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Abstract: The purpose of this paper is to introduce and study the notion of various important forms of general type-2
fuzzy grammars, namely, the general type-2 fuzzy grammar in normal form, general type-2 fuzzy linear grammar,
general type-2 fuzzy left linear grammar, and general type-2 fuzzy right linear grammar. We establish that each of
these forms is equivalent to a general type-2 fuzzy regular grammar (except for an empty string) in the sense that
they induce the same class of general type-2 fuzzy languages. These results not only generalizes classical equivalence
theorems from fuzzy grammar theory but also provide a theoretical basis for the analysis and future development of
general type-2 fuzzy grammar theory.
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1 Introduction

In classical formal language theory, grammars operate under a binary framework where a string either
belongs to a language or does not. However, natural languages inherently exhibit vagueness, ambiguity,
and graded membership, which cannot be adequately captured by such crisp structures. To bridge this
gap between formal languages and linguistic reality, Lee and Zadeh [8] introduced the notion of fuzzy
languages and fuzzy grammars by incorporating the concept of fuzziness into formal grammatical systems.
This framework is particularly useful in areas such as natural language processing, pattern recognition,
and approximate reasoning, where uncertainty plays a central role.

Following this development, substantial research has been carried out to analyze the structural properties
of fuzzy grammatical systems. In particular, the study of normal forms and restricted classes such as linear,
left-linear, and right-linear fuzzy grammars has attracted considerable attention, along with investigations

; Copyright © 2026 The Author(s). Licensee Techno Sky Publications.
This article is an open-access article distributed under the terms and conditions of the Creative Commons
- Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).


10.62072/acm.2026.09029
https://www.technoskypub.com/journal/acm/
https://orcid.org/0000-0001-7974-7518
mailto:shambhupuremaths@gmail.com
https://orcid.org/0009-0009-6621-4566
mailto:rakesh363a@gmail.com
https://orcid.org/0009-0009-1732-0741
mailto:nitishkumar16121994@gmail.com

2of 16 Ann. Commun. Math. 9 (2026): 13

into their equivalence properties. In this context, Chaudhari and Komejwar [3] examined fuzzy regular
grammars and established important structural results. Further extensions of the classical framework have
also been explored, including fuzzy multiset regular grammars by Sharma et. al. [14], as well as intuitionistic
fuzzy regular grammars by Rajasekar and Thilagavathi [12]. These studies demonstrate that significant
efforts have been made to generalize classical grammatical models within various fuzzy frameworks in
order to handle different aspects of uncertainty and imprecision.

Despite these advancements, most of the existing models are based on type-1 fuzzy sets introduced by
Zadeh [17], where the degree of membership is represented by a precise numerical value [0, 1]. However, in
many real-world problems, there exists an additional level of uncertainty associated with the membership
values themselves, which cannot be effectively captured within the type-1 framework. This limitation
motivates the use of type-2 fuzzy sets, introduced by Zadeh [18], wherein the membership grades are
themselves fuzzy, providing a more expressive and flexible representation of uncertainty. Following this
concept, Mizumoto and Tanaka [11] were the first to introduce the concept of fuzzy-fuzzy automata, also
referred to as type-2 fuzzy automata. Subsequently, motivated by the work of Ying [16], Jiang and Tang [6]
extended this framework to the interval type-2 setting, thereby proposing interval type-2 fuzzy automata
along with interval type-2 fuzzy pushdown automata. Later, Sharan et al. [13], inspired by Jiang and Tang’s
approach, introduced the notion of interval type-2 fuzzy grammars and examined their relationship with
the corresponding automata. In continuation of these efforts, Jing [5] generalized the interval type-2 fuzzy
set-based model of Jiang and Tang [6] into a more comprehensive general type-2 fuzzy environment.

Although interval type-2 fuzzy grammars provide a richer framework than type-1 fuzzy grammars, they are
restricted to interval-valued secondary membership functions and therefore cannot fully represent complex
uncertainties arising in many real-world situations. In practical applications such as natural language
processing, decision-making, pattern recognition, and knowledge representation, uncertainty may possess
highly irregular and non-uniform characteristics that cannot be adequately modeled by interval type-2
structures. General type-2 fuzzy sets offer a more comprehensive representation of uncertainty by allowing
arbitrary secondary membership functions, thereby capturing a wider range of imprecision and ambiguity.
Despite this expressive capability, the structural theory of general type-2 fuzzy grammars remains largely
unexplored compared with the extensive studies available for type-1 and interval type-2 fuzzy grammars
(cf. [15], for more details). In particular, the existence of equivalent normal and linear forms and their
effect on language generation have not been systematically investigated. This motivates the present study,
which aims to establish a theoretical foundation for general type-2 fuzzy grammars and extend classical
equivalence results to this broader framework.

