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Abstract: The purpose of this paper is to introduce and study the notion of various important forms of general type-2
fuzzy grammars, namely, the general type-2 fuzzy grammar in normal form, general type-2 fuzzy linear grammar,
general type-2 fuzzy left linear grammar, and general type-2 fuzzy right linear grammar. We establish that each of
these forms is equivalent to a general type-2 fuzzy regular grammar (except for an empty string) in the sense that
they induce the same class of general type-2 fuzzy languages. These results not only generalizes classical equivalence
theorems from fuzzy grammar theory but also provide a theoretical basis for the analysis and future development of
general type-2 fuzzy grammar theory.
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1 Introduction

In classical formal language theory, grammars operate under a binary framework where a string either
belongs to a language or does not. However, natural languages inherently exhibit vagueness, ambiguity,
and graded membership, which cannot be adequately captured by such crisp structures. To bridge this
gap between formal languages and linguistic reality, Lee and Zadeh [8] introduced the notion of fuzzy
languages and fuzzy grammars by incorporating the concept of fuzziness into formal grammatical systems.
This framework is particularly useful in areas such as natural language processing, pattern recognition,
and approximate reasoning, where uncertainty plays a central role.

Following this development, substantial research has been carried out to analyze the structural properties
of fuzzy grammatical systems. In particular, the study of normal forms and restricted classes such as linear,
left-linear, and right-linear fuzzy grammars has attracted considerable attention, along with investigations
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into their equivalence properties. In this context, Chaudhari and Komejwar [3] examined fuzzy regular
grammars and established important structural results. Further extensions of the classical framework have
also been explored, including fuzzy multiset regular grammars by Sharma et. al. [14], as well as intuitionistic
fuzzy regular grammars by Rajasekar and Thilagavathi [12]. These studies demonstrate that significant
efforts have been made to generalize classical grammatical models within various fuzzy frameworks in
order to handle different aspects of uncertainty and imprecision.

Despite these advancements, most of the existing models are based on type-1 fuzzy sets introduced by
Zadeh [17], where the degree of membership is represented by a precise numerical value [0, 1]. However, in
many real-world problems, there exists an additional level of uncertainty associated with the membership
values themselves, which cannot be effectively captured within the type-1 framework. This limitation
motivates the use of type-2 fuzzy sets, introduced by Zadeh [18], wherein the membership grades are
themselves fuzzy, providing a more expressive and flexible representation of uncertainty. Following this
concept, Mizumoto and Tanaka [11] were the first to introduce the concept of fuzzy–fuzzy automata, also
referred to as type-2 fuzzy automata. Subsequently, motivated by the work of Ying [16], Jiang and Tang [6]
extended this framework to the interval type-2 setting, thereby proposing interval type-2 fuzzy automata
along with interval type-2 fuzzy pushdown automata. Later, Sharan et al. [13], inspired by Jiang and Tang’s
approach, introduced the notion of interval type-2 fuzzy grammars and examined their relationship with
the corresponding automata. In continuation of these efforts, Jing [5] generalized the interval type-2 fuzzy
set-based model of Jiang and Tang [6] into a more comprehensive general type-2 fuzzy environment.

Although interval type-2 fuzzy grammars provide a richer framework than type-1 fuzzy grammars, they are
restricted to interval-valued secondary membership functions and therefore cannot fully represent complex
uncertainties arising in many real-world situations. In practical applications such as natural language
processing, decision-making, pattern recognition, and knowledge representation, uncertainty may possess
highly irregular and non-uniform characteristics that cannot be adequately modeled by interval type-2
structures. General type-2 fuzzy sets offer a more comprehensive representation of uncertainty by allowing
arbitrary secondary membership functions, thereby capturing a wider range of imprecision and ambiguity.
Despite this expressive capability, the structural theory of general type-2 fuzzy grammars remains largely
unexplored compared with the extensive studies available for type-1 and interval type-2 fuzzy grammars
(cf. [15], for more details). In particular, the existence of equivalent normal and linear forms and their
effect on language generation have not been systematically investigated. This motivates the present study,
which aims to establish a theoretical foundation for general type-2 fuzzy grammars and extend classical
equivalence results to this broader framework.

In this direction, the present work focuses on general type-2 fuzzy grammars and investigates their structural
properties. Specifically, we introduce several significant forms of general type-2 fuzzy grammars, including
the normal form, linear form, left-linear form, and right-linear form of general type-2 fuzzy grammars.
It is shown that each of these forms is equivalent to general type-2 fuzzy regular grammars (except for
an empty string) in the sense that they generate the same class of general type-2 fuzzy languages. This
equivalence result indicates that the structural constraints imposed by these grammatical forms do not alter
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their generative capacity. Consequently, these results not only generalizes classical equivalence theorems
from fuzzy grammar theory but also provide a theoretical basis for the analysis and future development of
general type-2 fuzzy grammar theory.

2 Preliminaries

In this section, we recall some concepts related to 𝐺𝑇2𝐹 sets, 𝐺𝑇2𝐹 automata and its languages.
Throughout, X is a nonempty set,  = [0, 1] and [] = {[𝑎, 𝑏] ∶ 𝑎 ≤ 𝑏, 𝑎, 𝑏 ∈ }.

2.1 General type-2 fuzzy sets

We begin with the following:

Definition 2.1: [10] A 𝐺𝑇2𝐹 sets, denoted by ̃, whose membership function is type-2 fuzzy sets, defined as,

̃ = {((𝑥, 𝑣), 𝜇̃(𝑥, 𝑣)) ∶ 𝑥 ∈ X, 𝑣 ∈ 𝐽𝑥 ⊆ },

where 𝜇̃ is type-2 membership function 𝜇̃ ∶ X × 𝐽𝑥 → , ∀𝑥 ∈ X, 𝐽𝑥 ⊆  in which 𝜇̃ ∈ [0, 1] can also be
expressed as

̃ =
∫
𝑥∈𝑋

∫
𝑢∈𝐽𝑥

𝜇̃(𝑥, 𝑣)

(𝑥, 𝑣)

, 𝐽𝑥 ⊆ ,

where ∫ ∫ denotes the union over all admissible 𝑥 and 𝑢. For discrete universes of discourse ∫ is replaced by
∑ .

Throughout, F𝐺𝑇2(X) will denote the set of all 𝐺𝑇2𝐹 subsets of X.

