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Abstract: In this short paper, we establish a generalization of an inequality involving the Rieman zeta function.
The inequality was established by Laforgia and Natalini in 2006 and subsequently improved by other researchers.
The main tools used to prove our results are the logarithmic convexity property of the Riemann zeta function and
monotonicity properties of certain functions containing the Riemann zeta function.
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1 Introduction

The Riemann zeta function is arguably one of themost frequently encountered functions inmathematical
analysis. It is defined by any of the following equivalent forms.
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where Γ(𝑧) is the gamma function. Beyond the field of mathematical analysis, its applications extend to
other disciplines such as analytic number theory, statistics, probability theory, mathematical physics and
engineering. Due to the pivotal role it plays, many researchers have investigated its properties along
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different directions. In the past decades, the attention has shifted to analytical properties and inequalities
involving the function. Consequently, many interesting inequalities involving the function have been
discovered. We refer to [2–8,11,13,16] and the references cited therein.

In 2006, Lafogia and Natalini [14] established the remarkable inequality

𝑧

𝑧 + 1
≤

𝜁 (𝑧)𝜁 (𝑧 + 2)

𝜁 2(𝑧 + 1)
, 𝑧 > 1, (5)

by utilizing the integral representation (3), a generalized form of the Cauchy-Schwarz integral inequality,
and the recurrence relation of the gamma function. Thereafter, and due to its importance, the inequality (5)
attracted the attention of other renowned researchers, leading to the establishment of an improved result
which is given as

1 ≤
𝜁 (𝑧)𝜁 (𝑧 + 2)

𝜁 2(𝑧 + 1)
, 𝑧 > 1. (6)

The inequality (6) was independently discovered under different circumstances by different authors. In
2008, Cerone and Dragomir obtained it in (2.4) of [9]. In 2013, Ahsan et al. obtained it in (2) of [1]. In 2018,
Srivastava et al. obtained it in Theorem 5 of [17]. Then in 2023, Cerone and Dragomir recovered it in (3.5)
of [10]. Furthermore, the inequality (6) has been generalized in Proposition 3.1 of [10] and Theorem 2.1 of
[15].

In this work, the ultimate objective is to provide a generalization of the results of Laforgia and Natalini
as in (5) as well as its improved version in (6), by using a different and very simple technique.

2 Results

Theorem 1: Let 𝑧 > 1, 𝑎 ≥ 0 and 𝑐 > 𝑘 ≥ 0. Then the inequality

𝑧 + 𝑘

𝑧 + 𝑎 + 𝑘
≤

𝜁 (𝑧 + 𝑘)𝜁 (𝑧 + 𝑎 + 𝑐)

𝜁 (𝑧 + 𝑎 + 𝑘)𝜁 (𝑧 + 𝑐)
(7)

holds.

Proof: It is known in [12, Lemma 2.1] that the function 𝜁 (𝑧) is strictly logarithmically convex on (1, ∞).
This implies that the function 𝜁 ′(𝑧)/𝜁 (𝑧) is strictly increasing on (1, ∞). For 𝑧 > 1 and 𝑐 > 𝑘 ≥ 0, let (𝑧)

be defined as

(𝑧) = (𝑧 + 𝑘)
𝜁 (𝑧 + 𝑐)

𝜁 (𝑧 + 𝑘)
.

By direct computation and some rearrangement, we obtain
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(𝑧)
=

1

𝑧 + 𝑘
+
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𝜁 (𝑧 + 𝑐)
−
𝜁 ′(𝑧 + 𝑘)

𝜁 (𝑧 + 𝑘)
> 0
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which implies that ′(𝑧) > 0. Thus,(𝑧) is strictly increasing on (1, ∞). Let 𝑎 ≥ 0. Then by themonotonicity
of (𝑧), 𝑧 ≤ 𝑧 + 𝑎, implies that (𝑧) ≤ (𝑧 + 𝑎) and that is

(𝑧 + 𝑘)
𝜁 (𝑧 + 𝑐)

𝜁 (𝑧 + 𝑘)
≤ (𝑧 + 𝑎 + 𝑘)

𝜁 (𝑧 + 𝑎 + 𝑐)

𝜁 (𝑧 + 𝑎 + 𝑘)

which after rearranging gives the desired inequality (7).

