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Abstract: In our study, we propose a vector-host epidemic model with fixed-time pulse interventions guided by
population size of susceptible humans and susceptible vectors. This approach aims to reflect the situation where
public health interventions, namely, vaccination campaigns, mass treatments, insecticide spraying, or sterile mosquito
releases, are generally implemented periodically rather than continuously. A saturated incidence function is used to
fit the situation where the number of infective cases is getting larger with the limited medical facilities. The model
incorporates a general rule of implementation of control measures such us vaccination, treatment and mosquitoes
elimination. We theoretically investigate the dynamic behavior with the appearance of (k + m)T- periodic solutions.
Firstly, we derive the existence and stability of the order-1 (k + 1) T- disease-free periodic solution with nonnegative
integer k and the order-m (1 + m)T-disease-free periodic solution with m being any positive integer. Furthermore, we
study the existence and stability of the disease-free (1 + 2) T-periodic solution. In addition, numerical simulations are
performed to support the theoretical results. Our results indicate that there exists a critical monitoring period or
vaccination rate such that the intervention strategy can successfully control the disease.

Mathematics Subject Classification: [2020]: 34D20, 37C75, 92B05
Keywords: Vector-borne disease; Impulsive dynamical system; Periodic solution; Stability.

1 Introduction

Vector-borne diseases remains a major health challenge for global public health (see [1]). These diseases are
mainly caused by a vector and the most common is mosquito. This vector is responsible to the transmission
of malaria, dengue fever, chikungunya, zika, yellow fever and West Nile virus (see [3], [4], [14]). Among the
prevention methods of these disease, vaccination and treatment remains effective method used to control
the disease propagation. Recently, several studies have been carried out to investigate different strategies
for vaccination and treatment implementation method. Wang et al. [13], formulated a mathematical model
for vector-borne disease by incorporating age of vaccination and infection to analyze their effects for
the spread of vector-borne. In [6], formulated a stochastic vector-borne epidemic model with to discuss
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the effects of stochastic perturbation a vaccination age in the spread of vector-borne. Further, Tang et al.
[12] developed a fractional order model to analyse the dynamics of a vector-borne infection with effect
of imperfect vaccination. Moreover, Ndii [5] studied the effects of vaccination, vector controls and media
on dengue transmission dynamics with a seasonally varying mosquito population. Many studies have
taken into account prevention and control strategies pulsed at fixed times, assuming that interventions
were administered at fixed times ([2], [9], [10], [11], [15]). However, these models do not take into account
the influence of the prevalence of infectious diseases on the administration of interventions, which can
be a waste of medical resources. In a context of insufficient resources, particularly in regions with a high
health challenge, a good implementation of treatment policies is important for the control of vector-borne
epidemics. Furthermore, contrary to continuous models, impulsive dynamical systems offer a natural
mathematical framework by coupling continuous dynamics between intervention times with discrete jumps
representing the instantaneous effect of control measures. In this work, we formulated a mathematical
model for a vector-borne epidemic with a fixed-time impulsive interventions with a threshold policy guided
by the populations of susceptible humans and vectors. At the end of each monitoring period T, we checked
whether or not it is possible to administer a treatment. This formulation thus allows for a more faithful
and operational modeling of the strategies actually implemented in the field. The aim here is to assess the
theoretical effects of this type of implementation policy in controlling or eradicating an epidemic involving
a vector. We structure the remainder part of this paper as follows: in section 2, we formulate the model
with some basic properties. Section 3 is devoted to the study of the existence and uniqueness of disease-free
periodic solution (DFPS). Numerical simulations are carried out and presented in section 4. In section 5 the
paper ends with a conclusion.

2 Model formulation and preliminaries

In this part, we give some preliminaries results and the model definition.
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2.1 Preliminaries results

We consider the following impulsive system

B0 _ (1), %00, 50, 340D
dX2(t) — Fz(xl(t)’ xz(t), _X'3(t), x4(t))’ " T N
*nl,neN,
DD _ s, 20, 150, 14 (1),
da;fﬂ = Fi(xa(0) (8,358, 14(1). | )

x(nTT) = l,bl(xl(nT), x(nT), x3(nT), X4(nT)),
x(nT*) = ¢ (xl(nT), x(nT), x3(nT), x4(nT)),
x3(nT*) = Y3 (x1(nT), x2(nT), x3(nT), x4(nT))
| u(nT) = ¢u(xi(nT), x2(nT), x3(nT), x4(nT)),

5

where x1, x, x3, x4 € R and 1, ¥, 5 and ¢4 are positive and suitable smooth functions. A solution
X(t)=(21(t), x2(1), x3(), x4(t)) of (1) is a function defined in R*, with non-negative components, continuously
differentiable in R* \{nT, n € N}. Let ¢ be the flow associated to the first four equations of system (1), then

X(t) =o(t,Xo), 0<t < T,
Where Xo = X(O) and X(T+) = ¢(X(T)) = l//(qD(T, Xo)) Wlth l// = (lﬁl, ¢2, ¢3, ¢4)
We now state the following definition about a periodic solution (PS).
Definition 1: Suppose that X(t) is a solution of system (1). X(t) is called a hT-periodic solution (hT-PS) of
system (1), if X((i + h)T) = X(iT) while X((i + )T) # X(iT),l = 1,...,h — 1 hold for alli € N.

