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Abstract: We study the algebra of all binary operations on a finite set, with composition defined as follows: for
two binary operations A and B, their composition at an ordered pair x and y is B applied to the pair consisting of
A(x,y) and A(y,x). A canonical family of automorphisms arises by conjugation with permutations of the underlying
set. We characterize how these permutation-induced automorphisms act on several natural invariant subsets and
show that the permutation they induce on constant operations determines every operation’s values on the diagonal.
Beyond conjugation by permutations, we identify additional symmetries that are not conjugate to these permutation
conjugations, and we show that conjugation by permutations need not be surjective onto the full automorphism
group of the algebra under the given composition. For small underlying sets we obtain complete descriptions: when
the set has two elements the automorphism group is isomorphic to the two-element symmetric group, and when
the set has three elements it is isomorphic to the direct product of the three-element symmetric group with a cyclic
group of order two. The paper concludes with algorithmic remarks and open problems toward a full classification of
the automorphism group.
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1 Introduction and Preliminaries
1.1 Introduction
Throughout, S denotes a nonempty set. Following standard usage (e.g., [1,2]), we call (S, ) a magma

when = is an arbitrary binary operation on S; no additional axioms (associativity, commutativity, identity,
invertibility, etc.) are assumed unless otherwise stated. We denote by M(S) the set of all binary operations
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S xS — S. For finite S with |S| = n a binary operation is determined by n? table entries, each chosen from
n values, so |M(S)| = n™.

A pair (S, *,0) will be called a (left, right, or two-sided) distributive magma when the indicated
distributivity relation holds between the two binary laws.. The distributivity hierarchy and outset structures
introduced in [1] are motivated in part by examples from tropical geometry (e.g., addition distributing over
max) and by connections with nearring theory and brace/truss constructions (see [3-7]).

For x€ M(S) we define the outset, out(*) = {o € M(S) : * distributes over o}, and write in(+) for the
dual notion. The subsets out(x) and in(*) encode local neighborhoods of * in the distributivity hierarchy;
out(x) often carries a natural algebraic structure (in particular, it is a <-subalgebra—see Section 1.2 for the
definition of <).

These structures naturally lead to symmetry questions. Maps of M(S) that preserve the algebra
operation < (that is, <-homomorphisms, and bijective ones in Aut(M(S), <)) carry distributivity relations,
outsets, idempotent strata, and constant operations to corresponding structures. Thus understanding
Aut(M(S), <) classifies relabellings and higher symmetries that leave the distributivity graphs invariant
and determines which local isomorphisms of natural subalgebras (for example, outsets) can be realized
globally.

This paper investigates structural and symmetry properties of the algebra (M(S),<). Our main
contributions are as follows. We identify and analyze the canonical automorphisms induced by permutations
of S and determine their effect on invariant subsets such as constant and idempotent operations. We exhibit
and classify nonconjugate symmetries and demonstrate that the conjugation action of Sym(S) need not be
surjective on Aut(M(S), <). We provide complete descriptions of Aut(M(S), <) for small cardinalities (in
particular |S| = 2, 3). We study isomorphisms between outsets and give necessary and sufficient conditions
for extending such isomorphisms to global automorphisms via free-term algebra constructions, including
constructive descent procedures and explicit counterexamples when the kernel condition fails. Finally,
we present computational and enumerative results for small n that illustrate obstruction phenomena to
extension.

1.2 The operation < on M(S)

We consider a binary operation < on M(S) that endows M(S) with a monoid structure. This operation
was studied independently in [8] and [9,10]. We follow the notation and terminology of [9,10].

Subsequent works building on [8] include [11-14]. Fayoumi [11] gives an elegant description of the
center of M(S), while [12] explores generalizations of commutativity via commutative maps. Nebesky
introduced methods for encoding graphs using binary operations in [15-17], and these ideas were further
developed in [14]. Following the constructions in [21], [22] examines lifts of the < operation on graph
families on vertex set S; related graph-induced operations (one-value and two-value graph magmas) appear
in [18-20] and have applications to amenable bases over infinite-dimensional algebras (see, e.g., [25]).

Definition 1: For a,f € M(S) and x,y € S define

(@ < p)(x,y) = B(alx, ), a(y,x)).
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We may write a < f or <(a, ) interchangeably.

Remark 1: Let m; € M(S) denote the first-coordinate projection m1(i, j) = i for alli, j € S. Then (M(S), <) is
a (generally non-commutative) monoid with identity ;. See Theorem 2.1 of [10] or Theorem 2 of [8] for the
proof. In [8] the same monoid is denoted (Bin(S), o).

We denote the resulting monoid by (M(S), <) throughout the paper.

1.3 Constant operations and Outsets

Definition 2: A binary operation ©O; € M(S) is called a constant operation if Oi(x,y) =i, forall x,y € S.

Remark 2: Let K ={0O; : i € S} be the set of all constant operations in M(S). Then:

1. K is closed under <. For every x€ M(S) and everyi € S, x <0; = O;, 0i< %= O ).
2. The operation < is not commutative on K in general: ifi # j then ;< OQ; = O; while O;<0; =0,.

