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Abstract: The Hilbert integral inequality is a well-known and widely studied result in analysis that has inspired
many refinements and modifications. In this paper, we present a new logarithmic modification of this inequality. Our
approach is based on a trigonometric method that offers a fresh perspective on existing standard techniques. As a
consequence, we also derive another integral inequality. All arguments are presented in full detail.
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1 Introduction

The Hilbert integral inequality is a classical result in analysis that gives a bound for a double integral
involving two functions. It plays an important role in the study of 𝐿2 spaces. A formal statement of this
inequality is given below. Let 𝑓 , 𝑔 ∶ [0, +∞) → [0, +∞) bemeasurable functions such that 𝑓 , 𝑔 ∈ 𝐿

2
([0, +∞)),

which is the set of all (measurable) functions defined on the interval [0, +∞) whose square is integrable.
Then, we have

∫
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0

∫

+∞

0

1

𝑥 + 𝑦

𝑓 (𝑥)𝑔(𝑦)𝑑𝑥𝑑𝑦 ≤ 𝜋

√

∫

+∞

0

𝑓
2
(𝑥)𝑑𝑥

√

∫

+∞

0

𝑔
2
(𝑦)𝑑𝑦.

Thus, the double integral is controlled by the 𝐿2 norms of 𝑓 and 𝑔 , with the constant factor 𝜋. This constant
is optimal and cannot be reduced. Moreover, equality does not occur unless one of the functions is zero
almost everywhere. See [6,13]. This inequality has been refined and modified in many directions. See,
for example, [1,3,4,9–11,14]. Furthermore, the survey in [2] offers a helpful overview of several of these
developments.

Several logarithmicmodifications of theHilbert integral inequality have been developed. The best-known
versions, which do not involve any free parameters, are listed below.
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• The logarithmic modification in [6, Formula 342] is given by
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• In [12], the following logarithmic integral inequality is demonstrated:
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• Another modification is given in [7], which states that
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• In [3], the following logarithmic modification is established:
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In this paper, we continue this line of research by investigating a new logarithmic modification of the
Hilbert integral inequality. Beyond its novelty, this approach is motivated by its particular tractability. It is
based on the following double integral:

∫

+∞

0
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Note that, since 𝑥 + 𝑦 ≥ 2
√
𝑥𝑦 for any 𝑥, 𝑦 > 0, we have

log
(
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√
𝑥𝑦 )

≥ log(2) > 0.
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Therefore, the integrand is non-negative, which allows us to make the standard assumption for the double
integral. More specifically, we demonstrate that
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The proof is original in its adoption of a trigonometric approach inspired by that in [8]. The constant factor
2𝜋 log 2 arises naturally from the use of two entries in [5]. However, it is not proved to be optimal.

Consequently, another related integral inequality is obtained based on the following integral:
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All arguments are presented in full detail.
The rest of the paper is organized as follows: The results are stated and proved in Section 2. Section 3

contains a conclusion.

2 Results

2.1 Main result

Our logarithmic modification of the Hilbert integral inequality is presented below, followed by the
detailed proof.

Theorem 1: Let 𝑓 , 𝑔 ∶ [0, +∞) → [0, +∞) be measurable functions such that 𝑓 , 𝑔 ∈ 𝐿
2
([0, +∞)). Then, we
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Proof: For simplicity, we introduce
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Making the change of variables (substitution)

𝑥 = 𝑢
2
, 𝑦 = 𝑣

2
, 𝑢 > 0, 𝑣 > 0,
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so that 𝑑𝑥 = 2𝑢𝑑𝑢 and 𝑑𝑦 = 2𝑣𝑑𝑣, we obtain

𝐼 = 4
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Now, making the polar change of variables

𝑢 = 𝑟 cos 𝜃, 𝑣 = 𝑟 sin 𝜃, 𝑟 > 0, 𝜃 ∈
(
0,

𝜋

2
)
,

so that the Jacobian is given by 𝑑𝑢𝑑𝑣 = 𝑟𝑑𝑟𝑑𝜃, we get
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Therefore, we have
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Fixing 𝜃 and applying the Cauchy-Schwarz integral inequality, we get
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Let us now compute each integral. Making the change of variables 𝑠 = 𝑟
2
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2
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2
𝜃𝑑𝑟 ,
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Therefore, we have
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It follows from Equations (2) and (3) that
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Finally, using the classical identities [5, Entries 4.2243 and 4.2246], i.e.,
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Therefore, we have
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as desired. This concludes the proof.

To the best of our knowledge, this result is new in the existing literature on Hilbert-type integral
inequalities. Additionally, the method of proof may provide valuable insights for developing further
extensions beyond the scope of this work. As mentioned previously, the constant factor 2𝜋 log 2 is not
proved to be optimal, which raises an interesting question for future research.