Definition 2.2: [10] Let ̃ ∈ F𝐺𝑇2(X). Then for each value of 𝑥 ∈ X, say 𝑥 = 𝑥
′, the two-dimensional plane

whose axes are 𝑣 ∈ 𝐽𝑥′ and 𝜇̃(𝑥
′
, 𝑣) is called vertical slice of 𝜇̃(𝑥, 𝑣). A secondary membership function is a

vertical slice of 𝜇̃(𝑥, 𝑢), i.e.,

𝜇̃(𝑥
′
) ≡ 𝜇̃(𝑥 = 𝑥

′
, 𝑣) =

∫
𝑣∈𝐽

𝑥
′

𝑔𝑥′(𝑣)

𝑣

, 𝐽𝑥′ ⊆ 𝐼 , 𝑔𝑥′(𝑣) ∈ .

Definition 2.3: The domain of a secondary membership function is called the primary membership of 𝑥 ,
which we also called as secondary set.

In view of the concept of secondary sets, we can re-express ̃ ∈ F𝐺𝑇2(X) in terms of vertical slice as

̃ = {(𝑥, 𝜇̃(𝑥)) ∶ ∀𝑥 ∈ X}

𝑜𝑟, 𝑎𝑠 ̃ =
∫
𝑥∈X

𝜇̃(𝑥)

𝑥

=
∫
𝑥∈X[

∫
𝑣∈𝐽𝑥

𝑔𝑥(𝑣)

𝑣 ]
/𝑥, 𝑤ℎ𝑒𝑟𝑒 𝐽𝑥 ⊆ .
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If X and 𝐽𝑥 are both discrete, then ̃ ∈ F𝐺𝑇2(X) can be expressed as follows

̃ = ∑

𝑥∈X[
∑

𝑣∈𝐽𝑥

𝑔𝑥(𝑣)

𝑣 ]

/𝑥 =

𝑁

∑

𝑖=1

⎡

⎢

⎢

⎣

∑

𝑣∈𝐽𝑥
𝑖

𝑔𝑥(𝑣)

𝑣

⎤

⎥

⎥

⎦

/𝑥𝑖

=

[

𝑀1

∑

𝑘=1

𝑔𝑥(𝑣)

𝑣1𝑘 ]

/𝑥1 + ... +

[

𝑀𝑖

∑

𝑘=1

𝑓𝑥(𝑣)

𝑣𝑖𝑘 ]

/𝑥𝑖 + ...

+

[

𝑀𝑁

∑

𝑘=1

𝑔𝑥(𝑣)

𝑣𝑁𝑘 ]

/𝑥𝑁 ,

Throughout this paper, we consider both X and 𝐽𝑥 are discrete.

Now, we recall some operations on 𝐺𝑇2𝐹 sets from [9].

Definition 2.4: [9] Let ̃, ̃ ∈ F𝐺𝑇2(X) be two 𝐺𝑇2𝐹 sets, where

̃ =
∫
𝑥∈X

𝜇̃(𝑥)

𝑥

=
∫
𝑥∈X[

∫
𝑣∈𝐽

𝑣

𝑥

𝑔𝑥(𝑣)

𝑣 ]
/𝑥, 𝑤ℎ𝑒𝑟𝑒 𝐽

𝑣

𝑥
⊆ ,

̃ =
∫
𝑥∈X

𝜇̃(𝑥)

𝑥

=
∫
𝑥∈X[

∫
𝑣∈𝐽

𝑣

𝑥

ℎ𝑥(𝑣)

𝑣 ]
/𝑥, 𝑤ℎ𝑒𝑟𝑒 𝐽

𝑣

𝑥
⊆ .

Then ∀𝑥 ∈ X,
(i) the union of ̃ and ̃ is defined as

̃ ∪ ̃ =
∫
𝑥∈X

𝜇̃∪̃(𝑥)

(𝑥)

, 𝑤ℎ𝑒𝑟𝑒 𝜇̃∪̃(𝑥) = ∫
𝑣∈𝐽

𝑣

𝑥

∫
𝑤∈𝐽

𝑤

𝑥

𝑔𝑥(𝑣) ♦ ℎ𝑥(𝑤)

(𝑣 ∨ 𝑤)

,

where ♦ is the minimum operation and ∨ is the maximum operation.
(ii) the intersection of ̃ and ̃ is defined as

̃ ∩ ̃ =
∫
𝑥∈X

𝜇̃∩̃(𝑥)

(𝑥)

, 𝑤ℎ𝑒𝑟𝑒 𝜇̃∩̃(𝑥) = ∫
𝑣∈𝐽

𝑣

𝑥

∫
𝑤∈𝐽

𝑤

𝑥

𝑔𝑥(𝑣) ♦ ℎ𝑥(𝑤)

(𝑣 ∧ 𝑤)

,

where ∧ is the minimum operation. We denote

̃(𝑥) ∩ ̃(𝑥) =
∫
𝑣∈𝐽

𝑣

𝑥

∫
𝑤∈𝐽

𝑤

𝑥

𝑔𝑥(𝑣) ♦ ℎ𝑥(𝑤)

(𝑣 ∧ 𝑤)

.

A 𝐺𝑇2𝐹 set is said to be empty if its membership function is identically 1/0 on X. Then ̃(𝑥) ∩ 𝜙(𝑥) =

𝜙(𝑥) ∩ ̃(𝑥) = 𝜙(𝑥) = 1/0, and ̃(𝑥) ∪ 𝜙(𝑥) = 𝜙(𝑥) ∪ ̃(𝑥) = ̃(𝑥)
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(iii) the complement of ̃ is defined as

̃𝑐
=
∫
𝑥∈X

𝜇̃𝑐 (𝑥)

(𝑥)

, 𝑤ℎ𝑒𝑟𝑒 𝜇̃𝑐 (𝑥) = ∫
𝑣∈𝐽

𝑣

𝑥

𝑔𝑥(𝑣)

(1 − 𝑣)

.

