence theory rests on Hilbert implication, in which every
element of a section plays the same role when a filter is generated. This uniformity is specific to the
Hilbert setting: in the Epstein-Horn setting, only Birkhoff elements satisfy y < x = y (property (b) of
Section 2), so the Hilbert-algebra route to a generated filter cannot be transplanted verbatim, as Example 1
demonstrates explicitly. The present paper closes this gap by building the Birkhoff-center distinction
between complemented and non-complemented elements into the sectional filter theory from the start
(Proposition 7), rather than assuming it away by a Hilbert-style or global-linking hypothesis.

B-algebras in the sense of Epstein and Horn [11] arise as abstractions of Post algebras [10]. Their
implication x = y is the greatest element of the Birkhoff center B(A) whose meet with x lies below y,
a construction tied to the complemented elements of the lattice in the sense of [1]. Semi-B-algebras,
presented in [24], retain only the three equational conditions (B1)-(B3) of B-algebras, dropping the two full
distributivity laws.

This weakening fits a broader pattern in the algebraization of non-classical logics. Hilbert algebras [9]
and their supremum-extensions [2] relax the implicational fragment of intuitionistic logic. The variety of
weak Heyting algebras [3] relaxes the Heyting implication axioms and remains an active area of study,
including work on its implicative-infimum subreducts [4] and its tense and difference expansions [5]. (The
term “weak Heyting algebra” carries an unrelated meaning in [19], which studies a distinct, completeness-based
weakening of the Heyting axioms rather than a subvariety of [3]; we flag this only to avoid a terminological
clash.) Brouwerian semilattices [18] drop the lattice meet in favour of relative pseudocomplementation
on a semilattice. Residuated lattices [13,22] supply the general substructural setting for residuation,
and subresiduated lattices [12] weaken the Epstein-Horn adjunction of Section 2 to a distinguished
sublattice rather than the whole Birkhoff center, generalising several of the structures considered below.
A representation-theoretic account of finite distributive nearlattices appears in [14], and [20] surveys the
algebra-logic correspondence. General lattice-theoretic background is in [17]; nearlattice congruence theory
specifically is treated in [7]; and recent work on distributive nearlattice duality appears in [21].
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Distributive nearlattices arise naturally in subalgebra lattices, where each principal upset is a bounded
distributive lattice carrying its own Birkhoff center and hence a natural domain for the sectional Epstein—-Horn
implication. Semi-B-algebras are strictly weaker than B-algebras (Example 3), so conditions that hold
automatically in B-algebras become non-trivial axioms in the semi-B setting, and this motivates a sectional
theory of semi-B-algebras on distributive nearlattices. The open problems of [23] have precise counterparts
here, and their resolution in the semi-B setting may shed light on the Hilbert case.

Throughout the paper we use the following class abbreviations: sBalg for the class of semi-B-algebras,
NsB for the class of near-semi-B-algebras, DNSB for the class of distributive nearlattice semi-B-algebras, and
SSBN for the class of sectional semi-B-nearlattices, as defined precisely in Sections 2 and 3.

Section 3 introduces SSBN-algebras and the intermediate class of DNSB-algebras. Together with
near-semi-B-algebras and global semi-B-algebras, these are placed into the hierarchy NsB € SSBN C DNSB,
alongside an incomparability result for sBalg and NsB (Theorem 4); the two classes are incomparable
rather than nested, as witnessed respectively by Examples 3 and 4. Section 4 develops a filter theory for
downward-directed SSBN-algebras. Implicative semi-B-filters form a complete lattice (Theorem 5), and
an order-theoretic characterisation of generated filters through a sectional meet (Proposition 7) yields an
unconditional prime extension theorem (Theorem 6) and a separation theorem (Theorem 7); the resulting
prime spectrum embeds the algebra order into a powerset lattice (Theorem 8). Finally, every implicative
semi-B-filter induces a congruence on the semi-B-algebra reduct, with a semi-B-algebra quotient (Theorem 9,
Corollary 3).

Semi-B-algebras also admit a logical reading, as models of a fragment of B-logic in which the residuation
property is restricted to Birkhoff-center elements: a formula y is derivable from x together with a Boolean
hypothesis b exactly when b lies below x = y, so that implication encodes deduction relative to a
distinguished classical (complemented) sublanguage rather than the whole algebra. The sectional version
studied here corresponds to a logic whose models carry local complementation structure on each principal
filter, without a global Boolean complement.

Condition (SSBN3) governs how the results below are stated. It constrains = only for pairs of elements
that already lie in a common section [a); it says nothing about x = y when x and y have no common lower
bound, which can happen in a general distributive nearlattice (Example 4 is such a case). Any argument
that compares or combines elements not already known to share a section must first produce one, and
this requires a common lower bound of the elements involved, not their join. The same caveat applies
throughout Sections 3 and 4: the order-theoretic results of Section 3 are stated sectionally to respect it,
while the filter and congruence theory of Section 4 is developed under an explicit downward-directedness
hypothesis that guarantees the needed common lower bounds exist.

Convention on Birkhoff centers. For a bounded distributive lattice L with least element 0; and greatest
element 17, B(L) denotes the Boolean subalgebra of all complemented elements. Since 07, and 17, are always
complemented, {0;, 1;} C B(L). For a distributive nearlattice (A, Vv, 1) and a € A, the upset [a) is a bounded
distributive lattice with bounds a and 1; its Birkhoff center B([a)) satisfies {a, 1} C B([a)).

Organisation. Section 2 recalls the background structures and establishes the well-definedness of sectional
meets used throughout the paper. Section 3 introduces SSBN-algebras, establishes the Birkhoff-center
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membership observation, and develops the basic sectional order theory. Section 4 covers filters, prime
extension, and congruences for downward-directed SSBN-algebras. Section 5 gives concrete examples.
Section 6 summarises results and states open problems.

2 Preliminaries

Notation. For ease of reading, we collect here the symbols used throughout, all of which follow established
conventions in the nearlattice and Epstein—Horn literature cited above: V is the nearlattice join, and [a)
the principal upset of a; A, is the meet computed inside [a) (Definition 1 below), written A once a lower
bound is understood to exist (Remark 6); B(L) is the Birkhoff center of a bounded distributive lattice L
(Definition 3); = is implication, sectional unless A has a global bottom; sBalg, NsB, DNSB, SSBN are the
class abbreviations introduced in Section 1; and Fil(A), Spec(A) denote the filter lattice and prime spectrum
of Section 4.

