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Abstract: A total product cordial labeling of a graph G is a function f : V — {0, 1}. For each xy, assign the label
f(x)f(y), f is called total product cordial labeling of G if it satisfies the condition that [v£(0)+ef(0) —v (1) —ef(1)| < 1
where v4(i) and e¢(i) denote the set of vertices and edges which are labeled with i = 0, 1, respectively. A graph with a
total product cordial labeling defined on it is called a total product cordial graph. In this paper, we determined the
total product cordial labeling of the snake graphs T,, A(T;), D(T,), DA(T,), Qn, A(Q»), D(Q,), and DA(Q,).

Mathematics Subject Classification: 54C05, 54C08, 54C10
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1 Introduction

A graph labeling is an assignment of integers to the vertices or edges, or both, subject to certain
condition(s). If the domain of the mapping is the set of vertices (or edges) then the labeling is called vertex
labeling (or an edge labeling). It was first introduced in 1967 in the classic paper of f—valuations by Rosa
[5] which leads to the foundation of various graph labeling methods. In 2004, M. Sundaram, R. Ponraj and
S. Somasundaram introduced the notion of product cordial labeling. A product cordial labeling of a graph
G with vertex set V is a function f from V to {0, 1} such that if each edge uv is assigned the label f(u)f(v),
the number of vertices labeled with 0 and the number of vertices labeled with 1 differ by at most 1, and the
number of edges labeled with 0 and the number of edges labeled with 1 differ by at most 1 [8]. Building on
this concept, the same authors introduced a new labeling approach called total product cordial labeling.
This method considers both vertices and edges. A graph is said to be total product cordial if a function f
from V to {0, 1}, and for each edge uv assigned with the label f(u)f(v), the number of vertices and edges
labeled with 0 and the number of vertices and edges labeled with 1 differ by at most 1. A graph with a total
product cordial labeling is called a total product cordial graph [1]. Pedrano and Rulete [3,4] determined
that some cartesian product graphs and the Generalized petersen graph admits a total product cordial
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labeling. They also showed that the corona of some graphs admits total product cordial labeling. There
exist several variations of cordial labeling, each differing in structure and conditions while preserving the
balance properties that define the concept. See [2-4,7,10? ,11] for some of the variants of cordial labeling.
Throughout this paper, we determined the total product cordial labeling of the snake graphs T,, A(T,),

D(Ty), DA(Ty), Qn, A(Qn), D(Qn), and DA(Qn).
2 Preliminaries

Definition 1: [4] For a simple graph G = (V,E) and a function f : V — {0, 1} assign the label f(x)f(y) for
each edge xy. This function f is called total product cordial labeling if [vr(0) + e;(0) —v¢(1) — ef(1)] < 1 where
vf(i) and ef(i) denote the number of vertices and edges labeled withi = 0,1. A graph with a total product
cordial labeling defined on it is called total product cordial.

The following are results of total product cordial labeling on some graphs.
Theorem 1 ([? ]): C, is total product cordial if n + 4.
Corollary 1 ([? ]): The ladder L,, = Py, x P, (m # 2) is total product cordial.

Theorem 2 ([4]): The crown graph Py, o P, is total product cordial graph for allm,n > 1.

3 TOTAL PRODUCT CORDIAL GRAPHS

This section present the results of total product cordial labeling on some snake graphs.

Theorem 3: The Triangular Snake Graph T, is total product cordial for all n > 2.

Proof: Let V(T,) = {1 <i<nluf{ull <i<n-—1}and E(T,) = {viwis1]l <i<n—-1}ufnull <i <
n— 1} U {vir1ul1 < i< n— 1} Hence, the order and size of T, is 2n — 1 and 3n — 3, respectively. To show
that T, is total product cordial, we consider the following cases:
Case 1: nis even, n > 2.
Subcase 1.1: n = 2.
Observe that T, = Cs. By Theorem 1, T; is a total product cordial graph.
Subcase 1.2: nis even, n > 4.
Let f : V(T,) — {0, 1} be the function defined by:

f(vi)z{o’ 1<i<y f(ui):{o, 1<

1, otherwise 1, otherwise
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From the established labeling, we have v/(0) = n — 1 and v¢(1) = n. Now, the edges of T, with labels zero
are the following:

n
f(ivis1) =0, 1<i< o
n
fiw) =0, 1§ig5;

n—2

fir1u) =0, 1<i<——.