In this direction, the present work focuses on general type-2 fuzzy grammars and investigates their structural
properties. Specifically, we introduce several significant forms of general type-2 fuzzy grammars, including
the normal form, linear form, left-linear form, and right-linear form of general type-2 fuzzy grammars.
It is shown that each of these forms is equivalent to general type-2 fuzzy regular grammars (except for
an empty string) in the sense that they generate the same class of general type-2 fuzzy languages. This
equivalence result indicates that the structural constraints imposed by these grammatical forms do not alter
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their generative capacity. Consequently, these results not only generalizes classical equivalence theorems
from fuzzy grammar theory but also provide a theoretical basis for the analysis and future development of
general type-2 fuzzy grammar theory.

2 Preliminaries

In this section, we recall some concepts related to GT,F sets, GT,F automata and its languages.
Throughout, X is a nonempty set, Z = [0,1] and [Z] ={[a,b] : a < b,a, b € I}.

2.1 General type-2 fuzzy sets

We begin with the following:

Definition 2.1: [10] A GT,F sets, denoted by A, whose membership function is type-2 fuzzy sets, defined as,

A={((xo)pi(x) - xeXvef C T}

where i ; is type-2 membership function yi ; : X x J, —> I,¥x € X, J, C T in which p ; € [0,1] can also be

/xex Ae]x yéf xv)v) <t

where [ [ denotes the union over all admissible x and u. For discrete universes of discourse [ is replaced by
>,
Throughout, .7 1,(X) will denote the set of all GT,F subsets of X.

expressed as

Definition 2.2: [10] Let A € .Z51,(X). Then for each value of x € X, say x = x’, the two-dimensional plane
whose axes arev € J,» and ,ufi(x’, v) is called vertical slice of i1 ;(x,v). A secondary membership function is a
vertical slice of,ufi(x, u), Le.,

/(v)
ng Jv €1 gw() e T.

nit) = pite =0 = [

UEJX/

Definition 2.3: The domain of a secondary membership function is called the primary membership of x,
which we also called as secondary set.

In view of the concept of secondary sets, we can re-express A € Z61,(X) in terms of vertical slice as

A= {(x () : vx € X}

or,as.%{Z/ 1) =/ / &)
xex X xeX | Jvel, U

/x, where ], CT.
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If X and J, are both discrete, then Ae Z61,(X) can be expressed as follows

Z gx(v)

- x( )
A = ) vy 3 B
xeX | vely i=1[ve]y
gx(v) fx(v)
= / X
kZl U1k ]; Vik ‘
gx(v)

Throughout this paper, we consider both X and J, are discrete.

Now, we recall some operations on GT,F sets from [9].

Definition 2.4: [9] Let A Be F61,(X) be two GT,F sets, where

L]

po [ O [ ([ RO
xeX X xeX [ Jvegp U
ThenVx € X,

(i) the union of A and B is defined as

~ ~ ,UU() x()‘hx( )
AUB:/xeX A(f) s where p; 5(x) = - /«/E]x il w,

(vvw)

/x, where]. C1,

/x, where]. C 1.

where & is the minimum operation and V is the maximum operation.
(ii) the intersection of A and B3 is defined as

~ 5 l’l.AﬂB( ) _ gx(v) ’ hx(w)
ANB= /xeX (x) where IJ'AOB(X) vEJY /we]x (A w) ’

where A is the minimum operation. We denote

2x(v) ® hy(w)
Al B) = /vejx [vejw Aw)

A GTF set is said to be empty if its membership function is identically 1/0 on X. Then A(x) n ¢(x) =
d(x)n A(x) = ¢(x) = 1/0, and A(x) U ¢(x) = #(x) U A(x) = A(x)
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(iii) the complement of A is defined as

fc _ /lf{C(x) . _ gx(v)
. Gy here madx) = /J (1-0)

(iv) the scale product of A with k is defined as,

£(0) A g0) )
(k- A)(X)_/ae]/ue]” (o n0) == =~ where K_/ae] p

g(0) € 1, ie, k is a fixed fuzzy number in I and J C T is a closed sub-interval of 1.
(v) the height of A = [224:11 Ly, (Ulk)/vlk] /x1 + ...
+ [224:]‘]1 Sxy (ka)/ka] /xN is denoted and defined by

T T T (g 01) A g 02) A e A gy (0nn))

%(A) = (Uli\/UzjV..-vah)

2.2 General Type-2 fuzzy automata and its languages

In this subsection, we recall the concept of GT,F finite automata and its languages from [5].