Now, let
Q = {(t, x1, %2, x3,x4)/%1(t) > E7,t = nT,n € N},
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where E7 is the population size threshold of individuals x; that determines whether we apply or not
intervention. Further, we consider the following impulsive model with threshold policy.

N

= F1(x1(2), x2(1), x3(1), x4(1)),

t
AL OO TORTO)) ¢ )eQ
, X1, X2, X3, X. s
dxs(t) _ F3(x1 (1), x2(1), x3(1), x4(1)), e

15
P By (0, 0.0, %0, 50, J :

dxy(t)

x(nT?) = 1//1(x1(nT), x(nT), x3(nT), x4(nT)),
x(nT*) = ¢ (xl(nT), x(nT), x3(nT), X4(HT>),
x3(nT) = Y3 (xl(nT), x(nT), x3(nT), x4(nT)),
x(nTY) = Yu(x1(nT), x2(nT), x3(nT), x4(nT)),

(t, x1, X9, X3, X4) € Q.

For system (2), there may exist new types of periodic solution (PS) with the period being integral multiples
of T, which are generated after k monitoring moments without implementing prevention and control
strategy and m monitoring moments with carrying out interventions. Then, the following definition is

given.

Definition 2: Let X(t) = (£,(t), %(t), £3(t), £4(t)) be a solution of system (2). If there are k monitoring
timingst; €{nT,n=1,...,k+m}, i =1,..k, such that X,(t;) < Er, and m monitoring timings t; € {nT,n =
1,...k+m}, j = 1,..,m, such that X,(t;) > Er, then )~((t) is called a (k+m)T-PS, with k being any non-negative
integer and m being any positive integer. Particularly, if k = 0 and m is any positive integer, then (0 + m)T-PS
(x1(2), %5(2), X3(¢), X4(t)) of system (2) corresponds to the order-m mT-PS of model (1). All (k + m)T-PS for
any non-negative integer k and positive integer m are referred as the order-m PS.

2.2 The model

We formulate a mathematical model with saturated incidence functions and fixed-time pulse interventions
guided by population size of susceptible humans and vectors. We divide the human population denoted by
N, into three distinct subclasses which are susceptible Sy, infectious I, and recovered Ry, so that at any
instant t N, = Sy, + I, + Ry,. The total population of vectors N, is categorized into two subclasses, namely,

susceptible S, and infectious vectors I,, so N, = S, + I,. Susceptible humans are recruited at a constant
ﬂSth

1+c11,°
c1 > 0 is the saturation level of the force of infection and f is the disease transmission rate from infectious

where

rate Ay, and acquired infection after having a contact with an infectious vector I, at the rate

vectors to susceptible human. The natural death rate of human is i, y is the recovered rate and d is the

disease-induced death rate. Susceptible vectors are recruited at a constant rate A, and acquired infection

gvah
1+l

after having a contact with an infectious human I at the rate where ¢ is the disease transmission
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rate from human to vector and c; is the level of saturation. The natural death rate of vectors is y;,. From the

above description, we obtain the following system of differential equations :

(dSy(t)
= A= {rat = mSh

d
dI,(t

i _ Bk _ (g + D,
dRh(t)

dt
dSy(1)

= yIn — pnRp,

=N — L5l Sy,

d 1+cy Iy TR
dIv(t) _ESL
L dt T 1ty

Lyl,.

©)

Now, we assume that the epidemic is under surveillance at periodic fixed times, when the size of the

susceptible human and vectors populations are greater than or equal to S, and S,t respectively, then a

vaccination policy is applied at rate py, infected humans are treated at rate g5 and vectors are eliminated at

rate p,. Since the component Ry, do not appear in the remaining equations of (3), we obtain the following

impulsive model that describe the susceptibles-guided pulse interventions administered at monitoring

timings :

where

dSh ﬁs Iv
? = A= 1+£1IU = HhSh
I
Eh = BSh 4y + )
gSt (t9 Sh: Ih’ Sv,Iv) ¢ r,
" — A ESyIn S
jlt =B T Tigr, — Hvdw
I, £S)]
T = il Hob

Su(t*) = (1 = pr)Su(t)
I(t") = (1 = qu)In(t)
So(t7) = (1= pu)Sy(t)
L(tT) = (1= p)L,(2)

(ts Shs Iha Sl)s Iv) € F,

r = {(ta Sh> Ihs Sl)all)) € N X RI/Sh(t) 2 ShT; Sv(t) 2 SUTyt = nTa n € N}

4)
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3 Disease-free periodic solution (DFPS)