As a result of these edge labels, we have ef(0) = and consequently, ef(1) = 3”;4. Hence, [v£(0) +

ef(0) —vp(1) — ep(1)[ = ’2”72+3"7§72"73"+4| = 0. Thus, T, is total product cordial when n is even, n > 2.
Case 2: nis odd, n > 3.
Let f : V(T,) — {0, 1} be the function defined by:

f(vi):{o’ 1<i<ty f(ui):[o, 1<i<nt

3n-2
2

1, otherwise 1, otherwise

From the established labeling, we have v;(0) = n — 1 and v¢(1) = n. Now, the edges of T, with labels zero
are the following:

n—1
fiviy1) =0, 1<i< 5

n—1
~f(viui) :30, 1 f; if; 2 5

n—1
fimu)=0 1<i< ;

As a result of these edge labels, we have ef(0) = 3"2_3 and consequently, ef(1) = 3”2_3. Hence, [v£(0) +

ef(0) —vf(1) — ep(1)| = |22 | — 1 Thus, T, is total product cordial for all n > 3, n is odd.

Considering all the cases presented above, we have shown that T, is total product cordial for all n > 2. [J

Theorem 4: The Alternate Triangular Snake Graph A(T,) is total product cordial foralln > 2.

Proof: To prove the theorem, we consider the following cases:
Case 1: nis even, n > 2.
Let V(A(T,)) = {vil1 <i < nfufwfl <i< J}and E(A(T,)) = {oiwiall <i<n— 1} U{ozqull <i <
51U {vgiwi1 <i < 7} Hence, the order and size of A(T,) is 37” and 2n — 1, respectively.
Subcase 1.1: n = 2.
Observe that A(T,) = Cs. By Theorem. 2.1, A(T>) is a total product cordial graph.
Subcase 1.2: n = 0 (mod 4), n > 4.
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Let f : V(A(T,)) — {0, 1} be the function defined by:

0, 1§ig§ 0, 1<i<
fl) = flw) =

1, otherwise 1, otherwise

s

From the established labeling, we have v£(0) = %” and vy(1) = %”. Now, the edges of A(T,) with labels

zero are the following:

n

fowiy1) =0, 1<i< o
n

fvoiciu) =0, 1<i< Z;
n

fvaiui) =0 1§i§2,

As a result of these edge labels, we have e7(0) = n and consequently, ef(1) = n— 1.

Hence, |v(0) + €£(0) —vp(1) — ep(1)| = |2H48=30=4m24) — 1 Thus, A(T,) is total product cordial for all
n=0(mod4), n>4.
Subcase 1.3: n = 2 (mod 4), n > 6.
Let f : V(A(T,)) — {0, 1} be the function defined by:

f(vi)z{o’ lsigy f(u,-):{o’ 1<ign?

1, otherwise 1, otherwise

From the established labeling, we have v;(0) = 3”‘; 2 and v (1) = #. Now, the edges of A(T,) with labels

zero are the following:

n
fwigr) =0, 1<i< >
n+2
fvaimqu;) =0, 1<i< 1 ;
n—2
fvaiu;) =0, 1<i< 1

As a result of these edge labels, we have ef(0) = n and consequently, e(1) = n — 1. Hence, [v£(0) + ef(0) —
vp(1) — ep(1)| = |Pr=2tandn=2=Antd| — 0 Thus, A(T,) is total product cordial for all n = 2 (mod 4), n > 6. By
Subcases 1.1, 1.2 and 1.3, A(T,) is a total product cordial graph when n is even, n > 2.
Case 2: nis odd, n > 3.

Let V(A(T,) = {vil1 <i < npu{ul <i< % }and E(A(T,) = ol <i<n— 1} Uogiqull <i <

"T_l} Ufvgu]l <i < "T_l} Hence, the order and size of A(T),) is 3"2_1 and 2n — 2, respectively.

Subcase 2.1: n = 3.
Let f : V(A(T;5)) — {0, 1} be the function defined by:

f) = f(s) = f(u) =1 and f(vy) =0.
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Then the edge labels would be:

fwz) =0;  f(vov3) =0;  f(oiu) =1;  f(vaup) = 0.

Hence, [v7(0) + e7(0) —v¢(1) — ef(1)] = [1 + 3 — 3 — 1| = 0. Thus, A(T3) is a total product cordial graph.
Subcase 2.2: n =1 (mod 4), n > 5.
Let f : V(A(T,)) — {0, 1} be the function defined by:

f(vi)z{o’ l<i<ig f(ui):[o, 1<i<nt

1, otherwise 1, otherwise

From the established labeling, we have v;(0) = % and vy(1) = %. Now, the edges of A(T,) with labels
zero are the following:

n—1
flvis1) =0, 1<i< -

n—1
f(vaim1u;) =0, 1<i< T

n—1
fziu;) =0 1<i< 2

As a result of these edge labels, we have e;(0) = n — 1 and consequently, e;(1) = n — 1. Hence, |[v(0) +
er(0) —vp(1) —ef(1)] = |3”_3+4”_4Z3"_1_4”+4| = 1. Thus, A(T,) is total product cordial for all n = 1 (mod 4),
n>>5.

Subcase 2.3: n =3 (mod 4), n > 7.