(iv) the scale product of ̃ with 𝜅 is defined as,

(𝜅 ⋅ ̃)(𝑥) =
∫
𝜎∈𝐽

∫
𝑣∈𝐽

𝑣

𝑥

𝑔(𝜎) ∧ 𝑔𝑥(𝑣)

(𝜎 ∧ 𝑣)

, 𝑤ℎ𝑒𝑟𝑒 𝜅 =
∫
𝜎∈𝐽

𝑔(𝜎)

𝜎

,

𝑔(0) ∈ , i.e., 𝜅 is a fixed fuzzy number in  and 𝐽 ⊆  is a closed sub-interval of .
(v) the height of ̃ = [∑

𝑀1

𝑘=1
𝑔𝑥1

(𝑣1𝑘)/𝑣1𝑘]/𝑥1 + ...

+ [∑
𝑀𝑁

𝑘=1
𝑔𝑥𝑁

(𝑣𝑁𝑘)/𝑣𝑁𝑘]/𝑥𝑁 is denoted and defined by

̃H (̃) =

∑
𝑀1

𝑖=1
∑

𝑀2

𝑗=1
... ∑

𝑀𝑁

ℎ=1
(𝑔𝑥1

(𝑣1𝑖) ∧ 𝑔𝑥2
(𝑣2𝑗 ) ∧ ... ∧ 𝑔𝑥𝑁

(𝑣𝑁ℎ))

(𝑣1𝑖 ∨ 𝑣2𝑗 ∨ ... ∨ 𝑣𝑁ℎ)

2.2 General Type-2 fuzzy automata and its languages

In this subsection, we recall the concept of 𝐺𝑇2𝐹 finite automata and its languages from [5].

Definition 2.5: A 𝐺𝑇2𝐹 automaton is a quintuple ̃M = (𝑆, 𝑉 ,
̃
𝛿, 𝑠0, ̃), where 𝑆 and 𝑉 are finite set of states

and finite set of input alphabets respectively, 𝑠0 ∈ 𝑆 is an initial state and ̃
𝛿 and ̃ are characterized as follows:

1. ̃
𝛿 ∶ 𝑆 × 𝑉 → F𝐺𝑇2(𝑆), called the transition map s.t., for any 𝑠 ∈ 𝑆 and 𝑎 ∈ 𝑉 , ̃𝛿(𝑠, 𝑎) ∈ F𝐺𝑇2(𝑆), and it
may be seen as the possibility distribution of the states that the automaton in state 𝑠 and with input 𝑎 can
enter. Formally, ̃𝛿(𝑠𝑖, 𝑎)(𝑠𝑗 ) and ̃

𝛿(𝑠𝑖, 𝑎) are defined as follows:

̃
𝛿(𝑠𝑖, 𝑎)(𝑠𝑗 ) =

𝑀𝑗

∑

𝑘=1

𝑓𝑠𝑗
(𝑢𝑗𝑘)

𝑢𝑗𝑘

=

𝑓𝑠𝑗
(𝑢𝑗1)

𝑢𝑗1

+

𝑓𝑠𝑗
(𝑢𝑗2)

𝑢𝑗2

+...+

𝑓𝑠𝑗
(𝑢𝑗𝑀𝑗

)

𝑢𝑗𝑀𝑗

, 𝑤ℎ𝑒𝑟𝑒 𝑢𝑗𝑘 ∈ 𝐽𝑥 ⊆ 𝐼 , 0 ≤ 𝑗 ≤ 𝑁 , 1 ≤ 𝑘 ≤ 𝑀𝑗 .

̃
𝛿(𝑠𝑖, 𝑎) =

[
∑

𝑀0

𝑘=1

𝑓𝑠
0
(𝑢0𝑘)

𝑢0𝑘 ]

𝑠0

+ ... +
[
∑

𝑀𝑖

𝑘=1

𝑓𝑠
𝑖
(𝑢𝑖𝑘)

𝑢𝑖𝑘 ]

𝑠𝑖

+ ... +
[
∑

𝑀𝑁

𝑘=1

𝑓𝑠
𝑁
(𝑢𝑁𝑘)

𝑢𝑁𝑘 ]

𝑠𝑁

, 𝑤ℎ𝑒𝑟𝑒 𝑢𝑖𝑘 ∈ 𝐽𝑥 ⊆ 𝐼 , 0 ≤ 𝑖 ≤ 𝑁 .

2. ̃ ∈ F𝐺𝑇2(𝑆) and for each 𝑠𝑖 ∈ 𝑆, ̃(𝑠𝑖) indicates intuitively the degree to which 𝑠𝑖 is a final state. That is,
̃ and ̃(𝑠𝑖) are define as follows:

̃ =
[
∑

𝑀0

𝑘=1

1

𝑢1𝑘 ]

𝑠1

+ ... +
[
∑

𝑀𝑖

𝑘=1

1

𝑢𝑖𝑘 ]

𝑠𝑖

+ ... +
[
∑

𝑀𝑁

𝑘=1

1

𝑢𝑁𝑘 ]

𝑠𝑁

, 𝑤ℎ𝑒𝑟𝑒, 𝑢𝑖𝑘 ∈ 𝐽𝑥 ⊆ 𝐼 , 1 ≤ 𝑖 ≤ 𝑁 .

̃(𝑠𝑖) =

1

{𝑢𝑖1, 𝑢𝑖2, … , 𝑢𝑖𝑀𝑖}

=

1

[𝑢𝑖1, 𝑢𝑖𝑀𝑖]

, 𝑤ℎ𝑒𝑟𝑒, 𝑢𝑗𝑘 ∈ 𝐽𝑥 ⊆ 𝐼 , 1 ≤ 𝑖 ≤ 𝑁 , 1 ≤ 𝑘 ≤ 𝑀𝑗 .
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Remark 2.1: 𝐺𝑇2𝐹 finite automata can be considered as a generalizations of fuzzy finite automata defined in
[16] as 𝐺𝑇2𝐹 finite automata are based on 𝐺𝑇2𝐹 sets while fuzzy finite automata are based on 𝑇1 fuzzy sets.

Definition 2.6: [6] Let ̃M = (𝑆, 𝑉 ,
̃
𝛿, 𝑠0, ̃) be a 𝐺𝑇2𝐹 automaton.

1. The transition function ̃
𝛿 is extended to ̃

𝛿
∗
∶ 𝑆 × 𝑉

∗
→ F𝐺𝑇2

(𝑆), where

̃
𝛿(𝑠,

̃
𝛿) = 1/1/𝑠

̃
𝛿
∗
(𝑠, 𝜃𝑎) = ⋃

𝑝∈𝑆

[
̃
𝛿
∗
(𝑠, 𝜃)(𝑝).