2.1 Distributive Nearlattices

Definition 1 ([6]): A distributive nearlattice is a join-semilattice (A, V, 1) with greatest element 1 such that,
for every a € A, the principal upset [a) = {x € A : a < x} is a bounded distributive lattice under the induced
order. The meet within [a) is denoted N,; its bounds are a (least) and 1 (greatest).

The order on A is the join-semilattice order: x < y if and only if x vV y = y. The global meet x A y need
not exist; when it does, it coincides with x A, y for any a < x, y. Throughout the paper, 1 A, b = b for all
b € [a), since 1 is the greatest element of [a); no global meet with 1 is assumed.

Definition 1 attaches the symbol A, to a specific base point a, and every later use of A, implicitly treats
this value as depending only on x, y and on the fact that a is some common lower bound of x, y, not on the
particular choice of a. The next lemma records that this is legitimate, before the notation is put to use in
Definition 2 below.

Lemma 1 (Well-definedness of sectional meets): Let (A,V, 1) be a distributive nearlattice and let x, y € A. If
a,a’ € A both satisfya < x,yanda’ < x,y,thenx N,y =X Ay y.

Proof: Putd = aV d’. Since a < x and @’ < x, x is an upper bound of {a, a’}, so d < x by the defining
property of the join; symmetrically d < y. Hence d is a common lower bound of x, y, and x, y € [d).

Since d > a, the upset [d) is a subset of [a), and [d) is itself a principal upset of the lattice [a). For
elements u,v € [d), the meet u A, v computed in [a) is a lower bound of u,v lying in [a); because d < u,v
and u A, v is the greatest such lower bound in [a), and d € [a) is itself a candidate, we get d < u A, v,
so u Ag v € [d). Thus u A, v is a lower bound of u,v lying in [d), hence u A, v < u Ay v. Conversely
uNgv € [d) C [a) is alower bound of u, v lying in [a), hence uAyv < uA,v. Combining the two inequalities,
uNgv=ungvforall u,ve[d);taking u=x,0=ygivesx N\gy =xAg ).

The symmetric argument, with the roles of a and a’ exchanged, gives x Ay ¥y = x Ay y. Hence
XNay=xNyy O
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By Lemma 1, whenever x, y € A have at least one common lower bound, the notation x A, y may be
written without reference to a; we use this freely from Definition 2 onward.

Definition 2: A subset F C A is afilter of a distributive nearlattice if 1 € F, F is upward-closed, and x N,y € F
whenever x,y € F and a < x, y.

2.2 The Birkhoff Center

Definition 3: Let L be a bounded distributive lattice with bounds 0; and 1;. The Birkhoff center B(L) is the
set of all complemented elements:

B(L)={beL:3b" €L, bAb =0, andbVv b’ =1}

B(L) is a Boolean subalgebra of L, and {01, 1} C B(L). For a distributive nearlattice (A,V, 1) and a € A, the
sectional Birkhoff center B([a)) satisfies {a, 1} C B([a)).

2.3 Epstein—Horn B-Algebras
Definition 4 ([11]): A distributive lattice (A, V, A, 0, 1) with Birkhoff center B(A) is a B-algebra if, for every
X,y € A, there exists a greatest b € B(A) satisfying x A b < y. This greatest element is denoted x = y.

The equational characterisation of B-algebras (Theorem 3.2 of [24]) shows that A is a B-algebra if and
only if, for all x,y,z € Aand b € B(A):

x=x=1, (BA1)
(x=b)Ab=0, (BA2)
xA(x=b)=xADb, (BA3)
z=(xAy)=(z=x)A(z=1Y) (BA4)
(xvy)=z=(x=2)A(y=2). (BAS5)

2.4 Semi-B-Algebras

Definition 5 ([24]): A distributive lattice (A, V, A, 0, 1) with Birkhoff center B(A) is a semi-B-algebra if the
following hold for all x,y € A and b € B(A):

x=>x=1, (B1)
xA(x=b)=xAb, (B2)
b/\(x=>y):b/\((b/\x):>(b/\y)). (B3)

The class of all semi-B-algebras is denoted sBalg.
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Every B-algebra is a semi-B-algebra: (B1) is (BA1), (B2) is (BA3), and (B3) is derived from (BA4)-(BA5)
in the proof of Theorem 3.2 of [24], to which we refer the reader for the equational computation rather
than repeating it here. The converse does not hold; see Example 3. Axioms (B2) and (B3) are stated for
b € B(A) only; the implication x = y is defined for all x, y € A. In a general semi-B-algebra, (B1)-(B3)
alone do not guarantee that x = y € B(A) for arbitrary x, y € A: this membership is additional content,
supplied directly in the B-algebra definition and, in the sectional setting of Section 3, by axiom (SSBN3).
Any argument that applies (B3) to an expression such as (b A x) = (b A y) therefore requires this element
to be known in advance to lie in B(A), and we flag explicitly every place this is needed below.

The following properties hold in every semi-B-algebra (Theorems 3.7-3.10 of [24]):

(@ IfbeB(A)and b < x,then b A(x = ¢) = b A ¢ for any ¢ € B(A).
(b) IfbeB(A),b<x,and b <y, thenb < (x = y).

() ForbeBA)withb<x:b<(b=x)andb < (x= D).

(d (x=y)=1impliesx < y.

(e) b <((bAx)= x)forall b € B(A).

Property (b) gives y < x = y only when y itself is a Birkhoff element (b < x and b < y with b =y
requires y € B(A)). For a general, non-Birkhoff element y, the inequality y < x = y need not hold, even in
a genuine Epstein—-Horn B-algebra; Example 1 exhibits this explicitly, and Section 4 relies on the distinction
repeatedly.

2.5 Near-Semi-B-Algebras

Definition 6: An algebra (A, V,=,1) is a near-semi-B-algebra if (A, V, 1) is a distributive nearlattice and the
following hold for all x, y € A:

yVx=y)=x=y, (NsB1)
x=>x=1, (NsB2)
1= x=x, (NsB3)
(xvy)=y=x=y, (NsB4)

and, for every a € A, the restriction of = to [a) satisfies (B1)—(B3) with respect to B([a)) and the sectional
adjunction

XNgb<z &= b<x=72 (NsB5)
holds for all x, z € [a) and b € B([a)). The class of all near-semi-B-algebras is denoted NsB.

