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Abstract: Let G = (V(G), E(G)) be a connected graph and let & = (V;, Vi, V2) be a CvRDF on G. A function « is an
outer-connected convex Roman dominating function (OCCvRDF) on G provided that for every v € Vj, there exists
u € V, such that uv € E(G), V; U V; is a convex set on G and (V) is a connected subgraph. The weight of OCCvRDF «
is denoted by @¢**R(a) and is defined as @R () = Y zev(c) @(2) = V1| + 2|V;|. The outer-connected convex Roman
domination number of graph G is denoted by }V.c,zr(G) and is defined as the minimum weight of an OCCvRDF « on
G, which can be written as J.c,r(G) = min{@¢<*R(a) : « is an OCCVRDF on G}. Each OCCVRDF « on G satisfying
the equation a)E;C”R(a) Yecor(G) is called a Y., r-function on G. In this paper, we introduce a new study of convex
Roman domination in graphs, called the outer-connected convex Roman dominating function, and give some of its
graph-theoretic properties.
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Keywords: Outer-connected domination, Roman domination, convex Roman domination, outer-connected convex
Roman domination

1 Introduction

Graph theory is a branch of discrete mathematics that has been actively researched and has experienced
tremendous growth and recognition in the literature. Graph theory has several concepts, and one of its
interesting topics is graph domination, which has many real-life applications, particularly in computer
science and operations research [1,2,7,8]. During the year 2004, Cockayne et al. [4] introduced the concept
of Roman domination in graphs, a labeling version of dominating sets, which is based on a defense strategy
during the 4th century A.D. by Emperor Constantine to protect the Roman Empire [9,10]. The defense
strategy uses an optimum number of legions (1 legion consists of a large number of soldiers) that protects
the entire region and ensures that if a legion transfers to another location, there is one legion remaining
that guards the original place. In that case, it means that a place with no legion must be adjacent to a
location with two legions, which implies that the entire region is guarded. Hence, a Roman dominating
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function in graphs labels 0, 1, or 2 to the nodes of a graph, in which the nodes with label 0 are adjacent to
at least 1 node with label 2 (two legions).

Nowadays, the topic of Roman domination in graphs has become a research interest of many discrete
mathematicians and computer scientists, and several variations have been published. In 2023, an intriguing
variation of Roman domination was introduced by Fortosa and Canoy [6], called the convex Roman
dominating function, requiring the dominating set to be convex. Way back in 2007, outer-connected
domination in graphs was developed by Cyman [5], which restricted the non-dominating set to be a
connected subgraph. In fact, outer-connected dominating sets have also become a motivating parameter in
domination theory. With these two parameters, the author is inspired to unite the two existing topics to
introduce a new variation of Roman domination called the outer-connected convex Roman dominating
function. Thus, this study’s new idea is that the dominating set (labeled 1 or 2) is a convex set and the
non-dominating set (labeled 0) is a connected subgraph. Hence, this newly introduced concept has a stronger
defense strategy as opposed to the existing parameters of Roman domination due to its connectivity and
compact dominating sets. This concept can be linked to the study of computer science, which deals with
network security and focuses on optimal resource allocation, requiring the placement of resources in a
connected location.

2 Preliminaries

Let G = (V(G), E(G)) be a simple and connected graph. The set V(G) is a collection of vertices on G
called the vertex set, and the set E(G) is a collection of edges on G called the edge set. The cardinality of
V(G) is the order of G and is denoted by |V(G)|. The cardinality of E(G) is the size of G and is denoted
by |[E(G)|. Let a € V(G). The open neighborhood of a is the set Ng(a) = {b € V(G) : ab € E(G)} and the
closed neighborhood of a is the set Ng[a] = Ng(a) U {a}. The degree of a is the number of edges incident
to a and is denoted by degg(a). Let O, C V(G). The collection N5(O,) = N(Oy) = U,eo, No(x) is called
the open neighborhood of vertex set O, in G. The set N5[O,] = N[O,] = N(O,) U O, is called the closed
neighborhood of vertex set O, in G. Let a, b € V(G). Then the distance from a to b is defined as the length
of the shortest walk (path) from a to b in a graph G and is denoted by dg(a, b). If no such walk from a
to b in G, then we defined the distance as dg(a, b) = co. An a-b path with distance dg(a, b) > 1 is called
a-b geodesic. Let Ig[a, b] be a collection of closed intervals that consists of all vertices on G that lie on an
a-b geodesic, and let A C V(G). The union of all collections I[a, b] where a, b € A is denoted by I[A],
in that case, we have U, pealgla, b] = Ig[A]. Then ¢ € Ig[A] if and only if ¢ lie in some a-b geodesic for
any a, b € A. A set Ais convex on G if and only if the equality Ig[A] = A holds [6]. If for all a, b € V(G),
there exists an a-b path, then G is a connected graph. Hence, the vertex set V(G) is a convex set if G is a
connected graph.

