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Abstract: Let 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) be a connected graph and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a CvRDF on 𝐺. A function 𝛼 is an
outer-connected convex Roman dominating function (OCCvRDF) on 𝐺 provided that for every 𝑣 ∈ 𝑉0, there exists
𝑢 ∈ 𝑉2 such that 𝑢𝑣 ∈ 𝐸(𝐺), 𝑉1 ∪𝑉2 is a convex set on 𝐺 and ⟨𝑉0⟩ is a connected subgraph. The weight of OCCvRDF 𝛼
is denoted by 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) and is defined as 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = ∑𝑧∈𝑉 (𝐺) 𝛼(𝑧) = |𝑉1| + 2|𝑉2|. The outer-connected convex Roman

domination number of graph 𝐺 is denoted by 𝛾𝑐𝐶𝑣𝑅(𝐺) and is defined as the minimum weight of an OCCvRDF 𝛼 on
𝐺, which can be written as 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑚𝑖𝑛{𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) ∶ 𝛼 𝑖𝑠 𝑎𝑛 OCCvRDF 𝑜𝑛 𝐺}. Each OCCvRDF 𝛼 on 𝐺 satisfying
the equation 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = 𝛾𝑐𝐶𝑣𝑅(𝐺) is called a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. In this paper, we introduce a new study of convex
Roman domination in graphs, called the outer-connected convex Roman dominating function, and give some of its
graph-theoretic properties.
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1 Introduction

Graph theory is a branch of discrete mathematics that has been actively researched and has experienced
tremendous growth and recognition in the literature. Graph theory has several concepts, and one of its
interesting topics is graph domination, which has many real-life applications, particularly in computer
science and operations research [1,2,7,8]. During the year 2004, Cockayne et al. [4] introduced the concept
of Roman domination in graphs, a labeling version of dominating sets, which is based on a defense strategy
during the 4th century A.D. by Emperor Constantine to protect the Roman Empire [9,10]. The defense
strategy uses an optimum number of legions (1 legion consists of a large number of soldiers) that protects
the entire region and ensures that if a legion transfers to another location, there is one legion remaining
that guards the original place. In that case, it means that a place with no legion must be adjacent to a
location with two legions, which implies that the entire region is guarded. Hence, a Roman dominating
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function in graphs labels 0, 1, or 2 to the nodes of a graph, in which the nodes with label 0 are adjacent to
at least 1 node with label 2 (two legions).

Nowadays, the topic of Roman domination in graphs has become a research interest of many discrete
mathematicians and computer scientists, and several variations have been published. In 2023, an intriguing
variation of Roman domination was introduced by Fortosa and Canoy [6], called the convex Roman
dominating function, requiring the dominating set to be convex. Way back in 2007, outer-connected
domination in graphs was developed by Cyman [5], which restricted the non-dominating set to be a
connected subgraph. In fact, outer-connected dominating sets have also become a motivating parameter in
domination theory. With these two parameters, the author is inspired to unite the two existing topics to
introduce a new variation of Roman domination called the outer-connected convex Roman dominating
function. Thus, this study’s new idea is that the dominating set (labeled 1 or 2) is a convex set and the
non-dominating set (labeled 0) is a connected subgraph. Hence, this newly introduced concept has a stronger
defense strategy as opposed to the existing parameters of Roman domination due to its connectivity and
compact dominating sets. This concept can be linked to the study of computer science, which deals with
network security and focuses on optimal resource allocation, requiring the placement of resources in a
connected location.

2 Preliminaries

Let 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) be a simple and connected graph. The set 𝑉 (𝐺) is a collection of vertices on 𝐺

called the vertex set, and the set 𝐸(𝐺) is a collection of edges on 𝐺 called the edge set. The cardinality of
𝑉 (𝐺) is the order of 𝐺 and is denoted by |𝑉 (𝐺)|. The cardinality of 𝐸(𝐺) is the size of 𝐺 and is denoted
by |𝐸(𝐺)|. Let 𝑎 ∈ 𝑉 (𝐺). The open neighborhood of 𝑎 is the set 𝑁𝐺(𝑎) = {𝑏 ∈ 𝑉 (𝐺) ∶ 𝑎𝑏 ∈ 𝐸(𝐺)} and the
closed neighborhood of 𝑎 is the set 𝑁𝐺[𝑎] = 𝑁𝐺(𝑎) ∪ {𝑎}. The degree of 𝑎 is the number of edges incident
to 𝑎 and is denoted by 𝑑𝑒𝑔𝐺(𝑎). Let 𝑂𝑛 ⊆ 𝑉 (𝐺). The collection 𝑁𝐺(𝑂𝑛) = 𝑁(𝑂𝑛) = ⋃𝑥∈𝑂𝑛

𝑁𝐺(𝑥) is called
the open neighborhood of vertex set 𝑂𝑛 in 𝐺. The set 𝑁𝐺[𝑂𝑛] = 𝑁[𝑂𝑛] = 𝑁(𝑂𝑛) ∪ 𝑂𝑛 is called the closed
neighborhood of vertex set 𝑂𝑛 in 𝐺. Let 𝑎, 𝑏 ∈ 𝑉 (𝐺). Then the distance from 𝑎 to 𝑏 is defined as the length
of the shortest walk (path) from 𝑎 to 𝑏 in a graph 𝐺 and is denoted by 𝑑𝐺(𝑎, 𝑏). If no such walk from 𝑎

to 𝑏 in 𝐺, then we defined the distance as 𝑑𝐺(𝑎, 𝑏) = ∞. An 𝑎-𝑏 path with distance 𝑑𝐺(𝑎, 𝑏) ≥ 1 is called
𝑎-𝑏 geodesic. Let 𝐼𝐺[𝑎, 𝑏] be a collection of closed intervals that consists of all vertices on 𝐺 that lie on an
𝑎-𝑏 geodesic, and let 𝐴 ⊆ 𝑉 (𝐺). The union of all collections 𝐼𝐺[𝑎, 𝑏] where 𝑎, 𝑏 ∈ 𝐴 is denoted by 𝐼𝐺[𝐴],
in that case, we have ∪𝑎,𝑏∈𝐴𝐼𝐺[𝑎, 𝑏] = 𝐼𝐺[𝐴]. Then 𝑐 ∈ 𝐼𝐺[𝐴] if and only if 𝑐 lie in some 𝑎-𝑏 geodesic for
any 𝑎, 𝑏 ∈ 𝐴. A set 𝐴 is convex on 𝐺 if and only if the equality 𝐼𝐺[𝐴] = 𝐴 holds [6]. If for all 𝑎, 𝑏 ∈ 𝑉 (𝐺),
there exists an 𝑎-𝑏 path, then 𝐺 is a connected graph. Hence, the vertex set 𝑉 (𝐺) is a convex set if 𝐺 is a
connected graph.