Definition 2.5: A GT,F automaton is a quintuple M = (S, Vv, 5 S0, A), where S and V are finite set of states

and finite set of input alphabets respectively, s, € S is an initial state and 6 and A are characterized as follows:

1. §:SxV > Fr1,(S), called the transition map s.t., forany s € Sanda € 'V, 5(s,a) € For1,(S), and it
may be seen as the possibility distribution of the states that the automaton in state s and with input a can
enter. Formally, 5(si, a)(s;j) and 5(s;, a) are defined as follows:

M;
~ (u; (u; (u; (ujpm,
8(si, a)(sj) = Z fs,(uie) = f5( ﬂ)+fsj( 12)+...+fs’( JM’),where ujp € Jx €I, 0<j<N, 1<k< M,
=1 Wik Uj Uj UjM;

k=1 Uok k=1 Uik k=1 UNK

[ My fso(uok)] [ M fsi(uik)] [ My sy (uni)
5(si, a) = + +

,where uj € Jy CI, 0<i<N.
So Si SN

2 Ae Ft1,(S) and for each s; € S, A(s;) indicates intuitively the degree to which s; is a final state. That is,
A and ./{(s,-) are define as follows:

[zk ! ulk] Fot 7[224;1 u%“] Fot 7[22@1 L%Nk]

S1 Si SN

,where, ujp € Jy CI, 1<i<N.

~ 1 1
A(s) = = , where, uj €y, CI, 1<i<N, 1<k<M,.
{uin, wiz, ..., uingi [wi, uini)




6 of 16 Ann. Commun. Math. 9 (2026): 13

Remark 2.1: GT,F finite automata can be considered as a generalizations of fuzzy finite automata defined in
[16] as GT,F finite automata are based on GT,F sets while fuzzy finite automata are based on Ty fuzzy sets.

Definition 2.6: [6] Let A = (S, Vv, 5, S0, f{) be a GT,F automaton.

1

The transition function 5 is extended to 5* : Sx V* — For,(S), where
5(s,8)=1/1/s

5*(s, 0a) = U[g*(s, 9)(1)).5(}% a)

pEeS

forall® € V* and a € V, where 1/1/s is a singleton in S. i.e., the GT,F subset of S with membership 1
(i.e, 1/1 at s and 1/0 membership for all the other elements of S). In addition, 5(s, 0)(p).5(p, a) stands
for the scale product of GT5F set 5(p, a) with the parameter 5(s, 0)(p).

For any 6 € V™, the degree to which 0 is accepted by M is

L(M ., 0) = (5*(s0,0) N A).
A GTF language accepted by #, denoted as (M), defined by

P(HYO) = L(M,0), V0 eV, where Fo1,(V¥) denotes the set of all GT,F setsin V™.

Example 2.1: Let M = (S, V.8, so, A) be a CT,F automaton, where S = {s, s1, 2}, V = {a, b}, A =
0.05/0.01/s; + 0.03/0.02/s, + 0.06/0.03 /s, + 0.04/0.06 /s + 0.06/0.07 /55 + 0.05,/0.08 /55 + 0.07/1/ and
is given by

5(so,a) = 0.03/0.02/sy +0.04/0.03/s; + 0.06/0.04/s1,

5(s;,a) = 0.01/0.06/sy +0.03/0.07/s; + 0.07/0.08/s; + 0.06/0.02/s5 + 0.03,/0.03 /s,
5(sz,a) = 0.05/0.04/s, +0.02/0.05/s; + 0.07/0.06/ 5,

5(s;,b) = 0.03/0.02/s; +0.04/0.03/s; + 0.1/0.03/s, + 0.02/0.05/ s,

5(s;,b) = 0.08/0.01/s; +0.01/0.02/s1 + 0.05/0.04/s1 + 0.03/0.06/s, + 0.02/0.07/s5.