A collection D C V(G) is called a dominating set of G if for every a € V(G) \ D, there exists b € D
such that dg(a, b) = 1 [8]. The domination number of G, denoted by y(G), is the minimum cardinality of
a dominating set D on G, that is, y(G) = min{D|D is a dominating set on G}. If |D| = y(G), then D is a
y-setin G. A collection C C V(G) is called an outer-connected dominating set of G if for every a € V(G)\ C,
there exists b € C such that dg(a, b) = 1 and (V(G) \ C) is a connected subgraph of G [5]. The smallest
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cardinality of an outer-connected dominating set C on G is called the outer-connected domination number
of G and is denoted by y.(G). If |C| = y.(G), then C is a y.-set on G. A collection C, C V(G) is called
an outer-connected convex dominating set of G if for every a € V(G) \ C,, there exists b € C, such that
dg(a,b) = 1, C. is a convex set, and (V(G) \ C,) is a connected subgraph of G. The smallest cardinality of
an outer-connected convex dominating set C. on G is called the outer-connected convex domination number
of G and is denoted by Y.c,(G). If |C¢| = Vecy(G), then C, is a Y cy-set on G.

Let « : V(G) — {0, 1,2} be a function on G. Then set the following: Vo = {v € V(G) : a(v) = 0},
Vi={eV(G) : alw) =1}and V, = {v € V(G) : a(v) = 2}. Hence, we can represent « as follows:
a = (Vy, V1, V,). A function « is called a Roman dominating function (RDF) if for each a € V;, there exists
b € V; such that dg(a, b) = 1 [4]. The weight of an RDF « is given as wf(a) = 2.zev(G) @(z). The Roman
domination number of G is denoted by yr(G) and is defined as the smallest weight of @ on G. In that case,
we have yr(G) = min{wR(a) : a is an RDF on G}. Every a on G with w&(a) = yz(G) is a yg-function on
G. A function « is a convex Roman dominating function (CvRDF) on G if for every a € Vj, there exists
b € V; such that dg(a, b) = 1, and V; U V, is a convex set on G [6]. The weight of « is denoted by w&R(«)
and is defined as the sum w&f(a) = 2.zev(G) @(2). In that case, we have that w&R(f) = |Vi| + 2| V2. The
convex Roman domination number of G is denoted by yc,r(G) and is defined as the minimum weight
of an CvRDF on G, that is, yc,r(G) = min{w&*(«) : « is an CVRDF on G}. Every CvRDF a on G with
cog”R(a) = ycur(G) is a yepr-function on G.

A function « is an outer-connected convex Roman dominating function (OCCvRDF) on G provided
that for each a € V|, there exists b € V, such that dg(a,b) = 1, V; U V; is a convex set and (V,) is
a connected subgraph of G. The weight of OCCVRDF « is denoted by &%"R(«) and is defined as the
sum &R (a) = Y.zev(c) @(2) = V1] + 2|V2|. The outer-connected convex Roman domination number
of graph G, denoted by yccyr(G), is defined as the minimum weight of an OCCVRDF « on G. In that
case, we have that V.c,r(G) = min{#S"R(«) : « is an OCCVRDF on G}. Every OCCVRDF « on G
with 5&C”R(a) = Yecwr(G) is a Jecyr-function on G. In Figure 1, we can consider the connected graph
G of order n = 8. Let a = (Vy, V1, V) be an RDF on G such that V; = {v;} and V, = {vs,v5}. Then
V(G)\ (V1 U V,) = Vg = {vs,v3, 04,07, 0} In that case, it is clear that « is a J.cyr-function on G. Thus, we
have that J.c,r(G) = 3g "X(a) = [Vi| + 2| Va| = [{ui}] + 2l{vs, v6}l = 1+ 2(2) = 5.

U3 U1 U4
0 (1) 0
Us Vg
0 \&J 0
Uy (%)) Ug

Figure 1: A graph G with y.c,r(G) =5
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For some definitions of terms in this study that are not introduced in this section, readers may consult the
following studies: [3,7,8]. This paper introduces a new restricted version of convex Roman domination, called
outer-connected convex Roman domination in graphs, and initially investigates some of its combinatorial
properties.

3 Results

This section presents some combinatorial properties of the newly introduced variation of convex Roman
domination called the outer-connected convex Roman dominating function in connected graphs.

Theorem 1: Let G be a connected graph of order n € N and let a = (Vy, V1, V2) be a Yecyr-function on G. If
Yecvr(G) < n, then |V,| < |[Vo| > 2, Ig[ V1 U Vo] = Vi U Vs, and for every x, y € Vy, there exists an x-y path on
(Vo).