Lemma 1: Foro € M(S) the following are equivalent:

1. o € K (that is, o is constant);
2. % <o = o for every x€ M(S).

Proof: If o = O, is constant with value a, then for any € M(S) and all x,y € S, (* <o)(x,y) = o(* (x,y), *
(3,x)) = a=0O4(x,y),50 * To = o,

Conversely, suppose * <o = o for all x€ M(S). If o is not constant, there exist (u,v) and (x, y) such
that o(u,v) # o(x,y). Define € M(S) by choosing values such that * (u,v) = ug, * (v,u) = vy with
o(ug, vg) = o(u,v) but o(up, vg) # o(x, y) (such choices are possible since S has at least one element and M(S)
is large). Evaluating at (x, y) gives (* <o)(x,y) = o(* (x,¥),* (y,x)) # o(x, y), contradicting * <o = o.
Hence, - must be constant. [

Corollary 1: The monoid (M(S), Q) is not a group: constant operations do not have a two-sided inverse in
general. In particular, for O; € K there is no x€ M(S) with O;< «= 1y, so O; is not invertible.

Proof: This follows immediately from Remark 2(1) and Lemma 1. [J

The set of constant operations K = {O; : i € S} € M(S) is a two-sided ideal in the monoid (M(S), ).
Definition 3: Fori,a € S withi # a, define the almost-constant operation c;(a) € M(S) by

a(a)(x, y) = [“’ *=y=h

i, otherwise.
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Proposition 1: Let ¢ = ¢;(a) be an almost-constant operation with i # a. Then

cP=cgcac=c

Equivalently, c< (¢ <c¢) = c.

Proof: See Proposition 2 of [13] OJ

Thus, every almost-constant c;(a) satisfies the cubic identity ¢* = ¢, such elements are not invertible
in general.

We now clarify the notion of a constant diagonal (“unique square”) operation and state a corrected
equivalence that is valid in the group context.

Definition 4: A binary operation * on a set S is said to have a constant diagonal (or be a unique square
operation) if the diagonal values are constant:

% (a,a) =« (b,b)  foralla,b €S.

Proposition 2: Let (G,-) be a group. Then G has a constant diagonal (i.e., g - g is independent of g € G) if
and only if G has exponent 2 (equivalently, g* = e for all g € G).

Proof: If G has exponent 2, then g - g = e for every g € G, so the diagonal function g — g - g is constant
(equal to the identity e).

Conversely, suppose g-g = h-hfor all g, h € G; let this common value be s € G. Fix g € G. Left-multiply
the identity g- g = sby g~ ! to obtain g = g~ 's. Right-multiply g- g = s by g~! to obtain g = sg~!. Equating
gives g71s = sg™!, so s is central; but more directly, multiply g - g = s on the left by g~! and on the right
by g7! to obtain e = g~1sg™!. Because this holds for all g, we have s = e. Hence, g = e for all g, that is, G
has exponent 2. [

Remark 3: The converse of Proposition 2 requires the presence of associativity and invertibility in a group. For
a general monoid (without invertibility), a constant diagonal does not imply that every element has order two.

Proposition 3: For every operation x€ M(S), the (left, right, two-sided) outset out(x) is a submonoid of
(M(S), <) with the same identity 7.

Proposition 4: 1. If|S| = n then, for any constant operation ©O; € M(S), its outdegree d,(©;) =
{w|O; distributes over w}| = |out(O;)|, equals a1,

2. For all x€ M(S), * can distribute on at most one constant operation

3. m and , distribute over all idempotent operations.

4. Given k € S, if k is an annihilator for the operation x€ M(S) (i.e. * (i, k) = k =« (k, i), for alli € S), then
Oy € out(x).
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1.4 Conjugations and symmetries
Definition 5: For o € Sym(S) and f € M(S) define the conjugation (permutation-conjugation) map
G M(S) > M(S), (f)a,b) :=o(f(c'a,a7'D)).
The map o — 0 is called the conjugation action of Sym(S) on M(S).
Proposition 5: The map o — 0 is an injective group homomorphism
Sym(S) = Aut(M(S), ).
Each G is a <-automorphism with an inverse o,
Proof: Let o € Sym(S). For f, g € M(S) and a, b € S we compute
3(fap)a.b)=o((f 9g)o a.07'h)) = o(g(f(o a,07'b), f(o™ b0 0)).
On the other hand,
(5f <Gg)a b)=5g(5f(a b), 5f(b,))

= o(g(a7 (G f(a, b)), 6" (G f(b, @))))
o(g(f(c7'a,67'b), f(o7 b, 07 a))),

since 6 f(a,b) = o(f(c7'a,07'b)). Hence 6(f < g) = 6f < 0g, so & is a <-homomorphism. For each
o € Sym(S), 0! is the two-sided inverse of @, so the map is bijective.

The map o — 0 is a group homomorphism since 6 o7 = o7 for all o, 7. Finally, if & = 7 then evaluating
both maps on the constant operations O, yields O,(y) = Oy(y) for every x € S, so o = 7. Thus, the map
o > 0 is injective. [

Definition 6: The transpose is the involution T : M(S) — M(S) defined by T(f)(a, b) = f(b, a). More
generally, for p € Sym(S x S) write R,(f)(u,v) = f(p~'(u,v)), and call R, an input-pair permutation map;
when R, preserves < it is an input-pair permutation automorphism.