̃
𝛿(𝑝, 𝑎)]

for all 𝜃 ∈ 𝑉
∗ and 𝑎 ∈ 𝑉 , where 1/1/𝑠 is a singleton in 𝑆. i.e., the 𝐺𝑇2𝐹 subset of 𝑆 with membership 1

(i.e., 1/1 at 𝑠 and 1/0 membership for all the other elements of 𝑆). In addition, ̃𝛿(𝑠, 𝜃)(𝑝). ̃𝛿(𝑝, 𝑎) stands
for the scale product of 𝐺𝑇2𝐹 set ̃

𝛿(𝑝, 𝑎) with the parameter ̃
𝛿(𝑠, 𝜃)(𝑝).

2. For any 𝜃 ∈ 𝑉
∗, the degree to which 𝜃 is accepted by ̃M is

̃L (
̃M , 𝜃) = (

̃
𝛿
∗
(𝑠0, 𝜃) ∩ ̃).

3. A 𝐺𝑇2𝐹 language accepted by ̃M , denoted as ̃L (
̃M ), defined by

̃L (
̃M )(𝜃) =

̃L (
̃M , 𝜃), ∀ 𝜃 ∈ 𝑉

∗
, 𝑤ℎ𝑒𝑟𝑒 F𝐺𝑇2(𝑉

∗
) 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝐺𝑇2𝐹 𝑠𝑒𝑡𝑠 𝑖𝑛 𝑉

∗
.

Example 2.1: Let ̃M = (𝑆, 𝑉 ,
̃
𝛿, 𝑠0, ̃) be a 2 automaton, where 𝑆 = {𝑠0, 𝑠1, 𝑠2}, 𝑉 = {𝑎, 𝑏}, ̃ =

0.05/0.01/𝑠1 + 0.03/0.02/𝑠1 + 0.06/0.03/𝑠1 + 0.04/0.06/𝑠2 + 0.06/0.07/𝑠2 + 0.05/0.08/𝑠2 + 0.07/1/𝑠2 and ̃
𝛿

is given by

̃
𝛿(𝑠0, 𝑎) = 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.06/0.04/𝑠1,

̃
𝛿(𝑠1, 𝑎) = 0.01/0.06/𝑠1 + 0.03/0.07/𝑠1 + 0.07/0.08/𝑠1 + 0.06/0.02/𝑠2 + 0.03/0.03/𝑠2,

̃
𝛿(𝑠2, 𝑎) = 0.05/0.04/𝑠2 + 0.02/0.05/𝑠2 + 0.07/0.06/𝑠2,

̃
𝛿(𝑠1, 𝑏) = 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.1/0.03/𝑠2 + 0.02/0.05/𝑠2,

̃
𝛿(𝑠2, 𝑏) = 0.08/0.01/𝑠1 + 0.01/0.02/𝑠1 + 0.05/0.04/𝑠1 + 0.03/0.06/𝑠2 + 0.02/0.07/𝑠2.

Then, we have the following:

̃
𝛿(𝑠0, 𝑎) = 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.06/0.04/𝑠1,
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̃
𝛿
∗
(𝑠0, 𝑎

2
) = (0.03/0.02 + 0.04/0.03 + 0.06/0.04).

̃
𝛿(𝑠1, 𝑎)

= (0.03/0.02 + 0.04/0.03 + 0.06/0.04).(0.01/0.06/𝑠1 + 0.03/0.07/𝑠1

+0.07/0.08/𝑠1 + 0.06/0.02/𝑠2 + 0.03/0.03/𝑠2)

= 0.01/0.04/𝑠1 + 0.03/0.04/𝑠1 + 0.06/0.04/𝑠1 + 0.04/0.02/𝑠2

+0.03/0.03/𝑠2

̃
𝛿
∗
(𝑠0, 𝑎

3
) =

̃
𝛿
∗
(𝑠0, 𝑎𝑎)(𝑠1).

̃
𝛿(𝑠0, 𝑎) ∪

̃
𝛿
∗
(𝑠0, 𝑎𝑎)(𝑠2).

̃
𝛿(𝑠2, 𝑎)

= (0.01/0.04 + 0.03/0.04 + 0.06/0.04).(0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.06/0.04/𝑠1)

∪(0.04/0.02 + 0.03/0.03).(0.05/0.04/𝑠2 + 0.02/0.05/𝑠2 + 0.07/0.06/𝑠2)

= 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.06/0.04/𝑠1 + 0.04/0.03/𝑠2 + 0.02/0.03/𝑠2

+0.04/0.03/𝑠2

̃
𝛿
∗
(𝑠0, 𝑎

3
𝑏) =

̃
𝛿
∗
(𝑠0, 𝑎𝑎𝑎)(𝑠1).

̃
𝛿(𝑠1, 𝑏) ∪

̃
𝛿
∗
(𝑠0, 𝑎𝑎𝑎)(𝑠2).

̃
𝛿(𝑠2, 𝑏)

= (0.03/0.02 + 0.04/0.03 + 0.06/0.04).(0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.1/0.03/𝑠2

+0.02/0.05/𝑠2) ∪ (0.04/0.03 + 0.02/0.03 + 0.04/0.03).(0.08/0.01/𝑠1 + 0.01/0.02/𝑠1

+0.05/0.04/𝑠1 + 0.03/0.06/𝑠2 + 0.02/0.07/𝑠2)

= (0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.1/0.03/𝑠2 + 0.02/0.04/𝑠2) ∪ (0.04/0.01/𝑠1 +

0.01/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.03/0.03/𝑠2 + 0.02/0.03/𝑠2)

= 0.04/0.03/𝑠1 + 0.01/0.03/𝑠1 + 0.04/0.03/𝑠1 + 0.02/0.04/𝑠2 + 0.02/0.04/𝑠2

̃
𝛿
∗
(𝑠0, 𝑎

3
𝑏) ∩ ̃ = 0.04/0.03/𝑠1 + 0.01/0.03/𝑠1 + 0.04/0.03/𝑠1 + 0.02/0.04/𝑠2 + 0.02/0.04/𝑠2

