ANNALS OF COMMUNICATIONS IN MATHEMATICS o Pub\

Volume 9, Number 3 (2026), 11 5 r\%g
DOI:10.62072/acm.2026.09043 ; ~9 m
. _ . /
ISSN: 2582-0818 . ",& ® \‘fc
https://www.technoskypub.com/journal/acm/ mic o>

Research article

On Bipolar Complex Intuitionistic Fuzzy Multi-Polygroups

*
Al Isah! , P. Ayuba! , N. Mubarak! , P.A. Ejegwa?®

'Department of Mathematics, Kaduna State University.
“Joseph Sarwuan Tarka University, Makurdi, Nigeria.

"Corresponding Author: Mubarak Nasir. Email: mubaraknasir33@gmail.com
Received: 06 July 2026; Accepted: 06 September 2026; Published: 14 September 2026

Citation: AL Isah, P. Ayuba, N. Mubarak, P.A. Ejegwa, On Bipolar Complex Intuitionistic Fuzzy Multi-Polygroups. Ann.
Commun. Math. 9 (2026), 11. https://doi.org/10.62072/acm.2026.09043

Abstract: This paper introduces the idea of complex numbers to intuitionistic fuzzy sets which enhances the
representation of uncertain, hesitant and ambiguous data. By integrating the complex-valued intuitionistic fuzzy
membership and non-membership functions with the algebraic structure of multi-polygroups known as Complex
Intuitionistic Fuzzy Multi-Polygroups (CIFMPGs). This extension addresses the limitations of classical fuzzy and
intuitionistic fuzzy multi-polygroups by introducing both amplitude and phase into the representation of membership
values. The basic operations and structural properties were studied such as complement, intersection, containment
and cartesian product. Their closure properties on those operations were also established. Furthermore, the concept
of Bipolar Complex Intuitionistic Fuzzy Multi-Polygroups (BCIFMPGs) was introduced by integrating the degrees of
positive and negative complex-valued membership and non-membership into the multi-polygroups structure. The
bipolar extension leads to an algebraic representation of positive and negative information together with amplitude
and phase. Basic operations on BCIFMPGs such as intersection and complement were defined, and their closure
properties. The introduced structures generalize intuitionistic fuzzy multi-polygroups to complex-valued settings,
opening the way for further theoretical study of fuzzy algebraic structures.

Mathematics Subject Classification: (2020): 16534
Keywords: intuitionistic fuzzy sets, multi-polygroups, complex intuitionistic fuzzy multi-polygroups, bipolar complex
intuitionistic fuzzy multi-polygroups.

1 Introduction

The concept of fuzzy sets was first proposed by Zadeh [1], introducing a membership function that assigns
a value in the interval [0, 1] to represent the degree of belongingness of an element to a set. Building on
this, Atanassov [2] introduced the notion of intuitionistic fuzzy sets (IFS) by including a non-membership
function alongside the membership function, thus providing a richer framework to model uncertainty
and vagueness. Sets are traditionally well-defined collections of distinct objects, the concept of multisets
relaxes this restriction by allowing repeated occurrences of elements. The concept of groups was integrated
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into multisets to obtain multigroups. Various properties of multisets and multigroups have been explored
in [3-9].

As a generalization of fuzzy sets, Yager [10] introduced fuzzy multisets (FMS), allowing elements to occur
multiple times with potentially varying membership values. Later, Shinoj and Sunil [11] extended this idea
by combining IFSs and FMSs to introduce intuitionistic fuzzy multisets (IFMSs). This hybrid framework
enabled a more nuanced approach to representing uncertainty and ambiguity. By using the idea of FMSs,
the concept of fuzzy multigroups (FMGs) has been developed and explored in several studies [11-16].
Similarly, the notion of intuitionistic fuzzy multigroups (IFMGs) has been presented in [17] and extended
to intuitionistic fuzzy multi-polygroups (IFMPGs) in [18].

The integration of IFMSs with algebraic structures such as polygroups has opened new frontiers in
mathematical modelling. This study builds on these advancements by introducing and exploring bipolar
complex intuitionistic fuzzy multi-polygroups (BCIFMPGs) based on complex intuitionistic fuzzy groups
(CIFGs) [19] and bipolar complex intuitionistic fuzzy sets (BCIFSs) [19], which is an advanced framework that
integrates bipolar and complex-valued functions under the IFMS setting. This structure not only addresses
the challenges of dual-polarity and hesitancy but also provides a powerful tool for future applications in
artificial intelligence, pattern recognition, and decision-making processes.