2.2 Secondary result

A non-trivial consequence of Theorem 1 is the theorem below, presenting a new integral inequality of
the logarithmic type.
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Theorem 2: Let 𝑓 ∶ [0, +∞) → [0, +∞) be a measurable function such that 𝑓 ∈ 𝐿
2
([0, +∞)). Then, we have
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Applying Theorem 1 to the functions 𝑓 and 𝑔⋆ and recognizing 𝐽 in the upper bound, we obtain
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as desired. This concludes the proof.
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To the best of our knowledge, this result is new in the existing literature on logarithmic-type integral
inequalities.

3 Conclusion

In this paper, we established a new logarithmic modification of the Hilbert integral inequality, developed
using a trigonometric approach and in accordance with the principles outlined in [8]. This method provides
an alternative framework that could be applicable to other classes of integral inequalities.

Future work will involve determining the optimal constant and exploring further generalizations,
particularly in higher dimensions or under different kernel function structures. In addition, it would be of
interest to investigateweighted versions of the inequality, aswell as discrete analogues and operator-theoretic
formulations. Another natural direction is to study the stability and sharpness of the obtained bounds, and
to identify extremal functions when they exist. Extensions to multilinear settings or to inequalities involving
fractional integrals may also yield fruitful results. Finally, potential applications to related areas such as
harmonic analysis, partial differential equations, and approximation theory merit further exploration.

Acknowledgement: The author sincerely thanks the reviewer for the careful and insightful comments, which have
helped improve the quality of this work.

Funding Statement: The author received no specific funding for this study.

Data Availability Statement: Not applicable.

Ethics Approval: Not applicable.

Use of Generative-AI tools declaration: The author declares that no Artificial Intelligence (AI) tools
were used in the creation of this paper.

Conflicts of Interest: The author has no competing interests to disclose.

References

1. V. Adiyasuren, T. Batbold, M. Krnić, Hilbert-type inequalities involving differential operators, the best constants
and applications, Math. Inequal. Appl. 18 (2015), 111–124.

2. Q. Chen and B. C. Yang, A survey on the study of Hilbert-type inequalities, Journal of Inequalities and Applications
2015 (2015), Article No. 242. https://doi.org/10.1186/s13660-015-0757-4

3. C. Chesneau, A three-parameter logarithmic generalization of the Hilbert integral inequality, J. Math. Anal.
Model. 6 (1) (2025), 68–81.

4. C. Chesneau, General inequalities of the Hilbert integral type using the method of switching to polar coordinates,
Hilbert J. Math. Anal. 3 (2024), 7–26.

5. I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, Burlington, 2007.
6. G.H. Hardy, J.E. Littlewood, G. Pólya, Inequalities, Cambridge University Press, Cambridge, 1934.
7. Y. Li, Y. Qian, B. He, On further analogs of Hilbert’s inequality, Int. J. Math. Math. Sci. 2007 (2007), 1–6.

https://doi.org/10.1155/2007/76378
8. D. C. Ullrich, A simple elementary proof of Hilbert’s inequality, American Mathematical Monthly 120(2) (2013),

161–164. https://doi.org/10.4169/amer.math.monthly.120.02.161

https://doi.org/10.1186/s13660-015-0757-4
https://doi.org/10.1155/2007/76378
https://doi.org/10.4169/amer.math.monthly.120.02.161


8 of 8 Ann. Commun. Math. 9 (2026): 6

9. D.M. Xin, A Hilbert-type integral inequality with the homogeneous kernel of zero degree, Math. Theory Appl.
30 (2) (2010), 70–74.

10. J.S. Xu, Hardy-Hilbert’s inequalities with two parameters, Adv. Math. 36 (2) (2007), 63–76.
11. B.C. Yang, On Hilbert’s integral inequality, J. Math. Anal. Appl. 220 (2) (1998), 778–785. https://doi.org/10.1006/

jmaa.1997.5824
12. B.C. Yang, On a basic Hilbert-type inequality, J. Guangdong Educ. Inst. 26 (3) (2006), 1–5.
13. B.C. Yang, Hilbert-Type Integral Inequalities, Bentham Science Publishers, The United Arab Emirates, 2009.
14. B.C. Yang, Hilbert-type integral inequality with non-homogeneous kernel, J. Shanghai Univ. 17 (2011), 603–605.

Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of Techno Sky Publications and/or the editor(s). Techno Sky Publications and/or the editor(s) disclaim
responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the
content.

https://doi.org/10.1006/jmaa.1997.5824
https://doi.org/10.1006/jmaa.1997.5824

	Introduction
	Results
	Main result
	Secondary result

	Conclusion
	References