∩ 0.05/0.01/𝑠1 + 0.03/0.02/𝑠1 + 0.06/0.03/𝑠1 + 0.04/0.06/𝑠2 + 0.06/0.07/𝑠2

+0.05/0.08/𝑠2 + 0.07/1/𝑠2

= 0.04/0.01/𝑠1 + 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 + 0.02/0.04/𝑠2 + 0.02/0.04/𝑠2 +

0.02/0.04/𝑠2 + 0.02/0.04/𝑠2.
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The degree to which string 𝑎3𝑏 is accepted by ̃M is

̃L (
̃M , 𝑎

3
𝑏) =

̃H (
̃
𝛿
∗
(𝑠0, 𝑎

3
𝑏) ∩ ̃)

=
̃H (0.04/0.01/𝑠1 + 0.03/0.02/𝑠1 + 0.04/0.03/𝑠1 +

0.02/0.04/𝑠2 + 0.02/0.04/𝑠2 + 0.02/0.04/𝑠2 + 0.02/0.04/𝑠2)

= (0.04 ∧ 0.02)/(0.01 ∨ 0.04) + (0.04 ∧ 0.02)/(0.01 ∨ 0.04) +

(0.04 ∧ 0.02)/(0.01 ∨ 0.04) + (0.04 ∧ 0.02)/(0.01 ∨ 0.04) +

(0.03 ∧ 0.02)/(0.02 ∨ 0.04) + (0.03 ∧ 0.02)/(0.02 ∨ 0.04) +

(0.03 ∧ 0.02)/(0.02 ∨ 0.04) + (0.03 ∧ 0.02)/(0.02 ∨ 0.04) +

(0.04 ∧ 0.02)/(0.01 ∪ 0.04) + (0.04 ∧ 0.02)/(0.01 ∨ 0.04) +

(0.04 ∧ 0.02)/(0.01 ∨ 0.04) + (0.04 ∧ 0.02)/(0.01 ∨ 0.04)

= 0.02/0.04.

3 General Type-2 fuzzy regular grammar and its languages

In this section we introduce and study the concept of 𝐺𝑇2𝐹 grammar and establish their relationship
with 𝐺𝑇2𝐹 languages.

Definition 3.1: A 𝐺𝑇2𝐹 grammar is a quadruple ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ), where 𝑁 and 𝑇 are finite alphabet of
nonterminal and terminal symbols respectively, 𝐼 ∈ 𝑁 is a starting nonterminal symbol, and ̃ is characterize
as follows:

1. ̃ is a finite collections of 𝐺𝑇2𝐹 productions over 𝑁 ∪ 𝑇 such that ̃ = {𝛼

𝜎̃

−→ 𝛽|𝛼, 𝛽 ∈ (𝑁 ∪ 𝑇 )
∗
}, where

𝜎̃ is a mapping from (𝑁 ∪ 𝑇 )
∗
× (𝑁 ∪ 𝑇 )

∗ to F𝐺𝑇2(𝑇
∗
), called 𝐺𝑇2𝐹 transition function.

We may interpret 𝜎̃(𝛼, 𝛽) as the grade of membership that 𝛼 will be replaced by 𝛽, denoted by 𝜎̃(𝛼, 𝛽) =

𝜎̃(𝛼 → 𝛽). For the sake of convenience, 𝛼
𝜎̃

→𝛽 is sometimes written as 𝛼 → 𝛽 in ̃.

Remark 3.1: The above definition can be viewed as a natural extension of the existing fuzzy grammar
framework. In the classical fuzzy grammar, each production rule 𝛼 → 𝛽 is associated with a type-1 membership
degree in [0, 1], representing the certainty with which the replacement of 𝛼 by 𝛽 takes place. In the proposed
𝐺𝑇2𝐹 grammar, this single-valued membership degree is generalized to a 𝐺𝑇2𝐹 membership function 𝜎̃(𝛼, 𝛽),
thereby allowing uncertainty not only in the applicability of a production rule but also in the membership grade
itself. Thus, the algebraic structure of the grammar ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) remains unchanged, while the uncertainty
model becomes more expressive. Moreover, whenever the secondary membership grades reduce to singleton
values, 𝐺𝑇2𝐹 grammar collapses to the classical fuzzy grammar, showing that the latter is a special case of the
proposed model.

Definition 3.2: Let 𝛼
𝜎̃

−→ 𝛽 be a production of the 𝐺𝑇2𝐹 grammar ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ), and let 𝛾 , ̃
𝛿 ∈ (𝑁 ∪ 𝑇 )

∗.
Then the string 𝛾𝛽 ̃

𝛿 is said to be directly derivable from 𝛾𝛼
̃
𝛿, which we shall denote by
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𝛾𝛼
̃
𝛿

𝜎̃

⟹𝛾𝛽
̃
𝛿.

Now, let 𝛼1, 𝛼2, … , 𝛼𝑚 ∈ (𝑁 ∪ 𝑇 )
∗ such that 𝛼𝑖

𝜎̃𝑖

⟹ 𝛼𝑖+1, 𝑖 = 1, 2, … , 𝑚 − 1. Then 𝛼𝑚 is said to be
derivable from 𝛼1 in the grammar ̃, and we write

𝛼1̃
∼

𝜎
∗

⟹ 𝛼𝑚.

The sequence

𝛼1

𝜎̃1

⟹ 𝛼2

𝜎̃2

⟹ 𝛼3⋯

𝜎̃𝑚−1

⟹ 𝛼𝑚

is called the derivation chain of 𝛼𝑚 from 𝛼1. The overall 𝐺𝑇2𝐹 derivation degree of the chain is defined by

𝜎̃ =
̃H (𝜎̃1 ∩ 𝜎̃2 ∩ ⋯ ∩ 𝜎̃𝑚−1).

Definition 3.3: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2𝐹 grammar. Then ̃L (̃) ∈ F𝐺𝑇2(𝑇
∗
) is defined as

̃L (̃, 𝜃) = ̃H {𝜎̃ ∶ 𝐼

𝜎̃
∗

⟹

̃
𝜃 | 𝜃 ∈ 𝑇

∗
},

where F𝐺𝑇2(𝑇
∗
) denotes the set of all 𝐺𝑇2𝐹 sets in 𝑇

∗.

