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Abstract: A set S C V(G) of the connected graph G = (V(G), E(G)) is said to be a connected secure dominating set
if S is a dominating set, S is a secure set, and (S); is a connected graph. The connected secure domination polynomial
of Gis D$(G,x) = Z,-"z},st(c) dS(G,i)x" where y(G) = min{|S| : Sis a connected secure dominating set of G} and
d¢(G,i) is the number of connected secure dominating sets with cardinality i. In this paper, we will determine the
connected secure domination polynomial of path graph P,, cycle graph C,, complete graph K,, star graph K ,,, and
corona graph G o K;.
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1 Introduction

All graphs considered in this paper are finite, simple, and connected. A graph G = (V, E) has a vertex
set V(G) and an edge set E = E(G), and the cardinalities |V| and |E| are called the order and size of G,
respectively. If v € V(G), the open neighborhood of v is N(v) = {u : uv € E(G)}, and the closed neighborhood
of v is N[v] = {v} U N(v). For S C V(G), the open neighborhood of S is N(S) = | J,cs N(v), and the closed
neighborhood of S is N[S] = SU N(S). If S C V(G), then the induced subgraph (S)¢ is the graph obtained
from G such that V({(S)g) = S and wv € E((S)¢) if and only if uv € E(G). A vertex v € V(G) is called
a cut vertex if (V(G) — {v}); has more components than G. In addition, for a set S C V(G), S is called a
k-vertex cut set if |S| = k, (V(G) — S); has more components than G, and (V(G) — X); is connected for
every X C S. For more graph-theoretic notions, refer to [3].

The concept of secure sets was first introduced by Brigham et al. [2] in an attempt to develop a more
realistic notion of alliances in graphs. For a set S C V(G) with S = {s1, sz, ..., s}, the attack on S is defined
as the collection of pairwise disjoint sets A = {A;, Ay, ..., A} such that A; C N[s;] — Sfori=1,2,..., k. The
defense of S is a collection of pairwise disjoint sets D = {Dy, Dy, ..., Dy} for which D; C N[s;] n S. An attack
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A is defendable if there exists a defense D such that |D;| > |A;| for each i = 1,2, ..., k. The set S is secure if
every attack on S is defendable.

Another important topic in graph theory is domination. The concept of dominating sets in graphs
dates back to the 1950s and 1960s, originally studied in the context of network control and facility location
problems. Since then, domination has become a central topic in graph theory. A set S C V(G) is called a
dominating set if every vertex in V(G) — S is adjacent to at least one vertex in S. Equivalently, N[S] = V(G).
This notion of dominating sets has inspired several extensions, including vertex-edge dominating sets [7],
pendant dominating sets [5], and connected total dominating set [4]. Secure dominating sets were first
studied by Johnson and Jones in [6], combining the concepts of secure sets and dominating sets. A set
S C V(G) is a secure dominating set if it is both a dominating set and a secure set. If, in addition, the induced
subgraph (S)¢ is connected, then S is called a connected secure dominating set.

The concept of dominating sets was later extended to the domination polynomial, which was introduced
by Alikhani and Peng [1]. The idea is to study the number of dominating sets of a graph with respect
to their cardinalities in a single polynomial. This notion has led to several variants of the domination
polynomial, including the connected domination polynomial [8].

In this paper, we extend the study of connected secure dominating sets by introducing a new variation
of the domination polynomial, called the connected secure domination polynomial. For a simple connected
graph G of order n, the connected secure domination polynomial is defined as

n
DG, x)= Y, di(G.i)x',
i=y$(G)

where y$(G) = min{|S| : S is a connected secure dominating set of G} is the connected secure domination
number of G, and d¢(G, i) denotes the number of connected secure dominating sets of cardinality i.

2 Preliminaries

Definition 1: A path graph of order n, denoted by P,, is a graph with vertex set V(P,) = {v1, v, ..., v,} and
edge set E(P,) = {v1v2, 0203, ..., Up_10p}.