Proof: Let a = (Vy, V1, V2) be a Y cyr-function on G. Then « is an OCCvRDF on G and so, « is a CvRDF and
also an RDF on G. Assume that 7,c,r(G) < n. Then 3R (ar) = [Vi] +2|Va| < n = [V(G)| = |Vo| + V1| + | Vel.
In that case, we get | V2| < |Vg|. Since V.cyr(G) < n, Vo # @. Let v € V. Since « is an RDF on G, there exists
u € V, such that uv € E(G). In that case, |V,| > 1. Now, since | V5| < |Vy|, it follows that | V| > 2. Since « is
an CvRDF on G, it implies that for every u,v € V; U V,, there exists a u-v walk and it is a u-v geodesic, that
is, d(y,uv,)(u,v) is defined. In that case, we have that Vi U V; = Uypev,uv,Iclu,v] = Ig[ Vi U V2]. Further,
since « is an OCCVRDF on G, it follows that (Vp) is a connected subgraph of G. Hence, for all x, y € V4,
there exists x-y path on (V;). This completes the proof. [J

Corollary 1: Let G be a connected graph of order n € N and let a = (Vy, V1, V3) be a V.cor-function on G.
Then Yecor(G) < n if and only if 0 < |Vo| < |Vo.

Proof: Let = (Vq, Vi, V2) be a Y cpr-function on G. Suppose that y.c,r(G) < n. Then |Vp| # 0. By
definition of OCCVRDF on G, it follows that |V,| > 0. In view of Theorem 1, we have that |V,| < |V}].
Therefore, we conclude that 0 < |V;| < |V|. Conversely, we suppose that 0 < |V,| < |Vy|. Then we have that
Vecor(G) = B R(a) = |Vi| + 2|Va| < |Vi| + |Vo| + |Vo| = |[V(G)| = n. This proves the assertion. [J

Theorem 2: Let G be a connected graph of order n € N and let « = (Vy, V1, V2) be a Vecor-function on G.
Then |Vo| = 0 if and only if |V,| = 0.

Proof: Let a = (Vy, V1, V,) is a Y.cpr-function on G. First, we assume that |Vy| = 0. Suppose, for the
contrary, | V5| > 0. Let a € V. Then we set My = Vy, M; = V; U{a}, and M, = V, \ {a}. Then it is clear that
a’ = (Mo, My, My) is an OCCVRDF on G. Thus, we obtain @R (a’) = |M;|+2|M;| = (V3| +1)+2(|Va|-1) =
V| +2|Va| = 1 < 35YR(@) = Jecor(G). This is a contradiction. Therefore, we say that | V3| = 0. Secondly,
we assume that |V,| = 0. Since « is a OCCVRDF on G, it is forced that |Vp| = 0. This proves the assertion. []

Corollary 2: Let G be a connected graph of order n € N and let « = (Vy, V1, V) be a y.cpr-function on G. If
[Vol = 0, then Yecor(G) = n.
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Proof: Let a = (Vp, V1, V2) be a ¥ cpr-function on G. Assume that |Vy| = 0. By Theorem 2, |V,| = 0. Then
it follows that V; = V(G). Accordingly, we obtain 7.c,r(G) = 35°R(«) = |V4| = |V(G)| = n. Which proves
the assertion. [J

Theorem 3: Let G be a connected graph. If a = (Vo, V1, V2) is a Yecor-function on G, then Vi U V, is an
outer-connected convex dominating set on G.

Proof: Assume that a = (Vj, Vi, V,) is a Y.cpr-function on G. Then it follows that « is an OCCvRDF on
G. It also implies that « is an RDF on G, and so, V; U V; is a dominating set on G. Let v € V. Then there
exists u € V, such that dg(u,v) = 1, V; U V; is a convex set on G, and (Vj) is a connected subgraph. Since
V(G)\ (V1 U Vy) = Vp and Vi U V;, is a dominating set on G, it means that V; U V; is an outer-connected
convex dominating set on G. [J

Corollary 3: Let G be a connected graph. If a = (Vy, V1, V2) is a Yecpr-function on G, then Vi U V; is not
always a y.c,-set on G.

Proof: To prove Corollary 3, we let G = C4 = [x1, X2, X3, X4, X1, ...] and let @ = (Vj, V3, V,) be an RDF on G.
Let Vo = {x1}, V1 = {x3, x4} and V> = {x,}. Then (V}) is a trivial connected subgraph of G. Also, we have
that V; U V, is a convex set. By construction, it follows that a = (V, V1, V3) is a J.cpr-function on G. Let C
be an outer-connected convex dominating set. Then it is easy to see that C = {x, x3}. Consequently, we get
|C| < |V7 U Vs,|. Therefore, it is not always the case that V; U V, is a Y.c,-set on G. [J

Theorem 4: Let G be a connected graph of order n € N. Then the following compound inequality holds:

1 < max{yr(G), Veco(G)} < Yecor(G) < min{2y.c,(G), n}.