2 Preliminaries

Definition 1 ([1]): Let X be the universal set. A fuzzy set A drawn from X is a set of ordered pairs A =
{(x, pa(x)) : x € X}, where pa : X — [0,1] is called the membership function. For each x € X, the value
pa(x) is called the grade of membership of x in A.

Definition 2 ([2]): Let X be a nonempty set. An intuitionistic fuzzy set (IFS) A in X is an object of the form
A = {(x, pa(x), va(x)) : x € X}, where the functions pia, va : X — [0, 1] define, respectively, the degree of
membership and degree of non-membership of the element x € X to A, which is a subset of X, and for every
element x € X we have 0 < pa(x) + va(x) < 1. Furthermore, we have m4(x) = 1 — pa(x) — va(x), called the
hesitation margin of x in A. In addition, w4(x) is the degree of indeterminacy of x € X to A and m4(x) € [0, 1],
ie,ma : X > [0,1] and 0 < ma(x) < 1, for every x € X.

Definition 3 ([4]): Let X = {x1, X2, ..., X, ...} be a set. Then a multiset depicted by A over X is a cardinal-valued
function, C4 : X — N such that x € Dom(A) implies A(x) is a cardinal and A(x) = Ca(x) > 0, where Ca(x)
denotes the number of times an object x occurs in A. Whenever C4(x) = 0, this implies x ¢ Dom(A). The set
X is called the ground or generic set of the class of all multisets containing objects from X, and N is the set of
non-negative integers.

Definition 4 ([10]): Let X be a nonempty set. Then a FMS denoted by A drawn from X is characterized by a
function, the count membership of A represented by CMa, such that CMy : X — Q, where Q is the set of all
crisp multisets drawn from the unit interval [0, 1]. Then for any x € X, the value CM(x) is a crisp multiset
drawn from [0, 1]. For each x € X, the membership sequence is defined as the decreasingly ordered sequence of
elements in CMa(x), which is denoted by (i (x), g4 (x), ..., pi(x)) where p}(x) > p4(x) > ... > pi(x).
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Definition 5 ([19]): A complex fuzzy set (CFS) A defined in a universe of discourse X is characterized by
a membership function ps(x) that assigns to any element x € X a complex-valued grade of membership in
A. By definition, the values of ps(x) lie within the unit circle in the complex plane and are thus of the form
pa(x) = ra(x)ei4®) wherei = =1 and each of ra(x) and w A(x) is real-valued, with ra(x) € [0, 1]. The CFS
A may be represented as the set of ordered pairs A = {(x, pa(x)) : x € X} = {(x, ra(x)e®2™®) : x € X}.

Definition 6 ([20]): A CIFS depicted by S, defined on a universe of discourse X, is characterized by membership
and non-membership functions us(x) and ys(x), respectively, that assign to any element x € U a complex-valued
grade of both membership and non-membership in S. By definition, the values of us(x), ys(x), and their sum
may all be lying within the unit circle in the complex plane, and are on the form ps(x) = rs(x) - €™ for
membership function in S and ys(x) = ks(x) - €209 for non-membership function in S, where i = J—1,
each of rs(x) and ks(x) are real-valued and both belong to the interval [0, 1] such that 0 < rs(x) + ks(x) < 1,
also o(,5)(x) and w(y)(x) are real-valued. We represent the CIFS S as S = {(x, us(x), ys(x)) : x € X} where
ps(x) : U—falaeClal <1} ys(x) : U—{a"|d’ € C,la'| < 1} and |us(x) + ys(x)l < 1.

Definition 7 ([20]): Let X be a non-empty set. A bipolar fuzzy set (BFS) A in X is an object having the form
A={(x,r}(x),r;(x)) : x € X}, wherer™ : X = [0,1] and r~ : X — [—1,0] are mappings.

In [21], it has been proved that every BFS is an IFS. Thus, the discussion of the BFS has become meaningless.

Definition 8 ([22]): Let X be a non-empty set. A bipolar intuitionistic fuzzy set (BIFS) denoted by A in
a non-empty set X is an object having the form A = {(x, yA(x) YOO, 1N (%), yN(x)) : x € X}, where
phoo X > [0,1], vk 2 X > [0,1], g + X - [-1,0], yY : X — [-1,0] are mappings such that
0 < ph(x) + yl(x) <1and -1 <l (x) + y (%) < 0.

Similar to Definition 7 and [21], it follows that every BIFS is representable as an interval-valued IFS. Thus,
work on BIFS is meaningless since interval-valued IFS has been hitherto introduced in [24], [25].

Definition 9 ([20]): Let X be a non-empty set. A bipolar complex fuzzy set (BCFS) represented byAin X isan

object having the form: A = {(x, r} €', rye%a) : x € X}, wherer} : X - [0,1] and r; : X — [~1,0] are

mappings, r e

degree. Also, the phase term of the bipolar complex positive membership function and bipolar complex negative
membership function belongs to (0,27x], and r} € [0,1], r; € [-1,0].