Proposition 6: Let T : M(S) — M(S) be defined by the transpose, that is, T(f)(a,b) = f(b,a). The
map T is a bijection. However, T is a <-homomorphism if and only if every g € M(S) is symmetric, that is,
g(u,v) = g(v, u) forall u,v € S. In particular, for|S| > 2, T does not lie in Aut(M(S), <) unless M(S) consists
only of symmetric operations.

Proof: The transpose T : M(S) — M(S), T(f)(a, b) = f(b, a), satisfies T? = id; hence, T is a bijection.
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For f,g € M(S)and a,b € S we have T(f < g)(a,b) = (f < g)(b,a) = g(f(b, a), f(a, b)), whereas

(Tf<Tg)a,b) = Tg(Tf(a,b), Tf(b,®) = Tg(f(b,a), f(a b)) = g(f(a b), f(b,a)).

Thus T(f < g) = Tf < Tgforall f, g if and only if g(u,v) = g(v, u) for all g € M(S) and all u,v € S.
Hence, T is a <-homomorphism precisely when every operation in M(S) is symmetric. In particular,
for |S] > 2 there exist nonsymmetric binary operations, so T ¢ Aut(M(S), <) unless one restricts to the
degenerate case where M(S) consists only of symmetric operations (for example, |S| = 1 or a symmetric
subalgebra).

O

Proposition 7: Let K = {O; : i € S} be the set of constant operations and E = {e € M(S) : e < e = e} the set
of idempotents. For every ¢ € Sym(S) we have 6(K) = K and 6(E) = E.

Proof: For a constant O; (the operation with value i on every input) and o € Sym(S), 5(0;)(a, b) =
O'(Oi(a_la, cr_lb)) = 0(i), s0 5(0;) = O,(;); hence o(K) = K.

If e € E then e < e = e. As G is a <-homomorphism (Proposition 5), 5(e) < 5(e) = o(e < e) = 5(e), so
o(e) € E. Thus, 6(E) C E; applying the same argument to ¢! gives the reverse inclusion, and therefore
0(E) = E. Hence, any automorphism permutes constants and idempotents. []

2 Permutation-induced automorphisms

Let S be a nonempty set and M(S) be the set of all binary operations on S. Fix the monoid operation
< on M(S) as defined in Section 1.2. Let Sym(S) (or S, when |S| = n) be the symmetric group on S and
Aut(M(S), <) be the group of bijective <-homomorphisms of M(S).

Definition 7: For o € Sym(S) define the conjugation automorphism G : M(S) - M(S) by
a(f)a,b) =o(f(c7"a,c7'b)).

The conjugation subgroup of Aut(M(S), <) is Sm) ={0 : 0 € Sym(S)}. The map o — C is an injective
homomorphism, so Sym(S) = Sym(S). An automorphism of (M(S), Q) that does not lie in Sym(S) is called a
nonconjugate (or outer) automorphism.

Definition 8: For a subgroup H < Aut(M(S), <) define its centralizer and normalizer in Aut(M(S), <) by
Cauwt(H) = {¢p € Aut(M(S),<) : ¢h = h¢ forallh € H}, Naw(H) = {¢ € Aut(M(S),<) : ¢H¢p™! = H}.

Remark 4: The subgroup S?m(\S) represents the “inner” relabellings of S. Elements of the centralizer
CAut(Sm)) commute with all such relabellings; for example, if the transpose T preserves < then T €
CAut(Sm)). The normalizer NAut(Sm)) consists of those automorphisms that conjugate the conjugation
subgroup to itself, i.e., automorphisms under which conjugation-by-permutations is stable.
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Proposition 8: 1. As permutations of M(S) we have T -G = G o T for every o € Sym(S). Hence the

subgroup of the full symmetric group Sym(M(S)) generated by Sm) and T is the internal direct
product Sm) x(T) (the two factors commute and meet trivially; the triviality of the intersection follows
since ¢ = T would force o = id, except in the degenerate one-point case).
2. Every automorphism ¢ € Aut(M(S), <) induces a permutation o4 € Sym(S) through its action on the
constant operations O;; conjugating ¢ by c/r;_l yields an automorphism that fixes all constants pointwise.
3. Themap ¢ — o4 is a group homomorphism Aut(M(S), <) —> Sym(S), whose kernel equals the subgroup
of automorphisms fixing all constant operations pointwise.

Proof: (1) By Proposition 5, each & is a <-automorphism. For ¢ € Sym(S) and f € M(S),
T(f)(a b) = 5(f)(b,a) = o(f(o'b, 07 a)) = G(Tf)(a, D),

so T commutes with every 5. Hence the subgroup generated by Sm) and T is the product of two
commuting subgroups. If & = T then applying both sides to a constant O; gives O,(;) = O; for all i,
whence o = id (unless |S| = 1), so the intersection is trivial and the product is an internal direct product
Sym(S) x (T).

