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Abstract: A connected dominating set C in G is a 2-movable connected dominating set of G if for every pair x, y € C,
C\{x, y} is a connected dominating set in G, or there exists u,v € V(G) \ C such that u and v are adjacent to x and
v, respectively, and (C \ {x, y}) U {u, v} is a connected dominating set of G. The minimum cardinality of a 2-movable
connected dominating set of G, denoted by yZ_.(G) is the 2-movable connected domination number of G. A 2-movable
connected dominating set with cardinality y2 (G) is called a minimum 2-movable connected dominating set or a
Y2.-set of G. In this paper, the researcher obtained the 2-movable connected domination number of the Complete
Graph K, Join Graph G + H, and Generalized Wheel Graph W,, ,..
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1 Introduction

All graphs considered in this paper are connected, finite, simple, and undirected. Let G = (V,E) be a
connected, finite, simple, and undirected graph. The graph G has a vertex set V = V(G) and an edge set
E = E(G).

One of the most actively studied areas in graph theory is domination in graphs, which has received
increased attention in recent decades. In 1962, Oystein Ore introduced the terms “dominating set” and
“domination number", which are commonly used today. Later, in 1977, Cockayne and Hedetniemi provided
the formal definition of the domination number, which is denoted by y(G). [6] Aset S € V(G)is a dominating
set of G if for every v € V(G) \ S, there exists u € S such that uv € E(G), that is, Ng[S] = V(G). The
domination number of G, denoted by y(G), is the smallest cardinality of a dominating set of G. A dominating
set of G with cardinality equal to y(G) is called a y-set of G. Moreover, introduced by Sampathkumar E.
and Walikar H. [9] in 1979, a dominating set D is said to be a connected dominating set if the subgraph

; Copyright © 2026 The Author(s). Licensee Techno Sky Publications.
This article is an open-access article distributed under the terms and conditions of the Creative Commons
- Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).


10.62072/acm.2026.09039
https://www.technoskypub.com/journal/acm/
https://orcid.org/0000-0003-1805-0127
mailto:gmbangcal01482@usep.edu.ph
https://orcid.org/0000-0003-0545-2121
mailto:ariel.pedrano@usep.edu.ph

2 0f 25 Ann. Commun. Math. 9 (2026): 7

(D) induced by D is connected in G. The minimum cardinality of the connected dominating sets is the
connected domination number and is denoted by y.(G).

Expanding on this idea, Lomarda J. and Canoy S. [7] introduced in 2018 the idea of 1-movable connected
dominating set. A connected dominating set C in G is a 1-movable connected dominating set of G if for
every v € C either C\ {v} is a connected dominating set, or there exists a vertex u € (V(G)\ C) n N(v) such
that (C \ {v}) U {u} is a connected dominating set of G. The minimum cardinality of a 1-movable connected
dominating set of G, denoted by y,..(G), is the 1-movable connected domination number of G. A 1-movable
connected dominating set with cardinality y,. .(G) is called a minimum 1-movable connected dominating
set or a y,. -set of G.

Moreover, in 2024, Pedrano A. and Paluga R. [8] explored the 2-movable domination in the join and
corona of graphs. A non-empty set S C V(G) is a 2-movable dominating set of G if S is a dominating set
and for every pair x,y € S, S\ {x, y} is a dominating set in G, or there exist u,v € V(G) \ S such that u
and v are adjacent to x and y, respectively, and (S \ {x, y}) U {u, v} is a dominating set in G. The 2-movable
domination number of G, denoted by y2(G), is the minimum cardinality of a 2-movable dominating set of
G. A 2-movable dominating set with cardinality equal to y2(G) is called a y2-set of G.

Combining the concepts of 2-movable domination and connected domination, this paper explores the
notion of a 2-movable connected domination of some graphs.

2 Basic Concepts

Definition 2.1: [6] A set S C V(G) is a dominating set of G if for every v € V(G) \ S, there exists u € S
such that uv € E(G), that is, Ng[S] = V(G). The domination number of G, denoted by y(G), is the smallest
cardinality of a dominating set of G. A dominating set of G with cardinality equal to y(G) is called a y-set
of G.

Definition 2.2: [7] Let G = (V(G), E(G)) be a graph. A dominating set S C V(G) is called a connected
dominating set of G if the subgraph (S) induced by S is connected. The connected domination number of G,
denoted by y.(G) is the smallest cardinality of a connected dominating set of G. A connected dominating
set S of G with |S| = y.(G) is called a y.-set.

Definition 2.3: A connected dominating set C in G is a 2-movable connected dominating set of G if for
every pair x,y € C, C \ {x, y} is a connected dominating set in G, or there exists u,v € V(G) \ C such
that u and v are adjacent to x and y, respectively, and (C \ {x, y}) U {u, v} is a connected dominating set
of G. The minimum cardinality of a 2-movable connected dominating set of G, denoted by y2.(G) is the
2-movable connected domination number of G. A 2-movable connected dominating set with cardinality
v2.(G) is called a minimum 2-movable connected dominating set or a y?2.-set of G.

3 Related Results

Theorem 3.1: [8] Let G and H be graphs of order at least 2. Then, y2(G + H) = 2.

Corollary 3.2: [8] Let H be a connected graph of order at least 4. Then, y2(K; + H) = y(H).
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Remark 3.3: [7] Every connected dominating set contains every cut-vertex.

Theorem 3.4: [7] A connected nontrivial graph G has a 1-movable connected dominating set if and only if G
has no cut-vertices.

Lemma 3.5: [7] y. (K,) =1 foralln > 2.
Corollary 3.6: [7] Let H be a connected graph of order n > 2. Then,
Yme (K1 + H) = y(H).
Corollary 3.7: [7] Letm > 2 and n > 2 be positive integers. Then,
Y (Knn) = 4.
Theorem 3.8: [4] Forn > 3,
y(Pn) = y(Cn) = [51.

Proposition 3.9: [9] The minimum of the cardinalities of the connected dominating sets of a graph G is called
the connected domination number of G, and is denoted by y.(G). The connected domination numbers of some
standard graphs are given as follows:

(i) y.(K,) =1
(ii) y.(K,+ G) =1, for any graph G.
(iii)
1, ifm=1lorn=1,
Yc(Km,n) = { .
2, ifmn>2.