Theorem 1 ([6]): Let P, be a path graph of order n. Then yS(P,) = n—2for n > 4.

Definition 2: A cycle graph of order n, denoted by Cy,, is a graph with vertex set V(C,) = {v1,02, ..., s}
and edge set E(Cp,) = {v1v2, 0203, ..., Un—1Up, U1Un}.

Theorem 2 ([6]): Let C, be a cycle graph of order n. Then y(C,) = n—2for n > 4.

Definition 3: A graph is said to be a complete graph if every two distinct vertices of the graph are adjacent.
The complete graph of order n is denoted by K.
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Definition 4: The complete multipartite graph, denoted by K, ,, . n..is a graph whose vertex set can be
partitioned into k > 2 subsets V1, Vs, ..., Vi (also called partite sets) with |V;| = n; fori = 1,2,..., k such that
uv € E(Ky, n,,.n,)if u€ Viand v € Vj, where 1 < i, j < k and i # j. The graph K; , is called a star graph.

1,125+

Definition 5: Let G be a graph of order n and H be a graph. Then the corona graph G - H is a graph
obtained by taking one copy of G and n copies of H, and then joining ith vertex of G to every vertex of ith
copy of H.

The number of connected dominating sets of G with cardinality i is denoted d.(G,i).

Theorem 3 ([8]): Let G be a connected graph with k cut vertices and r 2-vertex cut sets. Then
i  d.G,n)=1;
ii. d.(G,n—-1)=n-k;

iii. d/(G,n-2)= (7% -r

Theorem 4 ([8]): Let G be a connected graph of order n. Then d.(G - Ky,i) = (l.l’n) foralli,n <i<2n.

Theorem 5 ([2]): Let G be a graph with vertex set V(G). Then the set S C V(G) is secure if and only if
IN[X]NnS|>|N[X]—S|forall X CS.

Theorem 6 ([6]): For any connected graph G of order n, y{(G) > 5.

Theorem 7 ([6]): Let G be a graph of order n. Suppose that S C V(G), S is a dominating set, each vertex
in S is adjacent to at most one vertex in V(G) — S, and |S| = [%] Then S is a secure dominating set.

|' ny+no+...+ny, ‘|
2

Theorem 8 ([6]): Let Ky, p, ..n, be a complete multipartite graph. Then y{(Kp, n,, . .n,) = for

m> 2.

3 Results and Discussions

Remark 1: For any positive integer n, [g] >n- [g]

Lemma 1: Let G be a connected graph of order n. Suppose that S C V(G) is a dominating set with |S| > [g] :
If X C S is a dominating set of G, then [N[X] n S| > [N[X] - S|.

Proof: Since S and X are dominating sets, we have N[S] = V(G) and N[ X] = V(G), and as aresult N[S] =
N[X]. Note that N[S]nS = S. So, [IN[X]nS| = IN[S]nS| = [S| > [2],and IN[X]-S| = |V(G)-S| < n—[2].
By Remark 1, it follows that IN[X] n S| > [N[X] - S|. O

Lemma 2: Let G be a nontrivial connected graph and suppose that S C V(G). If X is a subset of S such
that no vertex in X is adjacent to any vertex in V(G) — S, then

i, N[X]cS;
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ii. |IN[X]nS|>|N[X]-S|;and
iii. If Y is a subset of S that contains a vertex which is adjacent to a vertex in V(G) — S and [N[Y] n S| >
IN[Y] = S|, then [N[X U Y] n S| > IN[X U Y] = S|.

Proof: (i): Assume to the contrary that N[X] € S.

Case 1. Let S € N[X]. Then there exists a vertex v € N[X] such thatv € S. As aresult,v € X or
veNX),andv e V(G)— S. If v € X, then v € S since X C S. This is not possible because v ¢ S. On the
other hand, if v € N(X), then there exists a vertex u € X that is adjacent to v. However, v € V(G) — S,
which contradicts the assumption on X.