Axiom (NsB1) forces y < x = y for all x, y, which is strictly stronger than property (b) above
guarantees in a general semi-B-algebra, where this inequality is secured only when y is itself a Birkhoff
element. Axiom (NsB4) is the global-linking identity; SSBN-algebras (Definition 7) do not require it.
Axiom (NsB3) is postulated independently rather than derived from (NsB1): substituting x = 1 into (NsB1)
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gives yV(1 = y) =1 = y, which only yields y < 1 = y and does not by itself force 1 = y = y. Condition
(NsB5) is precisely the sectional adjunction (SSBN3) of Definition 7 below, included here as a hypothesis on
near-semi-B-algebras rather than as a consequence of (NsB1)-(NsB4); Proposition 2 records the resulting
relationship.

3 Sectional Semi-B-Nearlattices

3.1 Definition

Definition 7: A sectional semi-B-nearlattice (SSBN-algebra) is an algebra (A, v, =, 1) satisfying:

(SSBN1) (A, V,1) is a distributive nearlattice.

(SSBN2)  For every a € A, the restriction of = to [a) satisfies (B1)—(B3) with respect to B([a)).

(SSBN3)  (Sectional adjunction) For every a € A and x, z € [a), the element x = z lies in B([a)) and is the
greatest element of B([a)) satisfying x Ny (x = z) < z; equivalently, for every b € B([a)),

xNb<z = b<x=> 2z

The class of all SSBN-algebras is denoted SSBN. Condition (SSBN3) is a genuine additional postulate on the
operation =: it is not derivable from (SSBN1)-(SSBN2), since (B1)—(B3) alone place no constraint on how =
interacts with A,. The same postulational status attaches to x = y € B(A) in ordinary B-algebras (Definition 4),
where membership in the Birkhoff center is part of what the definition demands of = rather than something
proved about it. The membership x = z € B([a)) stated in (SSBN3) is used repeatedly below and is collected as
Remark 2 for ease of citation.

Because of this, (SSBN3) constrains x = z only when x and z already lie in a common section [a), i.e.
only when some a € A satisfies a < x and a < z. If x and z have no common lower bound, nothing in

(SSBN1)—-(SSBN3) pins down the value of x = z.

Remark 1 (Consistency across sections): Condition (SSBN3) is quantified over every a € A simultaneously,
since = is a single global operation. So whenever x, z € [a) N [a) for a,a’ € A, the value x = z must agree
with the greatest element of B([a)) and of B([a’)) satisfying the adjunction; this agreement is part of the
axiom’s content, not a derived consequence. Every example in Section 5 overlaps sections only trivially, so each
pair (x, z) has a canonical minimal section once a lower bound is fixed; for a richer nearlattice, requiring a
single = to satisfy (SSBN3) on all sections at once remains a non-trivial constraint.

Definition 8: A distributive nearlattice semi-B-algebra (DNSB-algebra) is an algebra (A, v, =, 1) satisfying
(SSBN1) and (SSBN2) only, i.e. a distributive nearlattice whose restriction of = to every principal upset [a) is
a semi-B-algebra with respect to B([a)), without requiring the sectional adjunction (SSBN3). The class of all
DNSB-algebras is denoted DNSB.

The sectional adjunction (SSBN3) is independent of (SSBN1) and (SSBN2): the axioms (B1)-(B3) impose
no adjunction between A, and = within [a), which is why DNSB-algebras need not be SSBN-algebras
(Corollary 4). Condition (SSBN3) says that x = z is the greatest element of B([a)) satisfying xA,(x = z) < z,



8 of 22 Ann. Commun. Math. 9 (2026): 15

i.e., it is the sectional Epstein—-Horn implication. When A is a lattice with global bottom 0, so that [0) = A,
condition (SSBN3) reduces to the global Epstein—-Horn adjunction, recovering Definition 4.

Remark 2 (Birkhoff membership): In any SSBN-algebra A, for every a € A and x, z € [a), x = z € B([a)).
This membership is part of the content postulated by (SSBN3) and is not proved independently; it is invoked by
name throughout the paper to licence the substitution b := x = z into (SSBN3) without restating the definition
each time.

3.2 Basic Properties

Proposition 1: Let A be an SSBN-algebra.

(1)  Ifx < y in the nearlattice order, then x = y = 1.
(2) 1 isthe greatest element of A, and x = 1 =1 for every x € A.
(3) Ifx<y, thenxVvz<yVzforeveryze A and hence(xV z) = (yV z) =1 by part (1).

Proof: (1) Take a = x; since x < x and x < y, both x, y € [a), and 1 € B([a)). From x A\, 1 = x < y, the
(=) direction of (SSBN3) gives 1 < x = y,ie.x = y = 1.

(2) That 1 is the greatest element of A is part of Definition 1. For x = 1 = 1: take a = x; then
x Ng 1 = x < 1, so the (=) direction of (SSBN3) gives x = 1 = 1.

(3) Monotonicity of v with respect to < holds in every join-semilattice; the displayed implicational
consequence is part (1) applied to the pair x vz < yvz. O

The order-theoretic content of (SSBN3) is stated separately from the elementary facts above, since it is
the result invoked most heavily in the remainder of the paper.

Theorem 1 (Sectional order agreement): Let A be an SSBN-algebra and a € A. The relationx <o, y 1 x =
y = 1, restricted to [a), is a partial order on [a), and it coincides there with the nearlattice order < restricted to

[a).

This statement is confined to a single section rather than to all of A, since (SSBN3) constrains x = y only
for pairs with a common lower bound. Every later use of this theorem applies it inside a section already
fixed by hypothesis, as in Lemmas 2 and 3 below.