(v) ye(Cp) =n-—2.
(v) Forany tree T of order n,

Ye(T) =n—e,
where e is the number of pendant vertices (i.e., vertices of degree 1) in T.

4 Results and Discussion

This section presents the result on the 2-movable connected domination of K,,, G + H, and W, ,,.

4.1 Some Results on the 2-movable Connected Domination Number of Graphs

The next remark follows directly from Definition 2.3:

Remark 4.1: For any connected graph G of order n > 4,
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2<y2.(G) < n

Theorem 4.2: For any connected graph G of order n > 4,
¥(G) < ¥e(G) and ye < v (G).

Proof: Suppose S is a 2-movable connected dominating set of G. It follows that S is a connected dominating
set and hence S is a dominating set of G. Therefore, by Definition 2.3, we have

y(G) < y2(G)

and

1e(G) < y2.(G).
O

4.2 2-Movable Connected Domination Number of the Complete Graph K,

Theorem 4.3: Let K, be a complete graph where n > 4. Then
YKy = 2.

Proof: Let K, be a complete graph where n > 4. Suppose S = {x, y}. Then, we must show that S is a
connected dominating set. Observe that every vertex in a complete graph is adjacent to n — 1 vertices. This
implies that N(x) = V(K,) \ {x} and N(y) = V(K,) \ {y}. Thus,

N(S) =N(x)UN(y)

= (VKD N ) U (VKD N ()
= V(Ky).

Hence,

NI[S] = SUN(S)
= {x, y} U (N(x) UN(y))
= {x, y}u (VKD N {x) U (VED N {}))
= V(Kp).

Therefore, S is a dominating set. Note that xy € E(K,). Thus, S is connected. Since S is a dominating set
and S is connected, it follows that S is a connected dominating set of K.

Now, consider the vertices x, y € S. We want to show that S is a 2-movable connected dominating set.
Note that S is a connected dominating set. Then, there exist vertices x’, y” € V(K,) \ S such that x” and y’
are adjacent to x and y, respectively. Thus, we need to show that §' = (S\ {x, y}) u{x’,y’} = {x’,y'}isa
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connected dominating set of K,. Recall that every vertex in a complete graph is adjacent to n — 1 vertices.
This means that N(x") = V(K,) \ {x’} and N(y’) = V(K,) \ {y’}. Then,

N($") = N(&)UN(G)

= (VKD N XY U (VED N D)
= V(K,).

Thus,

N[S’] = S’ uN(S)
={x,y'}u (N(x") UN())
={x/,y'}u (V)N {x'}) u (VKD N {'}))
= V(Kp).

Hence, S is a dominating set. Note that x”y” € E(K,). Then, S’ is connected. Since S’ is a dominating set
and S is connected, it follows that S’ is a connected dominating set. Thus, S is a 2-movable connected

dominating set. Furthermore, S is the minimum 2-movable connected dominating set of K,. Hence,
v2.(K,) < 2. And so, by Remark 4.1, y2 (K,) = 2. O

4.3 2-Movable Connected Domination Number of Join Graphs G + H

Theorem 4.4: Let G and H be a nontrivial graphs of order at least 2. Then,
y2.(G+H) =2.

Proof: Let G and H be a nontrivial graphs with |V(G)| > 2 and |V (H)| > 2, where V(G+H) = V(G)UV(H)
and |V(G + H)| > 4. Let V(G) = {uy, uz, us, ..., up} and V(H) = {v1, 02,03, ..., ,}. Suppose that S = {u, v}
where u € V(G) and v € V(H). We need to show that S is a connected dominating set of G + H. Observe

that every vertex in G is adjacent to v and every vertex in H is adjacent to u. Then, V(G) C N[v] and
V(H) € N[u]. Thus,

V(G+H)=V(G)u V(H)
C N[v] U NJ[u]
= N[S].

Therefore, S is a dominating set. Notice that uv € E(G + H). Then, S is connected. Since S is a dominating
set and S is connected, it follows that S is a connected dominating set.

Now, consider the vertices u,v € S. We want to show that S is 2-movable connected dominating set.
Since S is a connected dominating set, there exists vertices v’ € V(G) and v’ € V(H) such that ¥’ # u and
v’ # v. Thus, we will show that §" = (S\ {u,v}) u{v/,v’} = {/,v'} is a connected dominating set of G + H.
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Notice that every vertex in G is adjacent to v” and every vertex in H is adjacent to u’. This implies that
V(G) C N[v'] and V(H) C N[u’]. Hence,

V(G +H) = V(G) u V(H)
C N[v']JuN[u]
= N[5].

This means that $’ is a dominating set. Notice that u’v’ € E(G + H). Then, S’ is a connected. Since S’
is a dominating set and S’ is connected, it follows that $’ is a connected dominating set. Hence, S is a

2-movable connected dominating set. Also, S is the minimum 2-movable connected dominating set of
G + H. Therefore, y2.(G+ H) < 2. By Remark 4.1, y2 (G + H) = 2. [J

Theorem 4.5: Let W, be a wheel graph where n > 3. Then,

2, if n=3,4,
3 ifn=5
2 b b
Yme(Wn) =
mer 4, ifn =6,

n+1, ifn>7.

Proof: Let W, = C, + K. Suppose that V(C,) = {v1,02,...,0,} and V(K;) = {u}. Then, V(W,) =
V(Cp) U V(K7). To prove the theorem, we consider the following cases:
Casel: n=3o0rn=4.

Subcase 1.1: n = 3.

Consider the wheel graph W3, defined by V(W;) = V(C;) U V(K;), where V(C3) = {v1,v,,03} and
V(K1) = {u}, as shown in Figure 1. Also, note that E(W3) = E(C3;) U {uvy, uvs, uvs} where E(C3) =
{v1v2, V203, v103}. Let S = {v1,v3}. Then, we will show that S is a connected dominating set.

U1 U1

Ws - (S) :

U2 U3 U3

Figure 1: Wheel Graph W; and its connected dominating set S = {v;, v3} with induced subgraph (S).

Observe that N(v;) = {u,v,,v3} and N(v3) = {u,v1,v2}. Then,

N(S) = N(v1) U N(v3) = {u, v2,v3} U{u, v1, 02} = {u, 01,05, 03}
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Thus,
N[S] = SUN(S) = {v1,v3} U{u,v1,05, 03} = {u, 01,02, 03} = V(W3).