Remark 1: In particular, if 𝑘 = 0 and 𝑎 = 𝑐 = 1, then inequality (7) reduces to the inequality (5) by Laforgia
and Natalini.

We proceed to provide a generalization of the improved result (6) as well.

Theorem 2: Let 𝑧 > 1, 𝑎 ≥ 0 and 𝑐 > 𝑘 ≥ 0. Then the inequality

1 ≤
𝜁 (𝑧 + 𝑘)𝜁 (𝑧 + 𝑎 + 𝑐)

𝜁 (𝑧 + 𝑎 + 𝑘)𝜁 (𝑧 + 𝑐)
(8)

holds.

Proof: We follow the same procedure as in the proof of Theorem 1. Similarly, for 𝑧 > 1 and 𝑐 > 𝑘 ≥ 0, let
(𝑧) be defined as

(𝑧) =
𝜁 (𝑧 + 𝑐)

𝜁 (𝑧 + 𝑘)
.

Then simple computation yields

′(𝑧)

(𝑧)
=

𝜁 ′(𝑧 + 𝑐)

𝜁 (𝑧 + 𝑐)
−
𝜁 ′(𝑧 + 𝑘)

𝜁 (𝑧 + 𝑘)
> 0

since 𝜁 ′(𝑧)/𝜁 (𝑧) is strictly increasing on (1, ∞). Hence (𝑧) is strictly increasing on (1, ∞). Then for
𝑧 ≤ 𝑧 + 𝑎 where 𝑎 ≥ 0, we have (𝑧) ≤ (𝑧 + 𝑎) which gives the inequality (8) when rearranged.

Remark 2: In particular, if 𝑘 = 0 and 𝑎 = 𝑐 = 1, then inequality (8) reduces to the inequality (6).

Remark 3: In [14, (2.9)], Laforgia and Natalini obtain the inequality

𝜁 (𝑧)𝜁 (𝑧 + 2)

𝜁 2(𝑧 + 1)
≥

Γ2(𝑧 + 1)

Γ(𝑧)Γ(𝑧 + 2)
(9)
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for 𝑧 > 1. It is well known in the literature that, for positive real numbers, the gamma function is logarithmically
convex. This implies that

Γ(𝑧 + 𝑎)Γ(𝑧 + 𝑐)

Γ(𝑧)Γ(𝑧 + 𝑎 + 𝑐)
≤ 1 (10)

for 𝑧 > 0, 𝑐 ≥ 0 and 𝑎 ≥ 0. If 𝑎 = 𝑐 = 1, then combining (6) and (10) gives

𝜁 (𝑧)𝜁 (𝑧 + 2)

𝜁 2(𝑧 + 1)
≥ 1 ≥

Γ2(𝑧 + 1)

Γ(𝑧)Γ(𝑧 + 2)
(11)

for 𝑧 > 1, which is an improvement of (9).

3 Conclusion

In this short note, we have established a generalization of an inequality by Laforgia and Natalini. We
achieved this by utilizing the logarithmic convexity property of the Riemann zeta function and monotonicity
properties of certain functions containing the Riemann zeta function. Unlike the work of Laforgia and
Natalini, the present work does not rely on the Cauchy-Schwarz inequality or the recurrence relation of the
gamma function. A future work could consider extending the results of this paper to Hurwitz zeta function.

Acknowledgement: The author is very grateful to the editor and the anonymous reviewers for their valuable
comments and constructive suggestions.

Funding Statement: The author did not receive any specific funding for this study.

Data Availability Statement: Not applicable.

Ethics Approval: Not applicable.

Use of Generative-AI tools declaration: The author declares that no Artificial Intelligence (AI) tools
were used in the creation of this article.

Conflicts of Interest: The author declares that there is no conflict of interest regarding the publication of this
article.