Proof: Fix a € A; by (SSBN2) (Definition 7), the restriction of = to [a) satisfies (B1)-(B3) with respect to
B([a)), so [a) is in particular a semi-B-algebra. Reflexivity of <_, on [a) is (B1). For x, y € [a), Proposition 1(1)
(applied within [a), since a < x, y already places them in a common section) gives that x < y implies
x = y = 1, and general semi-B property (d) gives the converse: x = y = 1 implies x < y. Hence, for
x,y € la),

x=>y=1 <= x<y
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Antisymmetry and transitivity of <., on [a) are therefore inherited directly from antisymmetry and
transitivity of the lattice order < on [a), via this identification. [J

Theorem 2: Let A be an SSBN-algebra and a € A. The algebra ([a), Aa, V, =1[4), a, 1) is a semi-B-algebra with
respect to B([a)). Moreover, for every x, z € [a), the element x = z is the greatest element of B([a)) satisfying
XN (x=>2)< 2.

Proof: Closure. For x, z € [a), Remark 2 gives x = z € B([a)) C [a).

Semi-B axioms. Axioms (B1)-(B3) hold in [a) by (SSBN2).

Adjunction. Condition (SSBN3) provides x A, b < z < b < x = z for all b € B([a)). Setting b = x = z
(which lies in B([a)) by Remark 2) in the (<) direction gives x A, (x = z) < z, confirming x = z is the
greatest such element by (SSBN3). [J

Corollary 1: Every principal upset [a) of an SSBN-algebra carries the Epstein—Horn sectional adjunction and
is a semi-B-algebra with respect to B([a)).

Corollary 2 (Sectional modus ponens): For every a € A and x,z € [a), one has x A, (x = z) < z.
Proof: Set b = x = z € B([a)) (Remark 2) and apply the (<) direction of (SSBN3). [J

Theorem 3 (Uniqueness): Foreverya € A and x, z € [a), the element x = z is the unique greatest b € B([a))
satisfying x N b < z.

Proof: By (SSBN3) every b € B([a)) with x A, b < z satisfies b < x = z. Uniqueness of the greatest
element is then immediate. [

Lemma 2 (Sectional monotonicity of implication): Let A be an SSBN-algebra, a € A, and x, u, y,v € [a)
with x < u and y <v. For every b € B([a)) withb < u = y, onehasb < x = v.

Proof: Step 1. Let b € B([a)) with b < u = y. Applying (B3) within [a):

brgcu=1%) = b ((bAgu) = (b N Y)).

Since b < u = y, the left side equals b, giving

b < (brngu)=(bnrgy). (*)

Step 2(a) (Birkhoff membership and the Boolean order). By Remark 2, both (b A, u) = (bA,y) and
(b Ag x) = (b Ag ) lie in B([a)), so the argument below uses (SSBN3) rather than (B1)-(B3) alone: without
(SSBN3) these implications need not lie in B([a)), and the Boolean-order argument that follows would
not apply. Since B([a)) is a Boolean algebra, its implication p = p((4)) ¢ = 7p Vp((4)) q is order-reversing
in p and order-preserving in g. By (SSBN3) this Boolean implication coincides with the restriction of the
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global = to elements of B([a)), since for p, g € B([a)) the greatest b € B([a)) with p A, b < q is exactly the
Boolean relative complement —1p Vg([,)) ¢.

Step 2(b) (Applying monotonicity). From x < uand y <vweget bA,x < bAuand b A,y < b Ay
Order-reversal in the first argument applied to b A, x < bAgu gives (bAgu) = (bAgy) < (bAgx) = (bA,Y)
in B([a)); order-preservation in the second argument applied to b A, y < b A, v then gives (b A, x) =
(b Agy) < (b Agx) = (b Ay v). Combining the two displayed inequalities,

(bAau) = (bAay) < (bAax)=(bAgv) inB([a)).

Step 3. Combining Step 2(b) with (x): b < (b Ay x) = (b Ay v). A second application of (B3) to the pair
(x,v) with coefficient b gives

b/\a(x=>v)=b/\a((b/\ax):>(b/\av))zb,
hence b < x = v. [

Remark 3: Lemma 2 records a basic structural fact about the sectional order of an SSBN-algebra, in the
spirit of the standard monotonicity property of Heyting implication; it is not needed for the filter-generation
argument of Section 4 (Proposition 7), which instead argues directly through sectional meets.

Lemma 3 (Sectional syllogism): Let A be an SSBN-algebra, a € A, and x, y, z € [a). Then
(y=2)= ((x=>y)=>(x:>z)) =1.

Proof: By Remark 2, x = y, y = z, and x = z lie in B([a)), and so does their meet (x = y) A, (y = 2).
By Corollary 2, x A, (x = y) < y, so associativity and monotonicity of A, give

XN ((x=PN(y=12) < yra(y=12) < z

the last step by Corollary 2. Since (x = y) A, (y = z) € B([a)), the (=) direction of (SSBN3) applied to
(x, z) gives

x=2y)n(y=2) < x=2z

Applying (SSBN3) againto (x = y, x = z) with b =y = z € B([a)) gives y = z < (x = y) = (x = 2).
Theorem 1 identifies this with the stated equality, since all elements involved lie in the single section [a)
fixed above. [J

Remark 4: Lemmas 2 and 3 take x, y, z (or x, u, y,v) as already given in a common section | a); this is essential,
since setting a := x V y V z and treating x, y, z as members of [a) would be invalid (a < x would then force
Yy V z < x, which the hypotheses do not give). The remainder of the paper accordingly assumes or establishes a
common lower bound rather than manufacturing one from a join.
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3.3 Relationship with Near-Semi-B-Algebras

The next two propositions state that the defining clauses of a larger class are a subset of those of each
smaller class; both follow immediately from comparing definitions.

Proposition 2: Every near-semi-B-algebra is an SSBN-algebra.

Proof: Condition (SSBN1) holds as part of Definition 6; (SSBN2) holds because Definition 6 requires
(B1)—(B3) on each [a); and (SSBN3) is precisely axiom (NsB5). The global-linking identity (NsB4) plays
no role here: it is what might distinguish near-semi-B-algebras from SSBN-algebras (Theorem 4 and
Remark 5). [J

Proposition 3: Every SSBN-algebra is a DNSB-algebra.
Proof: Conditions (SSBN1) and (SSBN2) are exactly the defining conditions of a DNSB-algebra (Definition 8).

Theorem 4 (Hierarchy and incomparability): The inclusions NsB € SSBN C DNSB hold, with the last
inclusion strict. The classes sBalg and NsB are incomparable: NsB ¢ sBalg and sBalg Z NsB.