Case 2. Let N[X]n S # @ and S € N[X]. The argument is the same as in Case 1.

Case 3. Let N[X]n S = @. Notice that N[ X]nS=(N(X)uX)nS=(N(X)NnS)u(XnS).Since XCS
and X # @, we have X n S = @. This means that N[X] n S # @, a contradiction.

Therefore, N[ X] C S.

(ii): Because N[X] C S, we have N[X] — S = @, that is, [N[X] — S| = 0. Also, since X # @, it follows
that IN[X] n S| > 1. Thus, [N[X] n S| > |[N[X] - S|

(iii): Observe that N[ X U Y] n S = (N[X]JUN[Y])n S =(N[X]nS)u (N[Y]nS). So,

IN[XUuY]nS|=IN[X]nS|+|N[Y]nS|—|(N[X]nS)n(N[Y]nS)
= |N[X]nS|+|N[Y]nS|—|N[X]nSnNJ[Y].

Since N[X] C S by (i), it follows that
IN[XUY]nS|=|N[X]nS|+|N[Y]nS|—|N[X]nN[Y].

Because N[X] n N[Y] C N[X], we have [N[X]| > |[N[X] n N[Y]|, that is, IN[X]| — IN[X] n N[Y]| > 0.
Hence, IN[X U Y] n S| > IN[Y] n S|. In addition, notice that

N[XUY]-S=(N[X]UN[Y])n S
=(N[X]nS)U(N[Y]n S
= (N[X] = S) U(N[Y]=S).

Note that N[X] - S = @. So, N[ X U Y] - S = N[Y] — S, and consequently, IN[X U Y] — S| = [N[Y] — §|.
Since [N[Y] n S| > |N[Y] — S| by assumption, we have IN[X U Y]n S| > |N[X U Y] -S| O

Lemma 3: Let G be a connected graph of order n. Suppose that k is the number of cut vertices and r is the
number of 2-vertex cut sets of G. Then

i di(G,n)=1;

ii. d{(G,n—1)=n-k;and

iii. di(G,n-2)=("")~rforn>4.
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Proof: (i) is clear.

(ii): By Theorem 3 (ii), G has n— k connected dominating sets with cardinality n— 1. Let S be a connected
dominating set of G with cardinality n — 1. Then, there must be one vertex of G that is not in S, say v.
Note that v must not be a cut vertex, because if v is a cut vertex, then (S); is disconnected. Let X C S.
If no vertex in X is adjacent to v, then by Lemma 2, IN[X] n S| > [N[X] — S|. Also, if there is a vertex
in X adjacent to v, then N[X] — S = {v}, that is, IN[X] — S| = 1. Because X # @, [IN[X] n S| > 1. Thus,
IN[X] n S| >|N[X] — S|. Therefore, S is a secure set by Theorem 5. So, S is a connected secure dominating
set. Clearly, dS(G,n—1) = n—k.

(iii): According to Theorem 3 (iii), G has (";k
S be a connected dominating set of G with cardinality n — 2. This implies that there are two vertices u and v

) — r connected dominating sets with cardinality n — 2. Let

such that u,v ¢ S. Note that u and v are not cut vertices and {u, v} is not a 2-vertex cut set. Otherwise, (S)s
is disconnected or S is not a dominating set. Let X C S. Because n > 4, we have [N[X] n S| > 2. In addition,
there are only four possible sets that describe N[ X] — S, namely, @, {u}, {v}, {u,v}. So, 0 < |[N[X] - S| < 2.
As a consequence, [N[X] n S| > [N[X] — S|. By Theorem 5, S is a secure set. Therefore, S is a connected
secure dominating set. Consequently, d(G, n — 2) = (";k) -r. O

Theorem 9: Let P, be a path graph of order n > 4. Then

1 ifi=n

2 ifi=n-1
di(Pp,i) =

1 ifi=n-2

0 ifi<n-3.