In this section, we investigate the dynamics of the disease-free periodic solution of system (4). In the
absence of the disease, the infected compartment are empty, that is I = 0 and I, = 0. Thus, the following
system is obtained :

(ds,(t
dhf):/\h_ﬂhsh,
ds,(t) Ay
dr v Hew (5)

Su(t™) = (1 = pr)Su(t),
Su(t+) = (1 - pu)Sv(t)-

\

3.1 The order-1 disease-free periodic solution (order-1 DFPS)

Here, we focus on the study of order-1 disease-free periodic solution, that is (k + 1) T-DFPS. Solving
system (5) with initial conditions

Sp(nT*) = (1 = pp)Sp(nT) and S,(nT") = (1 - p,)S,(nT),

with n € N, we obtain

A A
St =204 <s,,(nr+) _ h)e—uha-nn
Hh Hh
and

A A
Sty ==+ (Sv(nT+) - > g t=nT),

v v

We now derive the existence of the (0 + 1) T-PPS (Positive Periodic Solution) of system (5). We assume that
the interventions are carried out at each monitoring timing nT = 1,2, ---, thus

Si((n+ 1T = (1 - pp) An + (Sh(nT+) - Ah) e‘”hT], (6)
Hh Hh
and
Sv((n + 1)T+) = (1 - Pv) 21) + <Su(nT+) - Av) e_”vT]‘ (7)

Let Sp((n+ 1)T*) = Sp(nT*) and S,((n+ 1)T*) = S,(nT™), then the unique fixed point is
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(Sihs S1) = (Ah(l —p(A—eT) A1 - po)(1 - e_”vT)>
Wl U= (= p)e ™) (1= (1= p)eieT) )

where Sp(nT*) = S), and S,(nT*) = SY,. Thus, there exist a (0 + 1)T-PPS of system (5) denoted by
(%0, S5V (1)) with

phe_:uh(t_nT)
1— (1= pplem!

A
S,S%il)(t):l;[l— },nT<tg(n+1)T,neN,

and

Py e_.uv(t_”T)

1= (= pe T

A,
S,f‘%”(t)z[l— ],nT<tg(n+1)T,neN.
Ho

The lower and upper bounds of S,EOT’l)(t) are given by

Ap Ph A preFnl

0 _ 0 _

Lh—(l_ 1_(1_ ) _ﬂhT> and Uh = 1-— 1_(1_ ) e b
Hh pn)e Hh pn)e

respectively. The lower and upper bounds of Sg%l)(t) are respectively equal to

A A T
L="(1- Py = Jand U} = —=(1- pye = .
Ho 1-(1—pyeto Ho 1—(1—pyet
CED

When Sy > Uy and S,7 > U, then no pulse intervention will be carried out and in this case (S}(IOT’I)(I), el (t))
does not exist. On the other hand, if Sy < U,? and S,7 < U? holds, there is a positive (0 + 1)T-PPS
(SS)T’l)(t), 55‘;%)) of system (5).

We now consider the general case, that is, the existence of the (k + 1)T-PPS of system (5), where k is
any positive integer. We assume that there is no intervention at time (n + r)T,r = 1, -+, k, while pulse
interventions are administered at time (n + k + 1)T. Then,

Si((n+k+1T") =1 - pp)

ﬂ + (Sh(nT+) _ Ah) e_llh(k"'l)T],
Hh Hh
and

S((n+k + 1)T+) =(1- Pv)

ﬁ + <SU(TIT+) _ /\U> e—,u,,(k+1)T:| )
U

v v
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Let
Sp(n+k+1DTT) =S,(nT*") and S,(n+k+1DT) =S,(nT").

There exists a unique positive fixed point (S{“h, Sk ) given by

Ay(1 = p,)(1 — e (DT)
,Uv(1 - (1 - Pv)e_‘u”(kH)T) .

kA1 = pp)( — e rnkEDT)

ko_
(1= (1 — pp)e DT and §y, =

Hence, system (5) can have a (k + 1) T-PS denoted by (S,(lkT’l)(t), Ssl%l)(t)), with

sk = Ay ppernt=nT)

" Hh 1—(1 = pp)e kDT J°
sy = Moy pyetult=nT)

. mo\ 1= (1= pye kT )

where nT<t<(n+k+1)T,neN.

The existence of the (k+1) T-PPS holds when the pulse interventions are only carried out at time (n+k+1)T.