Hence, S is a dominating set. Observe that v;v; € E(C;). This implies that S is connected. Since S is a
dominating set and S is connected, it follows that S is a connected dominating set.

Additionally, we must show that S is a 2-movable connected dominating set of W5. Consider the vertices
v1,03 € S. Then, we must show that S is a 2-movable connected dominating set. Since S is connected
dominating set, there exists vertices u, v, € V(W3)\S, such that u and v; is adjacent to v; and vs, respectively.
Now, we need to show that §" = (S \ {vy,v3}) U {u,v2} = {u,v,} is also a connected dominating set. Note
further that N(u) = {v1, v5, 13} and N(vy) = {u, v, v3}. Then,

N(S") = N(u) U N(v2) = {v1,02,v3} U{u,v1, 03} = {u, 01,02, 03}

U1

Ws <S/>/
u u

U2 U3 U2

Figure 2: Wheel Graph W; and its connected dominating set S” = {u, v,} with induced subgraph (5’).
Thus,
N[S'] = S UN(S) = {u,v2} U {u,v1,02,03} = {u,v1,02,03} = V(W3).

Hence, S’ is a dominating set. Notice that uv, € E(W3). This implies that $’ is connected. Since ' is a
dominating set and S’ is connected, it follows that S’ is a connected dominating set. In effect, S = {v;,v,} is a
2-movable connected dominating set of W5. Moreover, S is the minimum 2-movable connected dominating
set of W3, and so, S is a y2,.-set of Wj. Therefore, y2.(W3) = 2.

Subcase 1.2: n = 4.

Consider the wheel graph W, where V(W,) = V(C4) U V(K7) with V(Cy4) = {v1,v2, 03,04} and V(K;) =
{u}, as presented in Figure 3. Also, E(Wy) = E(Cy) U {uvy, uvz, uvs, uvs} where E(Cy) = {v102, 0203, U304, 0104}
Let S = {v1,v4}. Then, we have to show that S is a connected dominating set.

Observe that N(v;) = {u, v9,v4} and N(v4) = {u, vy, v3}. Then,

N(S) = N(v1) UN(vy) = {U, 02,04} U {U, 01,03} = {U, 01502,03,04}‘
Thus,

N[S] = SUN(S) = {v1,v4} U {u,v1,02, 03,04} = {u, 01,02, 03,04} = V(Wy).
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U1 U2 U1

W4 . <S> :

Uy U3 Uy
Figure 3: Wheel Graph W, and its connected dominating set S = {v;, v4} with induced subgraph (S).

Hence, S is a dominating set. Furthermore, notice that v;v4 € E(C4). Then, S is connected. Since S is a
dominating set and S is connected, it follows that S is a connected dominating set.

In addition, we need to show that S is a 2-movable connected dominating set of W,. Take the vertices
1,04 € S. Note that S is a connected dominating set. Then, there exists vertices u,v3 € V(W) \ S, such that
u and vs is adjacent to v; and vy, respectively. Now, we must show that S’ = (S\ {v1,v4}) U{u,v3} = {u,v3} is
a connected dominating set.

U1 U2

Wy (8) -

Uy U3 U3
Figure 4: Wheel Graph W, and its connected dominating set S’ = {u, v3} with induced subgraph (S’).
Observe further that N(u) = {v1, v, 03,04} and N(v3) = {u,v,,v4}. Then,
N(S") = N(w) U N(v3) = {v1, 02,03, 04} U {1, 03,04} = {11, 01, 02,03, 04}.
Thus,
N[S'] = S UN(S) = {w,v3} U{u,01,05,03,04} = {1, 01,02, 03,04} = V(Wy)

Hence, S’ is a dominating set. Furthermore, notice that uv; € E(W,). This implies that S’ is connected.
Since S’ is a dominating set and S’ is connected, it follows that S’ is a connected dominating set. In effect, S
is a 2-movable connected dominating set of Wj. Also, S is the minimum 2-movable connected dominating
set of Wj. Therefore, y2.(W,) = 2.
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Case2:n=5

Consider the wheel graph Ws, where V(Ws) = V(Cs) U V(K;) with V(Cs) = {v1, 02,03, 04,05} and
V(K1) = {u}, as shown in Figure 5. Also, note that E(Ws) = E(Cs) U {uvy, uvs, uvs, uvg, uvs} where the edge
set of Cs is E(Cs) = {v1v9, Vo3, U304, U4Us, 0501 }. Let S = {u, vy, v4}.

U1 U1

Us Uy

Uy U3 Uy

Figure 5: Wheel Graph W; and its connected dominating set S = {u, v;, v4} with induced subgraph (S).

Observe that N(u) = {v1,v2,v3, V4, 05}, N(v1) = {u, v9, 05} and N(vy) = {u, v3,05}. Then,

N(S) = N(u) U N(v1) U N(vy)
= {01, 02,03, V4, U5} U {1, 2, 05} U {u, v3, 05}

= {u, v1, 2,03, V4, U5}
Thus,

N[S] = SuN(S)
= {ua U1, 1)4} U {ua U1, U2, 1)3, U4, U5}
= {u,v1, 02,03, 04,05}

= V(WS)

Hence, S is a dominating set. Notice that uv,, uvy € E(Ws). This implies that S is connected. Since S is a
dominating set and S is connected, it follows that S is a connected dominating set.

Now, we must show that S is a 2-movable connected dominating set of Ws. Consider the vertices
u,v1 € S. Recall that S is a connected dominating set. Then, there exists vertices vs,v5 € V(W5) \' S, such
that v3 and vs is adjacent to u and vy, respectively. We will show that S; = (S \ {u, v1}) U {v3, vs} = {v3, v4, vs}
is also a connected dominating set.

Note that N(v3) = {u, v2,v4}, N(vg) = {u, v3,05}, and N(vs) = {u, v1,v4}. Then,

N(S1) = N(v3) UN(vg) U N(vs)

= {u,v2, 04} U {u,vs3,0s} U {u, v1, 04}



10 of 25 Ann. Commun. Math. 9 (2026): 7

U1

Us U2 Us

W5 : <Sl> :

Vg U3 Uq U3
Figure 6: Wheel Graph W;s and its connected dominating set S; = {v3, v4, v5} with induced subgraph (S;).