Proof: Let @ = (Vj, Vi, V3) be a J.cyr-function on G. By Theorem 3, V; U V; is an outer-connected convex
dominating set on G. Hence, we have V.c,(G) < |Vi| + |Vo| < |Vi| + 2|Vy| = Yecwr(G). Additionally, since
all OCCvRDF on G is an RDF on G, yr(G) < Vecwr(G). So, we have 1 < max{y.c,(G), yr(G)} < Vecor(G).
Let |Vy| = 0. By Theorem 2, we get |V2| = 0. Consequently, we obtain V; = V(G). It is easy to see that
a = (2, V; = V(G),®) is an OCCVRDF on G. This follows that .c,r(G) < @5 R(a) = |Vi| +2|V,| = || =
|V(G)| = n. Accordingly, we get Y.cyr(G) < n. Let C be a J.c,-set on G. Then we have ¥.¢,(G) = |C|. Let
My = V(G)\C,M; = @,and M, = C. Then a* = (My, My, M) isan OCCvRDF on G, that is, (My = V(G)\C)
is a connected subgraph and M, is convex set on G. Hence, we have y,c,r(G) < 5&C”R((x*) = |M|+ 2|Ms| =
2|C| = 2¥:cy(G). In that case, we end up with Y. r(G) < min{n, 2y,.c,(G)}. And the desired compound
inequality holds. [J

Theorem 5: Let G be a connected graph of order n € N and let a = (Vy, V1, V2) be a Yecor-function on G.
Then |Vo| = |V if and only if Vecor(G) = n.
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Proof: Let « = (Vo, V1, V2) be a J.cyr-function on G. Assume that |Vy| = |V,|. Then we get Y.c,r(G) =
A R(a) = |Vi| + 2|Vo| = [Vo| + [Vi] + | Vo] = |[V(G)| = n. As for the converse, we assume that J.c,r(G) = n.
Suppose, for the contrary, |Vy| # |V2|. Then we obtain either |Vy| < |V3| or [Vo| > |Va|. If V4| < | V], then we
have that J.c,r(G) = @ R() = |Vi| + 2|Va| > |Vo| + [Vi| + | V2| = |[V(G)| = n, a contradiction. In addition,
if we consider |Vy| > | V2|, then we get T.cor(G) = @5 R () = |Vi| + 2| Vo| < |Vo| + |Va| + V2| = |V(G)| = n,
a contradiction to our assumption. Therefore, |Vy| = |V>|. O

Corollary 4: Let G be a connected graph of order n € N and let « = (Vy, V1, V2) be a Yecyr-function on G. If
Vol = 1, then Yecpr(G) = n.

Proof: Let a = (Vp, V1, V2) be a ¥.cpr-function on G. Then « is an OCCvRDF on G. Assume that |V,| = 1.
Since « is an OCCvRDF on G, it implies that V,; # @. Consider |V;| > 1. Then we have that ¥,c,r(G) =
O R(a) = |Vi| + 2|Va| > [Vo| + |Vi| + [Va| = |[V(G)| = n, a contradiction to Theorem 4. Consequently, it
implies that |V,| = 1 and so, | V| = |V;|. By Theorem 5, it suffices to conclude that y.c,z(G) = n. O

Allowing V; = @, we have the following results.

Theorem 6: Let G be a connected graph and let a = (V,, V1, V) be a Yecor-function on G. Then |Vi| = 0 if
and only if V, is a y.c,-set on G.

Proof: Let a = (V,, V1, V5) be a y.cyr-function on G. Assume that |V;| = 0. By Theorem 3, V; is an
outer-connected convex dominating set on G. Suppose V; is not a J.c,-set on G. Then there exists
VJ € V(G) such that VJ is a }.c,-set on G. Accordingly, we have that |V]| < |V,|. Let My = V(G) \ Vj,
M; = @, and M, = V. Then it is easy to see that a’ = (M, M;, M;) is an OCCVRDF on G. Hence, we
obtain BSUR(a”) = |My| + 2|My| = 2|V5| < 2|Va| = |Vi] + 2| Va| = B35 R(@) = Fecur(G), a contradiction to the
definition of ¥.cyr-function. Hence, we conclude that V3 is a },c,-set on G. As for the converse, we assume
that V, is a J.c,-set on G. Suppose that |V;| # 0. Then it follows that J.c,r(G) = @SR (a) = |Vi| + 2| V| >
2|Vy|. Let V§’ = Vo u Vi, V{’ = @, and V' = V,. Then we have that V§’ € Ni(Vy’) and V, = V]’ u Vy’
is a outer-connected convex dominating set on G. Accordingly, it is clear that «” = (V{’, V|, V}’) is an
OCCVRDF on G. So, we get 35 R(a”) = V]| + 2|V)'| = 2|V;| < |Vi| + 2|Vy| = &5R(@) = Fecor(G). This is
a contradiction. Therefore, we end up with |V;| = 0. [J

Corollary 5: Let G be a connected graph and let « = (Vy, Vi = @, V) be a Y.cor(G)-function on G. Then
Yecor(G) = 2¥cco(G).