Let f : V(A(T,)) — {0, 1} be the function defined by:

0, 2<i<ntd 0, 2<igntl
f(vi)z{ 2 f(ui):[ 4

1, otherwise 1, otherwise

From the established labeling, we have v;(0) = % and vy(1) = %. Now, the edges of A(T,) with labels
zero are the following:

n+1
fivirr) = 0, 1<i< -

n+1
fvziiqw;) =0, 1<ig =~

n+1
flozu) =0 1<i< 2

As a result of these edge labels, we have e;(0) = n and consequently, e;(1) = n — 2. Hence,|v/(0) + e£(0) —
vr(1) —ep(1) = |3”_5+4”_Z”_3_4”+8| = 0. Thus, A(T,) is total product cordial for all n = 3 (mod 4), n > 7. By
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Subcases 2.1, 2.2, and 2.3, A(T),) is a total product cordial graph when n is odd, n > 3. Considering all cases
presented above, we have shown that A(T,) is total product cordial for all n > 2. [

Theorem 5: The Double Triangular Snake Graph D(T,) is total product cordial for all n > 2.

Proof: Let V(D(T,)) = {1 <i<njuf{ufl <i<n—-1}u{wll <i<n—-1}and E(D(Ty,)) = {viwis|1 <
i<n—-Uufpull<i<n—-1}u{vqul <i<n-—1}u{yiwl <i<n-—1}U{viiwill <i<n-— 1} Hence,
the order and size of D(T,) is 3n — 2 and 5n — 5, respectively.
To show that D(T,) is total product cordial, we consider the following cases:
Case 1: nis even, n > 2.
Subcase 1.1: n = 2.
Observe that D(T,) = P; o P;. By Theorem. 2.9, D(T>) is total product cordial graph.
Subcase 1.2: nis even, n > 4.
Let f : V(D(T,)) — {0, 1} be the function defined by:

0, 1<igt
flw) = [ ?

1, otherwise

0, 1<i<n?
flw) = . 2

1, otherwise

0, 1<i<n?

—_

, otherwise

f(Wi) = [

From the established labeling, we have v;(0) = 3"{ 4 and vp(1) = 37" Now, the edges of D(T,) with

labels zero are the following:

f(UiUi+1) =0, 1<i< g;
fom)=0,  1<i<
f(vir1u) =0, 1gi<n;2;
floiw) =0, 1§i£g;
f@iriwi) =0, 1§i<n;2.

As a result of these edge labels, we have ef(0) = 5"2_4 and consequently, ef(1) = 5”2_6. Hence, [v7(0) +

ef(0) —vp(1) — ef(1)] = |2H=H=2300%6) — 1 Thus, the D(T,) is total product cordial for all n > 4, n is
even. By Subcase 1.1 and Subcase 1.2, D(T,) is total product cordial when n is even, n > 2.
Case 2: nisodd, n > 3.

Let f : V(D(T,)) — {0, 1} be the function defined by:
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n-1
(v)-{’ Dk

, otherwise
1<i<L ”
flw) =
otherwzse
1<i< ”
f(Wl) =
otherwtse

From the established labeling, we have v;(0) = 3n-1 Now, the edges of D(T,) with

labels zero are the following:

fivir1) =0, 1Si£n;1;
Fu) =0, 193";1;
f@mu) =0, 1<i< ";1;
flyw) =0, 1Si£n;1;
fmw) =0, 1<i< ”;1

As a result of these edge labels, we have ef(0) = er(1) = 5” 3 Hence, lvr(0) +
ef(0) —vp(1) — ep(1)| = [Pr=tona-3ntloomss) — Thus, D(T,) is total product cordial for all n > 3, nis odd.
Considering all the cases presented above, we have shown that D(T,) is total product cordial for all n > 2.
O

Theorem 6: The Double Alternate Triangular Snake Graph DA(T,) is total product cordial for all n > 2.

Proof: To prove the theorem, we consider the following cases:
Case 1: nis even, n > 2.

Let V(DA(T,)) = {uill <i < nfufuwll <i< Juiwll <i< 2}and E(DA(T,)) = {oiwial < i <
n—1}U{vgi w1 <i < 2HU {ogiull <i< 2} u{ogiiwill <i < 2u{oywi|l <i < 72} Hence, its order and
size is 2n and 3n — 1, respectively.

Subcase 1.1: n = 2.

Observe that DA(T;) = P; o P5s. By Theorem. 2.9, DA(T;) is a total product cordial graph.

Subcase 1.2: n = 0 (mod 4), n > 4.

Let f : V(DA(T,)) — {0, 1} be the function defined by:

1<i<?

0, <
f(vi) = [ .
1, otherwise
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0, 1<ig<?

flw) = 4
1, otherwise

. n

0, 1<i<®
1, otherwise

flw) = {

From the established labeling, we have v;(0) = n and v¢(1) = n. Now, the edges of DA(T,) with labels zero
are the following:

fivir1) = 0, 1<i< g;
flnau) =0, 1<i<
faiu;) = 0, 1Si§%;
f(zi-1wi) =0, 1<i< g;
fvaiwi) =0, 131'3%

As a result of these edge labels, we have ef(0) = 37” and consequently, ef(1) = 3”2_2. Hence, [v£(0) + ef(0) —
vp(1) — ep(1)] = | 23023182 — 1 Thus, DA(T,) is total product cordial for all n = 0 (mod 4), n > 4.
Subcase 1.3: n = 2 (mod 4), n > 6.