= {u: Ul>v2:v3av4a05}'
Thus,
N[S1] = S1 UN(Sy)
= {v3, 04,05} U {1, 01, 02,03, 04, U5}

= {u, vy, 02,03, 04,05}

= V(W5)

Hence, S; is a dominating set. Observe that vsvy, v405 € E(Cs). This implies that S; is connected. Since S; is
a dominating set and S; is connected, it follows that S; is a connected dominating set.

Furthermore, consider the vertices u,v4 € S. Since S is a connected dominating set, there exists vertices
2,05 € V(W5)\ S, such that v, and vs is adjacent to u and vy, respectively. Now, S; = (S\{u, v4}) U{vs, 05} =
{v1,v2,v5} must also be a connected dominating set.

U1 U1

Us U2 Us U2

Ws : (Sy) :

Uy U3

Figure 7: Wheel Graph W;s and its connected dominating set S, = {v;, v, v5} with induced subgraph (S.).
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Observe that N(v;) = {u,v3,v5}, N(v2) = {u,v1,v3} and N(vs) = {u, v1, v4}. Then,

N(Sz) = N(v1) UN(vz) U N(vs)
= {u,v2, 05} U{u,v1,03} U{u, v1, 04}
= {u> U1, U2, U3, Uy, US}'

Thus,

N[S:] = S; UN(S,)
= {v1, 02,05} U {u, 01,02, 03, 04, U5}
= {u,v1, 02,03, 04, U5}

= V(W5)

Hence, S, is a dominating set. Notice that v;v;, v105 € E(Cs). This implies that S, is connected. Since S; is a
dominating set and S; is connected, it follows that S, is a connected dominating set.

Moreover, consider the vertices vy,v4 € S. Note that S is a connected dominating set. Then, there
exists vertices vy, v3 € V(Ws) \ 'S, such that v, and v is adjacent to v; and vy, respectively. Now, S3 =
(8 \{v1,v4}) U {va, 3} = {u, v, v3} must also be a connected dominating set.

U1

Us U2 U2

Ws <S3> :

Vs U3 U3
Figure 8: Wheel Graph W; and its 2-movable connected dominating set S; = {u, v;, v3} with induced subgraph (S;).
Note that N(u) = {v1, 2,03, 04,05}, N(v2) = {u,v1,03}, and N(v3) = {u, v, v4}. Then,

N(S3) = N(u) UN(vz) U N(v3)
= {v1, 02,03, 04, U5} U {1, 01, 03} U {u, 02, 04}

= {u, U1, U2, U3, Uy, 05}-
Thus,

N[S3] = S3 U N(S3)
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= {u, v, 03} U {u, v1, 02,03, 04, 05}
= {U, U1, 02,03, U4, Us}

= V(Ws).

Hence, S5 is a dominating set. Observe that uv,, uvs € E(W5). This implies that Ss is connected. Since S;
is a dominating set and S; is connected, it follows that Ss is a connected dominating set. Therefore, S is
a 2-movable connected dominating set of Ws. In fact, there is no other set S C V(W5s) that will satisty
the condition of a 2-movable connected dominating set. Thus, S is the minimum 2-movable connected
dominating set of Ws. Therefore, y2.(Ws) = 3.
Case 3: n=6.

Consider the wheel graph W, that is, defined by V(W;) = V(Ce)UV (K;) with V(Ce) = {v1, 2, 03, v4, U5, 6}
and V(K;) = {u}, as presented in Figure 9. Also, E(Wy) = E(Cs) U {uvy, uvs, uvs, uvg, uvs, uvg} where the
edge set of Cg is E(Cg) = {v102, 203, V304, V4Us, Usvs, V601 }. Let S = {u, vy, v3, v5}.

U1 U2 U1

We : Vs U3 <S> :

Us Vg Us

Figure 9: Wheel Graph W; and its connected dominating set S = {u, v1,v3, vs} with induced subgraph (S).
Observe that N(u) = {1, 02, 03, 04, 5,06}, N(v1) = {1, 02,06}, N(v3) = {u, 02,04}, and N(vs) = {u, v4,06}. Then,

N(S) = N(u) U N(v;) u N(v3) U N(vs)
= {1, U2, V3, V4, Us, U6} U {1, U2, U6} U {u, U2, 04} U {u, U4, U6}

= {ua 01102:0351)4: U5a vﬁ}'
Thus,
N[S] = SuN(S)
= {u, 01,3, 05} U {1, 01, U3, U3, Vs, U5, U6 }

= {u,v1,02,03, V4, U5, U}

= V(WG)

Hence, S is a dominating set. Observe that uvq, uvs, uvs € E(W;). Then, S is connected. Since S is a
dominating set and S is a connected, it follows that S is a connected dominating set.
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Now, we will show that S is a 2-movable connected dominating set of Wj. Consider the vertices u,v; € S.
Since S is a connected dominating set, there exists vertices vy, v5 € V(Ws) \ S, such that vy and v is adjacent
to u and vy, respectively. Thus, we will show that S = (S \ {u,v1}) U {v4, v6} = {3, v4, V5, V6} is a connected
dominating set.

U1 U2

W : s v (§) -

Vs U3

Us U4 Us (2

Figure 10: Wheel Graph W and its connected dominating set S = {vs, v4, vs, s} with induced subgraph (5’).

Note that N(v3) = {u, v, v4}, N(vg) = {1, v3,05}, N(v5) = {u, v4, 06}, and N(vg) = {u, v1,05}. Then,

N(S") = N(v3) U N(vs) U N(vs) U N(v)
= {u, 02,04} U {u, 03,05} U {u, 04,06} U {1, 01, 05}

= {ua U1, U2, U3, U4, Us, vﬁ}'
Thus,

N[S'] = 8" UN(S") = {v3, 04, 05,06} U {1, vy, V2, U3, Uy, V5, Vg }
= {ua U]aUZaUS:U‘b US’UG}

= V(Wﬁ)

Hence, S’ is a dominating set. Observe that vsvy, v4vs,vs06 € E(Cg). This implies that S” is connected.
Since S’ is a dominating set and S’ is connected, it follows that S’ is a connected dominating set. In fact,
the same argument follows if we consider for every pair x,y € S. In effect, S is a 2-movable connected
dominating set of Ws. Also, note that there is no other set S C V(W) that will satisfy the condition of a
2-movable connected dominating set. Therefore, S is the minimum 2-movable connected dominating set of
Ws. Consequently, y2 (W) = 4.
Case4:n>7.