A collection 𝐷 ⊆ 𝑉(𝐺) is called a dominating set of 𝐺 if for every 𝑎 ∈ 𝑉 (𝐺) ⧵ 𝐷, there exists 𝑏 ∈ 𝐷

such that 𝑑𝐺(𝑎, 𝑏) = 1 [8]. The domination number of 𝐺, denoted by 𝛾(𝐺), is the minimum cardinality of
a dominating set 𝐷 on 𝐺, that is, 𝛾(𝐺) = 𝑚𝑖𝑛{𝐷|𝐷 𝑖𝑠 𝑎 𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑠𝑒𝑡 𝑜𝑛 𝐺}. If |𝐷| = 𝛾(𝐺), then 𝐷 is a
𝛾 -set in 𝐺. A collection 𝐶 ⊆ 𝑉 (𝐺) is called an outer-connected dominating set of 𝐺 if for every 𝑎 ∈ 𝑉 (𝐺) ⧵𝐶,
there exists 𝑏 ∈ 𝐶 such that 𝑑𝐺(𝑎, 𝑏) = 1 and ⟨𝑉 (𝐺) ⧵ 𝐶⟩ is a connected subgraph of 𝐺 [5]. The smallest
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cardinality of an outer-connected dominating set 𝐶 on 𝐺 is called the outer-connected domination number
of 𝐺 and is denoted by 𝛾𝑐(𝐺). If |𝐶| = 𝛾𝑐(𝐺), then 𝐶 is a 𝛾𝑐-set on 𝐺. A collection 𝐶𝑐 ⊆ 𝑉 (𝐺) is called
an outer-connected convex dominating set of 𝐺 if for every 𝑎 ∈ 𝑉 (𝐺) ⧵ 𝐶𝑐 , there exists 𝑏 ∈ 𝐶𝑐 such that
𝑑𝐺(𝑎, 𝑏) = 1, 𝐶𝑐 is a convex set, and ⟨𝑉 (𝐺) ⧵ 𝐶𝑐⟩ is a connected subgraph of 𝐺. The smallest cardinality of
an outer-connected convex dominating set 𝐶𝑐 on 𝐺 is called the outer-connected convex domination number
of 𝐺 and is denoted by 𝛾𝑐𝐶𝑣(𝐺). If |𝐶𝑐 | = 𝛾𝑐𝐶𝑣(𝐺), then 𝐶𝑐 is a 𝛾𝑐𝐶𝑣-set on 𝐺.

Let 𝛼 ∶ 𝑉 (𝐺) → {0, 1, 2} be a function on 𝐺. Then set the following: 𝑉0 = {𝑣 ∈ 𝑉 (𝐺) ∶ 𝛼(𝑣) = 0},
𝑉1 = {𝑣 ∈ 𝑉 (𝐺) ∶ 𝛼(𝑣) = 1} and 𝑉2 = {𝑣 ∈ 𝑉 (𝐺) ∶ 𝛼(𝑣) = 2}. Hence, we can represent 𝛼 as follows:
𝛼 = (𝑉0, 𝑉1, 𝑉2). A function 𝛼 is called a Roman dominating function (RDF) if for each 𝑎 ∈ 𝑉0, there exists
𝑏 ∈ 𝑉2 such that 𝑑𝐺(𝑎, 𝑏) = 1 [4]. The weight of an RDF 𝛼 is given as 𝜔𝑅

𝐺(𝛼) = ∑𝑧∈𝑉 (𝐺) 𝛼(𝑧). The Roman
domination number of 𝐺 is denoted by 𝛾𝑅(𝐺) and is defined as the smallest weight of 𝛼 on 𝐺. In that case,
we have 𝛾𝑅(𝐺) = 𝑚𝑖𝑛{𝜔𝑅

𝐺(𝛼) ∶ 𝛼 𝑖𝑠 𝑎𝑛 RDF 𝑜𝑛 𝐺}. Every 𝛼 on 𝐺 with 𝜔𝑅
𝐺(𝛼) = 𝛾𝑅(𝐺) is a 𝛾𝑅-function on

𝐺. A function 𝛼 is a convex Roman dominating function (CvRDF) on 𝐺 if for every 𝑎 ∈ 𝑉0, there exists
𝑏 ∈ 𝑉2 such that 𝑑𝐺(𝑎, 𝑏) = 1, and 𝑉1 ∪ 𝑉2 is a convex set on 𝐺 [6]. The weight of 𝛼 is denoted by 𝜔𝐶𝑣𝑅

𝐺 (𝛼)

and is defined as the sum 𝜔𝐶𝑣𝑅
𝐺 (𝛼) = ∑𝑧∈𝑉 (𝐺) 𝛼(𝑧). In that case, we have that 𝜔𝐶𝑣𝑅

𝐺 (𝑓 ) = |𝑉1| + 2|𝑉2|. The
convex Roman domination number of 𝐺 is denoted by 𝛾𝐶𝑣𝑅(𝐺) and is defined as the minimum weight
of an CvRDF on 𝐺, that is, 𝛾𝐶𝑣𝑅(𝐺) = 𝑚𝑖𝑛{𝜔𝐶𝑣𝑅

𝐺 (𝛼) ∶ 𝛼 𝑖𝑠 𝑎𝑛 CvRDF 𝑜𝑛 𝐺}. Every CvRDF 𝛼 on 𝐺 with
𝜔𝐶𝑣𝑅
𝐺 (𝛼) = 𝛾𝐶𝑣𝑅(𝐺) is a 𝛾𝐶𝑣𝑅-function on 𝐺.
A function 𝛼 is an outer-connected convex Roman dominating function (OCCvRDF) on 𝐺 provided

that for each 𝑎 ∈ 𝑉0, there exists 𝑏 ∈ 𝑉2 such that 𝑑𝐺(𝑎, 𝑏) = 1, 𝑉1 ∪ 𝑉2 is a convex set and ⟨𝑉0⟩ is
a connected subgraph of 𝐺. The weight of OCCvRDF 𝛼 is denoted by 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) and is defined as the
sum 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = ∑𝑧∈𝑉 (𝐺) 𝛼(𝑧) = |𝑉1| + 2|𝑉2|. The outer-connected convex Roman domination number
of graph 𝐺, denoted by 𝛾𝑐𝐶𝑣𝑅(𝐺), is defined as the minimum weight of an OCCvRDF 𝛼 on 𝐺. In that
case, we have that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑚𝑖𝑛{𝛼𝑐𝐶𝑣𝑅

𝐺 (𝛼) ∶ 𝛼 𝑖𝑠 𝑎𝑛 OCCvRDF 𝑜𝑛 𝐺}. Every OCCvRDF 𝛼 on 𝐺

with 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = 𝛾𝑐𝐶𝑣𝑅(𝐺) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. In Figure 1, we can consider the connected graph

𝐺 of order 𝑛 = 8. Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be an RDF on 𝐺 such that 𝑉1 = {𝑣1} and 𝑉2 = {𝑣5, 𝑣6}. Then
𝑉 (𝐺) ⧵ (𝑉1 ∪ 𝑉2) = 𝑉0 = {𝑣2, 𝑣3, 𝑣4, 𝑣7, 𝑣8}. In that case, it is clear that 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Thus, we
have that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |{𝑣1}| + 2|{𝑣5, 𝑣6}| = 1 + 2(2) = 5.