Then, we have the following:

5(sp,a) = 0.03/0.02/s; +0.04/0.03/s; + 0.06/0.04/s;,
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(0.03/0.02 + 0.04/0.03 + 0.06,/0.04).5(s1, a)

= (0.03/0.02 + 0.04/0.03 + 0.06,/0.04).(0.01/0.06/s; + 0.03/0.07/s;
+0.07/0.08/s1 + 0.06/0.02/s, + 0.03/0.03/s3)

= 0.01/0.04/s; +0.03/0.04/s; + 0.06/0.04/s; + 0.04/0.02/s;

+0.03/0.03/s,

5*(303 aZ)

5*(so,@°) = 8*(so, aa)(s1).8(so, @) U 5*(s0, aa)(s2).8(sz, @)
= (0.01/0.04 + 0.03/0.04 + 0.06,/0.04).(0.03/0.02/s; + 0.04/0.03 /s, + 0.06,/0.04/s,)
U(0.04/0.02 + 0.03/0.03).(0.05,/0.04 /55 + 0.02/0.05 /55 + 0.07/0.06/5,)
= 0.03/0.02/s, + 0.04/0.03/s; + 0.06/0.04/s; + 0.04/0.03 /s, + 0.02/0.03/s,
+0.04/0.03 /s,

5*(so, @°b) = 5%(sy, aaa)(s1).8(s1, b) U 8*(s0, aaa)(sp).5(s2, b)
= (0.03/0.02 + 0.04/0.03 + 0.06,/0.04).(0.03/0.02/ s, + 0.04/0.03/s; + 0.1/0.03 /s,
40.02/0.05/s,) U (0.04/0.03 + 0.02,/0.03 + 0.04,/0.03).(0.08/0.01/s; + 0.01/0.02/ s,
40.05/0.04/s; + 0.03/0.06/s5 + 0.02/0.07 /55)
= (0.03/0.02/s; + 0.04/0.03/s; + 0.1/0.03 /s, + 0.02/0.04/55) U (0.04/0.01/s; +
0.01/0.02/s, + 0.04/0.03/s; + 0.03/0.03/s; + 0.02,/0.03/s5)
= 0.04/0.03/s; + 0.01/0.03/s; + 0.04/0.03/s; + 0.02/0.04/s5 + 0.02/0.04/s5

0.04/0.03/s; + 0.01/0.03/s; + 0.04/0.03/s; + 0.02/0.04/ s, + 0.02/0.04/s,

N 0.05/0.01/s; + 0.03/0.02/s; + 0.06/0.03/s; + 0.04/0.06/s; + 0.06/0.07/s,
+0.05/0.08/s, + 0.07/1/s,

= 0.04/0.01/s; +0.03/0.02/s; + 0.04/0.03/s; +0.02/0.04/s; + 0.02/0.04/s, +
0.02/0.04/s; + 0.02/0.04/s,.

5*(30, ab)n A
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The degree to which string a®b is accepted by M is

H(5*(s,a°b) n A)

= (0.04/0.01/s, +0.03/0.02/s; + 0.04/0.03/s; +
0.02/0.04/s5 +0.02/0.04/s5 + 0.02/0.04 /s, + 0.02/0.04/ s5)

= (0.04 A 0.02)/(0.01 v 0.04) + (0.04 A 0.02)/(0.01 v 0.04) +
(0.04 A 0.02)/(0.01 v 0.04) + (0.04 A 0.02)/(0.01 v 0.04) +
(0.03 A 0.02)/(0.02 v 0.04) + (0.03 A 0.02)/(0.02 v 0.04) +
(0.03 A 0.02)/(0.02 v 0.04) + (0.03 A 0.02)/(0.02 v 0.04) +
(0.04 A 0.02)/(0.01 U 0.04) + (0.04 A 0.02)/(0.01 Vv 0.04) +
(0.04 A 0.02)/(0.01 v 0.04) + (0.04 A 0.02)/(0.01 v 0.04)

= 0.02/0.04.

P(M,a®b)

3 General Type-2 fuzzy regular grammar and its languages

In this section we introduce and study the concept of GT,F grammar and establish their relationship
with GT,F languages.

Definition 3.1: A GT,F grammar is a quadruple G = (N, T, R, I), where N and T are finite alphabet of
nonterminal and terminal symbols respectively, I € N is a starting nonterminal symbol, and R is characterize
as follows:

1. Ris a finite collections of GT,F productions over N U T such that R ={a LA Bla, B € (N U T)*}, where
¢ is a mapping from (N U T)* x (N U T)* to Z¢r,(T*), called GT,F transition function.