Proof: NsB C SSBN: Proposition 2.

SSBN C DNSB: Proposition 3.

SSBN ¢ DNSB: Corollary 4 exhibits a DNSB-algebra that fails (SSBN3).

NsB ¢ sBalg: Example 4 is a near-semi-B-algebra whose underlying structure is not a lattice, hence is
not a global semi-B-algebra (Definition 5 requires a distributive lattice).

sBalg ¢ NsB: Example 3 is a semi-B-algebra (on A = {0, 1} with 0 = 1 = 0) in which axiom (NsB1) fails:
taking x =0 and y = 1,

yVix=y)=1v(0=1)=1v0=1 # 0=x=y.
Hence A € sBalg \ NsB, so sBalg ¢ NsB. [

Remark 5: Whether NsB C SSBN is strict remains open: a separating example requires an SSBN-algebra
failing the global-linking identity (NsB4); see Section 6 for discussion.

Proposition 4 (Characterisation): An algebra (A,V, =, 1) satisfying (SSBN1) is an SSBN-algebra if and only
if every [a) is a semi-B-algebra carrying the Epstein—-Horn adjunction with respect to B([a)).

Proof: (=): Corollary 1.
(<): The adjunction holding in each [a) is (SSBN3); each [a) being a semi-B-algebra is (SSBN2). [J
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3.4 Structural Comparison

Table 1 places the new classes alongside earlier related structures. The columns for Sect. (B1)-(B3) and
Sect. adj. (SSBN3) are separated to emphasise that (SSBN3) is independent of (B1)—-(B3). In particular, the
mere fact that a semi-B-algebra is a distributive lattice (hence its own single section) does not guarantee that
it carries the Epstein-Horn adjunction: Example 3, verified in Corollary 4 to fail (SSBN3), is a semi-B-algebra
for which the global and sectional adjunction columns are both “no.”

Structure Global lattice Global adj. Sect. (B1)-(B3) Sect. adj. (SSBN3) Linking id.
Semi-B-algebra yes not guaranteed yes not guaranteed no
Near-semi-B-algebra no no yes yes yes
SSBN-algebra no no yes yes no
DNSB-algebra no no yes not req. no
Heyting algebra yes yes n/a n/a n/a
SHN-algebra [23] no no n/a n/a no

Table 1: Structural comparison of semi-B and Heyting-type classes. “n/a” means the concept does not apply within
this paper’s framework. The semi-B-algebra row reads “not guaranteed” in the adjunction columns because (B1)-(B3)
alone do not force x = y € B(A) (Section 2); Example 3 exhibits a semi-B-algebra failing (SSBN3) (Corollary 4), so the
adjunction cannot be asserted in general for this row. The row has “no” in the Linking id. column because sBalg and
NsB are incomparable; the global-linking identity (NsB4) is an axiom of NsB, not of sBalg (Theorem 4).

4 Filters and Congruences

4.1 Implicative Semi-B-Filters

Definition 9: A nonempty subset F C A is an implicative semi-B-filter (sB-filter) of an SSBN-algebra A if:
(1) 1€F;

(2) xe€Fandx<yimplyye€F (upward closure);

(3) x€Fandx = yeFimplyy € F (implicative closure);

(49) x,y€Fanda<x,yimplyxn,y€F (meet closure).

We use the shorter name sB-filter throughout the remainder of the paper. Clause (4) mirrors the meet-closure
clause of nearlattice filters (Definition 2), of which an sB-filter is a refinement, and is well posed by Lemma 1.

The trivial sB-filters {1} and A exist in every SSBN-algebra. Arbitrary intersections of sB-filters are
sB-filters.

Proposition 5: Let F be an sB-filter of A and x € F withx < y. Thenx = y =1€ F.

Proof: By Proposition 1(1), x < y gives x = y = 1, and 1 € F by clause (1). [
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4.2 A Standing Hypothesis: Downward Directedness

The results from Lemma 4 onward compare or combine implications x = y, y = z, ... built from
several elements of A at once. Such comparisons are only licensed by (SSBN3) when the elements concerned
already share a common lower bound. We therefore adopt an explicit hypothesis for the remainder of this
section.

Definition 10: An SSBN-algebra A is downward directed if every nonempty finite subset S C A has a lower
bound in A, i.e. there exists d € A withd < s for every s € S.

Remark 6: Every result from Lemma 4 to Corollary 3 below assumes A is downward directed. Each argument
in this range must place several elements of A into a single section [d) before invoking (SSBN3) or Lemma 3,
and [d) requires d to lie below each of them, not above. Every worked example of Section 5 is downward
directed except Example 4, whose two minimal elements a, b have no common lower bound; that example
is used solely to witness Theorem 4, which does not rely on any result of this section. For readers who wish
to construct further directed examples: a finite join-semilattice that is downward directed is automatically a
lattice, since the join of all common lower bounds of any pair is itself a lower bound of both and hence their
meet. Non-lattice directed examples, if wanted, must therefore be sought among infinite nearlattices.

Remark 7 (Consistency of directed meets): When x, y € A have a common lower bound, Lemma 1 already
guarantees that x Aq y takes the same value for every common lower bound d < x, y; downward directedness
is used here only to guarantee that such a common lower bound exists for every finite subset of A occurring in
an argument of this section. We write this common value as x N y whenever a lower bound of x, y exists.

4.3 Hypothetical Syllogism in Filters

Lemma 4: Let A be a downward-directed SSBN-algebra and F an sB-filter of A. If a,b,c € A witha= b € F
andb = c€ F,thena= c€F.

Proof: By Definition 10, choose d € A with d < a, b, ¢, so a, b, ¢ € [d). Lemma 3 applied within [d) gives
(b=>c)=>((a=>b):>(a=>c))=1€F.

Two applications of implicative closure (using b = c € Fthena= b € F)yielda= c€ F. [J

4.4 Generated sB-Filters

Proposition 6: For every a € A, the sB-filter generated by {a} is (a) = [a).