Proof: Let a = (Vp, V1 = @, V) be a ¥.cyr(G)-function on G. Then by Theorem 6, V; is a J.¢,-set on G.
Thus, Y.c,(G) = |Va|. Therefore, we get Vecyr(G) = @5 "R(a) = |Vi| + 2|Ve| = 2|Va| = 2¥.c,(G). This proves
the assertion. [

Theorem 7: Let G be a connected graph and a = (Vy, V1 = @, V,) be an OCCVRDF on G. If V; is a Yecy-set
on G, then a is y.cyr-function on G.
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Proof: Let a = (V;, Vi, V3) be an OCCVRDF on G such that |V;| = 0. Assume that V; is a y.¢,-set on G.
Suppose that a is not a y.cyr-function on G. Then it follows that there exists a function a’ = (M, M; =
@, M,) such that &’ is a J.c,r-function on G. So, we get V.c,r(G) = @ R(a’) = [M| + 2|M,| = 2|M;| <
& R(a) = |Vi| + 2|Vo| = 2|V,|. Thus, |My| < |V,|. This is a contradiction since V; is a J.c,-set on G.
Therefore, « is a J.cyr-function on G. [J

Theorem 8: Let G be a connected graph and o = (Vy, V1, V2) be a OCCvRDF on G. Then every cut-vertex
ceV(G),ce ViUV,

Proof: Let a = (V,, V1, V,) be a OCCvRDF on G. Assume for a moment that there exists a cut vertex
c € V(G) such that ¢ ¢ V; U V;. Let C; and C;, be the components of G —{c}. Let ¢; € (V3 U V,) n V(C;) and
¢z € (V1 U V3) n V(Gy). Since c is a cut vertex, it implies that every c;-c; path must contain c. In that case,
it means that ((V; U V,) \ {c}) is not a connected subgraph on G and so, V; U V; is not a convex set on G, a
contradiction. Hence, we have that ¢ € V; U V,. Without loss of generality, suppose that |V(C;)| = 1. Then
it implies that V(C;) C Vj. Consequently, ¢ € V,. Therefore, the conclusion follows. [J

Theorem 9: If G = P, where n € N, then Y.cyr(G) = n.

Proof: Let a = (Vj, V1, V,) be a ¥.cpr-function on G = P, where n € N. Let n < 2. Then it is easy to see
that y.c,r(G) = n. Let n > 3 and G = P, = [p1, p2, ..., pn]- Since C = {pa, p3, ..., pn—1} is a cut-vertex set on
G, by Theorem 8, C C V; U V,. Additionally, since p;p, ¢ E(G), it follows that {p;, p,} € V; U V,. Now,
since « is a y.cyr-function on G, it implies that {py, ps, ..., pn} = Vi and Vy = @ = V,. Consequently, we
obtain Vecyr(G) = @& "R(ar) = [Vi| + 2| Vol = [Vi| = [V(G)| = n. O

Theorem 10: Let G be a connected graph. Then the two statements hold:

()  Yecwr(G) = 1 ifand only if G = K;.
(i1) Yecor(G) = 2 if and only if G € {K,, K1 + H} where H is any connected graph of order greater than 1.

Proof: Let a = (Vq, Vi, V) be a Y.cyr(G)-function on G. Assume that ¥.c,z(G) = 1. Suppose for a moment
that G # K;. Then we have |V(G)| > 2. Let |Vy| # 0. By Theorem 2, it implies that |V,| # 0. Hence,
Vecor(G) = @ R(a) = |Vi| + 2|Vo| > 1. This is a contradiction to the assumption. Now, let |Vy| = 0. By
Theorem 2, we have that | V3| = 0. So, we get T.c,r(G) = 35R(a) = |Vi| + 2|Vo| = [Vi| = [V(G)| > 1, a
contradiction to the assumption. Therefore, it suffices to say that G = Kj. On the other hand, assume that
G = K;. Since « is a ¥.cyr(G)-function on G, it is easy to see that |Vy| = 0 = |V3|. Therefore, by Corollary 2,
we have },c,r(G) = 1 and so, (i) is satisfied.

Now, assume that ¥.c,r(G) = 2. This follows that @S°R(1) = |V;|+2| V| = 2. Then we have |V,| < 1. Let
|V5| = 0. By Theorem 2, it implies that |Vo| = 0. Hence, Y.c,r(G) = @5k (a) = |Vi|+2|Vo| = |V4] = |V(G)| =
2. Since G is connected, it follows that G = K. Let | V3| = 1. Then we have that |V;| = 0. Let V; = {u}. Then
V, is a trivial convex set. Set G = K; + (V(G) \ {u}) where V(K;) = {u}. Since V, is an outer-connected
convex dominating set on G by Theorem 3, we let (Vy = V(G)\{u}) be a connected subgraph of G. Suppose
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|[V(G)\{u}| = 1. Then we get G = K; + K; = Kp. If [V(G) \{u}| > 2, then we let H = V(G) \ {u}. Therefore,
we concluded that G € {K;, K; + H} where H is any connected graph of order greater than 1. Conversely,
assume that G € {Ky, K; + H} where H is any connected graph of order greater than 1. If G = K,, then we
can have that |Vy| = 1 = |V;/, and V; = @. Hence, we obtain 7.c,r(G) = 35*R(a) = |Vi| + 2|Vo| = 2|V, = 2.
Now, let G = Kj + H where H is any connected graph of order greater than 1. So, we let Vy = H, V; = @,
and V, = V(K;). Then a = (Vy, V1, V,) is an OCCvRDF on G. By construction, it is clear thatba is a
Vecor-function on G. Therefore, we get T.c,r(G) = @5 R () = |V1| + 2| V2| = 2|V(K7)| = 2 and hence, (ii) is
shown. [