Since, Sl(lkT’l)(t) and Sgl}’l)(t) are increasing for t €|nT,(n + k + 1)T], thus we only need the relations

SED((n+ K)T) < Spr < SEV((n+ k+1)T)
and

SED((n+ 0)T) < Syr < SEV(n + k+ 1)T).
That is,

Lf < Spr < UF

and

L¥ < S,r < UK,

where LF and U} are the lower and upper bounds of S,(ll;l)(t) given by

| P pre T
"o\ 1= (1= ppemlnT
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and

Uk _ ﬂ 1 _ phe_”h(k+1)T
" 1= (1~ pp)e kDT )7

LF and UF are the lower and upper bounds of Sgl}’l)(t) given by

kool poe T
o 1— (1~ pyetulksDT

and

Uk _ ﬁ 1 pue_”v(k“)T
"\ T T= (- poen®T )

For any (ki, k;) € N2, with k; # k;, we now show that the (k; + 1)T-PPS and (k; + 1) T-PPS of system (5)
can not co-exist. For that, we assume that k; < k; and thus vk € N, Lﬁ < U,f and LF < U,

Compute that

phe_.uh(k+1)T
Lk B 1- 1= (1— pp)e kDT ) .
uf pre T 70 @

1= (1 ppem®eDT

and
e_ﬂv(k+1)T
k+1 1- B _
L, _ 1-(1- pv)e 1 (k+2)T >1 9
Uk = pye HoEFDT : ©)

1= (1 - py)e kDT

Thus, from (8) and (9) we deduce that Vk € N, U}]: < Lﬁ“ and UF < L}

Further,

A —pnkT A
lim Lk = lim —2(1- Phe _ An
k—+o0 k—+oo L1py 1-— (1 — ph)efllh(kJrl)T Lh

and
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A —pn(k+1)T A
lim U= lim “0(1- P =28
k—+o0 k—+co lip 1— (] — ph)e—#h(k+1)T Uh
Thus,
A,
lim Lf = lim Uf= =%
k—+o0 k—+o0 Hh
We also have
A _ﬂva A
lim LF= lim =2(1- Pu® ==,
k—+o0 k—+oo [1;, 1-— (1 — pu)eﬂuv(k‘H)T Ly
and
_Hv(k+1)T A
lim UX = lim 22(1- ¢ =
k—+o0 k—+oo 1, 1-— (1 — pv)e_llv(k+1)T Ly
Hence,
A,
lim L* = lim Uf ==
k—+o0 k—+oo Hy

Therefore,

A
< <Li<Ul<—<Li<Uf<-<Iicul<. <™
Hh

and

A
LR<U<Ll<Ul< < <cUh < <llecyl <. <22

Ho

If (k; + 1)T-PPS and (ky + 1) T-PPS of system (5) coexist, then we would have

LY < S <UY, L < S <UP, Lo <sr<UR, IR <50 <UR,

(10)

(11)

which contradicts equations (10) and (11). Thus, the (k; + 1) T-PPS and (k; + 1) T-PPS cannot coexist for all

(k1, ko) € N?, with k; # k,. Then, we state the following result.
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Proposition 1: If S,y < Up and S,r < U holds, system (5) has a unique (0 + 1)T-PPS (S,(lojll)(t), Sg%l)(t)).

Generally, for any positive integer k, lfL}]; <Spr < U,f and LK < S,1 < UK, there exists a unique (k + 1) T-PPS
k, k,

(S,STl)(t), SIETl)(t)) of system (5).

The existence of the (k + 1)T-PPS (SglkT’l)(t), Sf,l}’l)(t)) of system (5) means that there is an order-1 (k +
1)T-DFPS (Sg;l)(t), 0, Sgl;l)(t), 0) of system (4).

3.2 Stability analysis of the order-1 disease-free periodic solution

In this part, we study the stability of the (k + 1) T-DFPS (SEZkT’l)(t), 0, 55’}’1)(1‘), O) of system (4). Assuming
that (Si’;l)(t), 0, Sgl}’l)(t), O) exist, thus there is a neighborhood region of (th, va), denoted by Ny x st ,
such that solutions of system (4) with (S,(t), S,(¢)) starting in Nslkh x Nslkv satisfy vVt €|nT,(n+ k + 1)1hT] with
n € N, the following system

[ dSu(2) BSHI,
T = A — _ S
dIdt S Arab Hhoh
t
Z()z POy +
dszt) L+al, I t#(n+k+1)T,neN,
v v
=N - S
dt 1+ Cth Huov
dIU(t) — 'vaIh _
dt 1+Cth Holv (12)

Su(t™) = (1 = pr)Su(t)

(") = (1 — qu)In(t)

Sy(t7) = (1= po)Se(1)
| L) == p)L(1)

t=(n+k+1)T,neN.