1
𝑣1

0
𝑣2

0
𝑣3

0
𝑣4

2
𝑣5

2
𝑣6

0
𝑣7

0
𝑣8

Figure 1: A graph 𝐺 with 𝛾𝑐𝐶𝑣𝑅(𝐺) = 5
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For some definitions of terms in this study that are not introduced in this section, readers may consult the
following studies: [3,7,8]. This paper introduces a new restricted version of convex Roman domination, called
outer-connected convex Roman domination in graphs, and initially investigates some of its combinatorial
properties.

3 Results

This section presents some combinatorial properties of the newly introduced variation of convex Roman
domination called the outer-connected convex Roman dominating function in connected graphs.

Theorem 1: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. If
𝛾𝑐𝐶𝑣𝑅(𝐺) < 𝑛, then |𝑉2| < |𝑉0| ≥ 2, 𝐼𝐺[𝑉1 ∪ 𝑉2] = 𝑉1 ∪ 𝑉2, and for every 𝑥, 𝑦 ∈ 𝑉0, there exists an 𝑥-𝑦 path on
⟨𝑉0⟩.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on𝐺. Then 𝛼 is an OCCvRDF on𝐺 and so, 𝛼 is a CvRDF and
also an RDF on 𝐺. Assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) < 𝑛. Then 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| < 𝑛 = |𝑉 (𝐺)| = |𝑉0| + |𝑉1| + |𝑉2|.
In that case, we get |𝑉2| < |𝑉0|. Since 𝛾𝑐𝐶𝑣𝑅(𝐺) < 𝑛, 𝑉0 ≠ ∅. Let 𝑣 ∈ 𝑉0. Since 𝛼 is an RDF on 𝐺, there exists
𝑢 ∈ 𝑉2 such that 𝑢𝑣 ∈ 𝐸(𝐺). In that case, |𝑉2| ≥ 1. Now, since |𝑉2| < |𝑉0|, it follows that |𝑉0| ≥ 2. Since 𝛼 is
an CvRDF on 𝐺, it implies that for every 𝑢, 𝑣 ∈ 𝑉1 ∪ 𝑉2, there exists a 𝑢-𝑣 walk and it is a 𝑢-𝑣 geodesic, that
is, 𝑑⟨𝑉1∪𝑉2⟩(𝑢, 𝑣) is defined. In that case, we have that 𝑉1 ∪ 𝑉2 = ∪𝑢,𝑣∈𝑉1∪𝑉2

𝐼𝐺[𝑢, 𝑣] = 𝐼𝐺[𝑉1 ∪ 𝑉2]. Further,
since 𝛼 is an OCCvRDF on 𝐺, it follows that ⟨𝑉0⟩ is a connected subgraph of 𝐺. Hence, for all 𝑥, 𝑦 ∈ 𝑉0,
there exists 𝑥-𝑦 path on ⟨𝑉0⟩. This completes the proof.

Corollary 1: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺.
Then 𝛾𝑐𝐶𝑣𝑅(𝐺) < 𝑛 if and only if 0 < |𝑉2| < |𝑉0|.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Suppose that 𝛾𝑐𝐶𝑣𝑅(𝐺) < 𝑛. Then |𝑉0| ≠ 0. By
definition of OCCvRDF on 𝐺, it follows that |𝑉2| > 0. In view of Theorem 1, we have that |𝑉2| < |𝑉0|.
Therefore, we conclude that 0 < |𝑉2| < |𝑉0|. Conversely, we suppose that 0 < |𝑉2| < |𝑉0|. Then we have that
𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| < |𝑉1| + |𝑉2| + |𝑉0| = |𝑉 (𝐺)| = 𝑛. This proves the assertion.

Theorem 2: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺.
Then |𝑉0| = 0 if and only if |𝑉2| = 0.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. First, we assume that |𝑉0| = 0. Suppose, for the
contrary, |𝑉2| > 0. Let 𝑎 ∈ 𝑉2. Then we set 𝑀0 = 𝑉0, 𝑀1 = 𝑉1 ∪ {𝑎}, and 𝑀2 = 𝑉2 ⧵ {𝑎}. Then it is clear that
𝛼′ = (𝑀0, 𝑀1, 𝑀2) is an OCCvRDF on𝐺. Thus, we obtain 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼′) = |𝑀1|+2|𝑀2| = (|𝑉1|+1)+2(|𝑉2|−1) =

|𝑉1| + 2|𝑉2| − 1 < 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = 𝛾𝑐𝐶𝑣𝑅(𝐺). This is a contradiction. Therefore, we say that |𝑉2| = 0. Secondly,

we assume that |𝑉2| = 0. Since 𝛼 is a OCCvRDF on 𝐺, it is forced that |𝑉0| = 0. This proves the assertion.

Corollary 2: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. If
|𝑉0| = 0, then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.
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Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Assume that |𝑉0| = 0. By Theorem 2, |𝑉2| = 0. Then
it follows that 𝑉1 = 𝑉 (𝐺). Accordingly, we obtain 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| = |𝑉 (𝐺)| = 𝑛. Which proves
the assertion.

Theorem 3: Let 𝐺 be a connected graph. If 𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, then 𝑉1 ∪ 𝑉2 is an
outer-connected convex dominating set on 𝐺.

Proof: Assume that 𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Then it follows that 𝛼 is an OCCvRDF on
𝐺. It also implies that 𝛼 is an RDF on 𝐺, and so, 𝑉1 ∪ 𝑉2 is a dominating set on 𝐺. Let 𝑣 ∈ 𝑉0. Then there
exists 𝑢 ∈ 𝑉2 such that 𝑑𝐺(𝑢, 𝑣) = 1, 𝑉1 ∪ 𝑉2 is a convex set on 𝐺, and ⟨𝑉0⟩ is a connected subgraph. Since
𝑉 (𝐺) ⧵ (𝑉1 ∪ 𝑉2) = 𝑉0 and 𝑉1 ∪ 𝑉2 is a dominating set on 𝐺, it means that 𝑉1 ∪ 𝑉2 is an outer-connected
convex dominating set on 𝐺.

Corollary 3: Let 𝐺 be a connected graph. If 𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, then 𝑉1 ∪ 𝑉2 is not
always a 𝛾𝑐𝐶𝑣-set on 𝐺.

Proof: To prove Corollary 3, we let 𝐺 = 𝐶4 = [𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥1, ...] and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be an RDF on 𝐺.
Let 𝑉0 = {𝑥1}, 𝑉1 = {𝑥3, 𝑥4} and 𝑉2 = {𝑥2}. Then ⟨𝑉0⟩ is a trivial connected subgraph of 𝐺. Also, we have
that 𝑉1 ∪ 𝑉2 is a convex set. By construction, it follows that 𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Let 𝐶
be an outer-connected convex dominating set. Then it is easy to see that 𝐶 = {𝑥2, 𝑥3}. Consequently, we get
|𝐶| < |𝑉1 ∪ 𝑉2|. Therefore, it is not always the case that 𝑉1 ∪ 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.