(2) By Proposition 7, automorphisms permute the constants K = {O; : i € S}. Define o4 € Sym(S) by
¢(0;) = Ogy)- Then ¢ = 5;_1 o ¢ satisfies ¥(0O;) = @_1(0
constants pointwise.

(3) For ¢,y € Aut(M(S),<) andi € S, (¢ > ¥)(0:) = $(Os,()) = Osy(o, () hence o4.y = 64 7y. Thus
¢ — o4 is a group homomorphism whose kernel is exactly the subgroup of automorphisms fixing all

%(i)) = O; for every i, so ¢ fixes all

constant operations pointwise.

O]

Corollary 2: Every ¢ € Aut(M(S), <) decomposes as ¢ = 4 o |, where |/ fixes all constant operations
pointwise. Consequently there is a short exact sequence

1 —> Stabg © Aut(M(S), <) — Sym(S) — 1,
where Stabg = {¢ € Aut(M(S), <) : ¢(0;) = O; Vi € S}.

Proof: Let ¢ € Aut(M(S), <) and let o4 be its permutation on constants. Set { = @_1 o ¢; then (0;) = O;
for all i, and ¢ = G4 o /. The homomorphism o : ¢ — o4 has kernel Stabg by Proposition 8, and o is
surjective since each 7 induces 7 on constants. This yields the exact sequence. []

Lemma 2: Assume |S| > 3. The coordinate projections ri(a, b) = a, and ny(a, b) = b are exactly the two
elements f € M(S) satisfying:

1. f issurjective asa map Sx S — S;

2. for every constant operation O, one has f < O. = Oy and Oc < f = O
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3. there exist distinct u,v € S for which the unary maps x — f(x,u) and x — f(x,v) are distinct (and
similarly in the second coordinate).

In particular, these properties single out {1y, 72}

Proof: It is immediate that 1, 7, satisfy (1)-(3).

Conversely, let f € M(S) satisfy (1)—(3). From f < O, = O and O, < f = Op() one deduces
f(c,c) = c for every c € S. Fix distinct u, v for which the rows x — f(x, u) and x — f(x,v) differ. For any
fixed second coordinate b, the map x — f(x, b) is a function S — S; using the identities with constants and
surjectivity one checks this map must be either constant or the identity map. Since rows for u and v differ,
at least one of them must be the identity; if x — f(x, u) = x then f(x,y) = x for all x, y, so f = x;. The
analogous argument for columns yields f = m, if a column acts as the identity. Thus the only possibilities
are 7y, mo. 1

Lemma 3: Let € Aut(M(S), <) fix every constant operation pointwise. Then { permutes {m, 75}, that is
Y (m) € {my, mo} fori=1,2.

Proof: For any constant O, we have O, < 1y = O,. Applying i (which fixes constants) gives O, =
Y(O.<my) = Y(O)<y(my) = O,y (r1), so Y(1rp) satisfies the same first-order properties that characterize
the projections. By Lemma 2 the image must lie in {7y, 72}, similarly for 7,. [J

For finite S, the projections 73, 7, together with the constant operations separate points of S x S: for
each (u,v) € S x S one can build a finite <-term (a finite decision tree encoded by nested <-compositions)
that evaluates to a chosen distinguishing constant on (u,v) and to other constants elsewhere. By composing
such separating terms with a single occurrence of a formal symbol X (using the rule (o < f)(x,y) =
p(a(x,y), a(y, x))) one obtains a finite <-term t,; whose evaluation with X — f yields the constant
operation Oy, p). The construction is explicit and effective for finite S.

Lemma 4: Fix (a,b) € S x S. There exists a finite <-term
td,b(Xa T, 702, (OC)CGS)

(with leaves from {my, m2} U{O, : ¢ € S} U{X}) such that for every f € M(S) the evaluation of t,}, obtained
by interpreting the formal symbol X as f equals the constant operation O (). Equivalently, the evaluation
map f — f(a, b) is definable by a finite <-term in the symbols X, 1, 7, and the constants O.

Lemma 5: If ¢ € Aut(M(S), <) fixes every constant operation and fixes both projections 7y, 72, then ¥ = id.

Proof: Fix (a,b) € S x S and let t, be the term from Lemma 4. For any f € M(S), t,,(f, 71, 72, (O.)) =
Of(a,p)- Applying ¢ and using that ¢ fixes 71, 7, and the O, gives Oy p) = l//(ta,b(f, 7T1,7T2,(Oc))> =
tas (Y (f), 11, 2, (Oc)) = Oy(fyap)- Thus ¢(f)(a, b) = f(a,b) for all (a,b) and all f, so ¢ =id. [J
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Lemma 6: If y € Aut(M(S), <) fixes every constant operation and satisfies Y (1) = 7z, Y(72) = m1, then
Y = T (the transpose).