Let f : V(DA(T,)) — {0, 1} be the function defined by:

f@oz[a 1<i<?

1, otherwise

0, 1<i<?
flw) = .

1, otherwise
0, 1<i<m?

f(Wi) = [

1, otherwise



Ann. Commun. Math. 9 (2026): 8 9of 23

From the established labeling, we have v¢(0) = n — 1 and v¢(1) = n + 1. Now, the edges of DA(T,) with
labels zero are the following:

f(UiUi+1) =0, 1<i< g;
f(zi1u;) =0, 1<i< nl-z;
flogw) =0, 1<i< ”;2;
faisgw) =0,  1<i< ”:2;
f(waw;) =0, 1Si§n;2.

As a result of these edge labels, we have ef(0) = 37” and consequently, ef(1) = % Hence, [v7(0) + e7(0) —
vp(1) — ep(1)| = |Pr=23n2n=2=3mi2| — 1 Thus, the DA(T,) is total product cordial for all n = 2 (mod 4),
n > 6. By Subcases 1.1, 1.2, and 1.3, DA(T,) is total product cordial when n is even, n > 2.
Case 2: nis odd, n > 3.

Let V(DA(T,)) ={vill <i<nju{u|1 <i< ”T_l} uiw1 i< ”T_l} and E(DA(T,)) = {viwi1|1 <i <
n =10 {oziquill <1< U {ozll <0< P U o will <0< U fowill << 27 Hence, it
order and size is 2n — 1 and 3n — 3, respectively.
Subcase 2.1: n = 3.
Let f : V(DA(T;)) — {0, 1} be the function defined by:

f1) = f(vs) = f(w) = f(wi)) =1 and f(v;) =0.
Then the edge labels would be:

f(iv2) = 0;

f(vav3) = 0;

fliu) =1

foau1) = 0;

floiw) =15

flvawy) = 0.
Observe that v7(0) = 1, vs(1) = 4, ef(0) = 4, and ef(1) = 2. Hence, [v(0) + ef(0) — vs(1) — ef(1)] =
|14+ 4—4—2|=|—-1|=1. Thus, DA(T3) is a total product cordial graph.

Subcase 2.2: n =1 (mod 4), n > 5.
Let f : V(DA(T,)) — {0, 1} be the function defined by:

0, 1<ig®t

flw) = { .
1, otherwise
0, 1<i<gnt
f(ui) = {1 4

otherwise

5
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Oa
11

f(Wi) = [

From the established labeling, we have v(0) = n — 1 and v¢(1) = n. Now, the edges of DA(T,) with labels

zero are the following:

fivi1) =0, 131'3”;1;
fvaiaw) =0, 13is”;1;
f(uziu;) =0, 1Si§n;1;
f(vaimgwi) =0, ISiSnll;
Fyiwy) = 0, 1gis”;3

As aresult of these edge labels, we have ef(0) = % and ef(1) = % Hence, [vr(0)+ef(0)—vs(1)—ef(1)| =

Ann. Commun. Math. 9 (2026): 8

i n—1
1<1£T

otherwise

|pr=n=d=2n=3nt3| — 1. Thus, DA(T,) is total product cordial for all n = 1 (mod 4), n > 5.

2
Subcase 2.3: n = 3 (mod 4), n > 7.

Let f : V(DA(T,)) — {0, 1} be the function defined by:

o) = { O
1,

flu) = {0’
0,

f(Wi) = [

2<i<
otherwise
2<i<
otherwise
2<i<

otherwise

From the established labeling, we have v¢(0) = n — 2 and v¢(1) = n + 1. Now, the edges of DA(T,) with
labels zero are the following:

fivie1) =0, 1£i£n;1;
fzius) =0, 1gig”11;
f(vgiu;) =0, 1SiSn1—1;
Foziw) =0, 13is”ZH
Fogw) =0, 1<i<™Fl

4
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As a result of these edge labels, we have ef(0) = er(1) = M Hence, [v£(0) +
er(0) —vp(1) — ep(1)] = [Br=tdn=longdnis) — Thus, DA(T,) is total product cord1al for all n = 3 (mod
4), n > 7. By Subcases 2.1, 2.2, and 2.3, DA(T,) is a total product cordial graph when n is odd, n > 3.

Considering all the cases presented above, we have shown that DA(T,) is total product cordial for all n > 2.
O]

Theorem 7: The Quadrilateral Snake Graph Q, is total product cordial for all n > 3.