Theorem 4: Let 𝐺 be a connected graph of order 𝑛 ∈ N. Then the following compound inequality holds:

1 ≤ 𝑚𝑎𝑥{𝛾𝑅(𝐺), 𝛾𝑐𝐶𝑣(𝐺)} ≤ 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝑚𝑖𝑛{2𝛾𝑐𝐶𝑣(𝐺), 𝑛}.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. By Theorem 3, 𝑉1 ∪ 𝑉2 is an outer-connected convex
dominating set on 𝐺. Hence, we have 𝛾𝑐𝐶𝑣(𝐺) ≤ |𝑉1| + |𝑉2| ≤ |𝑉1| + 2|𝑉2| = 𝛾𝑐𝐶𝑣𝑅(𝐺). Additionally, since
all OCCvRDF on 𝐺 is an RDF on 𝐺, 𝛾𝑅(𝐺) ≤ 𝛾𝑐𝐶𝑣𝑅(𝐺). So, we have 1 ≤ 𝑚𝑎𝑥{𝛾𝑐𝐶𝑣(𝐺), 𝛾𝑅(𝐺)} ≤ 𝛾𝑐𝐶𝑣𝑅(𝐺).
Let |𝑉0| = 0. By Theorem 2, we get |𝑉2| = 0. Consequently, we obtain 𝑉1 = 𝑉 (𝐺). It is easy to see that
𝛼 = (∅, 𝑉1 = 𝑉 (𝐺), ∅) is an OCCvRDF on 𝐺. This follows that 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |𝑉1| =

|𝑉 (𝐺)| = 𝑛. Accordingly, we get 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝑛. Let 𝐶 be a 𝛾𝑐𝐶𝑣-set on 𝐺. Then we have 𝛾𝑐𝐶𝑣(𝐺) = |𝐶|. Let
𝑀0 = 𝑉 (𝐺)⧵𝐶,𝑀1 = ∅, and𝑀2 = 𝐶. Then 𝛼∗ = (𝑀0, 𝑀1, 𝑀2) is an OCCvRDF on𝐺, that is, ⟨𝑀0 = 𝑉 (𝐺)⧵𝐶⟩

is a connected subgraph and𝑀2 is convex set on 𝐺. Hence, we have 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼∗) = |𝑀1| + 2|𝑀2| =

2|𝐶| = 2𝛾𝑐𝐶𝑣(𝐺). In that case, we end up with 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝑚𝑖𝑛{𝑛, 2𝛾𝑐𝐶𝑣(𝐺)}. And the desired compound
inequality holds.

Theorem 5: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺.
Then |𝑉0| = |𝑉2| if and only if 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.
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Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Assume that |𝑉0| = |𝑉2|. Then we get 𝛾𝑐𝐶𝑣𝑅(𝐺) =
𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |𝑉0| + |𝑉1| + |𝑉2| = |𝑉 (𝐺)| = 𝑛. As for the converse, we assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.

Suppose, for the contrary, |𝑉0| ≠ |𝑉2|. Then we obtain either |𝑉0| < |𝑉2| or |𝑉0| > |𝑉2|. If |𝑉0| < |𝑉2|, then we
have that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| > |𝑉0| + |𝑉1| + |𝑉2| = |𝑉 (𝐺)| = 𝑛, a contradiction. In addition,
if we consider |𝑉0| > |𝑉2|, then we get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| < |𝑉0| + |𝑉1| + |𝑉2| = |𝑉 (𝐺)| = 𝑛,
a contradiction to our assumption. Therefore, |𝑉0| = |𝑉2|.

Corollary 4: Let 𝐺 be a connected graph of order 𝑛 ∈ N and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. If
|𝑉0| = 1, then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Then 𝛼 is an OCCvRDF on 𝐺. Assume that |𝑉0| = 1.
Since 𝛼 is an OCCvRDF on 𝐺, it implies that 𝑉2 ≠ ∅. Consider |𝑉2| > 1. Then we have that 𝛾𝑐𝐶𝑣𝑅(𝐺) =
𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1| + 2|𝑉2| > |𝑉0| + |𝑉1| + |𝑉2| = |𝑉 (𝐺)| = 𝑛, a contradiction to Theorem 4. Consequently, it

implies that |𝑉2| = 1 and so, |𝑉0| = |𝑉2|. By Theorem 5, it suffices to conclude that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.

Allowing 𝑉1 = ∅, we have the following results.

Theorem 6: Let 𝐺 be a connected graph and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Then |𝑉1| = 0 if
and only if 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Assume that |𝑉1| = 0. By Theorem 3, 𝑉2 is an
outer-connected convex dominating set on 𝐺. Suppose 𝑉2 is not a 𝛾𝑐𝐶𝑣-set on 𝐺. Then there exists
𝑉 ′
2 ⊆ 𝑉 (𝐺) such that 𝑉 ′

2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. Accordingly, we have that |𝑉 ′
2 | < |𝑉2|. Let 𝑀0 = 𝑉 (𝐺) ⧵ 𝑉 ′

2 ,
𝑀1 = ∅, and 𝑀2 = 𝑉 ′

2 . Then it is easy to see that 𝛼′ = (𝑀0, 𝑀1, 𝑀2) is an OCCvRDF on 𝐺. Hence, we
obtain 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼′) = |𝑀1| + 2|𝑀2| = 2|𝑉 ′
2 | < 2|𝑉2| = |𝑉1| + 2|𝑉2| = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = 𝛾𝑐𝐶𝑣𝑅(𝐺), a contradiction to the
definition of 𝛾𝑐𝐶𝑣𝑅-function. Hence, we conclude that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. As for the converse, we assume
that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. Suppose that |𝑉1| ≠ 0. Then it follows that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| >

2|𝑉2|. Let 𝑉 ′′
0 = 𝑉0 ∪ 𝑉1, 𝑉 ′′

1 = ∅, and 𝑉 ′′
2 = 𝑉2. Then we have that 𝑉 ′′

0 ⊆ 𝑁 2
𝐺(𝑉

′′
2 ) and 𝑉2 = 𝑉 ′′

1 ∪ 𝑉 ′′
2

is a outer-connected convex dominating set on 𝐺. Accordingly, it is clear that 𝛼′′ = (𝑉 ′′
0 , 𝑉 ′′

1 , 𝑉 ′′
2 ) is an

OCCvRDF on 𝐺. So, we get 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼′′) = |𝑉 ′′

1 | + 2|𝑉 ′′
2 | = 2|𝑉2| < |𝑉1| + 2|𝑉2| = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = 𝛾𝑐𝐶𝑣𝑅(𝐺). This is
a contradiction. Therefore, we end up with |𝑉1| = 0.

Corollary 5: Let 𝐺 be a connected graph and let 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅(𝐺)-function on 𝐺. Then
𝛾𝑐𝐶𝑣𝑅(𝐺) = 2𝛾𝑐𝐶𝑣(𝐺).

Proof: Let 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅(𝐺)-function on 𝐺. Then by Theorem 6, 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.
Thus, 𝛾𝑐𝐶𝑣(𝐺) = |𝑉2|. Therefore, we get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = 2𝛾𝑐𝐶𝑣(𝐺). This proves
the assertion.