Consider the wheel graph W, defined by, V(W,) = V(C,) u V(K;) with V(C,) = {v1, 2,03, ...,0,} and
V(K1) = {u}, as illustrated in Figure 11. Additionally, E(W,) = E(C,) U {uvy, uvy, uvs, ..., uv,} where the
edge set of C, is E(Cy,) = {v102, 02, 03,0304, ..., Uy—10n, Uy01}. Let S = V(W)).
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Uy

Figure 11: Wheel graph W,,.

Since S = V(W,), it follows that S is a dominating set. Similarly, S is connected. Therefore, S is a
connected dominating set of W,,, where n > 7. Further, |S| = n + 1. We want to show that S is a 2-movable
connected dominating set. To prove this, we will consider the following subcases:

Subcase 4.1: $; = S\ {u,v;} ={vj| 1 < j<n and j #i}.

Note that S is a connected dominating set. Consider the vertices u,v; € S for 1 < i < n. We need to
show that S; = S\{u,v;} ={v;| 1 < j < n and j # i} is a connected dominating set. First, we have to show
that S; is a dominating set such that N[S;] = V(W,). Observe that, for j = 1,

Nlv:] = {u,v1,v2, 04},
for j = n,

Nlvn] = {u,v1,0n-1, 00},
andfor2<j<n-1,

N[Uj] = {U, Uj—l,vj,l)j+1}-

Hence,
NIS:]1 = Nloi] U NToa] u | Nloy)
j=2

= {1, 01,02, 00} U{t, 01, 0p—1, 00} U{W,0j_1,0}, 041}
= {ua U1, 02,03, ... :Uj—lavjavj+l :Un—lavn}

= V(Wn)'

Thus, S; is a dominating set. Furthermore, observe that each vertex v; € S; belongs to V(C,). Observe
further that V(C,) \ {v;} = V(P,-1). Then, S; is connected. Since S; is a dominating set and S; is connected,
it follows that S; is a connected dominating set.
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Subcase 4.2: S; = S\ {v;, v} ={u,vj| 1< j<nandj#ii+1}

Note that S is a connected dominating set. Take the vertices v;,v;+1 € S. Then, we need to show that
Sy = S\{vi,vir1} ={u,vj] 1 < j < nmandj#ii+ 1} is a connected dominating set. To prove that S, is a
dominating set, we have to show that N[S,] = V(W,). Observe that u € S, and the closed neighborhood of
uis

N[u] = {ua U1,02,03, ..., 0i—1, Vi, Uit1, .. :vn—lavn} = V(Wn)

Hence, S; is a dominating set. To prove that S; is a connected dominating set, observe further that u € S,
and uv; € E(W,). Therefore, S, is connected. Since S; is a dominating set and S; is connected, it follows
that S, is a connected dominating set.

Subcase 4.3: S3 = S\{v;,v;} ={u,ve| 1 < k< nwithk #i,jandi# j}

Recall that S is a connected dominating set. Take the vertices v;,v; € S. We must show that 53 =
SN\{vi,vj} ={u,vx] 1 < k < nwith k # i, jand i # j} is a connected dominating set. To prove that Ss is a
dominating set, we need to show that N[S;] = V(W,,). Notice that u € Ss. Then, the closed neighborhood
of uis

Nlu] = {u,v1,02,03, ..., Vi1, Vi, Vit 1, oo s Une1, Un} = V(W,).

Therefore, S; is a dominating set. Observe that u € S; and uvy € E(W,). Hence, S is connected. Since S; is
a dominating set and connected, it follows that S; is a connected dominating set.

Considering the subcases above, we can conclude that S is a 2-movable connected dominating set. Now,
we want to show that S is a minimum 2-movable connected dominating set of W,, where n > 7, that is, for
every set T C V(W,) with |T| =|S| — 1 is not a connected dominating set. We will consider the following
cases:

Case 1: Ty = S\{u}={v; |1 <i< n}

Let Ty = S\ {u} = {v; | 1 <i < n} be a connected dominating set. Then, by Remark 3.3, T contains
every cut-vertex. Consider the following subcases to show that T; is not a 2-movable connected dominating
set:

Subcase 1.1: T] = 1 \{v;, i1} ={v; |1 < j<n, j#i,i+1}

Take v;, 0341 € Ty. Then, T{ = Ty \{v;, vj41} = {v; | 1 < j < n, j#i,i+ 1} is a dominating set. Also, T} is
a connected. Since T} is a dominating set and T is connected, it follows that T/ is a connected dominating
set.

Subcase 1.2: T) = Ty \{v,v;} ={vx |1 < k< n, k#1,j}

Consider v;,v; € Ty. Then, T] = Ty \{v;,v;} = {vk | 1 < k < n, k # i, j} is a dominating set. However, T{
is not connected. Since T/ is a dominating set and T is not connected, it follows that T} is not a connected
dominating set. This is a contradiction to our assumption that T; is a connected dominating set.

Considering the subcases above, we can conclude that Tj is not a 2-movable connected dominating set
of W,, where n > 7.

Case2: T, = S\{ni} ={u,v;| 2 <v; < n}.
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Let T = S\ {v1} = {u,v;] 2 <v; < n} be a connected dominating set. Then, by Remark 3.3, T, contains
every cut-vertex. Consider the following subcases to show that T; is not a 2-movable connected dominating
set:

Subcase 2.1: T, = T, \{u,v;} ={vj| 2< j<n, j#i}

Subcase 2.1.1:

Consider u,v; € T, where 3 < i < n—1. Then, observe thatthe set T, = T,\{u,v;} ={v; [2< j<n, j#i}
is a dominating set. However, T, is not connected. Since T is a dominating set and T is not connected, it
follows that T; is not a connected dominating set. This is a contradiction to our assumption that T, is a
connected dominating set.

Subcase 2.1.2:

Consider u,v; € T,. Then, T, = T, \{u,v2} = {v;| 3 <i < n} is a dominating set. Also, T; is connected.
Since T; is a dominating set and T is connected, it follows that T, is not a connected dominating set.

Subcase 2.1.3:

Consider u,v, € Tp. Then, T, = T> \ {u,v,} = {vil 2 < i < n— 1} is a dominating set. Also, T, is
connected. Since T, is a dominating set and T; is connected, it follows that T, is a connected dominating
set.