Proof: Let t,; be as in Lemma 4. Applying ¢ to the identity t,(f, 71, 72,(Oc)) = Of(qp) and using
Y(m) = 72, Y(m2) = m1, and Y(O.) = O, yields O p) = tap(Y(f), 72, 71, (Oc)). By construction of ¢4,
swapping ; and 7, in the defining term produces the term that reads off the (b, a)-entry, so the right-hand
side equals Oy (), Hence ¢(f)(b,a) = f(a,b) forall a,b,ie. ¢ = T. [J

Proposition 9 (Projection rigidity): Assume [S| > 3. Any automorphism € Aut(M(S), <) that fixes
all constant operations pointwise either fixes the two projections my, 7, or swaps them. Consequently, every
@ € Aut(M(S), <) decomposes as ¢ = & or ¢ = 0 o T for a unique o € Sym(S).

Proof: By Lemma 3 a constant-fixing automorphism  permutes {71, 72}, so it either fixes both projections
or swaps them. If it fixes both, Lemma 5 gives i = id; if it swaps them, Lemma 6 gives ¢y = T.

For a general ¢ let o be the permutation induced on constants and set i/ := 6~ o . Then ¢ fixes
constants and hence is either id or T, so ¢ = ¢ or ¢ = 7 o T. Uniqueness of ¢ and of the second factor
follows from the action on constants and the projections. [J

Corollary 3: 1. If|S| = 1 then Aut(M(S), <) is trivial.
2. If|S| = 2 then Aut(M(S), <) = Sym(2).
3. If|S| = 3 then Aut(M(S), <) = Sym(3) x Cy, where C, = (T).

Proof: See Section 6 for the small-n verifications; the corollary follows from Proposition 9 together with
the finite checks described there. [

3 Invariant substructures and the constraining role of constants

In this section, we analyze subsets of M(S) preserved by every automorphism of the algebra (M(S), <).
We show how the permutation induced on constants by an automorphism determines diagonal evaluations
of arbitrary operations and how conjugation by this permutation reduces the study of automorphisms to
those fixing constants pointwise. Finally, we provide an algebraic characterization of the projection maps
and use it to constrain possible automorphisms further.

3.1 Basic invariant subsets

Proposition 7 implies every automorphism ¢ induces a permutation o4 € Sym(S) through ¢(0;) =
Og,()» (i € S). We now show that this permutation determines the diagonal values of ¢(f) for arbitrary
f e M(S).

Proposition 10: Let ¢ € Aut(M(S), <) and let 0 = o4 be its permutation on the constants. Then for every
f e M(S) and everyt € S, gb(f)(a(t), a(t)) = O'(f(t, t)) Hence, ¢|x determines the diagonal entries of ¢(f)

forall f.
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Proof: Given f € M(S) and t € S, we have For each s € S set hy = O; < f € M(S). By definition, for all
u,v €S, hy(u,v) = f(Os(u, v), O4(v, u)) = f(s, s). Therefore, hs = O () is a constant operation with value
f(s, s). In particular h; = Op(;,p).

Apply ¢ to the identity h; = Oy(;,,). Since ¢ permutes constants by o = o we have ¢(h;) = ¢(Oy(.p) =
Og(f(t,1))- Conversely, ¢(h;) = ¢(O; < f) = $(O;) < ¢(f) = Og(1y < #(f). Evaluating this last expression
at (a(t), o(t)) gives (Oo(t) < ¢(f)) (cr(t), cr(t)) = ¢(f)(cr(t), a(t)). Comparing with ¢(h;) = Og(f(1,1)) We
obtain ¢(f)(o (1), a(t)) = Ot (o), () = o (f(£,1)). O

3.2 Reduction to automorphisms fixing constants

Let ¢ € Aut(M(S), <) and let ¢ = o4 be the permutation of constants determined by ¢, so $(0;) = Oy
for each constant O;. Conjugating ¢ by the permutation-conjugation automorphism & yields ¢y = 57! o ¢.
By construction 1/ fixes every constant operation pointwise /(0;) = 77! (gb(Ol-)) = 7 (0s0) = O
Hence, every automorphism decomposes as ¢ = ¢ o / with 1/ fixing constants, and the classification of
Aut(M(S), <) reduces to the classification of automorphisms that fix constants pointwise.

3.3 Characterizing projection maps and further constraints

Two basic nonconstant elements of M(S) are the coordinate projections 71, 7,

We provide an algebraic characterization of these maps, which shows that they form an invariant set
under any automorphism that fixes constants. This characterization is the key to further constraining the
automorphisms.

Proposition 11: Assume |S| > 3. The set {1, 5} is invariant under every € Aut(M(S), <) that fixes
constants, pointwise. Moreover, r; and 7, are the only maps r € M(S) satisfying the following first-order
properties:

1. (One-coordinate dependence) r depends on at most one coordinate, i.e.

Vx: Vi, Y2 €S: r(x: yl) = r(xa J/Z), Orvy>x1ax2 €S: r(xlay) = r(x2ay)'

2. (Coordinate detection) For every ordered pair of distinct elements u # v in S there exist h € M(S) and
i € S such that (h < 0;)(u,v) # (h < O;)(v, u).

In particular, any  fixing constants either fixes both w1 and m, or swaps them.

4 Restriction maps and induced isomorphisms on outsets

Let S be a nonempty set and recall M(S) is the set of all binary operations on S. For x € M(S) we
write out(x) = {o € M(S) : * distributes over o}, As in Section 2 each permutation A € Sym(S) induces the
conjugation map 2 M(S) » M(S), X(f)(a, b) = A(f(A'a, A71b)).