Let M be the jacobian matrix associated to (12) at the point (Sg;l)(t), 0, Sgl%l)(t), O). Thus,
—pun 0 0 —ps®
0 —(u+y+d) 0 BSEI®

0 _§SIEI’;’1)(t) ~Ho 0

0 £sD(1) 0 —
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Let

Su() = Uy(t) + Ste"(b),
Iy(t) = Vi(1),
S,(t) = Up(1) + SV (o),
L(t) = Vy(t),

where U (t), Us(t), V1(¢) and V,(¢) are small perturbations with

Ui(1) U1(0)
Vi(t) | _ V1(0)
(1) = (1) U,(0) ,0<t<(k+1)T
Va(t) V,(0)

where the matrix ¢(t) satisfy

do(t)

Tl Mo(t),

and ¢(0) = I is the identity matrix. It follows that

e_/lh(k+1)T (plZ O (p14

0 ®22 0 (24

o((k+1)T) =

efo(kJrl)T 5, dt

0 P32 P34

0 P42 0 P44

Ann. Commun. Math. 9 (2026): 1

(13)
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where,

P12

P14 =

Q22 =

P24 =

P32 =

P34 =

Qa2 =

Pag =

51 =

5 2 =
Then, we obtain

U((n+k+ 1T
Vil(n+ k+1)TT)
U((n+ k+ 1T
Vo((n+ k+1)TT)

(82 — 61)(un + 52) (82 — 60)(pn + 61)

BESTOSEWO peors g BESTIOSENW poor g,
(52 ) (pn + 51) (82 = 60)(pn + 82)

Bt (D +82) _ BS (0Ga + 80\ e
(8 — 51)(/Jh+51) (82 = 60)(pn + 82)

IO 80 gty g B OG +8) ey g

<ﬂ§S§k DsE®  pESEImsiy ”(t)) -

e
(52 0)(pn + 62) (82 — 6)(pn + 61)
Ly + &2 o ®T 5 4 o+ 01 & /(k+1)15 dt
52 51 52 - 51

(py + 61)(py + 62) (efoocﬂ)f st _ T, dt)
ESSE (62 - 81) ’

k,
§S( U(t)( fo(k+1)T sidr efo(k+1>r 5, dt)
Oy — 61 ’

(kDT _ Fot 82 s Mot 1 o s

52—51 52_51

k1
g;( )(gt)( j(—)(k+1)T62 dt efo(kﬂ)r 5 dt),
2 01

o + 52 ol rde _ Ho Tt O1 51 eh Bt

52 51 52 - 51

Qo+ a4y + d) = o — i — y — A2+ 4EBSED SN (1)
. ,

G+ g+ v + D)+ o =g — v = dF + 4TI DSE )

2
1— pp 0 0 0 U((n+k+1T)
0 1—qp 0 0 Villn+k+1)T)
0 0 1-p, 0 U((n+k+1DT) |

0 0 0 1—p, |\ Va((n+k+1)T)
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Let the matrix
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e (kDT P12 0 P14
1 - pn 0 0 0 0 P22 0 P24
g2l o a0 o |,
0 0 1-p, 0 (k+1)T
/ 8, dt
0 0 0 1-p, 0 P32 €’ P34
0 P42 0 Paa
Thus, with a bit of algebra we obtain
(1= pr)eEDT (1= py)gs, 0 (1= pn)p1s
0 (1 - qn)e22 0 (1 — gn)ep2a
J =
(k+1)T
0 (1=pes (1=pleh 2% (1= p)gss
0 (1- Pv)§042 0 (1- Pv)(P44
The characteristic polynomial of Py of J is given by
Py = (A =T = T33)(A = 23)(A — A4).
Clearly, the eigenvalues of J are given by
/11 = (1 - ph)e_”h(k+1)T5
(k+1)
Jo = (-peh o
1 = o2+ Jaa = |(Joz — Jua)? + 4Ti2Toa
3 - s
2
L= T2+ Jus + (T2 — Jus)? + 4T Toa
4 - s

2
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where

Ju =0 —pp)eEDT g = (1= perz, Tia =1 = pows, Toz = (1= qp)ea,
(k+1)T

Joa = (1= qn)@2s, Jz2 = (1= py)esz, Jz3 = (1 - Pu)ef" B Tag = (1 - p)esas

Jiz = (1= pp)@az, Jaa = (1= py)pas.
From Floquet theory ([7], [8]), if the moduli of the eigenvalues of T are less than one, then the (k+1)T-DFPS
(S,(ll;l)(t), 0, Sg’;’l)(t), 0) of system (4) is locally asymptotically stable.
We observe that 0 < A;,A; < 1 and therefore the stability of (S%l)(t), 0, Sy}’l)(t), O) depends on the
eigenvalues A3 and A4. For that, let

Rir1 = max{| As || Ag [},

thus the following result holds.

Proposition 2: For any positive integer k :
i) if Rky1 < 1, then the (k + 1) T-DFPS (S%l)(t), 0, 551%1)(1‘), 0) of system (4) is locally asymptotically stable,

ii) if Rgy1 > 1, then the (k + 1)T-DFPS <S§ll§1)(t), 0, 55]%1)(1,‘), 0) of system (4) is unstable.