Theorem 7: Let 𝐺 be a connected graph and 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be an OCCvRDF on 𝐺. If 𝑉2 is a 𝛾𝑐𝐶𝑣-set
on 𝐺, then 𝛼 is 𝛾𝑐𝐶𝑣𝑅-function on 𝐺.
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Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be an OCCvRDF on 𝐺 such that |𝑉1| = 0. Assume that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.
Suppose that 𝛼 is not a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Then it follows that there exists a function 𝛼′ = (𝑀0, 𝑀1 =

∅,𝑀2) such that 𝛼′ is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. So, we get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼′) = |𝑀1| + 2|𝑀2| = 2|𝑀2| <

𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2|. Thus, |𝑀2| < |𝑉2|. This is a contradiction since 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.

Therefore, 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺.

Theorem 8: Let 𝐺 be a connected graph and 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a OCCvRDF on 𝐺. Then every cut-vertex
𝑐 ∈ 𝑉 (𝐺), 𝑐 ∈ 𝑉1 ∪ 𝑉2.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a OCCvRDF on 𝐺. Assume for a moment that there exists a cut vertex
𝑐 ∈ 𝑉 (𝐺) such that 𝑐 ∉ 𝑉1 ∪ 𝑉2. Let 𝐶1 and 𝐶2 be the components of 𝐺 − {𝑐}. Let 𝑐1 ∈ (𝑉1 ∪ 𝑉2) ∩ 𝑉 (𝐶1) and
𝑐2 ∈ (𝑉1 ∪ 𝑉2) ∩ 𝑉 (𝐶2). Since 𝑐 is a cut vertex, it implies that every 𝑐1-𝑐2 path must contain 𝑐. In that case,
it means that ⟨(𝑉1 ∪ 𝑉2) ⧵ {𝑐}⟩ is not a connected subgraph on 𝐺 and so, 𝑉1 ∪ 𝑉2 is not a convex set on 𝐺, a
contradiction. Hence, we have that 𝑐 ∈ 𝑉1 ∪ 𝑉2. Without loss of generality, suppose that |𝑉 (𝐶1)| = 1. Then
it implies that 𝑉 (𝐶1) ⊆ 𝑉0. Consequently, 𝑐 ∈ 𝑉2. Therefore, the conclusion follows.

Theorem 9: If 𝐺 = 𝑃𝑛 where 𝑛 ∈ N, then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 = 𝑃𝑛 where 𝑛 ∈ N. Let 𝑛 ≤ 2. Then it is easy to see
that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛. Let 𝑛 ≥ 3 and 𝐺 = 𝑃𝑛 = [𝑝1, 𝑝2, ..., 𝑝𝑛]. Since 𝐶 = {𝑝2, 𝑝3, ..., 𝑝𝑛−1} is a cut-vertex set on
𝐺, by Theorem 8, 𝐶 ⊆ 𝑉1 ∪ 𝑉2. Additionally, since 𝑝1𝑝𝑛 ∉ 𝐸(𝐺), it follows that {𝑝1, 𝑝𝑛} ⊆ 𝑉1 ∪ 𝑉2. Now,
since 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, it implies that {𝑝1, 𝑝2, ..., 𝑝𝑛} = 𝑉1 and 𝑉0 = ∅ = 𝑉2. Consequently, we
obtain 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |𝑉1| = |𝑉 (𝐺)| = 𝑛.

Theorem 10: Let 𝐺 be a connected graph. Then the two statements hold:

(𝑖) 𝛾𝑐𝐶𝑣𝑅(𝐺) = 1 if and only if 𝐺 = 𝐾1.
(𝑖𝑖) 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2 if and only if 𝐺 ∈ {𝐾2, 𝐾1 + 𝐻} where 𝐻 is any connected graph of order greater than 1.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅(𝐺)-function on 𝐺. Assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 1. Suppose for a moment
that 𝐺 ≠ 𝐾1. Then we have |𝑉 (𝐺)| ≥ 2. Let |𝑉0| ≠ 0. By Theorem 2, it implies that |𝑉2| ≠ 0. Hence,
𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| > 1. This is a contradiction to the assumption. Now, let |𝑉0| = 0. By
Theorem 2, we have that |𝑉2| = 0. So, we get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |𝑉1| = |𝑉 (𝐺)| > 1, a
contradiction to the assumption. Therefore, it suffices to say that 𝐺 = 𝐾1. On the other hand, assume that
𝐺 = 𝐾1. Since 𝛼 is a 𝛾𝑐𝐶𝑣𝑅(𝐺)-function on 𝐺, it is easy to see that |𝑉0| = 0 = |𝑉2|. Therefore, by Corollary 2,
we have 𝛾𝑐𝐶𝑣𝑅(𝐺) = 1 and so, (𝑖) is satisfied.

Now, assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2. This follows that𝜔𝑐𝐶𝑣𝑅
𝐺 (𝜆) = |𝑉1|+2|𝑉2| = 2. Then we have |𝑉2| ≤ 1. Let

|𝑉2| = 0. By Theorem 2, it implies that |𝑉0| = 0. Hence, 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1|+2|𝑉2| = |𝑉1| = |𝑉 (𝐺)| =

2. Since 𝐺 is connected, it follows that 𝐺 = 𝐾2. Let |𝑉2| = 1. Then we have that |𝑉1| = 0. Let 𝑉2 = {𝑢}. Then
𝑉2 is a trivial convex set. Set 𝐺 = 𝐾1 + ⟨𝑉 (𝐺) ⧵ {𝑢}⟩ where 𝑉 (𝐾1) = {𝑢}. Since 𝑉2 is an outer-connected
convex dominating set on 𝐺 by Theorem 3, we let ⟨𝑉0 = 𝑉 (𝐺)⧵ {𝑢}⟩ be a connected subgraph of 𝐺. Suppose
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|𝑉 (𝐺) ⧵ {𝑢}| = 1. Then we get 𝐺 = 𝐾1 +𝐾1 = 𝐾2. If |𝑉 (𝐺) ⧵ {𝑢}| ≥ 2, then we let 𝐻 = 𝑉(𝐺) ⧵ {𝑢}. Therefore,
we concluded that 𝐺 ∈ {𝐾2, 𝐾1 + 𝐻} where 𝐻 is any connected graph of order greater than 1. Conversely,
assume that 𝐺 ∈ {𝐾2, 𝐾1 + 𝐻} where 𝐻 is any connected graph of order greater than 1. If 𝐺 = 𝐾2, then we
can have that |𝑉0| = 1 = |𝑉2|, and 𝑉1 = ∅. Hence, we obtain 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = 2.
Now, let 𝐺 = 𝐾1 + 𝐻 where 𝐻 is any connected graph of order greater than 1. So, we let 𝑉0 = 𝐻 , 𝑉1 = ∅,
and 𝑉2 = 𝑉 (𝐾1). Then 𝛼 = (𝑉0, 𝑉1, 𝑉2) is an OCCvRDF on 𝐺. By construction, it is clear thatb𝛼 is a
𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Therefore, we get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉 (𝐾1)| = 2 and hence, (𝑖𝑖) is
shown.