A is the positive complex membership degree and r; % is the negative complex membership

Definition 10 ([20]): Let X be a non-empty set. A BCIFS A in X is an object having the form: A =
{(x, 7} +el0% ryela, sze’(’A s €l%) : x € X}, wherer} : X —»[0,1], r5 : X - [-1,0], s} : X = [0,1] and
su : X — [—1,0] are mappings such that0 < r; +s§ <1 and - 1 <ry+s;, g 0.

Definition 11 ([18]): Let{M, 1, e;, ') and (N, o1, e;, ') be two polygroups. Then, the productional polygroup
(M x N,o,(ey, e), 1) is defined as follows: (x1, y1) o (x2, ¥2) = {(x3, ¥3) : X3 € X1 o1 X2, V3 € y1 o2 Yo}. In the
above definition, (M x N, o) with identity (ey, e) and unitary operation ! is a polygroup.
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Definition 12 ([23]): Let X be a group. Then a FMS depicted by A over X is said to be a FMG of X if it
satisfies the following two conditions:

(i) CMa(xy) > CMa(x) A CMa(y) Vx,y € X,

(ii) CMa(x™1) > CMu(x) vx € X,

where A and V denote the minimum and maximum operators. It follows immediately that CMs(x™!) =
CMa(x) Vx € X, since CMa(x) = CMa((x™1)7) > CMa(x71). Also, CMa(x™) > CMa(x) Vx € X, ne
N.

Definition 13 ([18]): Let(P, ¢, e, ') be a polygroup. An IFMSI over P is an intuitionistic fuzzy multi-polygroup
of P if for all a, b € P the following conditions are satisfied:

(i) CM;(a) A CM(b) < inf{CM;(c) | ¢ € ao b} and CN;(a) v CNi(b) > sup{CNj(c) | ¢ € a- b},

(ii) CM;(a) < CMi(a™') and CNi(a) < CNi(a™).

3 Complex Intuitionistic Fuzzy Multi-Polygroups

In this section, the concept of complex intuitionistic fuzzy multi-polygroups (CIFMPGs) has been developed

by integrating complex-valued membership and non-membership functions with the theory of multi-polygroups.
CIFMPGs provide a powerful framework for modeling and analyzing complex data in various applications,
including artificial intelligence and decision-making systems.

Definition 14: Let (P,o, e, ') be a polygroup. An IFMS I over P is a CIFMPG of P if for all a, b € P, the
following conditions are satisfied:
(i) CM;(c) €4 > (CM(a)e!® @D A CM(b)el@®) : ¢ e aob),

CNi(c) eP1C) < (CNy(a)eP @ v CNy(b)eP1®) : ¢ € aob),
(i)  CMi(a @) > CM(@)e@,  CNi(aH)e#1@) < CNy(a)eP(@.
It is an objective of the form: I = {(x, CM;(c)e!(©), CNy(c)e()) : ¢ € ao b} forall a, b € P. By definition,
the values of CM;(c)e!®(© for the membership function in P and CNj(c)e(®) for the non-membership
function in P, and their sum may receive all lying within the unit circle in the complex plane, where
i = J—1. Each of CM;(c) and CNj(c) are real-valued functions and both belong to the interval [0, 1] such
that 0 < CM;(c)+CNi(c) < 1, also €%(9) and ##1(9) are periodic functions whose periodic laws and principal
periods are 27 and 0 < el@1(0) if1(c) < o7

Example 1: Let P; = {e, x} and (P1,°, e, ') be the polygroup. Then,

(e . (0.961.8711', 0.160.27ri)’ (0.861'4m, 0.260.67ri)’ (0.661'2m, 0.460.87ri))
T (1 (07647 0.3%47), (0.6€27 0.4€%87), (0.4€™,0.6e™))

is a CIFMPG of P;.
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Also, P, = {e, x} and (P,, o, e, ') be the polygroup. Then

(e . (0.661'3m, 0.460'7”i), (0.560.571'1', 0.561'5”i), (0.460.371'1', 0.661'7”i))
| s (0.5€127, 05687, (0.4€™,0.6¢™), (0.3¢%57,0.7¢27)

is a CIFMPG of P,. Now, we check whether I is a CIFMPG as follows:
i.  Thus, we see that

CM;(ex)e @ = CM;(x)e ™™ = 0.7¢"07 0.6¢"¥", 0.4¢™

> CM;(e)e© A CM;(x)e®™) = 0.7¢"07 0.6e"2", 0.4¢™
CNj(ex)eP ) = CNy(x)eP1 ™) = 0.3¢247 0.4e"87 0.6¢™