Proof: [a) isan sB-filter. (1) 1 € [a) since a < 1. (2) [a) is upward-closed by definition. (3) Let x, x = y € [a).
Then a < x = y. Since x = y € B([a)) (Remark 2), the (<) direction of (SSBN3) with b = a € B([a)) gives
xNga<yie a<y soyce€]la) (4) a)isabounded distributive lattice with meet A, so it is closed under
Ng.
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Minimality. Any sB-filter containing a contains [a) by upward closure. [J

We now turn to filters generated by adjoining a single further element s to an existing sB-filter F. A
natural first guess is to mimic the classical Hilbert-algebra construction and describe the generated filter
through witnesses of the form p < s = ¢ with p € F. The next example shows that this guess is false in
general, which is why Proposition 7 below is instead phrased through a sectional meet.

Example 1 (Failure of an implication-based witness): The inequality f < s = f need not hold for a general
(not necessarily Birkhoff) element f, even in an honest Epstein—-Horn B-algebra. Let L = {0, 1} x {0, m, 1} be the
product of the two-element chain and the three-element chain, ordered, met, and joined componentwise. This is
a bounded distributive lattice with bottom (0, 0) and top (1, 1). Its Birkhoff center is B(L) = {0, 1} x {0, 1}, four
elements in all, since m has no complement in the three-element chain: any candidate complement c of (x1, m)
would needm A ¢; = 0 andmV ¢, = 1 in the chain {0, m, 1}, and no ¢, € {0, m, 1} satisfies both. Regarded as a
nearlattice with global bottom, L has the single section [(0,0)) = L, and B(L) is a finite Boolean algebra closed
under the joins required in Definition 4, so the Epstein—Horn implication x = y = (greatest b € B(L) with
x Ab < y)is well defined and L € sBalg.

Take s = (0,1) and f = (1,m). For b = (by,b;) € B(L), s A b = (0,b;), and (0, by) < (1,m) holds
automatically in the first coordinate and requires by < m in the second; since b, € {0,1} and 1 £ m, this
forces by = 0, while by is unconstrained. The greatest such b is therefore (1,0), so s = f = (1,0). But
f=0Q,m) £(1,0), sincem £ 0 in the three-element chain. Thus f £ s = f. Consistently with property (b) of
Section 2, note that f = (1,m) ¢ B(L): the failure occurs precisely because f is not a Birkhoff element. This is
the gap that an implication-based description of the generated filter would inherit, and Proposition 7 below is
proved using the sectional meet p A s rather than the implication s = c for this reason.

Lemma 5 (Sectional distributivity bound): Let A be a downward-directed SSBN-algebra and p, x, y,c € A. If
pAx<candp Ay < c (meetsin the sense of Remark 7), then p A (x V y) < c.

Proof: Choose d € A with d < p, x, y (downward-directedness). Since x,y > d, also x vy > d, so
p,x,y,xVy € [d), adistributive lattice by Definition 1. Distributivity gives pAg(xVy) = (pAgx)V(p Ag ).
By hypothesis both terms on the right are < ¢, and the join of two elements each < c¢ is itself < c; hence
pAxvy)=pra(xvy)<ec O

Proposition 7 (Generated sB-filter): Let A be downward directed, F an sB-filter, and s € A. The sB-filter
generated by F U {s} is

G:={ceA:3p€eF, prs<yqc}

where p A s is the sectional meet of Remark 7.
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Proof: G contains FU{s}. Takingp=1€ Fandc=1:1As=s<1,s01 € G. For f € F: taking p = ¢ = f,
f Ans < f always, since a meet is a lower bound of its arguments; so f € G, giving F C G. For s: taking
p=1leFandc=s,1As=5<s,s0s5€G.

Upward closure. If c € GviapAs<c,and c < e,then p As < c < e, s0 e € G via the same p.

Meet closure. Let ¢1,c, € Gvia py As < cp and p, A s < ¢. Put p = p; A py € F (meet-closure of F, well
defined by downward-directedness). Since p < py, p2, monotonicity of the meet in any common section
gives pAs< piAs<crand pAs< pyAs<cy,sopAsisalower bound of both ¢; and c;, and therefore
pAs< e Ace Hence ¢ Acy € Gvia p.

Implicative closure. Let ¢, ¢ = e € G, with witnesses p1As < cand poAs < (¢ = e). Putp = p1Apz € F;
as above, pAs<cand pAs < c= e Choose a€ Awith a < pAs,c, e (downward-directedness); then
c,e € [a), so ¢ = e € B([a)) by Remark 2, and Corollary 2 gives ¢ A, (c = €) < e. Since p A s is a lower
bound of both ¢ and ¢ = e,

pAs < chg(c=e) < e

so e € G via p.
Minimality. Let H be any sB-filter with FU{s} C H.If c € GviapAs < cwithp € FC H, then p,s € H;
meet-closure of H gives p A s € H, and upward closure gives ¢ € H. Hence G C H. [

Remark 8: The meet-based description of Proposition 7 is what makes the prime extension theorem below
unconditional: because G is described through p A s rather than through s = ¢, no hypothesis is needed on
howV and = interact at the point where a prime filter is enlarged by a single element. Set-theoretically, G is
the upward closure, inside the section fixed by downward-directedness, of {p A's : p € F}; this is the sB-filter
analogue of the standard construction of a generated filter in a distributive lattice by adjoining one element
and closing under the meet with the existing filter.

4.5 The sB-Filter Lattice
Theorem 5: The family Fil(A) of sB-filters of A, ordered by inclusion, is a complete lattice: for any family
{F}ic1 C Fil(A), the meet is ); F; and the join is the sB-filter generated by | J; F;.

Proof: Closure under arbitrary intersections is immediate; A is the top element. The join of a family {F;};¢;
is the sB-filter generated by | J; ;. [J

4.6 Prime sB-Filters and Separation

Definition 11: A proper sB-filter P C A is prime if x V y € P implies x € P or y € P. The prime spectrum
Spec(A) is the set of all prime sB-filters of A.

Establishing that every sB-filter extends to a prime sB-filter requires combining information coming
from two different sections (those generated by x and by y) with the section containing the join x v y.
Because Proposition 7 characterises generated filters through a sectional meet rather than an implication,
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this combination can be carried out directly through the distributivity of a single common section (Lemma 5),
with no further hypothesis relating v and =.

Theorem 6 (Prime extension): Let A be downward directed, F an sB-filter of A, and b ¢ F. Then there exists
a prime sB-filter P with F C P and b ¢ P.