Subcase 2.2: T; = T, \{v;,vi1} ={u,vj/2< j<nandj#ii+1}

Take v;, 041 € To. Then, T; = T, \{v;,vi41} = {u,vj| 2 < j < n, j #i,i+ 1} is a dominating set. Notice
that uv; € E(W,) where 2 < j < nand j # i,i + 1. Then, T} is connected. Since T} is a dominating set and
T; is connected, it follows that T; is a connected dominating set.

Subcase 2.3: T) = T, \ {v;,v;} = {u,vx| 2 < k < n where k # i, j}

Take v;,v; € Tp. Then, T, = T, \ {v;,v;} = {u,vk| 2 < k < n where k # i, j} is a dominating set.
Furthermore, notice that uvy € E(W,) where 2 < k < n, and k # i, j. Then, T, is connected. Since T is a
dominating set and T; is connected, it follows that T} is a connected dominating set.

Considering the subcases above, we can conclude that T; is not a 2-movable connected dominating set
of the wheel graph W, where n > 7.

Case3: T =S\{v,}={uvn1<i<n—-1}

Suppose T3 = S\ {v,} = {u,v;] 1 <i < n— 1} be a connected dominating set. Then, by Remark 3.3, T3
contains every cut-vertex. Consider the following subcases to show that T; is not a 2-movable connected
dominating set:

Subcase 3.1: T = T3 \{u,v;} ={vj|2< j<n—2, j#i}

Subcase 3.1.1:

Consider u,v; € T; where 2 < j < n— 2. Note that T; is a connected dominating set. Then, observe that
T{ = T\{u,v;} ={v;| 2 < j < n—2, j#i}is a dominating set. However, T; is not connected. Since Tj is a
dominating set and Tj is not connected, it follows that T} is not a connected dominating set. Thus, this is
contradiction to our assumption that T3 is a connected dominating set.

Subcase 3.1.2:
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Consider u,v; € T5. Then, T} = T3 \ {u, 01} = {vj| 2 < j < n— 1} is a dominating set. Also, T is
connected. Since T is a dominating set and T is connected, it follows that T is a connected dominating
set.

Subcase 3.1.3:

Consider u,v,—1 € Ts. Then, T = T5 \{u,v,-1} = {v;| 1 < j < n— 2} is a dominating set. Similarly, T is
connected. Since T is a dominating set and T is connected, it follows that T is a connected dominating
set.

Subcase 3.2: Ty = T3\ {v;, vis1} ={u,vj/ 1< j<n—1land j#ii+ 1}

Take v;,vi11 € T3. Recall that T; is a connected dominating set. Then, observe that T; = T \ {v;, v;1} =
{u,v;] 1< j<n—1, j#ii+ 1}is adominating set. Also, T; is connected. Since Tj is a dominating set and
T3 is connected, it follows that Tj is a connected dominating set.

Subcase 3.3: Ty = T3 \ {v;,v;} = {u,vx| 1 < k < n—1 where k # i, j}

Consider v;,v; € T3. Note that T3 is a connected dominating set. Then, observe further that T =
T35 \{v;,vj} = {u,ve| 1 < k < n—1 where k # i, j} is a dominating set. Also, T is connected. Since T is a
dominating set and Tj is connected, it follows that T} is a connected dominating set.

Considering the subcases above, T is not a 2-movable connected dominating set of the wheel graph
W, where n > 7.

Case4: T, = S\{vi} ={u,vj| 1< j<n j#i}where2<i<n-1

Let Ty = S\{v;} ={u,v; | 1 < j < n, j#i}, where 2 <i < n—1, be a connected dominating set. Then,
by Remark 3.3, T, contains every cut-vertex. Consider the following subcases to show that T, is not a
2-movable connected dominating set:

Subcase 4.1: T) = Ty\{u,v;} ={ox | 1 <k <n, k=i,j}

Subcase 4.1.1:

Take u,v;_1 € Ty. Then, T} = Ty \{u,v;_1} = {vx |1 < k < n, k #1i,i — 1} is a dominating set. Also, T} is
connected. Since T is a dominating set and T} is connected, it follows that T is a connected dominating
set.

Subcase 4.1.2:

Take u,v;41 € Ty. Then, T) = Ty \{u,v;11} = {vx |1 < k < n, k #1i,i + 1} is a dominating set. Also, T} is
connected. Since T is a dominating set and T} is connected, it follows that T} is a connected dominating
set.

Subcase 4.1.3:

Take u,v,—1 € Ty. Then, T = Ty \ {u,v,-1} = {vr |1 < k < n,k # i, n — 1} is a dominating set. However,
T is not connected. Since T is a dominating set and T is not connected, it follows that T; is not a
connected dominating set.

Subcase 4.1.4:

Take u,v, € Ty. Then, T = Ty \ {u,v,} = {vx | 1 < k < n, k # i, n} is a dominating set. But, T} is not
connected. Since Tj is a dominating set and T, is not connected, it follows that T} is not a connected
dominating set.

Subcase 4.1.5:
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Consider u,vj € Ty. Then, T, = Ty\{u,v;} ={vk | 1 < k < n, k #i,j} where j #{i—1,i,i+1,n—1,n},
is a dominating set. However, T, is not connected. Since T, is a dominating set and T is not connected, it
follows that T} is not a connected dominating set.

Subcase 4.2: T) = Ty \{vj, v} ={uve | 1< k<n, k#1i,j,j+1}

Consider vj,vj11 € Ty. Recall that Ty is a connected dominating set. Then, observe that T = Ty \
{vj,vjs1} ={w, v | 1 <k <n, k #1,j,j+ 1} is a dominating set. Also, T} is a connected set. Since T} is a
dominating set and T} is connected, it follows that T} is a connected dominating set.

Subcase 4.3: T, = Ty \{vj,vi} ={u,v, | 1<r<n, r#i,j,k}

Take vj,vr € Ty. Then, T) = Ty \{v;,ve} = {u,v, | 1 < r < n, r #i,j k} is a dominating set. Also,
T/ is a connected set. Since Tj is a dominating set and T, is connected, it follows that T} is a connected
dominating set.

From the subcases above, Ty is not a 2-movable connected dominating set of the wheel graph W, where
nz=7.