Theorem 11: Let G be a connected graph and a = (Vy, V1, V,) be an OCCvRDF on G. If for any x,y € ViU Vy,
dg(x,y) > 1, then there exists an x-y path such that every v in that x-y path,v € V1 U V,.

Proof: Let a = (Vp, V1, V2) be an OCCvRDF on G. Assume that for all x,y € V; U V,, dg(x,y) > 1.
Suppose that for all x-y path, every v in that x-y path, v ¢ V; U V. Then it implies that v € V. So, we get
d(v,uv,(x,y) = co. Hence, ((V; U V3) \ {v}) is a disconnected subgraph of G, a contradiction to the convexity
of the set V; U V,. Therefore, it means that there exists an x-y path such that every v in that x-y path,
veViuV, [

Theorem 12: If G = C,, where n € N\ {1, 2}, then

2, ifn=3,
n, ifn>4.

?CCUR(G) = {

Proof: Let a = (V;, V1, V) be a Y,.cpr-function on G = C,, where n € N. Let n = 3. Then G = K; + H
where H = K;. In view of Theorem 10(ii), it is clear that ¥.c,r(G) = 2. Now, letn > 4and G = C,, =
[c1, €25 .oy €y €1, ...]. Then we can set {cz, cp—1} € V. Invoking the idea of Theorem 11, it implies that
{cs, ¢4y oy Cn—2} € V7 U V3. Since ({c1, c,}) is a connected subgraph, we have that {c, ¢,} = V}. Since « is a
Yecvr-function on G, it means that Vi = {cs, c4, ..., cn—2}. Consequently, we get |Vy| = 2 = |V;|. By Theorem
5, we therefore get Y.c,r(G) = n. [

Theorem 13: If G = K, where n € N, then

1, ifn=1,

Yecur(G) =
YcCuR ) ifn >0

Proof: Let « = (Vo, V1, V) be a y.cpr-function on G = K,,. Let n = 1. Then it is clear that y.c,z(G) = 1.
Let n = 2. Then by Theorem 9, it follows that y.c,r(G) = 2. Let n > 3. Then it follows that G = K; + H
where H is a connected graph of order greater than 1, that is, H = K,,_; where n > 3. Hence, by Theorem
10(ii), we therefore have y.c,r(G) = 2.
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Theorem 14: Let G # K; + H where H is a connected graph with [V(H)|=n > 2 and a = (V,, V1 = @, V,)
be a y.cor-function on G. Then Y.c,r(G) = 4 if and only if there exists a dominating set C = {u, v} such that
C is a convex set and (V(G) \ C) is a connected subgraph of G.

Proof: Let « = (Vp, Vi = @, V) be a y.cyr-function on G # K; + H where H is a connected graph with
|V(H)| = n > 2. Assume that J.c,r(G) = 4. Then we have &5R(a) = |V1| + 2|V,| = 4. Since V; = @, we
get |V,| = 2. Since «a is a y,cpr-function on G, by Theorem 6, it implies that V; is a J.c,-set on G. Thus,
V, is an outer-connected convex dominating set on G. Let V, = {u,v}. Then C = {u,v} is a dominating
set on G and C is a convex set on G. Let V; = V(G) \ C. Then (V(G) \ C) is a connected subgraph
of G. Conversely, assume that there exists a dominating set C = {u,v} such that C is a convex set and
(V(G)\ C) is a connected subgraph of G. Then it means that C is an outer-connected convex dominating
set on G. Since « is a J.cyr-function on G and V; = @, by Theorem 6, it implies that V; is a y.c,-set
on G. Thus, 2 = |C| > |V,]. If we let [V,| = 0, then Y.c,r(G) = @5R(a) = |Vi| + 2|V;| = 2(0) = 0, a
contradiction to the definition of OCCvRDF on G. Next, we let |[V2| = 1. Then by Theorem 10(ii), we
obtain G = K; + H where H is a connected graph of order greater than 1. This is a contradiction to our
assumption. Consequently, it follows that |V,| > 2 and hence, |V2| = 2. Therefore, it suffices to have
Veaur(G) = 35" (@) = [Vi| + 2| Vo] = 2|Vp| = 2(2) = 4. O

Theorem 15: If G = K, , where m and n are natural numbers greater than 1, then Y.c,r(G) = 4.