Theorem 11: Let𝐺 be a connected graph and 𝛼 = (𝑉0, 𝑉1, 𝑉2) be an OCCvRDF on𝐺. If for any 𝑥, 𝑦 ∈ 𝑉1 ∪𝑉2,
𝑑𝐺(𝑥, 𝑦) > 1, then there exists an 𝑥-𝑦 path such that every 𝑣 in that 𝑥-𝑦 path, 𝑣 ∈ 𝑉1 ∪ 𝑉2.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be an OCCvRDF on 𝐺. Assume that for all 𝑥, 𝑦 ∈ 𝑉1 ∪ 𝑉2, 𝑑𝐺(𝑥, 𝑦) > 1.
Suppose that for all 𝑥-𝑦 path, every 𝑣 in that 𝑥-𝑦 path, 𝑣 ∉ 𝑉1 ∪ 𝑉2. Then it implies that 𝑣 ∈ 𝑉0. So, we get
𝑑⟨𝑉1∪𝑉2⟩(𝑥, 𝑦) = ∞. Hence, ⟨(𝑉1 ∪𝑉2) ⧵ {𝑣}⟩ is a disconnected subgraph of 𝐺, a contradiction to the convexity
of the set 𝑉1 ∪ 𝑉2. Therefore, it means that there exists an 𝑥-𝑦 path such that every 𝑣 in that 𝑥-𝑦 path,
𝑣 ∈ 𝑉1 ∪ 𝑉2.

Theorem 12: If 𝐺 = 𝐶𝑛 where 𝑛 ∈ N ⧵ {1, 2}, then

𝛾𝑐𝐶𝑣𝑅(𝐺) =

{
2, if 𝑛 = 3,

𝑛, if 𝑛 ≥ 4.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 = 𝐶𝑛 where 𝑛 ∈ N. Let 𝑛 = 3. Then 𝐺 = 𝐾1 + 𝐻

where 𝐻 = 𝐾2. In view of Theorem 10(𝑖𝑖), it is clear that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2. Now, let 𝑛 ≥ 4 and 𝐺 = 𝐶𝑛 =

[𝑐1, 𝑐2, ..., 𝑐𝑛, 𝑐1, ...]. Then we can set {𝑐2, 𝑐𝑛−1} ⊆ 𝑉2. Invoking the idea of Theorem 11, it implies that
{𝑐3, 𝑐4, ..., 𝑐𝑛−2} ⊆ 𝑉1 ∪ 𝑉2. Since ⟨{𝑐1, 𝑐𝑛}⟩ is a connected subgraph, we have that {𝑐1, 𝑐𝑛} = 𝑉0. Since 𝛼 is a
𝛾𝑐𝐶𝑣𝑅-function on 𝐺, it means that 𝑉1 = {𝑐3, 𝑐4, ..., 𝑐𝑛−2}. Consequently, we get |𝑉0| = 2 = |𝑉2|. By Theorem
5, we therefore get 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝑛.

Theorem 13: If 𝐺 = 𝐾𝑛 where 𝑛 ∈ N, then

𝛾𝑐𝐶𝑣𝑅(𝐺) =

{
1, if 𝑛 = 1,

2, if 𝑛 ≥ 2.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 = 𝐾𝑛. Let 𝑛 = 1. Then it is clear that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 1.
Let 𝑛 = 2. Then by Theorem 9, it follows that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2. Let 𝑛 ≥ 3. Then it follows that 𝐺 = 𝐾1 + 𝐻

where 𝐻 is a connected graph of order greater than 1, that is, 𝐻 = 𝐾𝑛−1 where 𝑛 ≥ 3. Hence, by Theorem
10(𝑖𝑖), we therefore have 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2.
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Theorem 14: Let 𝐺 ≠ 𝐾1 + 𝐻 where 𝐻 is a connected graph with |𝑉 (𝐻)| = 𝑛 ≥ 2 and 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2)

be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 4 if and only if there exists a dominating set 𝐶 = {𝑢, 𝑣} such that
𝐶 is a convex set and ⟨𝑉 (𝐺) ⧵ 𝐶⟩ is a connected subgraph of 𝐺.

Proof: Let 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 ≠ 𝐾1 + 𝐻 where 𝐻 is a connected graph with
|𝑉 (𝐻)| = 𝑛 ≥ 2. Assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 4. Then we have 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 4. Since 𝑉1 = ∅, we
get |𝑉2| = 2. Since 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, by Theorem 6, it implies that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. Thus,
𝑉2 is an outer-connected convex dominating set on 𝐺. Let 𝑉2 = {𝑢, 𝑣}. Then 𝐶 = {𝑢, 𝑣} is a dominating
set on 𝐺 and 𝐶 is a convex set on 𝐺. Let 𝑉0 = 𝑉 (𝐺) ⧵ 𝐶. Then ⟨𝑉 (𝐺) ⧵ 𝐶⟩ is a connected subgraph
of 𝐺. Conversely, assume that there exists a dominating set 𝐶 = {𝑢, 𝑣} such that 𝐶 is a convex set and
⟨𝑉 (𝐺) ⧵ 𝐶⟩ is a connected subgraph of 𝐺. Then it means that 𝐶 is an outer-connected convex dominating
set on 𝐺. Since 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 and 𝑉1 = ∅, by Theorem 6, it implies that 𝑉2 is a 𝛾𝑐𝐶𝑣-set
on 𝐺. Thus, 2 = |𝐶| ≥ |𝑉2|. If we let |𝑉2| = 0, then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2(0) = 0, a
contradiction to the definition of OCCvRDF on 𝐺. Next, we let |𝑉2| = 1. Then by Theorem 10(𝑖𝑖), we
obtain 𝐺 = 𝐾1 + 𝐻 where 𝐻 is a connected graph of order greater than 1. This is a contradiction to our
assumption. Consequently, it follows that |𝑉2| ≥ 2 and hence, |𝑉2| = 2. Therefore, it suffices to have
𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = 2(2) = 4.

Theorem 15: If 𝐺 = 𝐾𝑚,𝑛 where 𝑚 and 𝑛 are natural numbers greater than 1, then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 4.

Proof: Let𝐺 = 𝐾𝑚,𝑛 = (𝑉 1, 𝑉 2, 𝐸)where 𝑉 1 and 𝑉 2 are vertex sets with |𝑉 1| = 𝑚 ≥ 2 and |𝑉 2| = 𝑛 ≥ 2, and
𝐸 is the edge set of 𝐺. Moreover, let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺 and let 𝑉 1 = {𝑢1, 𝑢2, ..., 𝑢𝑚},
and 𝑉 2 = {𝑣1, 𝑣2, ..., 𝑣𝑛}. Note that for any vertex 𝑢𝑗 ∈ 𝑉 1 where 𝑗 ∈ {1, 2, 3, ..., 𝑚}, then 𝑑𝐺(𝑢𝑗 , 𝑣𝑖) = 1 for any
𝑖 ∈ {1, 2, 3, ..., 𝑛}. Thus, it follows that 𝑉 2 ⊆ 𝑁𝐺(𝑢𝑗 ) for each 𝑗 ∈ {1, 2, 3, ..., 𝑚}. By similar argument, we have
𝑉 1 ⊆ 𝑁𝐺(𝑣𝑘) for each 𝑖 ∈ {1, 2, 3, ..., 𝑛}. Also, we note that for all 𝑗 ∈ {1, 2, 3, ..., 𝑚} and for all 𝑖 ∈ {1, 2, 3, ..., 𝑛},
{𝑢𝑗 , 𝑣𝑖} is a convex set on 𝐺. Then we can set 𝑉2 = {𝑢𝑗 , 𝑣𝑖} for some 𝑗 ∈ {1, 2, 3, ..., 𝑚} and 𝑖 ∈ {1, 2, 3, ..., 𝑛}.
Hence, we obtain 𝑉 (𝐺) ⊆ 𝑁𝐺({𝑢𝑗 , 𝑣𝑘}). Furthermore, ⟨𝑉 (𝐺) ⧵ 𝑉2⟩ is a connected subgraph on 𝐺. Since
𝛼 = (𝑉0, 𝑉1, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, it means that 𝑉1 = ∅ and 𝑉0 = 𝑉 (𝐺) ⧵ 𝑉2. Invoking Theorem 14,
we therefore have 𝛾𝑐𝐶𝑣𝑅(𝐺) = 4.