Considering the cases above, we can conclude that T is not a 2-movable connected dominating set.
Therefore, for all n > 7, the 2-movable connected domination number of the wheel graph W, is y2.(W,,) =
|S| = n + 1. Moreover, S is the minimum 2-movable connected dominating set of W, for n > 7. [J

Corollary 4.6: Let K,,, , be a bipartite graph with m > 2 and n > 2. Then,
Y%C(Km,n) = 2

4.4 2-Movable Connected Domination Number of Generalized Graph Wy, ,,

Theorem 4.7: Let W, , be a generalized wheel graph with m > 2 and n > 2. Then,

Ynzw(Wm,n) = 2

Figure 12: Generalized Wheel Graph W, ,.

Proof: Let V(Wy,,) = V(C,)UV(Ky,) be a generalized wheel graph W,,, , where V(K,,) = {u1, ua, us, ..., thy}
and V(C,) = {v1,v2, 03, ...,v,}, as presented in Figure 12. Let S = {u, v} where u € V(K,,) and v € V(C,). We
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must show that S is a connected dominating set. Observe that for every u; € V(K,,) and v; € V(C,), where
1<i<mand1 < j<n, wehave uj, uv € E(W,,,,). Thus, V(C,) € N[u] and V(K,,) C N[v], implying
that

V(Win) = V(Ca) U V(Ky) € N[u] UN[v] = N[S].

Therefore, S is a dominating set of W,, ,. Notice that uv € E(W,, ,). This implies that S is connected. Since
S is dominating set and S is connected, it follows that S is a connected dominating set.

Now, we will show that S is a 2-movable connected dominating set of W, ,. Consider the vertices
u,v € S. Since S is a connected dominating set, there exists vertices v’ € V(C,) where v” # v, and there
exists u’ € V(K,,) where u/ # u such that v” and v’ is adjacent to u and v, respectively. Then, we will
show that &' = (S\ {u,v}) U {v/, v’} = {v/, v’} is a connected dominating set of W, ,. Notice that for every
vj € V(Cy) and u; € V(Kyp), ut’,vju’ € E(Wp, ). Thus, V(K,) € N[v'] and V(C,) € N[u/]. Hence,

V(W) = V(Cp) U V(Kn) € N[w']UN[v'] = N[S'].

Therefore, S’ is a dominating set. Observe that v’ € E(W,,,). Then, S’ is connected. Since S is a
dominating set and S” connected, it follows that S’ is a connected dominating set. In effect, S is a 2-movable
connected dominating set. Also, S is the minimum 2-movable connected dominating set of W,, ,. Thus,
¥2.(Wpn) < 2. Consequently, by Remark 4.1, y2.(W;, ) = 2. O

4.5 2-Movable Connected Domination Number of Nontrivial Graphs

Theorem 4.8: Let G be a connected nontrivial graph. Then, a graph G has a 2-movable connected
dominating set if and only if G has no cut-vertices.

Proof: Let G be a connected nontrivial graph and suppose that G has a 2-movable connected dominating
set, say S. Since S is a 2-movable connected dominating set, it follows that S is a connected and S is a
dominating set. Assume further that G has two cut-vertices, say, x and y. Then, by Remark 3.3, x, y € S.
Since x, y € S, it follows that S\ {x, y} and (S\ {x, y}) U {u, v}, where u,v € V(G)\ S, such that u is adjacent
to x and v is adjacent to y are not connected dominating set of G. This implies that S is not a 2-movable
connected dominating set. And so, this is a contradiction to our assumption that G has two cut-vertices.
Thus, G has no cut-vertices.

Conversely, suppose that G has no cut-vertices. Let S = V(G). Since S = V(G), it follows that S is a
dominating set. And so, S is connected. Thus, S is a connected dominating set. Assume x,y € S. Note
that G has no cut-vertices. Then, S \ {x, y} is a connected dominating set of G. Therefore, S is a 2-movable
connected dominating set of G. [J

Theorem 4.9: Let G be a connected graph. Then, there exists a graph G such that

(i) vA(G) < yi.(G)
(i) yA(G) = y2.(G)

Proof: To prove the theorem, consider the following cases:
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Case 1: Let G be a connected graph such that G = K; + Ps. Then, by Corollary 3.2, y2(K; + Ps) = y(Ps).
Note that, by Theorem 3.8, y(Ps) = [%] = 2. Therefore, y2(K; + Ps) = y(Ps) = 2.

On the other hand, consider the join graph K; + Ps where V(K;) = {u} and V(Ps) = {v1, 02,03, 04, U5}, as
presented in Figure 13. Suppose S = {v,, v3,v4}. Then, we must show that S is a connected dominating set.

U1 U2 U3 Uy Us

Ki+ Ps : <S> O———O——O

U2 U3 U4

Figure 13: Join graph K; + Ps and its connected dominating set S = {v,v3, v4} with induced subgraph (S).

Note that N(v2) = {u, v1,v3}, N(v3) = {u, v2,v4} and N(vy) = {u,v3, v5}. Then,

N(S) = N(v2) U N(v3) U N(vg)
= {u,v1,v3} U{u, vy, 04} U {1, v3, vs5}

= {uy U1, U2, U3, U4, U5}
Thus,

N[S] = SUN(S)
= {v2, U3, va} U {u, 01,02, 03, Vg, U5}
= {u, v1, 02,03, U4, Us}

= V(K1 + Ps).

Hence, S is a dominating set. Observe that v,vs € E(Ps) and vsv4 € E(Ps). This implies that S is connected.
Since S is a dominating set and S is connected, it follows that S is a connected dominating set.

Now, we will show that S is a 2-movable connected dominating set. Consider the vertices v,,v3 € S.
Recall that S is a connected dominating set. Then, there exists vertices vy, u € V(K + P5s) \ S, such that v;
and u is adjacent to v, and vs, respectively. Thus, we will show that S = (S \ {vz,v3}) U {v1, u} = {u,v1,v4} is
a connected dominating set.

Note that N(u) = {v1,vs,v3, 04,05}, N(v1) = {u, v2}, and N(v4) = {u,v3,v5}. Then,

N(S") = N(u) U N(v;) U N(v4)
= {v1, 2,03, 04,05} U {u, 02} U {w, v3, 05}

= {ua U1, U2, U3, Uy, US}
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M M
U1 U2 U3 Uy Us U1 Uy
Ki+ Ps : <Sl> :
u u

Figure 14: Join graph K; + Ps and its connected dominating set S’ = {u, vy, v4} with induced subgraph (5).