Proof: Let V(Q,) = {1 <i<njuf{ul <i<n—-1}u{wl <i<n-1}} and E(Q,) = {vivi41]1 <i <
n—1u{pu|l <i<n—-1}U{vpiwill <i<n—1}U{wwll <i<n-—1}. Hence, the order and size of Q, is
3n — 2 and 4n — 4, respectively.

To show that Q) is total product cordial, we consider the following cases:

Case 1: nis odd, n > 3.

Let f : V(Qy,) — {0, 1} be the function defined by:

0, 1<i<nt
f(Ui)Z{l 2

otherwise

0, 1<i<nt
f(ui)={1 2

otherwise

f(Wi):[o, 1<i<nt

1, otherwise

From the established labeling, we have v;(0) = % and vp(1) = % Now, edges of Q, with labels zero
are the following:

nT_l; f(viui) = 03

flwiy) =0, 1<i< 1<i
1<i< Bl fluw) =0, 1<i

fir1wi) =0,
As a result of these edge labels, we have ef(0) = 2n — 2 and consequently, ef(1) = 2n — 2. Hence,

07(0) + e£(0) —vp(1) — ep(1)| = [Pr2HARAINHIZA| — 1 Thus, Q, is total product cordial for all n > 3, n
is odd.

Case 2: nis even, n > 4.
Let f : V(Qy) — {0, 1} be the function defined by:

0, 2<ig?
f(ui)z[l 2

otherwise

0, 1<i<?
f(vi):[l 2

otherwise

f(Wi):{o, 2<i<t

, otherwise
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From the established labeling, we have v(0) = 3”2_ 4 and v (1) = 37” Now, the edges of Q, with labels zero
are the following:

fivir1) =0, <3 fu)=0, 1<i
< <

1

firiwi) =0, 5 fluw)=0, 2

As a result of these edge labels, we have ef(0) = 2n — 1 and consequently, ef(1) = 2n — 3. Hence,
07(0) + €p(0) —vf(1) — ep(1)| = |PrAHAn=2=dndnté| — o Thus, Q, is total product cordial for all n > 4, n

is even. Considering all the cases presented above, we have shown that Q, is total product cordial for all
n>3 0O

1< <
1< i <

rols IS

1

Theorem 8: The Alternate Quadrilateral Snake Graph A(Q,) is total product cordial for all n > 3.

Proof: To prove the theorem, we consider the following cases:
Case 1: nis odd, n > 3.

Let V(A(Qn) = {uill < i< nfufwlt <i<"Hrufwil <i< *F}and E(A(Qn) = {oivinll <0 <
n—1}Uu{vy w1 <i< "7_1} Ufvgwil <i < "T_l} Uuiwil <i < ”T_l} Thus, the order and size of A(Q,) is
2n—1and 5"2_5, respectively.

Subcase 1.1: n = 3.

Let f : V(A(Qs3)) — {0, 1} be the function defined by:

Q) = f(v2) = f(vs) = 1and f(u1) = f(w1) = 0.
Then the induced edge labeling would be

fwe) =1, flvws)=1;  f(oiu) =0;  flopwi) =0;  f(ugwy) = 0.

Observe that v(0) = 2, vs(1) = 3, ef(0) = 3, and ef(1) = 2. Hence, [v7(0) + ef(0) —vs(1) — ef(1)] =
|24+ 3 — 3+ 2| = 0. Thus, A(Qs) is total product cordial.
Subcase 1.2: n =1 (mod 4), n > 5.

Let f : V(A(Qn)) — {0, 1} be the function defined by:

0, 1<i<nt
f(vi)Z{ 2

1, otherwise

f@»z{a 1<ign?t

1, otherwise

0, 1<i<nt
f(Wi):[ !

, otherwise
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From the established labeling, we have v(0) = n — 1 and v7(1) = n. Now, the edges of A(Q,) with labels
zero are the following:

fivir1) =0, 1Si£n;1;
Flozigu) =0, 1gig";ﬂ
floazw;) =0, 1gis";1;
fluw) =0, 1sis";1

As a result of these edge labels, we have ef(0) = % and consequently, ef(1) = 5”4_ 2 Hence, lvr(0) +

ef(0) — vp(1) — ep(1)] = [A=430=2ASES | — 1 Thus, the A(Q,) is total product cordial for all n = 1 (mod
4),n > 5.

Subcase 1.3: n =3 (mod 4), n > 7.