Theorem 16: Let 𝐺 be a connected graph of order 𝑛 ∈ N and 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be an OCCvRDF on 𝐺.
Then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝛾𝑐𝐶𝑣(𝐺) + 1 if and only if there exists 𝑧 ∈ 𝑉 (𝐺) such that 𝑑𝑒𝑔𝐺(𝑧) = 𝑛 − 𝛾𝑐𝐶𝑣(𝐺).

Proof: Let 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be an OCCvRDF on 𝐺. Assume that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝛾𝑐𝐶𝑣(𝐺) + 1. Then we
get 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 𝛾𝑐𝐶𝑣(𝐺) + 1. Since 𝑉1 = ∅, by Theorem 6, we have that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.
Hence, 𝛾𝑐𝐶𝑣(𝐺) = |𝑉2|. Thus, we obtain 2|𝑉2| = |𝑉2| + 1. Consequently, we have |𝑉2| = 1. Let 𝑉2 = {𝑧}. Since
𝑉2 = {𝑧} is a 𝛾𝑐𝐶𝑣-set on 𝐺, it means that 𝑉 (𝐺) = 𝑁𝐺[𝑧] and ⟨𝑉 (𝐺) ⧵ {𝑧}⟩ is a connected subgraph of 𝐺.
Therefore, 𝑑𝑒𝑔𝐺(𝑧) = |𝑁𝐺(𝑧)| = |𝑉 (𝐺) ⧵ {𝑧}| = |𝑉 (𝐺)| − |{𝑧}| = 𝑛 − |𝑉2| = 𝑛 − 𝛾𝑐𝐶𝑣(𝐺).

Conversely, assume that there exists 𝑧 ∈ 𝑉 (𝐺) such that 𝑑𝑒𝑔𝐺(𝑧) = 𝑛 − 𝛾𝑐𝐶𝑣(𝐺). Let 𝑉2 = {𝑧}.
Then 𝑉2 = {𝑧} is a convex set on 𝐺 and ⟨𝑉 (𝐺) ⧵ 𝑉2⟩ is a connected subgraph of 𝐺. Since 𝑉1 = ∅
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and 𝑉2 is a convex dominating set, by Theorem 6, it follows that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. So, we get
|𝑉2| = 𝛾𝑐𝐶𝑣(𝐺) = 𝑛 − 𝑑𝑒𝑔𝐺(𝑧). Since 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺 and ⟨𝑉 (𝐺) ⧵ 𝑉2⟩ is a connected subgraph, it
implies that 𝑉2 is an outer-connected convex dominating set on 𝐺. Hence, 𝑉0 = 𝑉 ⧵ 𝑉2. Now, since 𝑉2

is a 𝛾𝑐𝐶𝑣-set on 𝐺 and 𝑉1 = ∅, by Theorem 6, 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Therefore,
𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = |𝑉2| + |𝑉2| = 𝛾𝑐𝐶𝑣(𝐺) + 1. This proves the assertion.

Theorem 17: Let𝐺 be a connected graph of order 𝑛 ∈ N. Then 𝛾𝑐𝐶𝑣(𝐺) = 𝛾𝑐𝐶𝑣𝑅(𝐺) if and only if 𝛾𝑐𝐶𝑣(𝐺) = 𝑛.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Assume that 𝛾𝑐𝐶𝑣(𝐺) = 𝛾𝑐𝐶𝑣𝑅(𝐺). Then we get
|𝑉1| + |𝑉2| = |𝑉1| + 2|𝑉2| = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼). Consequently, we have |𝑉2| = 0. By Theorem 2, it implies that
|𝑉0| = 0.Thus, 𝛾𝑐𝐶𝑣(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = |𝑉1| = |𝑉 (𝐺)| = 𝑛.
Conversely, assume that 𝛾𝑐𝐶𝑣(𝐺) = 𝑛. By Theorem 4, 𝑛 = 𝛾𝑐𝐶𝑣(𝐺) ≤ 𝛾𝑐𝐶𝑣𝑅(𝐺) ≤ 𝑛. Accordingly, we

conclude that 𝛾𝑐𝐶𝑣(𝐺) = 𝛾𝑐𝐶𝑣𝑅(𝐺).

Definition 1: Let 𝐺 be a connected graph. Then 𝐺 is called an outer-connected convex Roman graph provided
that 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2𝛾𝑐𝐶𝑣(𝐺).

In view of Definition 1, the characterization below is satisfied.

Theorem 18: Let𝐺 be a connected graph and let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on𝐺. Then the following
statements are mathematically equivalent:

(𝑖) 𝐺 is an outer-connected convex Roman graph;
(𝑖𝑖) 𝐺 has a 𝛾𝑐𝐶𝑣𝑅-function 𝛼 such that |𝑉1| = 0; and
(𝑖𝑖) 𝐺 has a 𝛾𝑐𝐶𝑣𝑅-function 𝛼 such that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Suppose that 𝐺 is an outer-connected convex Roman
graph. Then 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2𝛾𝑐𝐶𝑣(𝐺). So, we get 2𝛾𝑐𝐶𝑣(𝐺) = 2(|𝑉1| + |𝑉2|) = 2|𝑉1| + 2|𝑉2| = 𝛾𝑐𝐶𝑣𝑅(𝐺) =

𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1| + 2|𝑉2|. Consequently, we have that |𝑉1| = 0. Thus (𝑖) ⟹ (𝑖𝑖). Next, assume that 𝐺 has a

𝛾𝑐𝐶𝑣𝑅-function 𝛼 such that |𝑉1| = 0. By Theorem 6, it follows that 𝑉2 is a 𝛾𝑐𝐶𝑣-set on 𝐺. In that case, we
conclude that (𝑖𝑖) ⟹ (𝑖𝑖𝑖). Furthermore, suppose that graph 𝐺 has a 𝛾𝑐𝐶𝑣𝑅-function 𝛼 for which 𝑉2 is a
𝛾𝑐𝐶𝑣-set on 𝐺. This means that |𝑉2| = 𝛾𝑐𝐶𝑣(𝐺). By Theorem 6, it follows that 𝑉1 = ∅. Therefore, we get
𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| +2|𝑉2| = 2|𝑉2| = 2𝛾𝑐𝐶𝑣(𝐺) and hence, (𝑖𝑖𝑖) ⟹ (𝑖). This proves Theorem 18.

The next result is a quick consequence of Theorem 18.