3.3 Higher order disease-free periodic solution

Here, we study the existence of the order-m DFPS of system (4) with m > 2. To do so, we start with
simple examples and the general case will be derive by mathematical induction. We start with m = 2 and
we first investigate on the nonexistence of the (0 + 2)T-DFPS. Assuming that pulsed interventions are
implemented at nT with n € N, thus from (6) and (7) we deduce that

Si((n+2)T") =1 - pp)

A A

L <Sh((n +1)T) - ’l)ﬂﬂ].
Hh Hn

Let Sp(nT*) = Sp((n + 2)T™), then

(1- Ph)Ah(l - phe_”hT -(1- ph)e—thT)

Sh(nT+) = ,Uh(l _ (1 _ ph)Ze—Z/JhT)

Since 1 — ppe #T — (1 — pp)e 2T > 0, it follows that

S0 _ (1= p)An(1 = pre T — (1 — pp)e 4 T)
" 1n(1 = (1 = pp)2e=2mT)

3
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is the unique positive fixed point of equation Sp(nT*) = Sy((n + 2)T*). Similarly, solving equation
Sy(nT*) = S,((n+ 2)T™) gives us

(1 - Pu)Au(l - pve_u”T - (1 - Pv)e_Z””T)

SinT7) = (1= (1= pye2T)

Further, using the fact that 1 — p,e T — (1 — p,)e T > 0, we obtain a unique positive fixed point given by

0 _ (1- Pv)Av(l - Pve_'u”T -(1- Pv)e_Zp”T)
2 (-1 - Pv)zeizva) '

System (4) has a (0 + 2) T-PPS if

Se((n+1)T") = 8, and S,((n+ 1)T) = SJ,.

We easily verify that Sp((n + 1)T*) = 59, and S,((n + 1)T") = SJ,, so there is no (0 + 2)T-PPS of system
(5). Thus, the following result holds.
Proposition 3: There is no (0 + 2)T-PPS of system (5), therefore there is no (0 + 2) T-DFPS of system (4).

We now study the existence of (1 + m)T-PPS of system (5) Vm > 2. Assuming that no intervention is
carried out at time (n + 1) T while preventive and control measures are applied at the appropriate times
(n+2)T,-,(n+m+1)T. Then,

(A A
Zhoy (Sh(nT+) - h)e_”hT forl=1,
Hh Hh

Sp((n+ DTH) = (14)

-2 o
ML= pr) _ puih Z(l S L Ap(1 = pp) e T
Hh Fh iz fih
T (1—pp)te TS, (nTH) for2<I1<m+1,
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and

v v

(A A
4 (SU(nT+) - U)e””T forl =1,

S((n+DT*) = " (15)

I—
A~ o) _ P j(l — pp)e T — A1 -
v
Ho Ho =

+(1-p)temTs,(nTH) for2<I<m+1.

Ho

Equations (14) and (15) can be proved by mathematical induction. Firstly, for I = 2 and [ = 3, equations (14)
and (15) holds true. Assuming that expressions (14) and (15) holds true for I < m. Compute that

-1 Nt (DT
A A ; : Ap(1 H
Su((n+ 1+ 1)T) = =1 _ Pritn > (1 - pp) e — w1 = pn) e
Bho ph o Hh

+ (11— pp) eI T g (nT)
and

ﬁ Av(l _ pv)l—le—(l+1)p,)T

Ho

-1
Ny 1
S ((n+1+1)T) = _LZ(l_pv)J L=jmT _
v Ho =
+ (1 —pu)l_le_(l+1)””TSv(nT+).

Thus,

l_ —
Ap(1 = pp) _ Prln i(l _ e _ Ap(1 = pp)le@OmT
Hh Hn 4o Lh

+ (1—pp)e BT s, (nT™)

Sy((n+1+1DTH) =

and

N1 = P, A il _ 1 ,~(+)u, T
o(1 Py P A1
S((n+1+1)T") = ( ) — v E 1-p,)e jmT ( pv)'e

Ho Ho j=1 Ho

+ (1= pp)le ImTg,(nTh).
Therefore, equations (14) and (15) holds true for I € {1,..,m + 1}.

Setting Sp(nT*) = Sp((n+m+ 1)T*) and S,(nT*) = Sy((n + m + 1)T™), we obtain
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m—1
Ah(l —pn—pn Y, (1—ppYe T — (1 Ph)me_(m+l)”hT>

j=1

Sp(nT*) =
o) (1= (1= pyre-medmT)
and
m—1 ) )
Av(l - Pv - Pv Z(l - pv)Je_mUT - (1 - Pv)me_(m+1)ﬂUT>
S,(nT") = I
v( ) ,uv(l _ (1 _ pv)me—(m+1)/,tUT)
Since
m—1 ) )
1= pr—pn (1= pp)e T — (1= pyyme mDmT 5 g
j=1
and
L=po=po D (1= poY e T — (1= py)"e ™ O0T > 0,
j=1

thus the only positive fixed points of equations S,(nT*) = Sp,((n + m + 1)T*) and
Sy(nT*) = Sy((n+ m+ 1)T*) are respectively

m—1
Ah(l —pn—pn ), (1= ppYe T —(1- Ph)'”e_(’"“)”hT)