We may interpret 6(a, ) as the grade of membership that a will be replaced by f, denoted by 6(a, ) =

. . G, . ; e
&(a — p). For the sake of convenience, a— [} is sometimes written as @ — f in R.

Remark 3.1: The above definition can be viewed as a natural extension of the existing fuzzy grammar
framework. In the classical fuzzy grammar, each production rule @ — f is associated with a type-1 membership
degree in [0, 1], representing the certainty with which the replacement of « by p takes place. In the proposed
GT,F grammar, this single-valued membership degree is generalized to a GT,F membership function &(a, ),
thereby allowing uncertainty not only in the appllcablllty ofa productzon rule but also in the membership grade
itself. Thus, the algebraic structure of the grammar G = (N, T, R, I) remains unchanged, while the uncertainty
model becomes more expressive. Moreover, whenever the secondary membership grades reduce to singleton
values, GT,F grammar collapses to the classical fuzzy grammar, showing that the latter is a special case of the
proposed model.

Definition 3.2: Leta 5, B be a production of the GT,F grammarg~ =(N, T, R, I), and let y, Se (Nu T~
Then the string yf9 is said to be directly derivable from ya S, which we shall denote by
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ya(§=&>yﬁ5.

Now, let aq, a, ..., & € (N U T)* such that g; N i1, i=1,2,..,m— 1. Then a,, is said to be
derivable from «; in the grammar G, and we write

e AN Q-

The sequence

a1 gazg%'"&g; Um

is called the derivation chain of @, from «;. The overall GT,F derivation degree of the chain is defined by
6= (51N Gy NN Gr)

Definition 3.3: LetC = (N, T,R,I) be a GT,F grammar. Then L)€ For,(T) is defined as

PG O) = A5 1 0]0eTH,
g

where Zr,(T*) denotes the set of all GT,F sets in T*.

Example 3.1: LetG = (N, T, R, I) be a GT,F grammar, where N = (I, A,B), T = {a, b} and R = {I M
al, 0.05/002 aA, A 0.06/0.04 aA, A M aB, B M b}. If the derivation of 0 = (aaab) in C are as
follows
[ 004003 005002 005006 o 003005
0.05/0.02 A 0.06,/0.04 aap 2000 o 0.03/0.05 waab . then,
L(C,0) = {0.04/0.03 1 0.05/0.02 N 0.05/0.06 N 0.03/0.05

n0.05/0.02 N 0.06/0.04 N 0.05/0.06 N 0.03/0.05}
= {0.04,0.05,0.05,0.03,0.05, 0.06, 0.05,0.03}/
v{0.03,0.02, 0.06, 0.05, 0.02, 0.04, 0.06, 0.05}
= 0.06/0.06.

Definition 3.4: Let Q~ = (N, T, f{, I) be a GT,F grammar. Then QN is called regular if every production

a B € R satisfies 5(a, f) # 1/0, and is one of the following forms: A % aBAS a0l S U, where
A,B €N, aceT,andd(A ) denotes the GT,F degree of the production. Accordingly, Z; is called GT,F
regular language.
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Definition 3.5: Let Q~’ and QN” be Two GT,F grammars. Then Q~’ and QN” are said to be equivalent (=) if they
generate the same class of GT,F languages, i.e., Z(G") = .£(G").

Now we recall the following result from [15].

Proposition 3.1: Let G be a GT,F regular grammar, then3 GT,F automata 4 such that L(#) = £(G).

Definition 3.6: A GT,F grammar G = (N, T, R, ) is said to be in normal form if every production of R is
restricted to one of the following forms: A Z aB; A Z a;, A Z u, when A = I, where, ABe€N,aeT,qis
GT,F membership grade with 6 # 1/0, and p denotes the empty string.

Example 3.2: Let G = (N, T,7~€,I) be a GT, grammar, where, N = {I, A,B}, T = {a, b}. The set of GT,F
productions R is given by

0.4/0.2
I —— dA,

0.6/0.3
A — aB,

0.5/0.4
B ;> b.

Clearly, all productions of G are in GT,F normal form. Thus, the string 0 = aab is derived in G as:

0.4/0.2
I —— adA,

0.6/0.3
A — aaB,

B 95/04, aab.