Proof: Let S={G€Fil(A) : FCG, b ¢ G}. ThenF € S,s0S = Q.

Zorn’s lemma applies. Let C be a nonempty chain in S and U = | C. Each clause of Definition 9 involves
only finitely many elements at a time: clause (1) involves none, clauses (2) and (3) involve two elements of
U, and clause (4) involves two elements of U together with a lower bound. Given any such finite set of
elements of U, each lies in some member of the chain C, and since C is totally ordered by inclusion, all
of them lie in a single member G, € C; the relevant clause holds in Gy, and its consequence is again an
element of Gy € U. Hence U satisfies all four clauses and is an sB-filter containing F. Since b ¢ G for every
GeC,alsob ¢ U,so U € S is an upper bound for C in S. By Zorn’s lemma, S has a maximal element P.

P is prime. Suppose x Vy € Pbut x ¢ Pand y ¢ P. Since x ¢ P, the sB-filter (P U {x}) generated
by P U {x} strictly contains P; by maximality of P in S, this larger filter cannot itself lie in S, so it must
contain b. By Proposition 7, (PU{x}) ={c€ A : 3p € P, p Ax < ¢}, so there is p, € P with p, A x < b.
Symmetrically there is p,, € P with p, Ay < b.

Put p = p, A p, € P (meet-closure of P). Since p < py, p,, monotonicity of the meet gives p A x <
pxAx<bandpAy<p,ANy <b. Lemma 5 then gives pA(xVy) < b. Sincep € PandxVy€P,
meet-closure gives p A(xV y) € P, and upward closure (as p A(xV y) < b) gives b € P, contradicting P € S.
Hence x € P or y € P, and P is prime. []

Theorem 7 (Separation): Let A be downward directed. If a £ b then there exists a prime sB-filter containing
a but not b.

Proof: Since a £ b, b ¢ [a) = (a) (Proposition 6). Apply Theorem 6 with F = [a). [J

4.7 Prime Spectrum Embedding

Theorem 8: Let A be downward directed. The map a — a = {P € Spec(A) : a € P} is an order-embedding of
(A, <) into (25P¢<A) Q).

~

Proof: If a < b, upward closure gives @ C b.Ifa % b, Theorem 7 yields P € a\ /b\, soag¢b. O

4.8 Congruences Induced by sB-Filters
Definition 12: For an sB-filter F, define ®r = {(x,y) € A> : x = y € F and y = x € F}.

Theorem 9: Let A be downward directed and F an sB-filter. Then ®F is a congruence on the semi-B-algebra
reduct (A, =, 1).

Proof: Reflexivity. x = x = 1€ F.
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Symmetry. The definition is symmetric.

Transitivity. x = y,y = z € F implies x = z € F by Lemma 4; symmetrically z = x € F.

Compatibility with=. Let (x, u), (y,v) € Of. By downward directedness choose d € Awith d < x, u, y,v.
Lemma 3 applied to u, x,y € [d) gives (u = x) = ((x =7y)=(u= y)) = 1. Since u = x € F (from
(x, u) € OF), two implicative closures yield (x = y) = (u = y) € F. Lemma 3 applied to u, y,v € [d) then
gives (y = v) = ((u =>y)=>(u=> v)) = 1. Since y = v € F (from (y,v) € OF), two implicative closures
give (u = y) = (u = v) € F. Lemma 4 applied to these two elements of F yields (x = y) = (u =v) € F;
by symmetry in (x, ) and (y,v), (u = v) = (x = y) € F. Hence (x = y,u = v) € Op. [J

Remark 9: Extending OF to a congruence on the full algebra (A, Vv, =, 1) requires some further condition
linking v and =; this remains open in general.

Corollary 3: Let A be downward directed and F an sB-filter. The quotient (A/®p,=,[1]) with [x] = [y] :=
[x = y] is a semi-B-algebra.

Proof: Well-definedness follows from Theorem 9, and each of (B1)-(B3) passes to the quotient. []

5 Examples

Example 2 (Four-element Boolean algebra as SSBN-algebra): Let A = {0, a, b, 1} be the four-element Boolean
algebra withaANb =0,avb =1,and x = y :=—xV y. Since B(A) = A, A is an Epstein—Horn B-algebra
and an SSBN-algebra (Proposition 4). A has global bottom 0, so it is downward directed (Definition 10), and
Theorem 6 applies to it directly.

Example 3 (A semi-B-algebra that is not a B-algebra, and not in NsB): Let A = {0, 1} with 0 < 1 and the
implication:

=
0
1

S = | O
[ =

Here B(A) = {0, 1}. Axiom (B1) holds (0 = 0 = 1,1 = 1 = 1). Table 2 verifies (B2) and (B3) for all b € {0, 1},
confirming A € sBalg. A has global bottom 0, so it is downward directed.

A\ N A VAN

x b |x=b|xa(xmb) | xnb b x ylbnrG=y) [ brx] (bax)=bny)
0 0 1 0 0v

1 0 O 1 0 1v
0 1 0 0 0v

1 0 1 0 0 0v
1 0 0 0 0ov
11 1 1 1/ 1 1 0 0 1 0v

1 1 1 1 1 1/

Verification of (B2).

=N

Verification of (B3).

Table 2: Verification of (B2)-(B3) in Example 3.
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A is not a B-algebra: 0 < 1 but 0 = 1 = 0 # 1, contradicting Theorem 3.17(ii) of [24]. As shown in
Corollary 4 below, A also fails the sectional adjunction (SSBN3) and so is not an SSBN-algebra; the discussion
of NsB-membership below concerns only the semi-B-algebra structure. Moreover, A ¢ NsB: axiom (NsB1) fails
forx=0,y=1:

YV(x=y)=1v0=1 % 0=x=y.
This witnesses sBalg ¢ NsB in Theorem 4.

Corollary 4 (SSBN C DNSB): Regard A = {0, 1} of Example 3 as a distributive nearlattice with global bottom
0, so that A has the single section [0) = A. Then A is a DNSB-algebra that fails (SSBN3), hence is not an
SSBN-algebra; consequently SSBN C DNSB. In particular, (SSBN1) and (SSBN2) together do not imply (SSBN3).