Let f : V(A(Qn)) — {0, 1} be the function defined by:

1, 1<i<™d
f) =

0, otherwise
1, 2<ignl

flu) = . !
, otherwise
1, 1<igmd
0, otherwise

f(Wi) = [

From the established labeling, we have v(0) = n — 1 and v;(1) = n. Now, the edges of A(Q,) with labels
one are the following:

n—1
flwi) =0, 1<i<——;
n+1
fwaicquw;) =0, 1<i< 1
n+1
faiwi) =0, 1<i< 1
n+1
fluw) =0, 1<i<—,
As a result these edge labels, we have ef(1) = 577_7 and consequently, ef(0) = %. Hence, [v(0) + ef(0) —

vp(1) — ep(1)| = |Ar=tn3=An5ntT| — 0. Thus, the A(Q,) is total product cordial for all n = 3 (mod 4), n > 7.
By Subcases 1.1, 1.2, and 1.3, A(Q,,) is total product cordial when n is odd, n > 3.
Case 2: nis even, n > 4.
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n—1}U{vgi 1wl <i < JHu{vywi|l <i< 33U {wwill <i< 3} Thus, the order and size of A(Q,) is 2n
and 5”2_ 2 respectively.
Subcase 2.1: n = 0 (mod 4), n > 4.

Let f : V(A(Qn)) — {0, 1} be the function defined by:

f(v,-):[o’ 1<i<

1, otherwise

Let V(A(Qn)) = {uill <i < njufull <i< Jhu{wll <i< F}and E(A(Qn) = {oiwinall <@ <

SIS

0, 1<i<y

f(ui) = [

1, otherwise

: n

f(Wi) = {

1, otherwise

From the established labeling, we have v/(0) = n and v¢(1) = n. Now, the edges of A(Q,) with labels zero
are the following:

fvis1) =0, 1<i< g;
fzimui) =0, 1<i< Z;
flamw) =0, 1<i<
fuw) =0, 1<i< g.

As a result of these edge labels, we have ef(0) = %” and consequently, ef(1) = 5"4_4. Hence, [v7(0) + e7(0) —
vr(1) —ep(1)] = |w = 1. Thus, the A(Q,) is total product cordial for all n = 0 (mod 4), n > 4.
Subcase 2.2: n = 2 (mod 4), n > 6.

Let f : V(A(Qn)) — {0, 1} be the function defined by:

0, 2<i<n2
f(vi)Z{ 2

1, otherwise

0, 2<i<™E
flw) =

1, otherwise

0, 2<i< 2

f(Wi) = [

1, otherwise
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From the established labeling, we have v¢(0) = n—1and v¢(1) = n+ 1. Now, the edges of A(Q,) with labels
zero are the following:

fivir1) =0, 1Si£n;—2;
fziquwi) =0, 1<i< n:4|-2,
f(UZiWi):O, 1gigg;
f(uiw;) =0, 13,'32_

As a result of these edge labels, we have ef(0) = y and consequently, ef(1) = %. Hence, [v(0) +

er(0) —vs(1) —ef(1)| = |4”_4+5"+2;4"_4_5"+6| = 0. Thus, A(Q,) is total product cordial for all n = 2 (mod 4),

n > 6. By Subcases 2.1 and 2.2, A(Q,) is total product cordial when n > 4, n is even. Considering all the

cases presented above, we have shown that A(Q,) is total product cordial for all n > 3. [J
Theorem 9: The Double Quadrilateral Snake Graph D(Q,) is total product cordial for all n > 2.

Proof: Let V(D(Qp)) ={vl1 <i<nfuf{ul <i<n—-1ju{wi<i<n-1ju{xi1<i<n-1}u{yl1 <
i<n-1}tand E(D(Qy) ={vwi1 <i<n—Qu{pul<i<n—-1}u{vpix1 <i<n—1}ufux/l1 <i<
n—1Bufowi|l <i<n—1 Uiyl <i<n—1}u{w;yll <i< n-—1}. Thus, the order and size of D(Q,)
is 5n — 4 and 7n — 7, respectively.
To show that D(Q,) is total product cordial, we consider the following cases:
Case 1: niseven, n > 2.
Subcase 1.1: n = 2.

Observe that D(Q,) = Ls. By Corollary 1, D(Q) is total product cordial.
Subcase 1.2: nis even, n > 4.
Let f : V(D(Q,)) — {0, 1} be the function defined by:

f@0=[a 1<igt

1, otherwise

) =

0, 2<i<}

f(ui) = .
1, otherwise

0, 2<i<?®

flx) = 2
1, otherwise

0, 2<i<}

flw) = .
1, otherwise

[Q 2<i<

1, otherwise
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From the labeling specified above, we have v;(0) =

labels zero are the following:

f(l)ivi+1) =0, 1<i< g;
fluiw;) =0, 195%;
f(vi+1xi) =0, 1<i< g;
f(uixi)ZO, zgigg;
fiw) = 0. lgisg;
fir1y) =0, 1<i< g;
F(wiy) =0, ZSng.

5
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”2_8 and vs(1) = 57” Now, the edges of D(Q,) with

As a result of these edge labels, we have ef(0) = % and consequently, ef(1) = Lglo. Hence, [v£(0) +
ef(0) —vp(1) — ep(1)| = |2=BHIn=25n=Tn10) — 1. Thus, D(Q,) is total product cordial for all n > 4, n is even.
By Subcases 1.1 and 1.2, D(Q,,) is total product cordial when n is even, n > 2.