References

1. Z. Ahsan, P. Lam-Estrada, J. López-Bonilla and R. López-Vázquez, On the Laforgia-Natalini’s inequality for the
Riemann zeta function, Trans. J. Math. Anal. Appl. 1(1) (2013), 1–4.

2. H. Alzer, Remark on a double-inequality for the Riemann zeta function, Expo. Math. 23(4) (2005), 349–352.
https://doi.org/10.1016/j.exmath.2005.01.006

3. H. Alzer, Inequalities for the Riemann zeta function, Port. Math. 66(3) (2009), 321–327.
4. H. Alzer, Monotonicity properties of the Riemann zeta function, Mediterr. J. Math. 9 (2012), 439–452.
5. H. Alzer, Some inequalities for the Riemann zeta function, Rend. Istit. Mat. Univ. Trieste 53 (2021), 1–11.

https://doi.org/10.13137/2464-8728/31872

https://doi.org/10.1016/j.exmath.2005.01.006
https://doi.org/10.13137/2464-8728/31872


Ann. Commun. Math. 9 (2026): 8 5 of 5

6. H. Alzer and M. K. Kwong, On Sándor’s inequality for the Riemann zeta function, J. Integer Seq. 26 (2023),
Article 23.3.6.

7. H. Alzer and M. K. Kwong, Mean value inequalities for the Riemann zeta function, Integral Transforms Spec.
Funct. 36(6) (2025), 449–459. https://doi.org/10.1080/10652469.2024.2434484

8. I. Belovas, An inequality for the Riemann zeta function, Acta Math. Hungar. 170(1) (2023), 367–378. https:
//doi.org/10.1007/s10474-023-01329-3

9. P. Cerone and S. S. Dragomir, Inequalities for Dirichlet Series with Positive Terms, Acta Math. Vietnam. 33(1)
(2008), 65–84.

10. P. Cerone and S. S. Dragomir, Inequalities for Lerch transcendent function, Tamkang J. Math. 54(2) (2023),
175–191. https://doi.org/10.5556/j.tkjm.54.2023.3988

11. P. Cerone, M. A. Chaudhry, G. Korvin and A. Qadir, New inequalities involving the zeta function, J. Inequal.
Pure Appl. Math. 5(2) (2004), Article 43, 1–17.

12. W. Y. C. Chen, J. J. F. Guo and L. X. W. Wang, Zeta functions and the log behaviour of combinatorial sequences,
Proc. Edinb. Math. Soc. 58(3) (2015), 637–651. https://doi.org/10.1017/S0013091515000036

13. T. Hilberdink, Inequalities for the Riemann zeta function on the positive reals, Math. Inequal. Appl. 26(4) (2023),
995–1002. https://doi.org/10.7153/mia-2023-26-61

14. A. Laforgia and P. Natalini, Turán-type inequalities for some special functions, J. Inequal. Pure Appl. Math. 7(1)
(2006), Article 32, 1–3. https://doi.org/10.1155/JIA/2006/29828

15. K. Nantomah, Generalization of an inequality for the Riemann zeta function, Far East J. Math. Sci. 143(7) (2026),
2003–2007.

16. K. Nantomah and B. Ravi, Solution to an open problem on Riemann zeta function, Int. J. Open Problems Compt.
Math. 19(3) (2026), 10–15.

17. H. M. Srivastava, K. Mehrez and Z. Tomovski, New inequalities for some generalized Mathieu type series and
the Riemann zeta function, J. Math. Inequal. 12(1) (2018), 163–174. https://doi.org/10.7153/jmi-2018-12-13

Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of Techno Sky Publications and/or the editor(s). Techno Sky Publications and/or the editor(s) disclaim
responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the
content.

https://doi.org/10.1080/10652469.2024.2434484
https://doi.org/10.1007/s10474-023-01329-3
https://doi.org/10.1007/s10474-023-01329-3
https://doi.org/10.5556/j.tkjm.54.2023.3988
https://doi.org/10.1017/S0013091515000036
https://doi.org/10.7153/mia-2023-26-61
https://doi.org/10.1155/JIA/2006/29828
https://doi.org/10.7153/jmi-2018-12-13

	Introduction
	Results
	Conclusion
	References