We examine how 1 interacts with outsets, and when such restricted maps yield isomorphisms between
outsets.
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Proposition 12: For every A € Sym(S) and every » € M(S), ;1\( out(*)) = out (;1\(*)).

In particular the restriction ;1\| : out(x) — out (;1\(*)) is a bijection and an isomorphism of

out(x)
<-subalgebras.

Proof: By Proposition 5 the map 2 M(S) - M(S) is a <-homomorphism (indeed an automorphism).
Hence for every *,0 € M(S) we have )L(* <o) = /1(*) < )L( ).

Ifo e out(*) then x <o = o. Applying 2 and using the homomorphism property gives A(6) = A(x <10) =
;1\(*) < /1( ), so /1( )e out(/l(*)). Thus /l(out(*)) c out(/l(*)). Applying the same argument to 17! yields the
reverse inclusion, hence equality. Finally, since Nisa bijective <-homomorphism on M(S), its restriction
to out(x) is a bijective homomorphism onto out(;l\(*)), i.e. a <-isomorphism. [J

Proposition 13: Let o, x€ M(S) and A € Sym(S). Ifﬁ\(o) =, then A : (S,°) — (S, ) is an isomorphism of
magmas, i.e. A(x o y) = A(x) * A(y) forallx,y € S.

Proof: For arbitrary x, y € S evaluate ;1\(0) =« at (A(x), A()):

* (A, A() = A, A)) = A« (A4, A7 Ap)) = Ax o ).

Hence A(x o y) = A(x) = A(y) for all x, y, so A is a magma isomorphism. Conversely, any permutation A
that is a magma isomorphism (S, o) — (S, ) satisfies A(c) =+ [J

Corollary 4: If A € Sym(S) is a magma isomorphism (S, ) = (S, *) then its conjugation 2 restricts to an
isomorphism out(c) = out(*). Conversely, if A(c) =+ and the restriction A : out(c) — out(x) is an isomorphism,
then A is a magma isomorphism.

Proof: If 1 is a magma isomorphism then ;1\(0) =%, so by Proposition 12 the restriction jt\|out(o) is a
<-isomorphism onto out(x).

Conversely, if ;1\(0) =+ and the restriction is an isomorphism, Proposition 13 implies A is a magma
isomorphism.

O

Remark 5: Conjugation provides a natural correspondence between outsets. However, an abstract isomorphism
@ : out(e) — out(*) need not extend to a global automorphism of (M(S), <). A convenient sufficient condition
for extendability is that out(c) generates M(S) as a <-algebra and that ¢ preserves all relations among
generators; in that case the free-term algebra construction (Section 5) yields a unique extension.

5 The extension problem: necessary and sufficient conditions
Let A C M(S) be a <-subalgebra (for example A = out(c)). We address the extension problem:

When does an isomorphism ¢ : A — B onto another <-subalgebra B C M(S) extend to an automorphism
© € Aut(M(S), <) withO|s = @?
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Throughout, equalities of <-terms in M(S) mean they evaluate to the same element of M(S).

Notation and basic constructions

« Foraset A, let F(A) denote the free <-algebra on A. Elements of F(A) are formal <-terms (finite binary
trees) whose leaves are labelled by elements of A.

«  For A C M(S) write (A) for the <-subalgebra generated by A.

«  The evaluation homomorphism, 7 : F(A) — (A), sends each formal term to its value in (A) by
interpreting every leaf a € A as the operation a € M(S) and each formal < by the algebra operation
on M(S). By construction x is surjective.

« Anymap ¢: A - M(S) extends uniquely (by the universal property of the free algebra) to a
homomorphism @ : F(A) — M(S), ®(a) = ¢(a) (a € A).

«  Write R = ker 7; this congruence records all formal <-identities among generators that hold in (A).
The quotient F(A)/R is (isomorphic to) (A).

The kernel/quotient factorization used is standard in universal algebra (free algebra universal property and
quotient factorization); see [23,24] for exposition.

5.1 Kernel criterion

The kernel inclusion is the exact obstruction to extension.

Theorem 1 (Necessary and sufficient condition): With notation as above, the isomorphism ¢ : A — B
extends to an automorphism © € Aut(M(S), <) with®|4 = ¢ if and only ifker = C ker ®. When this inclusion
holds ® factors uniquely through F(A)/ ker 7 = (A) to give a homomorphism © : (A) — M(S) with©®ox = ®.
Moreover © extends to an automorphism of M(S) precisely when (A) = M(S) and © is bijective (equivalently
when the symmetric construction applied to ¢! yields an inverse).

Proof: Necessity: if © extends ¢ then ® = © o 7 on generators, so any formal relation in ker 7 is carried to
equality by ®, hence ker 7 C ker ®.