Proposition 3.2: For every GT,F regular grammar G, there is a GT,F grammar G in normal form such that
2(9) = 2.
Proof: Let G = (N, T,R,I) be a GT;F regular grammar. Then every production in R is of the form

AS p, where A€ N, € T*B, with Be N u{y}, 6 € Zgr,(T*), 6 # 1/0. In order to prove that there
exists a GT,F grammar, ¢’ = (N’, T, R’,I) in normal form, we have to prove that .Z(G) = Z(¢’). Let

A aay - agB, k > 2, be any production in R. Consider new non-terminal symbols, Dy, D;, ..., Di_1 ¢ N.
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Then we define N’ = N U{D;, D, ..., Di_1}. Now, replace the single production A s, aay -+ agB by the
following sequence of productions:
A i) ap Dl:

o
D, — a;D;,

o
Dy — ar_ 1Dy,

c
Dk*l g akB.

Here, all productions are now in Normal Form and the same GT,F membership ¢ is assigned to each
production. In the original grammar, the production contributes the membership 6. In the transformed
grammar, the derivation chain uses k productions, each labeled by ¢. By Definition 3.2, the derivation
membership is given by

AGNEN-NG)=6.
Hence, there is no change in the GT,F derivation degree. If A Z aja, -+ ag, then replace it by

1]
A — a1Dy,

o
D; — a;Ds,

o
Dy, — ag.

Again, the grammar is in Normal Form and the GT,F membership is preserved and the production I o
already belongs to the Normal Form and is therefore kept unchanged. Lastly, every derivation in G
has a corresponding derivation in ¢/, the generated strings are identical, and the GT,F membership
aggregation via H is preserved. Moreover, the supremum over all derivations remains unchanged. Thus,

L) = 2. O

Proposition 3.3: For every GI,F grammar in normal form, there is a GT,F finite automaton M such that
L(M) = Z(G).

Proof: Let Q~ =(N, T, 7~?,, I) be a GT,F grammar in normal form. Then A i> aB, A i> a, I i> u. We
construct a GT,F automaton .# = (Q, T, 8, qo, F) as follows:

. Q=N

- q =1,

«  for each production A s, aB, define §(A, a, B) = &,
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+  for each production A LA 11, define F(A) = 5.
Let 6 = ajay -+ a, € T”. Suppose that

I3 a4 S aaph, 250

is a derivation of 0 in . Then there exists a corresponding path in ./

P > g = > g,

where q; = A; fori = 1,2, ..., n. Then, the membership degree of this derivation is
(510 650N Gy,

which coincides with the acceptance degree of w by M, that is,

LM, 0)=H(5(q.0)nTF).

Hence,

L(G) = L(M).

Conversely, Let M = (Q, T, 5 Qo> i’) be a GT,F automaton. We construct a GT,F grammar, C= (N, T, R, I )

as follows:
. N=0,
. I = q0>

« for each transition 5(q, a, p) = &, include the production ¢ LA apin R,

F
« for each final state g € Q, include the production ¢ —@—> U

All productions in R are in normal form. Each accepting path in M corresponds to a derivation in G, and
the membership aggregation is governed by the same operator .7°. Therefore, L (.#) = £(G). [

Definition 3.7: A GT;F grammar G = (N, T, R,I) is said to be a GT,F linear grammar if every production
in R is of one of the following forms:

K o
A—xB or A— x,

where,A,B€ N,x € T*, 6 € Z¢r,(T*) with& # 1/0.
If x appears only to the left of the non-terminal B, then G is called a right linear GT,F grammar. If x
appears only to the right of B, then G is called a left linear GT,F grammar.
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Definition 3.8: A GT,F language Ze F61,(T) is called a GT,F linear language, if there exists a GT,F
linear grammar, Q~ =(N, T, R, I) such that £ = f(é)

Remark 3.2: By the definition of GT,F linear grammars, it is evident that the class of GT,F regular languages
is contained within the class of GT,F linear languages.

Proposition 3.4: Every GT,F left linear grammar is equivalent to a GT,F right linear grammar, they generate
the same GT,F language.