< CNi(e)eP D v CNj(x)ePr ™) = 0.3¢%47 0.4¢"%7, 0.6¢™
CM(xx)e 0 = CM;(e)el@(® = 0.9¢137 0 847, 0.6¢ 27

> CMI(x)ei“I(X) A CMI(x)ei“I(x) — 0'761.6m', 0'661.2711" 0.4e™
CNi(xx)eP1) = CNj(e)e(®) = 0.1%%7, 0.2¢%7, 0.4¢"87

< CNi(x)e?'® v CNj(x)eP™ = 0.3¢247 0.4e%7 0.6¢™
CM;(ee)e ™ = CM;(e)e'™(® = 0.9¢"%7 0.8 47 0.6¢! 2"

> CMy(e)e®© A CM;(e)e™© = 0.9 0.8eM47 0 612
CNj(ee)ePe = CNj(e)eP1(©) = 0.1e%%7, .20, 0.4¢%37

< CNy(e)e?1 v CNy(e)et®) = 0.1e"#™, 0.2¢™°™, 0.4¢"5™,

ii. In addition,

CM[(x_l)ei“’(x_l) = CMI(x)ei“’(x) =0.7¢"% 0.6e1%", 0.4¢™,
CNI(x_l)e’ﬁf(xfl) = CNy(x)eP1) = 0.3¢%47 0.4¢"87 0.6¢™,
CMI(e_l)eiO”(efl) = CM;(e)e @@ = 0.9¢!37 .87 0.6e2"
CNI(efl)eiﬂI(efl) = CNI(e)eiﬂI(e) =0.1e%%", 0.2¢%%7, 0.4¢%%7,

Therefore, I is a CIFMPG.
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Similarly, J is a CIFMPG because we have i.
CMI(ex)eioa(ex) — CMI(x)eiaq(x) — 0.56“'2”, 0'4em’ 0.3¢/087
> CMi()e© A CMy(x)ei 1t = 056127, 046/, 036057

CM;(xx)e 0 = CM;(e)e'™(©) = 0.66'%7, 0.5¢7, 0.4/

> CMi(x)e®™® A CM;(x)e @™ = 0,567, 0.4, 0.3¢1087
CM;(ee)e ™ = CM;(e)e! ™ = 0.6¢137, 0567, 0.4¢0°"
CNI(ex)eiﬁI(ex) — CNI(x)eiﬁ’(x) = 056087 .66, 0.7¢/127

< CNI(e)eiﬁz(e) v CNI(x)eiﬁz(x) = 0.4¢°77, 056157 0.6/l 7"

CNi(xx)ePi) = CNj(e)eP1© = 0.4¢%77 0.5¢1157 0,677
< CNi(x)ePI® v CNy(x)eP® = 056087 066", 071127

CNj(ee)eP e = CNj(e)e1(©) = 0.4¢°77 | 0.5¢!%7, 0.6¢'12"
< CNi(e)e@ v CNy(e)eP1(® = 0.4¢077, 0.5¢57, 0.6¢77.

ii.

CMI(X—l)eiaf(x’l) — CMI(x)ei"”(x) = 056127, 0,467, 03087
CMy(e )€™ = CM;(e)el®(© = 0.6€137, 0561057, 0,403
CNi(x " D)eP ™ = ONj(x)eP1®) = 056087 0,667, 0.7¢/127
CNi(e )P = CN(e)eP(© = 0.4¢077, 0,567, 0,667,

Therefore, J is a CIFMPG.

Example 2: Let(P, o, e, ') be a polygroup. Then, the complement ofa CIFMPGI = { x, CM;(a)e!®@, CNj(a)e'f1(®
x € X } is denoted by I° and defined by: I¢ = { x, CNi(a)eP @ CM;(a)e@@ : x € X} forallaeP.

Remark 1: Let(P,o, e, ) be a polygroup and I be an IFMS of P. If I is a CIFMPG of P, then I¢ is a CIFMPG
of P.

Example 3: Let I be a CIFMPG. Determine the complement, I¢. Now if
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; (e . (0'9618711" 0.160'27”), (0'8614711" 0.260'67”), (0'6612711" 0.460'8”i))
T (s (07619703647, (0.6, 0.4€%577), (0.4€™,0.6¢™)) |

Then,

. (6 . (0'160.27ri’ 0.961‘8”i), (0'260.67ri’ 0.861‘4”i), (0'460.87ri’ 0.661‘2“))
(x : (0.3¢47,0.7¢6™), (0.4¢"5™,0.6¢"%™), (0.6¢™,0.4¢™)) |

is a CIFMPG of P;.