Sufficiency: ifker 7 C ker @ then ® is constant on -fibres and factors through the quotient F(A)/ ker 7 =
(A) to give © with ® o 7 = @. If (A) = M(S) and the symmetric descent for ¢! yields a two-sided inverse,
then © is an automorphism extending ¢. [J

When A is finitely generated (or (A) admits a finite presentation) the kernel inclusion can be checked on a
finite generating set of relations. In particular, if R is generated by equations

wj(aj1, ...,aj,kj) = w;(aj,l,...,aj,kj), j=1,...,m,
then ¢ extends (descends) if, only if for every j
wj(q)(aj,l),...) = w?(q)(aj,l),...) in M(S).

Any failure provides a concrete obstruction.
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5.2 Constructive descent and algorithm

Assume ker 7 C ker ®. Then ® factors uniquely through F(A)/ ker  to give
0 : (A) — M(9), Oorx=0.

Definition 9 (Descent map ©): Let A C M(S), let w : F(A) — (A) be the evaluation map, and let ¢ : A —
M(S) have unique extension ® : F(A) - M(S). Assume the kernel inclusion ker & C ker ® holds. Define
© : (AY — M(S) as follows: for each x € (A) choose any representative u € F(A) with n(u) = x and set
O(x) := ®(u). The kernel inclusion guarantees this assignment is well defined (independent of the choice of
representative). Moreover, for every a € A we have ©(a) = ¢(a).

To obtain a global automorphism one additionally needs (A) = M(S) and that © is bijective (this can
be verified by applying the symmetric descent to ¢ 1).
Algorithm (finite case). When S and A are finite, we may;

enumerate generators A = {ay, ..., ax} and list formal <-terms up to a chosen depth;
evaluate each term under 7 (produce its operation table) and under ® (substitute ¢(a;));

3. collect generating relations u = v (those with 7(u) = 7(v)) and verify ®(u) = ®(v) for each; any failure
blocks extension;

4.  if all relations pass and (A) = M(S), run the symmetric procedure on ¢! to attempt to construct an
inverse and check bijectivity.

This algorithm is feasible for small |S| or small generating sets and yields explicit extensions when they
exist.
If A generates M(S), any extension (if it exists) is unique, and two homomorphisms agreeing on A agree
on all formal <-terms. If A does not generate M(S), extensions may not exist or be nonunique.

Remark 6: «  The kernel inclusion ker & C ker @ is an equational condition; when A is finitely presented
this condition admits finite verification by checking a finite generating set of relations for the congruence
ker 7.

«  Generation of M(S) by an outset is a strong hypothesis and often fails in practice; failure of generation is
a common cause of non-extendability of a map ¢ on A.

«  The same kernel/quotient method applies equally to left- or right-outsets and to two-sided variants, by
using the corresponding free term algebra and its congruence.

5.3 Example

For S = {1, 2} and a finite generating set A we can enumerate F(A) up to the required depth, compute
R by evaluation, test the kernel inclusion for a candidate ¢, and descend @ to obtain © table-by-table.
Bijectivity is then verified by direct comparison of images.
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5.3.1 Worked example 1: S = {1, 2}

Let S = {1, 2} and take A = {m,} the single projection 7;(x, y) = x. Then | M(S)| = 16, but (A) = {m} is
proper subset of M(S), so A does not generate M(S).
Apply the kernel/test procedure to the identity map ¢ : A — A (trivial case).

1. Formal terms in F(A) up to depth 2 are 7y and 71 <7ry. Evaluate: (ry<7y)(x, y) = m1 (71'1()(, ¥), m1(y, x)) =
m1(x, y) = x, so m; < my = 71 in M(S). Thus one generator of R = ker 7 is the relation 7y < 71 = 73.

2. Substitute ¢(m;) = m; and check the relation: both sides evaluate to the same table, so ® preserves this
relation. As A is finite, a finite list of such relations can be checked similarly and in this case all hold,
hence ker = C ker .

3. The descent produces © : (A) — M(S) with ©(rr;) = ;. Since (A) # M(S), © does not determine a
unique global automorphism of M(S). (In this example © is the identity on (A) and hence extends to
the global identity automorphism of M(S); in general an extension may or may not exist and, if it
exists, need not be unique.)

5.3.2 Worked example 2: S = {1, 2}

Let S = {1, 2} and take A = {O;} where O; is the constant operation with value 1. Then |[M(S)| = 16,

while (A) = {O,} is proper, so A does not generate M(S).

Apply the kernel/test procedure to the identity map ¢ : A — A.

1. Formal terms in F(A) up to depth 2 are O; and O;<0;. Evaluate: (O;<0;)(x, y) = Oy (Ol(x, ¥), O1(y, x)) =
0:(1,1) = 1,50 O; < O; = Oy in M(S). Thus R = ker 7 contains the relation O; < O; = O;.

2. Substitute ¢(0O;) = O; and check the relation: both sides evaluate to the same constant table, so ®
preserves this relation. With only this generator the kernel inclusion ker 7 C ker ® holds on the
generated congruence.

3. The descent produces © : (A) - M(S) with ©(0;) = 0. Since (A) = M(S), © does not determine a
unique global automorphism of M(S). (In this example 0 is the identity on (A) and hence extends to
the global identity automorphism of M(S); in general an extension may or may not exist and, if it
exists, need not be unique.)