Proof: (SSBN1) holds since A is a two-element lattice. (SSBN2) holds in the single section [0) = A by
Table 2. Hence A is a DNSB-algebra. To see (SSBN3) fails, take x = 0, z = 1, b = 1 € B(A). Then
x Ao b =0< 1=z, so the (=) direction of (SSBN3) requires 1 < 0 = 1 = 0, which is false. [J

Example 4 (A near-semi-B-algebra not in sBalg): Let A ={a, b, 1} witha < 1, b < 1, a and b incomparable,
aV b = 1. No global meet a A b exists, so A is not a lattice and not in sBalg. The upsets [a) = {a, 1} and
[b) = {b, 1} are two-element Boolean algebras. Define:

Table 3 verifies axioms (NsB1)—(NsB4).

Axiom Check

(NsBl): y<x =1y a<b=a=a b<a= b=b;all cases with y = 1 hold since = y = 1.
(NsB2): x =x=1 a=a=1b=b=1;1=>1=1.

(NsB3): 1 = x =x l=a=a; 1=b=0>.

(NsB4): (xvy)=>y=x=y (avb)=b=1=>b=b=a=0b; (avb)=>a=1=a=a=b=a.

Table 3: Verification of (NsB1)-(NsB4) in Example 4.

The restrictions to [a) and [b) are Boolean implications and satisfy the sectional adjunction (NsB5). Hence
A € NsB, and Proposition 2 gives A € SSBN. Since a and b have no common lower bound, A is not downward
directed (Definition 10), so the filter and congruence theory of Section 4 does not apply to it; this example
witnesses only NsB ¢ sBalg in Theorem 4, since A, not being a lattice, lies outside sBalg.
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Example 5 (Three-element chain): Let A = {0,m, 1} with 0 < m < 1 and the Heyting chain implication:
x=y=1ifx <y,and x = y = y otherwise. Then A is a B-algebra and an SSBN-algebra. Being a chain, A
is downward directed: for any finite S C A, min(S) is a lower bound, so Theorem 6 applies to it unconditionally.

The congruence Oy, 13 does not relate 0 andm (m = 0 = 0 ¢ {m, 1}), illustrating that © can be non-trivial.
The quotient A/®yyy = A shows Corollary 3 can act trivially.

6 Conclusion and Open Problems

Sectional semi-B-nearlattices (SSBN-algebras) carry an Epstein-Horn semi-B-algebra structure sectionwise
on every principal upset, with the Birkhoff-center-based adjunction holding in each section. Remark 2,
that x = z € B([a)) for all x, z € [a), underlies the sectional order theory of Section 3 and the filter and
congruence theory of Section 4; this membership is part of what (SSBN3) postulates, not a consequence of
(B1)-(B3) alone, and Corollary 4 shows it fails when (SSBN3) is dropped. Theorem 1 and Remark 6 make
explicit that (SSBN3) says nothing about x = y once x, y lack a common lower bound; the order-theoretic
results of Section 3 are accordingly stated sectionally, and the filter/congruence theory of Section 4 is
developed under an explicit downward-directedness hypothesis rather than claimed for every SSBN-algebra.

A further outcome of the filter theory is that the naive implication-based description of a generated
sB-filter fails whenever the witnessing element is not a Birkhoff element (Example 1). Replacing it with
the order-theoretic, meet-based description of Proposition 7 both repairs the argument and removes a
join-compatibility hypothesis that would otherwise be needed for the prime extension theorem: primality
follows directly from the distributivity of a single common section (Lemma 5).

The main results are as follows.

(1) NsB € SSBN ¢ DNSB holds with the last inclusion strict; sBalg and NsB are incomparable (Propositions 2,
3; Theorem 4; Corollary 4; Examples 3, 4). Strictness of NsB € SSBN is open (Remark 5).

(2)  Every upset [a) is a semi-B-algebra with a unique sectional Epstein—Horn implication, and the relation
x = y = 1 agrees with the nearlattice order within any single section (Theorem 2; Theorem 3;
Theorem 1).

(3) For downward-directed A, implicative semi-B-filters form a complete lattice, and generated filters
admit an order-theoretic, meet-based description that repairs an implication-based formula shown to
fail in general (Theorem 5; Proposition 7; Example 1). Every proper sB-filter extends unconditionally
to a prime sB-filter (Theorem 6).

(4) For downward-directed A, the prime spectrum embeds (A, <) into a powerset lattice, again without
extra hypotheses (Theorem 8).

(5) For downward-directed A, every sB-filter induces a semi-B-algebra congruence whose quotient is a
semi-B-algebra (Theorem 9; Corollary 3).

The following questions remain open.

(1) Is NsB ¢ SSBN? A separating example requires an SSBN-algebra failing (NsB4); a candidate
construction would adapt the free algebra over the SSBN axioms on a small generating set and
check (NsB4) directly.
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(2) Does the downward-directedness hypothesis of Section 4 admit a genuine non-lattice
example? As noted in Remark 6, a finite downward-directed join-semilattice is automatically
a lattice, so a directed, non-lattice SSBN-algebra (if one exists) would have to be infinite; constructing
one, or proving none exists, would clarify how much of Section 4 extends to the non-lattice setting of

Example 4.
(3) Does Of extend to a congruence on (A, V,=,1)? See Remark 9.
(4) Isthere a Stone-type duality for SSBN-algebras?
(5) 'What are the subdirectly irreducible SSBN-algebras?
(6) Does the semi-B setting admit a sequent calculus whose Lindenbaum-Tarski algebras are

SSBN-algebras?

(7) 'What is the connection with sectionally pseudocomplemented posets [8]? Both weaken global
complementation to a sectional condition; a formal comparison is left for future work.

(8) Is there a genuine DNSB-algebra with |[B([a))] > 2 on some section that fails (SSBN3)?
Corollary 4 treats only the Birkhoff-trivial case; a larger example would sharpen the SSBN-DNSB
boundary.

(9) Do the open problems of [23] simplify in the Epstein—-Horn semi-B setting?

(10) Applications to algebraic semantics. Section 1 sketches a logical reading in which implication
encodes deduction relative to a distinguished Boolean sublanguage on each section; beyond the
Lindenbaum-Tarski question above, natural non-classical logics whose algebraic models are (dlownward-directed)
SSBN-algebras remain to be located, for instance arising from partial or paraconsistent reasoning
where only a designated classical fragment supports full residuation.
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