Definition 15: Let (P, o, e ') be a polygroup and I, ] be two IFMSs of P. Then I n ] is defined via the following
complex intuitionistic fuzzy count function for c € P, where

CMiy(c) €9V = CMy(a) €9 A CM;(b) D),
CNjy(c) ePmre) — CN;(a) RIORY CNy(b) eiﬂ](b)’

foralla,b e Pandc€a-b.

Remark 2: Let(P,o, e ') be a polygroup and I, ] be two IFMSs of P. If I and ] are CIFMPGs of P, then I N ] is
a CIFMPG of P.

Example 4: Let(P,o,e"!) be a polygroup with I and J be two CIFMPGs of P defined by

(e . (0.961.8711', 0.160.27ri)’ (0.861'4m, 0.260.67ri)’ (0.661'2m, 0.460.87ri))
= (x 1 (0.7¢"°7,0.3¢"4™), (0.6¢"*™,0.4¢%™), (0.4¢™,0.6¢™)) and

] B (e . (0.661'3m, 0.460'7”i), (0.560.57ri’ 0.561'5”i), (0.460.3m” 0.661‘7ﬁi))
(x : (0.5¢%™,0.5¢"%™), (0.4¢™,0.6™), (0.3¢%™,0.7¢M™)) |

o= (e : (0.6e"™,0.4e"7™), (0.5e™™,0.5¢"™), (0.4€"*™,0.6¢"7™))
(x : (0.5¢%7,0.5¢"%™), (0.4¢™,0.6¢™), (0.3¢*%™,0.7¢M™)) |

Example 5: Let (P, o, e~} be a polygroup. IfI and ] are two CIFMPGs of P, then ] is said to be equal to or
similar to I, denoted J = I, if
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CM](c)eiaJ(C) < CM;(c)el@ (@,
CNj(e)e?1D > CNy(c)ef1®),
CMJ(c)eiaf(C) > CMI(c)eia’(c),
CN](c)eiﬂJ(c) < CNy(c)ePr(),

foralla,b € Pandcea-b.

Remark 3: Let (P, o, e™') be a polygroup with I and J two CIFMPGs of P. Then I is equal to J if I C J and
JCL

Definition 16: Let (P, o, e™!) be a polygroup, and I and ] two CIFMPGs of P. Then ] is contained in I, denoted
JCl, i]‘CM](c)ei“f(C) < CMi(e)ea©  and CN](c)eiﬂf(C) > CNi(c)eP©, foralla,b € P andc € a- b.
Then J is a subset of I and I is a superset of ].

Example 6: Let (P,o, e ') be a polygroup, and I and ] be two CIFMPGs of P defined by:

I (e . (0.961'8”i, 0‘160.27'[1')’ (0.8@1'4”i, 0‘260.67'[1')’ (0.661'2”i, 0.460'8”i)) d
= , ; , X . ; an
(x = (0.7e"%7 0.3e%%), (0.6e12™,0.4e"87"), (0.4€™,0.6€™))

(e : (0.6¢"¥,0.4e"7™), (0.5¢"™,0.5¢"), (0.4¢"*™,0.6¢"™))
| s (0.5€127, 05687, (0.4€™,0.6¢™), (0.3¢%57,0.7¢27)) '

Then, J C I.

Definition 17: Let (Py, 0y, 1, ') and (Py, 3, €5, 1) be two polygroups with IFMSs I and J, respectively. If I

and J are CIFMPGs of P and Ps, respectively, then Ix] is a CIFMPG of the productional polygroup (P;xP,, o, e 1),
where CMj,j(a, b)elws(@b) = CMp(a)elu(@d A CM](b)ei“J(b), CNyj(a, b)etfra(ab) = CNy(a)eP(@ v CN](b)eiﬁJ(b),
forall (a,b) € Py x P,.

Example 7: Let (P, o1, 1, ') and (Py, oy, €5, 1) be two polygroups, and let I and ] be two CIFMPGs for these
polygroups. With Py = {ay, as} and P, = {by, b,}, we have
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(a; : (0.8e"27 0.2¢%87Y),
(ay : (0.7€*70.3e%71)),
I'= (b . (0 6 1.87i 0.4 0.47i and

10 (0.6e°7,0.4e”)),

(b : (0.5¢"%7,0.5¢"*™)) |

((ay = (0.7¢2170.3¢"°™)),)
(az : (0.6e37 0.4€"7)),
(b1 ¢ (0.5¢"™,0.5¢°™)), |
(by : (0.4e277 0.6¢%371))

For I and ], we need to check if the IFMPG conditions are satisfied. Recall I x J implies CMy,;(a, b)elws(@b) =
CM;(a)e® @ A CM](b)ei“J(b) and CNpj(a, b)ePra(ab) = CNy(a)efi(@ v CN](b)eiﬁf(b). If I and ] satisfy
the conditions, then their Cartesian product should also satisfy the conditions. We check if CM;(ay)e!® (@) <
CM](ez)ei“J(GZ) and CNi(ap)efi(a) > CN](eg)eiﬁf(EZ) for each a; € Py and e, being the identity element of
P,.