Thus, D¢(P,, x) = x" + 2x"" 1 + x"72,

Proof: Case 1. Clearly, dS(P,, n) = 1 by Lemma 3 (i).

Case 2. Since P, has n — 2 cut vertices, by Lemma 3 (ii), d{(P,,n—1) =n—(n—-2) = 2.

Case 3. Notice that P, has no 2-vertex cut set but has n — 2 cut vertices. By Lemma 3 (iii), d{(P,, n —2) =
(-59) =1,

Case 4. Because yS(P,) = n — 2 by Theorem 1, dS(P,,i) = 0ifi < n—3.

Immediately, D¢(P,, x) = x" + 2x" 1 + x"2. [

Theorem 10: Let C, be a cycle graph of order n > 4. Then

1 ifi=n
E(Cod) ifi=n—1
s 1) =
S n ifi=n-2

[e=)

ifi<n-3.
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Thus, D{(Cy, x) = x" + nx™ 1 + nx"2,

Proof: Case 1. It is obvious that d$(Cp, n) = 1 by Lemma 3 (i).

Case 2. Because C, has no cut vertex, by Lemma 3 (ii), d5(Cp, n — 1) = n.

Case 3. Note that V(C,) has (;’) subsets with cardinality 2. Among these subsets, n are not 2-vertex cut
sets (those subsets whose elements are adjacent to each other). So, the number of 2-vertex cut sets of C,, is
(;’) — n. Also, note that C,, has no cut vertex. Thus, by Lemma 3 (iii), d5(C,, n — 2) = ("50) - [(g) - n] =n.

Case 4. Since y{(C,) = n — 2 by Theorem 2, d{(C,,i) = 0 whenever i < n — 3.

Consequently, D¢(Cp, x) = x™ + nx"! + nx"%. O

Theorem 11: Let K, be a complete graph of order n > 4. Then

(") if[21<i<n
0 otherwise.

dg(Kns i) = {

Hence, D¢(Ky, x) = 2;’:[%] (?)x’
Proof: Notice that Kin, m,...m, = Kn if m; = 1 foralli = 1,2,..., n. By Theorem 8, y{(K,) = [5]. It is clear
that d§(K,,1) = 0 for i < [7]. Observe that every subset of V(K}) is a connected dominating set. Suppose
that S is a connected dominating set of K, with [$] < |S| < n. Let X C S. It is clear that X is a dominating
set. By Lemma 1, [IN[X] n S| > [N[X] — S|. Hence, S is a secure set by Theorem 5 and so S is a connected
secure dominating set.

For counting: By Lemma 3 (i), d5(Ky, n) =1 = (Z) Since K, has no cut vertex and 2-vertex cut set, by
Lemma 3 (ii) and (iii), dS(K,,n—1) = n = (nfl) and dS(K,,n—2) = (;) = (nfz)' Now, there are (nL) ways
to obtain all connected secure dominating sets with cardinality n — 4. Similarly, there are (nfs) ways to

obtain all connected secure dominating sets with cardinality n — 5, and so on, until there are ([n7 ays to

21 W
obtain all connected secure dominating sets with cardinality [7]. Therefore, d{(K,, i) = (’;) for[3]<i<n.

Consequently, D$(Kp, x) = le:[%] (?)x’ O

Theorem 12: Let K , be a star graph of order n + 1 with n > 3. Then

1 ifi=n+1
di(Kin, i) = (") if[2]<i<n
0 if i < [2H].

Therefore, DS(Ky ,, x) = x"1 + Zin:[%l] (if1>xi-

Proof: Observe that y{(Ki,) = [%1] according to Theorem 8. Thus, d{(Kj i) = 0 fori < [”T“].
Case 1. By Lemma 3 (i), d5(Kj p,n+ 1) = 1.
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Case 2. Let v be the central vertex of K ,. Suppose that S C V(K ,) with [”TH] < |S] € n. Note that
v € Sbecauseifv ¢ S, <S>K1,n is disconnected. So, S is a connected dominating set. Now, let X C S. If v € X,
then X is a dominating set and as a result IN[X] n S| > [N[X] — S| by Lemma 1. Also, if v ¢ X, then by
Lemma 2 (ii), IN[X] n S| > |[N[X] — S|. Hence, by Theorem 5, S is a secure set and it follows that S is a
connected secure dominating set.