Corollary 6: Let 𝐺 be a connected graph. If 𝛾𝑐(𝐺) = 1, then 𝐺 is an outer-connected convex Roman graph
with 𝛾𝑐𝐶𝑣𝑅(𝐺) = 2.

Proof: Let 𝛼 = (𝑉0, 𝑉1, 𝑉2) be a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺. Assume 𝛾𝑐(𝐺) = 1. Then it implies that 𝑉1 = ∅.
Consequently, we get 𝛾𝑐(𝐺) = |𝑉2| = 1. Since 𝛼 is a 𝛾𝑐𝐶𝑣𝑅-function on 𝐺, by Theorem 6, we have that 𝑉2
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is a 𝛾𝑐𝐶𝑣-set on 𝐺, that is, 𝛾𝑐𝐶𝑣(𝐺) = |𝑉2|. Invoking Theorem 18, 𝐺 is an outer-connected convex Roman
graph and 𝛾𝑐𝐶𝑣𝑅(𝐺) = 𝜔𝑐𝐶𝑣𝑅

𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = 2(1) = 2.

Theorem 19: Let 𝐺 be a connected graph and 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be an OCCvRDF on 𝐺. Then, 𝑉2 is a
minimal outer-connected convex dominating set on 𝐺 if and only if for all 𝑢 ∈ 𝑉2, there exists 𝑣 ∈ 𝑉0 such that
𝑁𝐺(𝑣) ∩ 𝑉2 = {𝑢} or 𝑑𝐺(𝑢, 𝑤) ≠ 2 for any 𝑤 ∈ 𝑉2 ⧵ {𝑢}.

Proof: Let 𝛼 = (𝑉0, 𝑉1 = ∅, 𝑉2) be a OCCvRDF on 𝐺. By Theorem 3, 𝑉2 is an outer-connected convex
dominating set on 𝐺. Suppose that 𝑉2 is a minimal outer-connected convex dominating set on 𝐺. Then it
follows that for all 𝑢 ∈ 𝑉2, 𝑉2 ⧵ {𝑢} is not an outer-connected convex dominating set on 𝐺. Thus, it implies
that there exists 𝑣 ∈ 𝑉 (𝐺) ⧵ (𝑉2 ⧵ {𝑢}) such that 𝑑𝐺(𝑣, 𝑤) ≠ 𝑧 for any 𝑤 ∈ 𝑉2 ⧵ {𝑢}. If 𝑣 ≠ 𝑢, then since 𝑉2 is
an outer-connected convex dominating set, 𝑣 is dominated by 𝑉2. Accordingly, we have that 𝑑𝐺(𝑢, 𝑣) = 1.
This indicates that 𝑁𝐺(𝑣) ∩ 𝑉2 = {𝑢}. If 𝑣 = 𝑢, then it follows that 𝑑𝐺(𝑢, 𝑤) ≠ 1 for any 𝑤 ∈ 𝑉2 ⧵ {𝑢}.

Conversely, we suppose that for all 𝑢 ∈ 𝑉2, there exists 𝑣 ∈ 𝑉0 such that 𝑁𝐺(𝑣) ∩𝑉2 = {𝑢}. Then it means
that 𝑣 ∈ 𝑉0 is not dominated by 𝑉2⧵{𝑢}. Consequently, it follows that 𝑉2 is a minimal outer-connected convex
dominating set on𝐺. In addition, we suppose that for all 𝑢 ∈ 𝑉2, 𝑑𝐺(𝑢, 𝑤) ≠ 1 for any𝑤 ∈ 𝑉2⧵{𝑢}. Then this
follows that 𝑢 is not dominated for any 𝑤 ∈ 𝑉2 ⧵ {𝑢}. In that case, 𝑉2 ⧵ {𝑢} is not an outer-connected convex
dominating set on 𝐺. Therefore, we conclude that 𝑉2 is a minimal outer-connected convex dominating set
on 𝐺.

Theorem 20: Let 𝐺 and 𝐻 be connected noncomplete graphs. Then

𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) =

{
2, if 𝛾𝑐(𝐺) = 1 or 𝛾𝑐(𝐻) = 1,

4, if 𝛾𝑐(𝐺) ≠ 1 and 𝛾𝑐(𝐻) ≠ 1.

Proof: It is worth noting that𝐺+𝐻 ≠ 𝐾1. Then in view of Theorem 10(𝑖𝑖), it implies that 𝛾𝑐𝐶𝑣𝑅(𝐺+𝐻) ≥ 2.
Assume that 𝛾𝑐(𝐺) = 1 or 𝛾𝑐(𝐻) = 1. Then we have that 𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) ≤ 2. Accordingly, we get
𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) = 2. Suppose that 𝛾𝑐(𝐺) ≠ 1 and 𝛾𝑐(𝐻) ≠ 1. Then 𝛾𝑐𝐶𝑣𝑅(𝐺) ≥ 2 and 𝛾𝑐𝐶𝑣𝑅(𝐻) ≥ 2. Then it
means that 𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) ≥ 4. Let 𝑎 ∈ 𝑉 (𝐺) and 𝑏 ∈ 𝑉 (𝐻). Then we have that 𝑎𝑏 ∈ 𝐸(𝐺 + 𝐻). In that case,
we have {𝑎, 𝑏} is a convex set on 𝐺 + 𝐻 . Observe that 𝑉 (𝐺) ⊆ 𝑁𝐺(𝑎) and 𝑉 (𝐻) ⊆ 𝑁𝐻 (𝑏). Hence, it implies
that 𝑉 (𝐺 + 𝐻) = 𝑁𝐺+𝐻 [{𝑎, 𝑏}]. Also, it is worth noting that ⟨𝑉 (𝐺 + 𝐻) ⧵ {𝑎, 𝑏}⟩ is a connected subgraph of
𝐺 + 𝐻 . Hence, we set 𝑉0 = 𝑉 (𝐺 + 𝐻) ⧵ {𝑎, 𝑏}, 𝑉1 = ∅ and 𝑉2 = {𝑎, 𝑏}. Then we have that 𝛼 = (𝑉0, 𝑉1, 𝑉2)

is an OCCvRDF on 𝐺 + 𝐻 . Thus, we get 𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) ≤ 𝜔𝑐𝐶𝑣𝑅
𝐺 (𝛼) = |𝑉1| + 2|𝑉2| = 2|𝑉2| = 2|{𝑎, 𝑏}| = 4.

Therefore, we conclude that 𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) = 4.

Corollary 7: Let 𝐺 and 𝐻 be complete graphs. Then 𝛾𝑐𝐶𝑣𝑅(𝐺 + 𝐻) = 2.

4 Conclusions

This study has investigated a new variation of the convex Roman dominating function called the
outer-connected convex Roman dominating function. Some important combinatorial properties of outer-connected
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convex Roman dominating functions in a connected graph were given, including some equalities and
inequalities, bounds, and characterizations of the outer-connected convex Roman domination number for
small values, and exact values derived from some special graphs. The paper suggested that the newly
introduced parameter should be characterized under binary product operations of two graphs as future
research to supplement the current results. Furthermore, the study can be extended to computer science
and informatics, which deal with computational complexity or polynomial-time algorithms.
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