Proof: Let G = K;,, = (V!, V% E) where V! and V? are vertex sets with |V!| = m > 2and |V? = n > 2, and
E is the edge set of G. Moreover, let a = (Vj, V;, V) be a J.cpr-function on G and let V! = {uy, uy, ..., un},
and V? = {vy, 0, ...,v,}. Note that for any vertex u; € V! where j € {1,2,3,..., m}, then ds(u;,v;) = 1 for any
i €{1,2,3, .., n}. Thus, it follows that V2 C Ng(u;) for each j €{1,2,3, .., m}. By similar argument, we have
V1 C Ng(vg) for each i € {1,2,3, ..., n}. Also, we note that for all j € {1,2,3,...,m}and for alli € {1,2,3, ..., n},
{uj, v} is a convex set on G. Then we can set V, = {u;,v;} for some j € {1,2,3,...,m}and i € {1,2,3,...,n}.
Hence, we obtain V(G) C Ng({uj,v}). Furthermore, (V(G) \ V) is a connected subgraph on G. Since
a = (Vy, V1, V2) is a Y.cpr-function on G, it means that V; = @ and Vy = V(G) \ V,. Invoking Theorem 14,
we therefore have y.c,r(G) = 4. O

Theorem 16: Let G be a connected graph of order n € N and a = (Vy, Vi = @, V,) be an OCCvRDF on G.
Then Yecor(G) = Yecu(G) + 1 if and only if there exists z € V(G) such that degs(z) = n — Y.cy(G).

Proof: Let o = (Vy, Vi = @, V) be an OCCvRDF on G. Assume that ¥.c,r(G) = V.cy(G) + 1. Then we
get R (a) = |Vy| + 2| V3| = Fec(G) + 1. Since Vi = @, by Theorem 6, we have that V, is a J.c,-set on G.
Hence, ¥.c,(G) = |V2|. Thus, we obtain 2|V,| = |V,| + 1. Consequently, we have |V,| = 1. Let V, = {z}. Since
V, = {z} is a J.cy-set on G, it means that V(G) = Ng[z] and (V(G) \ {z}) is a connected subgraph of G.
Therefore, degg(z) = ING(2)| = [V(G)\{z}| = [V(G)| = [z}l = n— V2| = n — Yec(G).

Conversely, assume that there exists z € V(G) such that degs(z) = n — Veco(G). Let V, = {z}.
Then V, = {z} is a convex set on G and (V(G) \ V,) is a connected subgraph of G. Since V; = @
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and V, is a convex dominating set, by Theorem 6, it follows that V, is a y.c,-set on G. So, we get
Vol = Vecw(G) = n — degs(z). Since V; is a Y.cp-set on G and (V(G) \ V,) is a connected subgraph, it
implies that V;, is an outer-connected convex dominating set on G. Hence, V;, = V \ V,. Now, since V,
is a Y.cy-set on G and Vi = @, by Theorem 6, & = (Vy, V1 = @, V,) is a Y.cyr-function on G. Therefore,
Vecor(G) = & R(a) = |Vi| + 2|Va| = 2|Vo| = |Vo| + | V2| = Fecuo(G) + 1. This proves the assertion. [J

Theorem 17: Let G be a connected graph of order n € N. Then y.c,(G) = V.cor(G) if and only if Yecy(G) = n.

Proof: Let a = (Vg, Vi, V) be a Y cpr-function on G. Assume that y.c,(G) = ¥ecyr(G). Then we get
Vil + |Va| = [Vi| + 2|V| = B35R(a). Consequently, we have |V,| = 0. By Theorem 2, it implies that
Vol = 0.Thus, 7co(G) = @5 () = [Vi| + 2|Vo| = [Vi] = [V(G)| = n.

Conversely, assume that ¥,¢,(G) = n. By Theorem 4, n = J.¢,(G) < V.cor(G) < n. Accordingly, we
conclude that ¥.c,(G) = Yecyr(G). O

Definition 1: Let G be a connected graph. Then G is called an outer-connected convex Roman graph provided
that Yecor(G) = 2¥eco(G).

In view of Definition 1, the characterization below is satisfied.

Theorem 18: Let G be a connected graph and let & = (Vy, V1, V) be a Yecyr-function on G. Then the following
statements are mathematically equivalent:

(i) G is an outer-connected convex Roman graph;
(ii) G has a Yecyr-function a such that |Vi| = 0; and
(it) G has a J.cpr-function a such that Vs is a Y.cy-set on G.