For counting: Because K;, has one cut vertex and no 2-vertex cut set, by Lemma 3 (ii) and (iii),
di(Kip,n)=n+1-1= (nfl) and d$(Kyp,n—1) = ("+;1) = (nfz) = ((nfl’)il). Now, there are (<n7'2’)71)
ways to obtain all connected secure dominating sets with cardinality n — 2. In addition, there are ((n—g)—l>

ways to obtain all connected secure dominating sets with cardinality n — 3, and so on, until there are

n+1

<[(n +13’/2]_1) ways to obtain all connected secure dominating sets with cardinality [%~]. Consequently,

di(Kyn, i) = (ifl) for ["T“] <i<n
Therefore, D¢(Ky , x) = x™1 + Zin:[m] ( " )xi. O

7 i1

Theorem 13: Let G be a connected graph of order n > 2. Then

- ifn<i<2n
d(G o Ky.i) = {(ln)
0

otherwise.
Consequently, DS(G - Kq, x) = x"(x + 1)".

Proof: Let V(G) = {v,vs, ..., v,}. Suppose that V(K?) = {v'} is the vertex set of the ith copy of K;, whose
vertex is adjacent to the ith vertex of G. It is clear that V(G) is a secure dominating set by Theorem 7.
Because G is connected, V(G) is a connected secure dominating set. Note that y$(G - K7) > 27” = n by
Theorem 6. Hence, y(G - K;) = n. As a consequence, d5(G o K;,i) = 0 for i < n. Now, according to
Theorem 4, there are (l. n n) connected dominating sets with cardinality i, n < i < 2n. Let S be a connected
dominating set of G o K; with n < |S| < 2n. Note that V(G) C S because if at least one vertex in V(G) is not
in S, (S)¢.g, is disconnected.

Case 1. Let X C S for which no vertex in X is adjacent to a vertex in V(G K;) — S. By Lemma 2 (ii),
IN[X]nS|>|N[X] -S|

Case2.Let Y C Swith Y = {val,vaz,...,vap}where 1<aj<nforj=1,2,..,p. Now,

N[Y]nS=(N(Y)uY)nS=NT)nSu(YnS) =(N(Y)nS)uY

since Y C S. Thus, Y C N[Y] N S and as a result IN[Y] n S| > |Y| = p. In addition, observe that
N[Y]—-S = {®, 0, ...,v{"}. Thus, IN[Y] — S| = p. This means that [N[Y] n S| > |[N[Y] - S].

Case 3. Consider the set X U Y C S where X and Y are constructed in Cases 1 and 2, respectively. It is
immediate that [IN[X U Y] n S| > [IN[X U Y] — S| by Lemma 2 (iii).

Therefore, S is a secure set by Theorem 5 and it follows that S is a connected secure dominating set.
Thus, d{(G - K3,i) = (l. ) for n <i < 2n. Consequently, DS(G - Kq, x) = x"(x + 1)". [

n
—n
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4 Conclusion

This paper introduced the connected secure domination polynomial and determined its explicit algebraic
forms for paths, cycles, complete graphs, stars, and corona graphs. These structural results establish a strong
mathematical foundation for evaluating how secure alliances behave under explicit connectivity constraints.
Moving forward, a natural extension of this research is to investigate the connected secure domination
polynomial for complex operations like cartesian, strong, or lexicographic graph products. Additionally,
generalizing the current corona graph result from a single vertex copy to arbitrary graph families presents
a highly promising open problem. Finally, future investigations could explore the analytical properties of
the polynomial, including its roots, coefficient unimodality, and graph uniqueness characterizations.
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