For simplicity, assume e, is the identity element in P,. Suppose CMj(a;) = 0.8¢'?" and CM;(ey) =
0.5e/%57 . We see that 0.8¢''*" < 0.5¢/%57,

Similarly for non-membership: CNj(a;) = 0.2¢°%" and CNj(ey) = 0.5¢3". We see that 0.2¢"57 >
O'SeiO.SH'

Since I and ] satisfy the conditions, their Cartesian product I x J, which is an [EMPG of (Py x Ps, o, e~ 1), should

also satisfy the conditions.

Example 8: Let (P,o,e"') be a polygroup. With I a CIFMPG of P defined by

{ (e . (0.9@1'8”i, 0.1@0'2ﬂi), (0.861'4ﬂi, 0‘260.671'1')’ (0.661'Zﬂi, 0'460.87Zi))’ }

(u = (0.7e17, 0.3e%471), (0.6e27, 0.4e"87), (0.4€™, 0.6€™))

we have

((e,e) = (0.9eM87 0.1e%27) (0.8e147, 0.2e%97)), (0.6e'27, 0.4¢%871)),
((ep) : (0.7e207 0.3e%47), (0.6e127, 0.4€87), (0.4€™, 0.6€™)),
= { ((up) = (0.7e67 0.3e%47), (0.6e12™, 0.4€%87), (0.4€™, 0.6€™)), }
((ue) = (0.7€¥070.3¢%4m), (0.6€'2™, 0.4€87™), (0.4€™, 0.6€™))
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4 Bipolar Complex Intuitionistic Fuzzy Multi-Polygroups

This section develops BCIFMPGs which represents a significant advancement in the field of fuzzy logic and
algebraic structures. BCIFMPG introduces dual-polarity membership and non-membership values. This
allows the representation of positive and negative impacts simultaneously, providing a comprehensive
framework for modeling data that involves conflicting, hesitant, or dual-natured information. The inclusion
of complex numbers further enhances its ability to handle intricate real-world uncertainties.

Definition 18: Let (P,o,e,”!) be a polygroup. Then, an IFMS I over P is a BCIFMPG of P if for all a, b € P,
the following conditions are satisfied:

(i) CM; ()€l > CM; (a)e '@ A CM; (b)els ®),
CM; ()i < CM7 (a)efr (@ v CMy(b)elfr®),
CNj (c)e''© < CNi (a)e' @ v CNj(b)et'®),
CN; (c)el% (9 > CNi (a)el® (@ A CNj(b)els ™),
(i)  CMj(a e @) > CMH(a)eld @, CM; (aM)efr@) < CM; (a)elfr (@,
CN(a™D)e" @) < CN; (a)elt’ (@), CNj (a)e¥ @) > CNf (a)er (@,

It is an objective of the form: I = {(x, CMf(c)ei";(c), CMf(c)eiﬂf(c), CNf(c)ei”F(c), CNI*(c)ei‘Sf(C)) i cE€
ao b} foralla,b € P, where CM;', CN;* : [0,1], CM;,CN; : [-1,0], and 0 < CM; (c) + CN; (¢) < 1,-1 <
CM;(c)+ CN;(c) <.

In addition, the phase term of bipolar positive complex membership function, bipolar negative complex
membership function, bipolar positive complex non-membership degree, and negative complex non-membership
degree belongs to (0, 27r]. By definition, the values of CM; (c)ei® () is the positive complex membership
degree, CM; (c)e’i (©) is the negative complex membership degree, CN;*(c)e! (9 is the positive complex
i6;

non-membership degree and CN; (c)e'% () is the negative complex non-membership degree in P, and their

sum is within the unit circle in the complex plane, where i = +/—1.