6 Complete classification for small |S]

In this section we give complete descriptions of Aut(M(S), <) for |S| = 1,2,3. The classifications
for |S| = 2,3 follow from the structural reductions developed above (constants reduction, projection
characterization, and evaluation-definability); below we present the theoretical reductions and indicate the
short finite checks used to confirm the classifications.

6.11S|=1

If S = {s} then M(S) contains exactly one binary operation (the constant table with value s), so M(S)
is a one-element algebra. Every endomorphism is the identity map, hence Aut(M(S), <) = {1}.
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6.2|S|=2

Let S = {1, 2}. Then |M(S)| = 22" = 16, so one may enumerate all operation tables explicitly if desired.
By the constants reduction (Section 3) every ¢ € Aut(M(S), <) induces a permutation o € Sym(S) on the
constant operations and factors as ¢ = 7 o i/, where ¢ fixes all constants pointwise.

By Proposition 11 the only elements of M(S) satisfying the projection axioms are 7; and 7, so
any constant-fixing automorphism permutes {x;, 7,}. Evaluation-definability (Lemma 4) implies that a
constant-fixing automorphism fixing both projections must fix every table entry and hence be the identity.
The swap case is ruled out by a short finite check on the 16 tables. Therefore every automorphism is
conjugation by a permutation, and the map (A) : Sym(S) — Aut(M(S), <) is an isomorphism. Hence

Aut(M(S), <) = Sym(2) = G, | Aut| = 2.

6.3|S|=3

Let S = {1, 2, 3}. We outline a complete argument that Aut(M(S), <) = Sym(S) x C,, where C, = {1, T}
is generated by the transpose T defined by T(f)(a, b) = f(b, a). In particular | Aut| =6 -2 = 12.

1. Reduction by constants. Every ¢ € Aut(M(S), <) permutes the constant operations O;. Let o € Sym(S)
be defined by ¢(O0;) = O,;). Then § = " o ¢ fixes all constants pointwise (Section 3.2).

2. Projection characterization. For |S| > 3 Proposition 11 gives first-order <-formulas (using only < and
the constants) that single out the coordinate projections 7;(x, y) = x and m3(x, y) = y. Hence any
automorphism fixing constants must permute {7, 75}.

3. Dichotomy for constant-fixing automorphisms. By Lemma 3, a constant-fixing automorphism ¢ either
fixes both 71, 7r; or swaps them. If ¢ fixes both projections then, since each evaluation map ev(, ) :
f — f(a,b) is definable from f, 1, 7, and the constants (Lemma 4), ¢/ fixes every evaluation and
hence ¢ = id. If ¢ swaps &; and 7, the same definability argument shows i acts by transposing
inputs on every f,ie. ¢y = T.

4.  Global decomposition and direct product. Therefore every automorphism has the form ¢ = @ or
¢ =0 o T with o € Sym(S). It remains to verify that T preserves < when |S| = 3; this is confirmed by
a short finite check on a small generating set of M(S) (or by exhaustive enumeration). Consequently
T € Aut(M(S),<) for |S| = 3. Since T commutes with every & (Proposition 8) and T? = id, the
subgroup generated by Sm) and T is isomorphic to the direct product Sym(S) x C,. Exhaustive
finite verification confirms that no further automorphisms occur.

6.4 Remarks on verification and computation

e For |S| = 2 and |S| = 3 the classifications above admit short finite verification: enumerate M(S),
compute < on operation-tables using the defining rule, and determine the full automorphism group by
direct comparison of tables or by verifying the generator equalities cited above. These finite checks
serve as independent confirmations of the structural arguments and provide explicit representatives of
each automorphism class.
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« For n > 4 additional nonconjugate automorphisms may appear; the methods used here (constants
reduction and projection characterization) remain the starting point, but further invariants and more
refined structural tools are required to obtain a complete classification. Note that [M(S)| = n " so
exhaustive enumeration rapidly becomes infeasible.

7 Conclusions

We studied the algebra (M(S), <) of all binary operations on a set S equipped with the non-pointwise
composition, <. Our main contributions are a characterization of permutation-induced automorphisms &
(conjugation by o € Sym(S)) and a proof that o — & embeds Sym(S) into Aut(M(S), <); the identification
of key invariants (constants, idempotents, diagonals) together with the result that an automorphism’s action
on constants determines diagonal values of every operation; the formulation of the extension problem for
isomorphisms of outsets and a necessary-and-sufficient kernel criterion for extending local isomorphisms to
global automorphisms, including a constructive descent and an algorithmic procedure for finite S; and the
description of additional nonconjugate automorphisms (notably transpose-related phenomena, which need
not preserve <), explicit obstruction mechanisms for nonextendability, and complete small-n classifications
(trivial for |S| = 1, conjugation-only for |S| = 2, and Sym(3) x C, for |S| = 3).

These findings show that constants provide an effective reduction for studying automorphisms and
that extendability is governed precisely by preservation of equational relations among generators. The
combination of algebraic methods and finite computation yields a practical framework for classification in
small cases. Future work will investigate nonconjugate automorphisms for larger |S|, classify the subgroup
of input-pair permutations inducing automorphisms, and relate these symmetries to structural properties
of base laws on S.
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