J=1

S} =
e pn (1= (1 = ppyme-(mtDimT)
and
m—1 ) )
Av<1 —Pv— Dv Z(l - Pu)]e_JIJUT -(1- pv)me—(mﬂ)/,t,,T)
1 Jj=1
Sl)m =

,Uv<1 _ (1 _ pu)me—(m+1),u,,T)

Then, there exist a (1 + m)T-PPS of system (5) denoted by (S,(llT’m)(t), S,%m)(t)) where
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m—1
Ap

j=1
- T < NT
Hh pn(1 = (1 — ppymemDmT) AT <t<(n+2)
-2 . ' m | |
Sglli"m)(t) = Z(l _ ph)]e_]}lhT 4 Z(l _ ph)je_(]+l)llhT (16)
An Anpn j=1 =
— = 1+ S
e Hn 1—(1— pp)memDn

1— -1 ,—lu, T
1 ((1 IZI))’" e_(m+1)ﬂhT e a<l<m,
— — pr)e

(n+DT<t<(n+1+ 1T

and

m—1
AUpU<1 + Z(l _ pv)je_j)uvT>e_)uv([_nT)
Ay

=1
- ,aT<t<(n+2)T
Ho po (1= (1 = pyyme(memT)
SEm(p) = 22 . T (17)
v Z(l — p)emT 4 Z(l — py) e U D
Ny Nypy Jj=1 j=l
— = 1+ T
Ho Ho 1- (1 - pv)me (m+ 1y

_ -1~y T
1 ((11 p;)) e( +1)p T)eﬂ”(t("”)T), 2<1l<m,
_ — Dy me* m v

(n+DT<t<(n+1+1)T.

By computation, we obtain

_ Ahphe_”hT 1—emT
Sp((n+2)T)—S,((n+3)T) = p (1 T pte T >0

and

_ Avpve_ﬂ”T 1—enTl
Sy((n+2)T) = S,((n+3)T) = m (1 “a- pv)ze—3,uvT) > 0.

Thus, S,((n+2)T) > Sp((n+3)T) and S,((n+2)T) > S,((n + 3)T).
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For | > 3, we have

Anpr(1 — pp)2e =0T >0
g (1= (1 — pp)leH+DmT)

Si((n+DT) =S, ((n+1+1)T) =

and

Aqu(l - pu)l—ze—(l—l)va >0
Ly [1 -(1- p,,)le—(l“)llvT]

Ss((n+DT)-S,((n+1+1)T) =

Hence, Sp((n+ DT) > Sp((n+ 1+ 1)T) and S,((n + DT) > S,((n + L + 1)T).

Let Lgll’m) and L{™ are the lower bounds of S;IIT’m)(t) and Sl%m)(t) respectively and U,El’m) and U™ are the
upper bounds of SfllT’m)(t) and Sg%m)(t) respectively.

Thus, we have

L™ = S ((n+ )T, L8 = sEP(n+ DT,
U™ = sE((n 4+ 1+ 1)T), U™ = SE(n+ 1+ 1)T).

That is,
m—1 ) )
AhPh<1 + Z(l _ ph)Je—JuhT>
L(l,m) _ ﬂ . Jj=1
" pr pn(1= (1= pp)me(mtimT)
m—1 ) )
Aopo| 1+ Y (1 pv)’e‘”‘“T>
pam Mo j=1
L ’ Ho ﬂv(l -(1- pv)me—(mﬂ)p,,T) ,

and
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m—2

Z(l — pp)e T 4 (1= py)"e (mHDT
pam B Aapn (=
h = _ _ —(m+1)u, T
Pho i 1—(1— ppymetm+in

-pytem ™\
1— (1 _ Ph)me—(m+1)p;,T € >

m—2

Z(l _ pv)je_j””T +(- pv)me—(mﬂ)uuT

U(l,m) — ﬁ — Aivpu 1+ J=1
Y Ho Ho 1-(1- Pv)me_(m+1)va

(1 _ pv)m—le—mp,)T T
1-— (1 _ pv)me—(mﬂ)p,,T € :

Thus, the result about the existence of the (1 + m)T-PPS of system (5) can be stated as follow.

Proposition 4: Ym > 0, ingll’m) < Spr < U}(ll’m) and LM < S,r < U™, then system (5) have a (1 +
m)T-PPS (S,(llT’m)(t), Sl%m)(t)) Therefore, system (4) has a (1+m)T-DFPS denoted by (S,(llfm)(t), 0, Sl()%m)(t), O).