Case 2: nis odd, n > 3.

Let f : V(D(Q,)) — {0, 1} be the function defined by:

0, 1<i<t
flw) = . 2
1, otherwise
0, 1<i<d
flw) = )
1, otherwise
0, 1<i<nt
fla) = . 2
1, otherwise
0, 1<ig<nt
flw) = . 2
1, otherwise
0, 1<i<2d
fln) = . 2
1, otherwise
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From the labeling specified above, we have v£(0) = % and v¢(1) = 5”2—_3 Now, the edges of D(Q,) with
labels zero are the following:

fivir1) =0, 1£i£n;1;
fiu;) =0, 1gi£n;1;
fimx) =0, 1<i< ";1;
fluix;) = 0, 231‘3";1;
floiw;) = 0. 1Si£n;1;
foray =0, 1<is™ %
flwiy) =0, Zgign;1

As a result of these edge labels, we have ef(0) = % and consequently, ef(1) = 7”2_7. Hence, [v(0) +

er(0) —vp(1) — ep(1)| = 2= InT) — 1. Thus, D(Q,) is total product cordial for all n > 3, n is

odd. Considering all the cases presented above, we have shown that D(Q,) is total product cordial for all
n>2 U

Theorem 10: The Double Alternate Quadrilateral Snake Graph DA(Q,) is total product cordial for all
n2>2.

Proof: To prove the theorem, we consider the following cases:
Case 1: nis even, n > 2.

Let V(DA(Qn) = {vil1 <i<npu{u|l <i< JPuiw1 <i< 2 u{xg1 <i<Ztu{y/l1 <i< jland
E(DA(Qn)) = {oivit1[1 i <n— 1} U{oziqwill <1< 510 {ouix|l <i< 5 u{unll <i < 5Hu{ogiqwill <
i < SHufozyill <i< ZHu{wyill <i< 2} Thus, the order and size of DA(Q,) is 3n and 4n— 1, respectively.
Subcase 1.1: n = 2.

Observe that DA(Q,) = Ls. By Corollary 2.2, D(Q,) is total product cordial.

Subcase 1.2: n = 0 (mod 4), n > 4.
Let f : V(DA(Q,)) — {0, 1} be the function defined by:

0, 1<i<
f(vi):[

1, otherwise

N

. n
0, 1SlSZ

flu) = [1, otherwise
0, 1<ig?t
f(xi) = { N

1, otherwise
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0, 1<i<

flw) = { :
1, otherwise

s n
0, 1<i<?

1, otherwise

fl) = [

From the labeling specified above, we have v£(0) = 37” and vy(1) = 37” Now, the edges of DA(Q,) with
labels zero are the following:

f(UiUi+1):O, 1<i< g;
f(vaimqu;) =0, 1Si£z;
f2ix;) = 0, 1gigg;
f(uix;) =0, 1Sigg;
fvaiawi) =0, 1<i< z;
flvy:) =0, 1<i< %
flwiyi) =0, 1<i< %.

As a result of these edge labels, we have e;(0) = 2n and consequently, ef(1) = 2n — 1. Hence, |[v;(0) +
ef(0) —vp(1) — ep(1)| = |H4n3n=4mt2) — 1 Thus, DA(Q,) is total product cordial for all n = 0 (mod 4),
n>4.

Subcase 1.3 n = 2 (mod 4), n > 6.

Let f : V(DA(Q,)) — {0, 1} be the function defined by:

. 2
f(vi):{o, 3<ig
1, otherwise
0, 1<i<™
1, otherwise
0, 2<i<m?
1, otherwise
0, 1<i<™
1, otherwise
0, 2<i< ™2
1

, otherwise
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From the labeling specified above, we have v£(0) = 3"2_2 and vy(1) = % Now, the edges of DA(Q,) with
labels zero are the following:

f(vis1) =0, 1<i< n;—Z;
faiw) =0, 1<i< niz;
f(UZixi):O, 1Si£n12;
fluix;) =0, 131’3”:2;
f(v2imiw;) =0, 1<i< n:Z;
JQaiy) =0, 1£ién12;
fwiy) =0, 1gig”12_

As a result of these edge labels, we have ef(0) = 2n + 1 and consequently, ef(1) = 2n — 2. Hence,
07(0) + e(0) —vy(1) — ef(1)] = |Pr=2tamtzdn_2—dntd| — o Thus, DA(Q,) is total product cordial for all
n = 2 (mod 4), n > 6. By Subcases 1.1, 1.2, and 1.3, it follows that DA(T,) is total product cordial when n is
even, n > 2.

Case 2: nisodd, n > 3.