Proof: Let a = (V;, V1, V,) be a Y.cpr-function on G. Suppose that G is an outer-connected convex Roman
graph. Then V.c,r(G) = 2¥.co(G). So, we get 2Ycco(G) = 2(|Vil + [Vo|) = 2|Vi| + 2|Va| = Yecr(G) =
&¢UR(a) = |Vi| + 2|V;|. Consequently, we have that [V;| = 0. Thus (i) = (ii). Next, assume that G has a
Yecvr-function « such that |Vi| = 0. By Theorem 6, it follows that V; is a J.c,-set on G. In that case, we
conclude that (if) = (iii). Furthermore, suppose that graph G has a y,c,r-function « for which V; is a
Yecv-set on G. This means that |V,| = ¥.c,(G). By Theorem 6, it follows that V; = @. Therefore, we get
Vecor(G) = &R (a) = |Vi|+2|Vo| = 2|Vy| = 2¥.c,(G) and hence, (iii) = (i). This proves Theorem 18. [

The next result is a quick consequence of Theorem 18.

Corollary 6: Let G be a connected graph. If y.(G) = 1, then G is an outer-connected convex Roman graph
with YchR(G) = 2.

Proof: Let a = (Vp, V1, V2) be a J.cpr-function on G. Assume y.(G) = 1. Then it implies that V; = @.
Consequently, we get 7.(G) = |V,| = 1. Since « is a ¥.cyr-function on G, by Theorem 6, we have that V,
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is a Yecp-set on G, that is, ¥.c,(G) = |V,|. Invoking Theorem 18, G is an outer-connected convex Roman
graph and J.c,r(G) = 5 R() = |Vi| + 2|Vo| = 2|Vo| = 2(1) = 2. I

Theorem 19: Let G be a connected graph and o = (Vy, Vi = @, V) be an OCCVRDF on G. Then, V, is a
minimal outer-connected convex dominating set on G if and only if for all u € V;, there existsv € Vy such that
N() n Vo = {u} or dg(u, w) # 2 for any w € Vo \ {u}.

Proof: Let « = (Vp, Vi = @, V,) be a OCCVRDF on G. By Theorem 3, V; is an outer-connected convex
dominating set on G. Suppose that V; is a minimal outer-connected convex dominating set on G. Then it
follows that for all u € V3, V2 \ {u} is not an outer-connected convex dominating set on G. Thus, it implies
that there exists v € V(G) \ (V2 \ {u}) such that d(v, w) # z for any w € V, \{u}. If v # u, then since V; is
an outer-connected convex dominating set, v is dominated by V,. Accordingly, we have that dg(u,v) = 1.
This indicates that Ng(v) n V, = {u}. If v = u, then it follows that dg(u, w) # 1 for any w € Vo \ {u}.
Conversely, we suppose that for all u € V5, there exists v € Vj such that Ng(v) n V, = {u}. Then it means
thatv € V; is not dominated by V,\{u}. Consequently, it follows that V; is a minimal outer-connected convex
dominating set on G. In addition, we suppose that for all u € V,, dg(u, w) # 1 for any w € V> \{u}. Then this
follows that u is not dominated for any w € V, \ {u}. In that case, V5 \ {u} is not an outer-connected convex

dominating set on G. Therefore, we conclude that V, is a minimal outer-connected convex dominating set
on G. [

Theorem 20: Let G and H be connected noncomplete graphs. Then

2, ify(G)=1o0ry.(H)=1,

Nc v (G+H)=
Vecok 4 if7.(G) = 1 and J.(H) # 1.

Proof: It is worth noting that G+ H # Kj. Then in view of Theorem 10(ii), it implies that y,.c,g(G+ H) > 2.
Assume that y.(G) = 1 or y.(H) = 1. Then we have that y.c,r(G + H) < 2. Accordingly, we get
Yecor(G + H) = 2. Suppose that ¥.(G) # 1 and y.(H) # 1. Then Y.c,r(G) > 2 and y.cyr(H) > 2. Then it
means that J.c,r(G+ H) > 4. Let a € V(G) and b € V(H). Then we have that ab € E(G + H). In that case,
we have {a, b} is a convex set on G + H. Observe that V(G) C Ng(a) and V(H) C Ny(b). Hence, it implies
that V(G + H) = Ng1pl{a, b}]. Also, it is worth noting that (V(G + H) \ {q, b}) is a connected subgraph of
G + H. Hence, we set Vo = V(G + H)\{a, b}, Vi = @ and V, = {a, b}. Then we have that a = (Vy, V1, V3)
is an OCCVRDF on G + H. Thus, we get Y.c,r(G + H) < 35 R(a) = |Vi| + 2|Vy| = 2|V2| = 2[{a, b}| = 4.
Therefore, we conclude that y.c,r(G+ H) = 4. O

Corollary 7: Let G and H be complete graphs. Then Y.c,r(G + H) = 2.

4 Conclusions

This study has investigated a new variation of the convex Roman dominating function called the
outer-connected convex Roman dominating function. Some important combinatorial properties of outer-connected
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convex Roman dominating functions in a connected graph were given, including some equalities and
inequalities, bounds, and characterizations of the outer-connected convex Roman domination number for
small values, and exact values derived from some special graphs. The paper suggested that the newly
introduced parameter should be characterized under binary product operations of two graphs as future
research to supplement the current results. Furthermore, the study can be extended to computer science
and informatics, which deal with computational complexity or polynomial-time algorithms.
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