Example 9: Let P, = {e, x} and (P, o, e"') be the polygroup. Then,

I (e : (0.7ei1.77[, _0.4671'1487[), (0.361'0.27[’ _0.3671'0427[)) ,
| (056127, —0.3¢7127), (0.3¢°67, ~0.6¢7107))

is a BCIFMPG of Py. Also P, = {e, x} and (P, , e"') be the polygroup, we have,

[ e ),
]_{ (x: ...) }

We show that I and J are BCIFMPG. Starting with I, we have
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CMf(ex)em;(ex) = CMfr(x)e"“;(x) =0.5¢'127 > CMfr(e)emF(e) A CMf(x)ei“ﬂx) = 0.5¢'127,

CMI_(ex)eiﬁf_(ex) = CMf(x)eiﬂf_(x) = —03¢ 1% < CMI_(e)eiﬂf_(e) v CMI_(x)eiﬁI_(x) = —0.3¢'127.

CNj (ex)e (&) = CNjH(x)e"T @) = 0.3¢*" < CN;j (€)@ v CNjf (x)e'!i ) = 036067

CNI_(ex)ei‘Sf(ex) = CNI_(x)ei‘Sf(x) = —0.6¢ 03" > CNI_(e)ei‘Sf(e) A CNI_(x)eiéf(x) = —0.6€'%57.

CM;’(xx)e"“f(xx) = CMfr(e)eiaf(e) =0.7¢17" > CMfr(x)ei“F(x) A CMf(x)ei“F(x) = 0.5¢'27,

CMI—(xx)eiﬂf(xx) — CMI—(e)eiﬂf(e) = —0.4e 1187 < CMI—(x)eiﬂf(x) v CMI—(x)eiﬂ;(x) — 0.3 1127

CNI+(xx)eiyf’(xx) — CNI+(e)eiY1+(e) = 0.3¢027 < CNI+(x)ein'(x) v CNI+(x)eiyf’(x) — 0.3¢1067

CN[(xx)eiaf(xx) = CNf(e)e"‘S’f(e) =—0.3e %" > CNf(x)e"‘sf(x) A CNf(x)e"‘Sff(x) = —0.6€""37.

CMj (xe)e™ ) = CM; (x)e! ™) = 0.5¢!"27 > CM; (x)e'™ ) A CM;t ()€l () = 0.5¢127

CMf(xe)eiﬁ;(xe) = CMf(x)eiﬂ;(x) = —0.3¢ 12" < CMf(e)eiﬂ;(e) v CMf(x)eiﬁf(x) = —0.3¢ 127,

CNf(xe)eiﬁ(xe) = CNf(x)eiﬁ(x) =0.3¢%7 < CNI+(e)eiYI+(e) v CNI+(x)eiy’+(x) = 0.3¢'007,



12 of 16 Ann. Commun. Math. 9 (2026): 11

CNli(xe)ei(S;(xe) = CNf(X)eics;(x) =—0.6e %" > CNI*(e)eitsf(e) A CNf(x)e’.‘slf(x) — _0.66037

CM;—(ee)eiaf'(ee) — CM;'(e)eiaf'(e) =0.7¢177 > CM;—(e)eiaf'(e) A CM;—(e)eia,*(e) = 0.7¢177,

CM; (ee)e1(¢ = CM: (e)e1(® = —0.4¢77 < CM; ()€1 v CM; (e)efi(©) = —0.4¢7187,

CNI+(ee)eiy;r(ee) = CNI+(€)eiy’+(e) =0.3¢"%7 < CNF(e)eiﬁ(e) v CNI+(e)eiy,*(e) — 036067,

CNI—(ee)ei(SI_(ee) = CNI—(e)ei(SJ_(e) = _03¢71027 > CNI—(e)ei(SI_(e) A CNI—(e)ei(SI‘(e) — —0.3¢037

CMi(e™) Ja € — o Mj (e) ¢ (& = 076177

CMy (e )eP @) = CMy(e)efi (@ = —0.4¢71157,

CNI+(e*1)eiyf(e*1) = CNf(e)eiﬁ(e) = 0.3¢1027,

CNI—(e—l)ei(Sf(e‘l) — CNI—(e)ei(SI_(e) — _0.3¢71021

CMf(xfl)eial*(xﬂ) _ CM;L(x)eiaf(x) = 0.5¢i127

CMy(x DeP 6™ = My (x)elP®) = —0.3¢7i127,
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CNF(x*l)eiY;r(x’l) = CNI+(x)eiy,+(x) = 036067

CNI—(x—l)eit?f(x‘l) — CNI—(x)eiéf(x) — —0.6e 1037
Hence, I satisfies the conditions of BCIFMPG. Similarly, J is a BCIFMPG.