Example 3.1: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 2 grammar, where 𝑁 = (𝐼 , 𝐴, 𝐵), 𝑇 = {𝑎, 𝑏} and ̃ = {𝐼

0.04/0.03

−−−−−−→

𝑎𝐼 , 𝐼

0.05/0.02

−−−−−−→ 𝑎𝐴,𝐴

0.06/0.04

−−−−−−→ 𝑎𝐴,𝐴

0.05/0.06

−−−−−−→ 𝑎𝐵, 𝐵

0.03/0.05

−−−−−−→ 𝑏}. If the derivation of 𝜃 = (𝑎𝑎𝑎𝑏) in ̃ are as
follows

1. 𝐼

0.04/0.03

−−−−−−→ 𝑎𝐼

0.05/0.02

−−−−−−→ 𝑎𝑎𝐴

0.05/0.06

−−−−−−→ 𝑎𝑎𝑎𝐵

0.03/0.05

−−−−−−→ 𝑎𝑎𝑎𝑏

2. 𝐼

0.05/0.02

−−−−−−→ 𝑎𝐴

0.06/0.04

−−−−−−→ 𝑎𝑎𝐴

0.05/0.06

−−−−−−→ 𝑎𝑎𝑎𝐵

0.03/0.05

−−−−−−→ 𝑎𝑎𝑎𝑏 , then,

̃L (̃, 𝜃) =
̃H {0.04/0.03 ∩ 0.05/0.02 ∩ 0.05/0.06 ∩ 0.03/0.05

∩0.05/0.02 ∩ 0.06/0.04 ∩ 0.05/0.06 ∩ 0.03/0.05}

= ∨{0.04, 0.05, 0.05, 0.03, 0.05, 0.06, 0.05, 0.03}/

∨{0.03, 0.02, 0.06, 0.05, 0.02, 0.04, 0.06, 0.05}

= 0.06/0.06.

Definition 3.4: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2𝐹 grammar. Then ̃ is called regular if every production

𝛼

𝜎̃

−→ 𝛽 ∈ ̃ satisfies 𝜎̃(𝛼, 𝛽) ≠ 1/0, and is one of the following forms: 𝐴
𝜎̃

−→ 𝑎𝐵, 𝐴

𝜎̃

−→ 𝑎, 𝐼

𝜎̃

−→ 𝜇, where
𝐴, 𝐵 ∈ 𝑁 , 𝑎 ∈ 𝑇 , and 𝜎̃(𝐴, 𝛽) denotes the 𝐺𝑇2𝐹 degree of the production. Accordingly, ̃L̃ is called 𝐺𝑇2𝐹

regular language.
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Definition 3.5: Let ̃′ and ̃′′ be Two 𝐺𝑇2𝐹 grammars. Then ̃′ and ̃′′ are said to be equivalent (≈) if they
generate the same class of 𝐺𝑇2𝐹 languages, i.e., ̃L (

̃′) = ̃L (
̃′′).

Now we recall the following result from [15].

Proposition 3.1: Let 
∼

be a 𝐺𝑇2𝐹 regular grammar, then ∃ 2 automata M
∼

such that L
∼

(M
∼

) = L
∼

(
∼

).

Definition 3.6: A 𝐺𝑇2𝐹 grammar ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) is said to be in normal form if every production of ̃ is

restricted to one of the following forms: 𝐴
𝜎̃

−→ 𝑎𝐵; 𝐴

𝜎̃

−→ 𝑎; 𝐴

𝜎̃

−→ 𝜇, when 𝐴 = 𝐼 , where, 𝐴, 𝐵 ∈ 𝑁 , 𝑎 ∈ 𝑇 , 𝜎̃ is
𝐺𝑇2𝐹 membership grade with 𝜎̃ ≠ 1/0, and 𝜇 denotes the empty string.

Example 3.2: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2 grammar, where, 𝑁 = {𝐼 , 𝐴, 𝐵}, 𝑇 = {𝑎, 𝑏}. The set of 𝐺𝑇2𝐹
productions ̃ is given by

𝐼

0.4/0.2

−−−−−→ 𝑎𝐴,

𝐴

0.6/0.3

−−−−−→ 𝑎𝐵,

𝐵

0.5/0.4

−−−−−→ 𝑏.

Clearly, all productions of ̃ are in 𝐺𝑇2𝐹 normal form. Thus, the string 𝜃 = 𝑎𝑎𝑏 is derived in ̃ as:

𝐼

0.4/0.2

−−−−−→ 𝑎𝐴,

𝐴

0.6/0.3

−−−−−→ 𝑎𝑎𝐵,

𝐵

0.5/0.4

−−−−−→ 𝑎𝑎𝑏.

Proposition 3.2: For every 𝐺𝑇2𝐹 regular grammar ̃, there is a 𝐺𝑇2𝐹 grammar ̃′ in normal form such that
̃L (̃) = ̃L (̃′).

Proof: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2𝐹 regular grammar. Then every production in ̃ is of the form
𝐴

𝜎̃

−→ 𝛽, where 𝐴 ∈ 𝑁 , 𝛽 ∈ 𝑇
∗
𝐵, with 𝐵 ∈ 𝑁 ∪ {𝜇}, 𝜎̃ ∈ F𝐺𝑇2(𝑇

∗
), 𝜎̃ ≠ 1/0. In order to prove that there

exists a 𝐺𝑇2𝐹 grammar, ̃′ = (𝑁
′
, 𝑇 , ̃′

, 𝐼 ) in normal form, we have to prove that ̃L (̃) = ̃L (̃′). Let
𝐴

𝜎̃

−→ 𝑎1𝑎2⋯𝑎𝑘𝐵, 𝑘 ≥ 2, be any production in ̃. Consider new non-terminal symbols,1,2, … ,𝑘−1 ∉ 𝑁 .
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Then we define 𝑁 ′
= 𝑁 ∪ {1,2, … ,𝑘−1}. Now, replace the single production 𝐴

𝜎̃

−→ 𝑎1𝑎2⋯𝑎𝑘𝐵 by the
following sequence of productions:

𝐴

𝜎̃

−→ 𝑎11,

1

𝜎̃

−→ 𝑎22,

⋮

𝑘−2

𝜎̃

−→ 𝑎𝑘−1𝑘−1,

𝑘−1

𝜎̃

−→ 𝑎𝑘𝐵.