Thus,

N[S'] = S’ u N(S")
= {u, 01,04} U {u,v1, 02,03, 04, U5}
= {u, v1, 2,03, Vg, U5}

= V(K; + Ps).

Hence, S’ is a dominating set. Observe that uv;, uvy € E(K; + Ps). This implies that S’ is connected.
Since §’ is a dominating set and S’ is connected, it follows that S’ is a connected dominating set. In fact,
the same argument follows if we consider for every pair x, y € S. In effect, S is a 2-movable connected
dominating set of K; + P5. Moreover, S is the minimum 2-movable connected dominating set of K; + Ps.
Hence yZ2 (K; + Ps) = 3.

Accordingly, there exists a graph G such that y2(G) < y2.(G).
Case 2: Let G be a connected graph such that G = P, + Ky. By Theorem 3.1, y2(Py + K4) = 2. On the other
hand, by Theorem 4.4, 2 .(Py + Ky) = 2.

Accordingly, there exists a graph G such that y2(G) = y2.(G). [

Theorem 4.10: Let G be a connected graph. Then, there exists a graph G such that

i) 12.(G) <yl .(G)
(i) 11.(G) < y2.(G)
(iii) 1,1.(G) = y2,(G)

Proof: To prove the theorem, consider the following cases:
Case 1. Let G be a connected graph such that G = K, ,, where n > 3 in Figure 15.

Let V(Kypn) = V(A) U V(B) where V(A) = {uy, uy, us, us} as well as V(B) = {v1,vs,03,...,0,}. Let
S = {u,v} where u € V(A) and v € V(B). Observe that V(A) C N[v] and V(B) € N[u]. Then,

V(Kyn) = V(A) U V(B) € N[v] u N[u] = N[S].

Thus, S is a dominating set. Furthermore, notice that uv € E(Ky ). This implies that S is connected. Since S
is a dominating set and S is connected, it follows that S is a connected dominating set.
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Kyn ¢

Figure 15: Complete Bipartite Graph Ky ,,.

Now, note that |V(A)| = 4 and |V(B)| > 3. Since S is a connected dominating set, there exists vertices
u’' € V(A)andv’ € V(B), such that «’ is adjacent to v and v’ is adjacent to u. Thus, S’ = (S\{u,v})u{v/, v’} =
{v’, v’} must be a connected dominating set. Notice further that V(A) C N[v’] and V(B) C N[v’]. This
implies that

V(Kyn) = V(A)U V(B) C N[v']Tu N[u'] = N[S'].

Thus, S is a connected dominating set. Additionally, observe that u’v” € E(Ky ). Hence, S is connected.
Since S’ is a dominating set and S’ is connected, it follows that S’ is a connected dominating set of Ky .
Therefore, y2.(Ksn) < 2. Consequently, by Remark 4.1, y2 .(Ky ) = 2.

On the other hand, by Corollary 3.7, y,.(Ky,) = 4. Accordingly, there exists a graph G such that
12e(G) < yme(G).

Case 2: Let G be a connected graph such that G = K,, where n > 4. By Lemma 3.5, y,}. .(K,,) = 1. In contrast,
by Theorem 4.3, y2 .(K,) = 2.

Accordingly, there exists a graph G such that y,!.(G) < y2.(G).

Case 3: Let G be a connected graph such G = K; + P,. By Corollary 3.6, y,..(K; + Py) = y.(P,). Then, by
Proposition 3.9, y.(P;) = 2. Therefore, y,..(K; + Py) = y.(Py) = 2.

On the other hand, consider the join graph K; + P, with V(K;) = {u} and V(Py) = {v1,02, 03,04}, as
seen in Figure 16. Additionally, the edge set of K; + P, is E(K; + Py) = E(Py) U {uvy, uvz, uvs, uvs} where
E(Py) = {v102, 0203, v304}. Suppose S = {u, v4}. Then, we must show that S is a connected dominating set.

Note that N(u) = {v1, v2,v3,v4} and N(vs) = {u, v3}. Then,

N(S) = N(u) U N(vy) = {v1, 02,03, 04} U{u,v3}

= {U, U1,Uz,v3,U4}-
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U1 Uy U3 Uy 2
Ki+ Py <S> :

Figure 16: Join Graph K; + P, and its connected dominating set S = {u, v4} with induced subgraph (S).

Thus,
N[S] = SUN(S) = {u,v4} U {u,v1, 02,03, 04}

= {U, 01,02,03,04}

= V(K1 + P4)

Hence, S is a dominating set. Observe that uvy € E(K; + P4). Then, S is connected. Since S is a
dominating set and S is connected, it follows that S is a connected dominating set.

Furthermore, we will show that S is a 2-movable connected dominating set. Consider the vertices
u,v4 € S. Since S is a connected dominating set, there exists vertices v,,v3 € V(K7 + P4) \ S, such that v,
and v3 is adjacent to u and vy, respectively. Now, we must show that §" = (S \ {u,v4}) U{vs,v3} = {v2, 03} is a
connected dominating set.

U1 U2 U3 Uy

Ki+Py s: O—O

U2 U3

Figure 17: Join Graph K; + P, and its connected dominating set S = {v,, v3} with induced subgraph (S’).
Note further that N(vy) = {u, vy, v3} and N(v3) = {u, v, v4}. Then,

N(S") = N(v2) UN(v3) = {u, 01,03} U {u, 02,04}

= {u,v1, 02,03, 04}.

Thus,
N[Sl] = S/ U N(S/) = {UZa 03} U {u7 U1, U2, 03, U4}
= {ua U1, 0251)3304}

= V(K + Py).

Hence, S’ is a dominating set. Observe that v,v3 € E(Py). This means that S’ is connected. Since S’ is
a dominating set and S’ is connected, it follows that S’ is a connected dominating set. In effect, S is
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a 2-movable connected dominating set of K; + P;. Moreover, S is the minimum 2-movable connected
dominating set of K; + P;. Thus, y2.(K; + Py) = 2.
Accordingly, there exist a graph G such that y..(G) = y2.(G). O

5 Conclusions

In this study, the researcher investigated the 2-movable connected domination of the the complete
graph K, join graph G + H, generalized wheel graph W,, ,. The author would like to recommend to future
researchers certain graph operations such as, cartesian product, corona product, and lexicographic product,
that were not considered in this study.
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