Definition 19: Let (P,o, e ') be a polygroup, and let I and ] be two BCIFMPGs of P. Then ] is said to be
contained in I, denoted ] C I, if foralla,b € P andc € a-b, CMjr(c)ei“f(c) < CMfr(c)e""‘f(c), CMJ_(c)ei'Bf(c) <
CM; ()€, CNit (c)eT (@ > CNf (¢)e (@), CNy ()€’ > CNf (c)eidi (@),

Example 10: Let (P, -, e 1) be a polygroup and P; = {e, x}. Suppose I and ] are BCIFMPGs of P, such that

(e : (0.7€177, —0.4e71187 031027, —0.3¢7027)),
= (x : (O.Seil‘z’T, _0-3e’i1'2”, O.3ei°‘6”, —0.6e’i°‘3”)) ’

; (e : (0.6€°57, —0.5¢7127, 0.1€137, —0.6¢71007)),
| (x s (02617, —0.4e7167 016037, —0.6e7i06m)) |

Then J C I.

Definition 20: Let (P, o, e"!) be a polygroup and let I and J be two BCIFMPGs of P. Then I o ] is defined as
the bipolar complex intuitionistic fuzzy count function for c € ao b and for all a, b € P as follows:

CMj ()@ = CMF (a)el @ n CMF (b)),

CMj; ()P = CM; (a)e (@ v CMy (b)efr ),

CN; ()" = CNjf (a)eT @ v CNF (b)e'T®),

CNjpy(©)e?m(9 = CNJ ()€ (@ A CNy(b)er ),

Remark 4: Let(P,o, e ') be a polygroup and let I and J be two IFMSs of P. If I and ] are BCIFMPGs of P,
then I n J is a BCIFMPG of P.

Example 11: By using Example 4.2, we have

(e : (0.6€57,—0.4e7 187, 0361027 —0.6¢71007)),
e (x : (0.2e™17,-03¢71%7, 0.3¢/%67, —0.6e 7)) |

Remark 5: The union of two BCIFMPGs may not necessarily be a BCIFMPG.
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Definition 21: Let (P, o, e"!) be a polygroup. Let

I= {(x CMfr(c)eiaf(c), CMI_(c)eiﬁf_(C), CNI+(c)ein+(C), CNI_(c)ei(SI_(C)) :c€ao b}
be a BCIFMPG of P. Then the complement of I, denoted I°, is defined by

I° = {(x CM; (c)e'fr (), CMf(c)ei“ﬂC), CNj ()€, CNf(c)eiYﬂC)) : c€aob }

Remark 6: Let (P,o, e 1) be a polygroup and let I be an IFMS of P. If I is a BCIFMPG of P, then I° is also a
BCIFMPG of P.

Example 12: By using Example 4.2, the complement of I is

o[ (e (—0.4e7187, 0761177, —0.3¢71027, 0.3¢1027)),
e (x : (-03e7127, 0.5¢1127, —0.6¢7037, 0.3¢067)) |

Similarly, the complement of ] is

. (e: (—0.5e7%7, 0.6€57, —0.6e707, 0.1¢10°7)),
)= (x : (—0.4e71107 0.2¢117 ) —0.6¢71067, O.lei°'3”)) .

Definition 22: Let (P,o, e ') be a polygroup, and let I and ] be two BCIFMPGs of P. Then ] is said to be
equal to or similar to I, denoted ] = I, if the following hold for all a,b € P andc € a- b:

CMj(c)ef“fj © < CM;(c)ef“f ©), CJ\f;(c)ef’Y{+ © > CNI+(c)ein*(c),

CM]_(C)elﬁ] © > CMI_(C)elﬁI (), CN]—(c)ech] (© < CNI_(C)e”SI ©,

and

CM;—(C)eiaf(c) < CM}—(c)eiaj’(c), CNI+(C)eiy,*(c) > CNJ+(C)eiy]+(c),

CMI—(C)eiﬁf(C) > CMJ—(c)eiﬂf(C), CNI—(c)ezﬁf(c) < CNJ_(C)ei(S](C).

5 Conclusion

This study explored the theoretical foundations and algebraic structures of complex intuitionistic fuzzy
multi-polygroups (CIFMPGs) and bipolar complex intuitionistic fuzzy multi-polygroups (BCIFMPGs). The
integration of IFSs, complex numbers, and multi-polygroups provided a robust framework for representing
uncertainty, ambiguity, and dual-polarity information. The integration of bipolar and complex-valued
functions within the IFMPG framework has significantly advanced the capability to model complex and
ambivalent data. The proposed BCIFMPG structure enhances the modeling of real-world scenarios where
dual-polarity and hesitancy play critical roles. By offering greater precision and adaptability than traditional
fuzzy systems, BCIFMPGs will pave the way for improved decision-making processes in domains such as
pattern recognition, robotics, and data analysis. Future studies should delve into the advanced algebraic
properties of BCIFMPGs, such as their subgroup structures, homomorphisms, and isomorphisms.
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