Here, all productions are now in Normal Form and the same 𝐺𝑇2𝐹 membership 𝜎̃ is assigned to each
production. In the original grammar, the production contributes the membership 𝜎̃. In the transformed
grammar, the derivation chain uses 𝑘 productions, each labeled by 𝜎̃. By Definition 3.2, the derivation
membership is given by

̃H (𝜎̃ ∩ 𝜎̃ ∩ ⋯ ∩ 𝜎̃) = 𝜎̃.

Hence, there is no change in the 𝐺𝑇2𝐹 derivation degree. If 𝐴 𝜎̃

−→ 𝑎1𝑎2⋯𝑎𝑘 , then replace it by

𝐴

𝜎̃

−→ 𝑎11,

1

𝜎̃

−→ 𝑎22,

⋮

𝑘−1

𝜎̃

−→ 𝑎𝑘 .

Again, the grammar is in Normal Form and the 𝐺𝑇2𝐹 membership is preserved and the production 𝐼

𝜎̃

−→ 𝜇

already belongs to the Normal Form and is therefore kept unchanged. Lastly, every derivation in ̃
has a corresponding derivation in ̃′, the generated strings are identical, and the 𝐺𝑇2𝐹 membership
aggregation via ̃H is preserved. Moreover, the supremum over all derivations remains unchanged. Thus,
̃L (̃) = ̃L (̃′).

Proposition 3.3: For every 𝐺𝑇2𝐹 grammar in normal form, there is a 𝐺𝑇2𝐹 finite automaton ̃M such that
̃L (

̃M ) =
̃L (̃).

Proof: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2𝐹 grammar in normal form. Then 𝐴

𝜎̃

−→ 𝑎𝐵, 𝐴

𝜎̃

−→ 𝑎, 𝐼

𝜎̃

−→ 𝜇. We
construct a 𝐺𝑇2𝐹 automaton ̃M = (𝑄, 𝑇 ,

̃
𝛿, 𝑞0, ̃) as follows:

• 𝑄 = 𝑁 ,
• 𝑞0 = 𝐼 ,

• for each production 𝐴

𝜎̃

−→ 𝑎𝐵, define ̃
𝛿(𝐴, 𝑎, 𝐵) = 𝜎̃,
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• for each production 𝐴

𝜎̃

−→ 𝜇, define ̃(𝐴) = 𝜎̃.
Let 𝜃 = 𝑎1𝑎2⋯𝑎𝑛 ∈ 𝑇

∗. Suppose that

𝐼

𝜎̃1

−−→ 𝑎1𝐴1

𝜎̃2

−−→ 𝑎1𝑎2𝐴2⋯

𝜎̃𝑛

−−→ 𝜃

is a derivation of 𝜃 in ̃. Then there exists a corresponding path in ̃M :

𝑞0

𝑎1

−−→ 𝑞1

𝑎2

−−→ ⋯

𝑎𝑛

−−→ 𝑞𝑛,

where 𝑞𝑖 = 𝐴𝑖 for 𝑖 = 1, 2, … , 𝑛. Then, the membership degree of this derivation is

̃H (𝜎̃1 ∩ 𝜎̃2 ∩ ⋯ ∩ 𝜎̃𝑛),

which coincides with the acceptance degree of 𝑤 by ̃M , that is,

̃L (
̃M , 𝜃) =

̃H (𝛿
∗
(𝑞0, 𝜃) ∩ ̃).

Hence,

̃L (̃) = ̃L (
̃M ).

Conversely, Let ̃M = (𝑄, 𝑇 ,
̃
𝛿, 𝑞0, ̃) be a𝐺𝑇2𝐹 automaton. We construct a𝐺𝑇2𝐹 grammar, ̃ = (𝑁 , 𝑇 , ̃, 𝐼 )

as follows:
• 𝑁 = 𝑄,
• 𝐼 = 𝑞0,

• for each transition ̃
𝛿(𝑞, 𝑎, 𝑝) = 𝜎̃, include the production 𝑞

𝜎̃

−→ 𝑎𝑝 in ̃,

• for each final state 𝑞 ∈ 𝑄, include the production 𝑞

𝐹(𝑞)

−−−→ 𝜇.
All productions in ̃ are in normal form. Each accepting path in ̃M corresponds to a derivation in ̃, and
the membership aggregation is governed by the same operator ̃H . Therefore, ̃L (

̃M ) =
̃L (̃).

Definition 3.7: A 𝐺𝑇2𝐹 grammar ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) is said to be a 𝐺𝑇2𝐹 linear grammar if every production
in ̃ is of one of the following forms:

𝐴

𝜎̃

−→ 𝑥𝐵 or 𝐴

𝜎̃

−→ 𝑥,

where,𝐴, 𝐵 ∈ 𝑁 , 𝑥 ∈ 𝑇
∗, 𝜎̃ ∈ F𝐺𝑇2(𝑇

∗
) with 𝜎̃ ≠ 1/0.

If 𝑥 appears only to the left of the non-terminal 𝐵, then ̃ is called a right linear 𝐺𝑇2𝐹 grammar. If 𝑥
appears only to the right of 𝐵, then ̃ is called a left linear 𝐺𝑇2𝐹 grammar.
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Definition 3.8: A 𝐺𝑇2𝐹 language ̃L ∈ F𝐺𝑇2(𝑇
∗
) is called a 𝐺𝑇2𝐹 linear language, if there exists a 𝐺𝑇2𝐹

linear grammar, ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) such that ̃L =
̃L (̃).

Remark 3.2: By the definition of 𝐺𝑇2𝐹 linear grammars, it is evident that the class of 𝐺𝑇2𝐹 regular languages
is contained within the class of 𝐺𝑇2𝐹 linear languages.

Proposition 3.4: Every𝐺𝑇2𝐹 left linear grammar is equivalent to a𝐺𝑇2𝐹 right linear grammar, they generate
the same 𝐺𝑇2𝐹 language.

Proof: Let ̃ ̃L = (𝑁 , 𝑇 , ̃ ̃L , 𝐼 ) be a 𝐺𝑇2𝐹 left linear grammar. Then each production in ̃ ̃L is of one of
the forms 𝐴 𝜎̃

−→ 𝐵𝑎 or 𝐴

𝜎̃

−→ 𝑎, where 𝐴, 𝐵 ∈ 𝑁 , 𝑎 ∈ 𝑇 , and 𝜎̃ ∈ F𝐺𝑇2(𝑇
∗
). We construct a 𝐺𝑇2𝐹 right

linear grammar ̃̃ = (𝑁 , 𝑇 , ̃̃, 𝐼 ) by transforming each production in ̃ ̃L as follows:

• For each production 𝐴

𝜎̃

−→ 𝐵𝑎 in ̃ ̃L , include the production 𝐴

𝜎̃

−→ 𝑎𝐵 in ̃̃.