Let V(DA(Q)) = fuill i< nmjuful <i< B u{wfi <i< B u{xni <i< Buiypl <i< 5}
and E(DA(Qn)) = {owill < i< n— 13U ol < i< 7 ufoaxll <i < 2 u{uxll <i <
”?_1} Ufvaiiwil1 €i < "T_l} Ufoaiyill <i < ”T_l} Ufwiyill <i< %1} Thus, the order and size of DA(Q,,) is
3n — 2 and 4n — 4, respectively.

Subcase 2.1: n = 3.

Let f : V(DA(Qs3)) — {0, 1} be the function defined by:
f1) = f(v2) = f(x1) = f(y1) = 1and f(v3) = f(u1) = f(wi) =0.
Now, the induced edge labeling would be:

fowy) = 1;
f(vzv3) = 0;
floiu) =0;
fiwy) = 0;
flozx1) = 1;
flozy) =15
fluix) =0;

flwiy) =0.
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Observe that v7(0) = 3, vs(1) = 4, ef(0) = 5, and ef(1) = 3. Hence, [v(0) + ef(0) — vs(1) — ef(1)] =
|34+ 5—4—3|=|—1| = 1. Thus, DA(Q;) is a total product cordial graph.

Subcase 2.2: n =1 (mod 4), n > 5.

Let f : V(DA(Q,)) — {0, 1} be the function defined by:

f(vi):{o, 1<ignt

1, otherwise

0, 1<i<d
flw) = .

1, otherwise

0, 1<ignrt
fla) = . ¢

1, otherwise

0, 1<i<m
flw) = .

1, otherwise

0, 1<i<™?
fln) = . !

1, otherwise

From the labeling specified above, we have v¢(0) = % and v(1) = 3"—2_1 Now, the edges of DA(Q,) with
labels zero are the following:

f@ivis1) =0, léiﬁngl;
flopauw) =0, 1<i< ";1;
f(vaixi) = 0, 1£i£n;1;
f(uix;) =0, 1gign;1;
f(vzimiw;) =0, 1SiSn;1;
fy:) =0, ISiSngl;
flwiyi) =0, 1£i£n;1

As a result of these edge labels, we have ef(0) = 2n — 2. and consequently, e;(1) = 2n — 2. Hence,
07(0) + ef(0) — vp(1) — ep(1)] = [Pr3HanAdntldntd| — 1 Thus, the DA(Q,) is total product cordial for all
n=1(mod4), n>5.

Subcase 2.3: n =3 (mod 4), n > 7.

Let f : V(DA(Q,)) — {0, 1} be the function defined by:
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1,

f(Ui) = {
0,
1,

fui Z{
0,
fay=1"
x;) = 0.
f(wi)z[l’
0,
fon=1"
Yi) = 0.

1<i<
otherwise
2<i<
otherwise

. n+1
1<i< e
otherwise

. n+1
2<i< e
otherwise
1<i<d

otherwise
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From the labeling specified above, we have v£(0) = % and vy(1) = 3"—;1 Now, the edges of DA(Q,) with
labels one are the following:

fivie) =0,
fai-1u) =0,
flvaix;) = 0,
J(uix;) =0,
f2im1wi) =0,
fv2iyi) =0,
flwiyi) =0,

1<i<

2<i<

1<i<

2<i<

2<i<

1<i<

2<i<

n—1‘

2

5

n+1.

4

>

n+1‘

4

5

n+1.

4

5

n+1‘

4

5

n+1‘

4

n+1

4

5

As a result of these edge labels, we have ef(1) = 2n — 3 and consequently, ef(0) = 2n — 1. Hence,
£(0)+ ep(0) —vp(1) — ep(1)| = |3A=2HAn=23mLANE6 | — 1 Thus, DA(Q,) is total product cordial for all n = 3
(mod 4), n > 7. By Subcases 2.1, 2.2, and 2.3, it follows that DA(Q,,) is a total product cordial graph when
n > 3, nis odd. Considering all the cases presented above, we have shown that DA(Q,) is total product
cordial forall n > 2. [

4 Conclusion

In conclusion, the study on total product cordial labeling of snake graphs demonstrates that this class of

graphs admits structured and systematic labeling schemes that satisfy the cordiality condition. By carefully

assigning binary labels to vertices and edges, the induced product labeling achieves a near-balanced

distribution, highlighting the compatibility of snake graph structures with total product cordial labeling.
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These results not only extend existing work on cordial-type labelings but also suggest that other path-related
and recursively constructed graphs may exhibit similar properties, opening opportunities for further
exploration and generalization in graph labeling theory.

For future work, researchers may consider extending total product cordial labeling to other families of
graphs such as triangular snakes, ladder graphs, caterpillar graphs, and generalized snake graphs. Further
investigations may also focus on determining necessary and sufficient conditions for graphs to admit
total product cordial labelings, as well as studying the behavior of this labeling under various graph
operations including union, join, corona, and graph products. In addition, exploring algorithmic approaches
and computational methods for constructing total product cordial labelings in larger and more complex
graph classes may provide deeper insights and broader applications in graph theory and combinatorial
mathematics.
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