Now, we derive the stability result of the (1 + 2) T-DFPS (S,(;T’Z)(t), 0, Sl()%z)(t), 0). Let

(1 - pp)e T ol 0 Pla
0 ‘P%z 0 ‘P%4
H1 =
1 L sde 1
0 @3 (1= py)eho P34
0 404112 0 ‘P}m

and
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(1 —ppe T o3, 0 P34
0 90%2 0 4’54
H2 =
2 LT side 2
0 @3, (1= py)elr P34
0 9"52 0 4’24

Define H = H; x H,. Thus,

(1= pp)2e T 4y, 0 V14
0 V22 0 Vo
H = bl
2 3T 5 dt
0 Y3z (1—py)eh V34
0 V4o 0 Yaa
with

Y12 = (1= pr)e T ol + 01,05, + @140k,
Yra = (1= pr)e T oty + 01,05, + 01405,
Y22 = 03005 + 02405,
Y24 = 02034 + 024 0hs
Y32 = @lph, + (1 - Pv)efo2
Y34 = 3005, + (1 = Pv)ef02
Va2 = 01203, + PiaPio,
Yas = Qio03a + PiaPis-

T
61 dt 2 1 .2
05 + 03404,

T
Sidt 2 12
T34+ 03404,

We focus on the moduli of the eigenvalues of the matrix H. Let

Hy=(1- Ph)26_3”hT, Hiz = Y12, Hia = Y14,

3T
Hyz = Va2, Hoa = Yaa, Hap = Y32, Hiz = (1 —Pu)zefo Sidt
Hss = Y3a, Hag = Yag, Hag = Yaa
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The eigenvalues of the matrix H are given by

o1 =(1—pp)Pe T,

T
or= (1= po)eh B,
_ Hzs + Hyy — \/(sz — Hyy)* + 4H oMy
2 bl
_ Hzs + Hyg + \/(sz — Hayy)* + 4H oMy
5 .

03

04

Clearly, 0 < 01 < 1,0 < 03 < 1, therefore the stability of (S}(llzlz)(t), 0, SS%Z)(t), 0) depends on the moduli of

the eigenvalues o3 and 0. Let R? = max{| o3 |,| o4 |}, then the following result hold.

Proposition 5: IfR(l’z) < 1, the (1+2)T-DFPS (Sng’z)(t), 0, Sl(,%z)(t), O) of system (4) is locally asymptotically
stable and when R > 1, the (1 + 2)T-DFPS (S}?T’z)(t), 0, SE%Z)(t), 0) is unstable.

4 Numerical simulations

In this section, we present the results of numerical simulations of model (4). We present two situations,
namely when the disease goes extinct and when it persists in the community. In Figure 1, the initial
conditions are varied and we observe that the number of cases of infections decreases and eventually
reaches zero. This situation reflects the result obtained in Proposition 5. Figure 2 shows that the disease
persist in the community. Here also, the initial conditions are varied and we observe long-term stability of
the number of infections. In this case, the application of additional control measures is necessary to bring
the epidemic back to a non-endemic state.
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Figure 1: Disease extinction. Parameters used are Ay = 80,8 = 0.0002, yp, = 0.014, y = 0.00012, A, = 500,¢ =
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0.00038, 1, = 0.15,d = 0.0001, ¢; = 4, ¢, = 5, pj, = 0.2, g = 0.22, p, = 0.3.

Susceptible humans

10000
8000
6000
4000 W
2000
0
0 100 200 300 400
Time (day)
Susceptible vectors
8000
6000
4000
2000 k
0
0 100 200 300 400

Time (day)

Figure 2: Disease persistence. The parameters are Ay,
0.00038, i, = 0.15,d = 0.001, ¢; = 0.012, ¢; = 0.015, p = 0.2, g5, = 0.22, p, = 0.3.
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5 Conclusion

In this paper, we have presented a mathematical model of a vector-borne disease which highlights
impulsive treatments at fixed times. This model describe susceptibles-triggered threshold policy at fixed
monitoring timings to decide whether to administrate intervention or not. This modelling approach can
effectively avoid the excessive use of prevention and control measures and waste of ressources. We defined
a periodic solution containing k monitoring periods without implementing interventions and m monitoring
periods with administrating interventions, which is denoted as (k + m)T-PS. Firstly, we investigate the
dynamics of the disease-free periodic solution of the model. For any given nonnegative integer k, we discuss
the existence of the (k+1) T-DFPS (SglkT’l)(t), 0, 55’}’1)(1‘), 0) of system (4) and prove that (S;lkT’l)(t), 0, 55’}’1) (1),0)
is locally asymptotically stable for R, < 1, while it is unstable for Rx;; > 1. On the other hand, for any
given m being positive integer, we study the existence of (1 + m)T-DFPS (S}(fT’m)(t), 0, Sl%m) (1), 0) of system
(4), and we also investigate its stability with studying the stability of (S,(:T’Z)(t), 0, Sl()lT’z)(t), 0) as an example.
Furthermore, numerical simulations are carried out to support the theoretical results obtained. Several
extensions of this work deserve consideration. On the one hand, it would be relevant to extend this impulsive
framework to fractional-order models, combining the memory effects inherent to fractional operators with
the discontinuous structure of impulses. On the other hand, introducing a stochastic component into the
impulsive system would make it possible to account for random environmental fluctuations affecting vector
dynamics.
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