• For each production 𝐴

𝜎̃

−→ 𝑎 in ̃ ̃L , include the production 𝐴

𝜎̃

−→ 𝑎 in ̃̃.
Let 𝜃 = 𝑎1𝑎2⋯𝑎𝑛 ∈ 𝑇

∗, a derivation of 𝜃 in ̃ ̃L corresponds to a derivation of 𝜃 in ̃̃ obtained by reversing
the order of non-terminal expansion. Since each corresponding production carries the same general type-2
fuzzy membership 𝜎̃, the derivation membership in both grammars is ̃H (𝜎̃1 ∩ 𝜎̃2 ∩ ⋯ ∩ 𝜎̃𝑛), which is
identical. Hence,

̃L (̃ ̃L )(𝜃) =
̃L (̃̃)(𝜃) for all 𝜃 ∈ 𝑇

∗
.

Therefore,

̃L (̃ ̃L ) =
̃L (̃̃).

Conversely, every 𝐺𝑇2𝐹 Right Linear Grammar is equivalent to a 𝐺𝑇2𝐹 Left Linear Grammar, can be proved
analogously. Hence, 𝐺𝑇2𝐹 left linear and right linear grammars are equivalent.

Proposition 3.5: Every 𝐺𝑇2𝐹 Right Linear Language can be generated by a 𝐺𝑇2𝐹 Grammar in Normal Form.

Proof: Let ̃L be a 𝐺𝑇2𝐹 Right Linear Language. Then there exists a 𝐺𝑇2𝐹 Right Linear Grammar ̃ =

(𝑁 , 𝑇 , ̃, 𝐼 ) such that ̃L =
̃L (̃). By definition, every production in ̃ is of one of the forms 𝐴 𝜎̃

−→

𝑥𝐵 or 𝐴

𝜎̃

−→ 𝑥, where 𝐴, 𝐵 ∈ 𝑁 , 𝑥 ∈ 𝑇
∗, and 𝜎̃ ∈ F𝐺𝑇2(𝑇

∗
) with 𝜎̃ ≠ 1/0. If |𝑥| = 1, the production is

already in Normal Form. Let |𝑥| = 𝑘 ≥ 2 and write 𝑥 = 𝑎1𝑎2⋯𝑎𝑘 . Introduce fresh non-terminals

1,2, … ,𝑘−1 ∉ 𝑁 ,

and replace the production

𝐴

𝜎̃

−→ 𝑎1𝑎2⋯𝑎𝑘𝐵
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by the sequence

𝐴

𝜎̃

−→ 𝑎11, 1

𝜎̃

−→ 𝑎22, … 𝑘−1

𝜎̃

−→ 𝑎𝑘𝐵.

A similar construction applies to productions of the form 𝐴

𝜎̃

−→ 𝑥 . All resulting productions are in Normal
Form. Hence, ̃L (̃) = ̃L (̃′), where 𝐴′ is the resulting Normal Form grammar.

Example 3.3: Let ̃ = (𝑁 , 𝑇 , ̃, 𝐼 ) be a 𝐺𝑇2𝐹 Right Linear Grammar, where 𝑁 = {𝐼 , 𝐴}, 𝑇 = {𝑎, 𝑏}, and

̃ =

{

𝐼

𝜎̃1

−−→ 𝑎𝑏𝐴, 𝐴

𝜎̃2

−−→ 𝑏

}

. The production 𝐼

𝜎̃1

−−→ 𝑎𝑏𝐴 is right linear but not in Normal Form. Introduce a
new non-terminal 1 ∉ 𝑁 and define

𝑁
′
= 𝑁 ∪ {1}.

Replace the production 𝐼

𝜎̃1

−−→ 𝑎𝑏𝐴 by 𝐼

𝜎̃1

−−→ 𝑎1, 1

𝜎̃1

−−→ 𝑏𝐴. Thus, the transformed grammar ̃′ =

(𝑁
′
, 𝑇 , ̃′

, 𝐼 ) has productions

̃′
=

{

𝐼

𝜎̃1

−−→ 𝑎1, 1

𝜎̃1

−−→ 𝑏𝐴, 𝐴

𝜎̃2

−−→ 𝑏

}

,

which are all in Normal Form. Both grammars generate the same 𝐺𝑇2𝐹 Language, that is, ̃L (̃) = ̃L (̃′).

Proposition 3.6: The following classes of 𝐺𝑇2𝐹 grammars are equivalent (except for the empty string Λ)

(i) 𝐺𝑇2𝐹 regular grammar,
(ii) 𝐺𝑇2𝐹 left linear grammar,
(iii) 𝐺𝑇2𝐹 right linear grammar,
(iv) 𝐺𝑇2𝐹 grammar in normal form.

4 Conclusion

In this study we examines general type-2 fuzzy grammars with an emphasis on their internal structure
and properties. Specifically, we have introduced several key variants of these general type-2 fuzzy grammars,
namely the normal form, linear form, left-linear form, and right-linear form. We demonstrates with suitable
examples that all these variants are equivalent to general type-2 fuzzy regular grammars, as they produce the
same family of general type-2 fuzzy languages. This result shows that imposing such structural restrictions
does not affect their expressive or generative power. We hope that the equivalence results obtained here
are especially suitable for modeling sequential and pattern-based systems under higher-order uncertainty.

These forms are expected to play an important role in emerging applications such as intelligent decision-making,
where general type-2 fuzzy frameworks provide improved capability for handling higher-order uncertainties
compared to classical models (cf., [1,2], for more details). Furthermore, with the increasing interest in
general type-2 fuzzy logic for complex system modeling, these grammatical forms may contribute to
future developments in image processing, natural language processing, and hybrid learning systems, where
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multi-layered uncertainty and linguistic ambiguity are inherent [7].

As a direction for future work, the authors plans to study the topological and categorical aspects of automata
and its language theory in the context of type-2 fuzzy sets. This approach is expected to provide clearer
insights into their structural properties and contribute to a more coherent and well-defined theoretical
framework (as done, e.g., in [4]).
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