Proof: Let é 5= (N, T, R o1 ) be a GT,F left linear grammar. Then each production in R & is of one of

the forms A = Ba or A - a, where A,Be N,a € T,and 6 € Z¢r,(T*). We construct a GT,F right
linear grammar Ci = (N, T, Ry, 1 ) by transforming each production in R & as follows:

«  For each production A 2 Bain R & include the production A Z aBin 7~€7~€.
«  For each production A % ainR > include the production A Z ain f{fa'

Let 6 = ajay -+ a, € T*, aderivation of 6 in ¢ & corresponds to a derivation of 6 in QNR obtained by reversing
the order of non-terminal expansion. Since each corresponding production carries the same general type-2
fuzzy membership &, the derivation membership in both grammars is H(G1 N Gy0 N &), which is
identical. Hence,

LG 2)0) = L(C;)6) forall e T
Therefore,
LG y) = L(GCp).

Conversely, every GT,F Right Linear Grammar is equivalent to a GT,F Left Linear Grammar, can be proved
analogously. Hence, GTF left linear and right linear grammars are equivalent. []

Proposition 3.5: Every GT,F Right Linear Language can be generated by a GT,F Grammar in Normal Form.

Proof: Let . be a GT;F Right Linear Language. Then there exists a GT,F Right Linear Grammar G =
(N, T, R, I ) such that P = (Q~) By definition, every production in R is of one of the forms A —

xB or A x, where A,B € N, x € T*, and 6 € F51,(T") with & # 1/0. If |x| = 1, the production is
already in Normal Form. Let |x| = k > 2 and write x = a;a; - ai. Introduce fresh non-terminals

Dy, D,,...,Di_; € N,
and replace the production

4
A — ajay - arB
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by the sequence
AS oD, DS aD, .. Diy S aB.

A similar construction applies to productions of the form A % x. All resulting productions are in Normal
Form. Hence, .Z(C) = .Z(¢’), where A’ is the resulting Normal Form grammar. [J

Example 3.3: Let C=(N,T,R,I) be a GT,F Right Linear Grammar, where N = {I, A}, T ={a, b}, and
R = {I s abA, AS b } The production I 2 abAis right linear but not in Normal Form. Introduce a

new non-terminal D, ¢ N and define
N’ =Nu{D;}

Replace the production I 7, abA by I o, aD;, D, 7, pA, Thus, the transformed grammar ¢’ =
(N’, T,R’,I) has productions

R = {Ii aDy, D; 2> bA, A D b},
which are all in Normal Form. Both grammars generate the same GT,F Language, that is, j(é) = DS,Z(QN’).

Proposition 3.6: The following classes of GT,F grammars are equivalent (except for the empty string A)

(i) GT,F regular grammar,

(ii) GT,F left linear grammar,

(iii) GT,F right linear grammar,
(iv) GT,F grammar in normal form.

4 Conclusion

In this study we examines general type-2 fuzzy grammars with an emphasis on their internal structure
and properties. Specifically, we have introduced several key variants of these general type-2 fuzzy grammars,
namely the normal form, linear form, left-linear form, and right-linear form. We demonstrates with suitable
examples that all these variants are equivalent to general type-2 fuzzy regular grammars, as they produce the
same family of general type-2 fuzzy languages. This result shows that imposing such structural restrictions
does not affect their expressive or generative power. We hope that the equivalence results obtained here
are especially suitable for modeling sequential and pattern-based systems under higher-order uncertainty.

These forms are expected to play an important role in emerging applications such as intelligent decision-making,
where general type-2 fuzzy frameworks provide improved capability for handling higher-order uncertainties
compared to classical models (cf., [1,2], for more details). Furthermore, with the increasing interest in
general type-2 fuzzy logic for complex system modeling, these grammatical forms may contribute to
future developments in image processing, natural language processing, and hybrid learning systems, where
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multi-layered uncertainty and linguistic ambiguity are inherent [7].

As a direction for future work, the authors plans to study the topological and categorical aspects of automata
and its language theory in the context of type-2 fuzzy sets. This approach is expected to provide clearer
insights into their structural properties and contribute to a more coherent and well-defined theoretical
framework (as done, e.g., in [4]).

Author Contributions: Shambhu Sharan: Conceptualization, Methodology, Writing—Original Draft, Supervision.
Rakesh Kumar: Conceptualization, Formal analysis, Methodology, Writing - review & editing. Nitish Kumar:
Visualization, Supervision, Results analysis. All authors have read and approved the final version of the manuscript
for publication.

Acknowledgement: The authors are greatly indebted to the referees for their valuable observations and suggestions
for improving the presentation of the paper.

Funding Statement: The author(s) received no specific funding for this study.
Data Availability Statement: Not applicable
Ethics Approval: Not applicable.

Use of Generative-Al tools declaration: The authors declare that no Artificial Intelligence (AI) tools
were used in the creation of this article.

Conflicts of Interest: The authors have no competing interests to disclose.

References

1. A K Shukla, P. K. Muhuri, General Type-2 fuzzy decision making and its application to travel time selection,
Journal of Intelligent & Fuzzy Systems: Applications in Engineering and Technology 36 (6) (2019), 5227-5244.
https://doi.org/10.3233/JIFS-18071

2. A K Varshney, V. Torra, Literature Review of the Recent Trends and Applications in Various Fuzzy Rule-Based
Systems, International Journal of Fuzzy System 25 (2023), 2163-2186. https://doi.org/10.1007/s40815-023-01534-w

3. S.R. Chaudhari, D.D. Komejwar, On Fuzzy Regular Grammars, Advances in Fuzzy Mathematics 6 (2011), 89-103.

4. J. Worthington, A bialgebraic approach to automata and formal language theory, Annals of Pure and Applied
Logic 163 (2012), 745-762. https://doi.org/10.1016/j.apal.2011.09.019

5. Y. Jiang, A general type-2 fuzzy model of computing with words, International Journal of Intelligent Systems 33
(2018), 713-758. https://doi.org/10.1002/int.21952

6. Y.Jiang, Y. Tang, An interval type-2 fuzzy model of computing with words, Information Sciences 281 (10) (2014),
418-442. https://doi.org/10.1016/j.ins.2014.05.055

7. K. Mittal, A. Jain, K. S. Vaisla, O. Castillo, J. Kacprzyk, A comprehensive review on type 2 fuzzy logic
applications: Past, present and future, Engineering Applications of Artificial Intelligence 95 (2020), 103916.
https://doi.org/10.1016/j.engappai.2020.103916

8. ET. Lee, L.A. Zadeh, Notes on fuzzy languages, Information Sciences 1 (4) (1969), 421-434.
https://doi.org/10.1016/0020-0255(69)90025-5

9. J.M. Mendel, Uncertain Rule-Based Fuzzy Logic Systems: Introduction and New Directions, Springer Nature
Switzerland AG, 2017. https://doi.org/10.1007/978-3-319-51370-6



16 of 16 Ann. Commun. Math. 9 (2026): 13

10. J. M. Mendel, R.IL John, Type-2 fuzzy sets made simple, IEEE Transactions on Fuzzy Systems 10 (2) (2002), 117-127.
https://doi.org/10.1109/91.995115

11. M. Mizumoto, K. Tanaka, Fuzzy-fuzzy automata, Kybernetes 5 (2) (1976), 107-112. https://doi.org/10.1108/eb005415

12. M. Rajasekar, T.S. Thilagavathi, Intuitionistic Fuzzy Regular Grammars, J. Phys.: Conf. Ser. 1850 (2021), 012099.
https://doi.org/10.1088/1742-6596/1850/1/012099

13. S. Sharan, B. K. Sharma, K. Jacob, Interval type-2 fuzzy automata and interval type-2 fuzzy grammar, Journal of
Applied Mathematics and Computing 68 (2021), 1505-1526. https://doi.org/10.1007/s12190-021-01577-y

14. B.K. Sharma, A. Syropoulos, S. P. Tiwari, On fuzzy multiset regular grammars, Annals of Fuzzy Mathematics
and Informatics, 12 (2016), 617-639.

15.  S.Sharan, R. Kumar, N. Kumar, On characterizations of general type-2 fuzzy grammar and its languages by general
type-2 fuzzy finite automata, New Mathematics and Natural Computation, (2026).
https://doi.org/10.1142/S1793005727500736

16. M.Ying, A formal model of computing with words, IEEE Transaction on Fuzzy Systems 10 (5) (2002), 640-652.
https://doi.org/10.1109/TFUZZ.2002.803497

17. L. A.Zadeh, Fuzzy sets, Information and Control 8 (3) (1965), 338-353. https://doi.org/10.1016/S0019-9958(65)90241-X

18. L.A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning, Information
Sciences 8 (3) (1975), 199-249. https://doi.org/10.1016/0020-0255(75)90036-5

Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of Techno Sky Publications and/or the editor(s). Techno Sky Publications and/or the editor(s) disclaim
responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the

content.



	Introduction
	Preliminaries
	General type-2 fuzzy sets
	General Type-2 fuzzy automata and its languages

	General Type-2 fuzzy regular grammar and its languages
	Conclusion
	References

