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Abstract: Let G = (V(G),E(G)) be a simple non-complete graph and let ¢ : V(G) — {0,1,2} be an HRDF on
G. For each j € {0,1,2}, let V; = {x € V(G) : &(x) = j}. Then & = (V,, V1, V). A function ¢ is an interior hop
Roman dominating function (InHRDF) on G if for each v € Vj, there exists u € V; such that ds(u,v) = 2, and either
Vi = V(G) or for every w € Vy, w is an interior vertex of G. The weight of InHRDF ¢ is denoted by oX*(¢) and is
defined as 07"*(£) = ¥ ,ev(c) E(w) = [V1| + 2| V2. The minimum weight of an InHRDF ¢ on G, denoted and defined by

Yinnr(G) = min{w"R(&) : & is an InHRDF on G}, is called the interior hop Roman domination number. Every INHRDF

£ on G satisfying the condition w®(&) = y,nr(G) is called a yr,,z-function on G. In this paper, we investigate a
new restricted parameter of a hop Roman dominating function in graphs called the interior hop Roman domination

and present some combinatorial results.
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1 Introduction

About 4" century A.D., the Roman Emperor Constantine developed a defensive strategy after the
Roman Empire was under attack by its enemies. The strategy is to place the army units (legions) so that
every region is either secured by its own army (1 or 2 legions) or is securable by a neighbor with two
legions, which one legion can be sent to the undefended region if an attack will happens. In that case, the
Roman dominating function in graphs was initiated in the year 2004 by Cockayne et al. [9], which was
modeled after the Roman Emperor Constantine’s defensive strategy. A Roman dominating function is a
strategy of labeling in graphs that assigns numbers (0, 1, or 2) to the vertices (locations) to ensure that
every unsecured vertex (0) is adjacent to a vertex labeled with 2. At present, there are several published
papers that involve various restricted parameter of Roman domination in graphs, which can be browsed
in the following references: [1,5-7,12,14]. During the year 2017, a variant of Roman dominating function
called the hop Roman domination has emerged as a motivating domination parameter which captures the
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interest of several discrete mathematicians [14]. Meanwhile, Casinillo [6] introduced a new parameter
of Roman domination called the interior Roman dominating function, which is based on the papers of
Cockayne et al. [9] and Kinsley and Selvaraj [13]. Given the two fascinating variants, namely hop Roman
and interior Roman dominating functions, the author was inspired to fuse the two ideas and introduced
a new study of domination parameter called the interior hop Roman dominating function in graphs. For
some terminologies and definitions used in this paper that are not presented here, the readers are advised
to browse the following: [7,10,11].

Let G = (V(G), E(G)) be any graph where V(G) and E(G) are the vertex and edge sets of G, respectively.
Let a, b € V(G). The distance between a and b is the length of the shortest walk between the two vertices a
and b in G, which is denoted by dg(a, b). If there is no such walk between a and b, then define the distance
as dg(a,b) =o0. Let c € V.If dg(a, b) = dg(a, c¢) + dg(c, b), then c is said to lie between a and b, and c is
called interior vertex of G. In other words, ¢ € V(G) is an interior vertex on G if there exists a, b € V(G)
such that dg(a, b) = dg(a, c) + dg(c, b). Let I C V(G). If for all x € I is an interior vertex on G, then I is
called an interior vertex set on G. Let z € V(G). Then the set N3(z) = {w € V(G) : degc(w, z) = 2}is
so-called the open hop-neighborhood of z and for every v € Ni(z) is so-called hop-neighbor of a vertex z
on G. In that case, the closed hop-neighborhood of z € V(G) is defined by N2[z] = Ni(z) U {z}. A subset
D of V(G) is a dominating set of G provided that each vertex in V(G) \ D is adjacent to some vertex in
D [11]. The minimum cardinality of a dominating set D on G is so-called the domination number, which
is denoted by y(G). Suppose that |D| = y(G). Then set D is so-called a y-set on G. For some interesting
papers involving domination in graphs, readers are advised to read the following references: [2-4,8]. A
subset Hy of V(G) is a hop dominating set of a graph G provided that for each a € V \ Hy, there exists
b € Hy such that dg(a, b) = 2. The minimum cardinality of set H; on G is called the hop domination number
of G and is denoted by y,(G). If |[Hy4| = y»(G), then Hy is a yj-set on G.

Let &£ : V(G) — {0,1,2} be a function on G. Then consider the following sets below:

Vo = {xeV(G): &(x) =0k
Vi {x € V(G) : &(x) =1};and
V, {x e V(G) : &(x) =2}

Then a function & can be represented by & = (Vp, V1, V2). A function ¢ = (Vq, Vi, V) is called a hop Roman
dominating function (HRDF) on G provided that for each a € Vp, there exists b € V; such that a € Ni(b)
[14]. The weight of function ¢ is denoted by w"R(¢) and is defined as w"R(¢) = Yxev(c) E(x) = [Vi| + 2| V3.
The hop Roman domination number of G, denoted by yur(G), is defined as the minimum weight of an
HRDF ¢ on G. Thus, we have y,r(G) = min{wR(¢) : & is an HRDF on G}. Every HRDF ¢ on any graph G
with w’éR(f ) = ynr(G) is called a ypg-function on G. A function ¢ = (Vj, Vi, V,) is an interior hop Roman
dominating function (InHRDF) on G provided that for each v € Vj there exists u € V; such that v € NZ(u),
and either V; = V(G) or for every w € V,, w is an interior vertex on G. The weight of InHRDF ¢ is
denoted by wR(¢) and is defined to be wR(¢) = Y xev(c) §(x) = [Vi] + 2|V;|. The interior hop Roman
domination number of G is denoted by y;,4r(G), and is defined to be the minimum weight of an InHRDF ¢



Ann. Commun. Math. 9 (2026): 4 30f 13

on G, that is, yr,pr(G) = min{wIG"hR(f) : & is an InHRDF on G}. Any InHRDF ¢ on G with the restriction
a)IG"hR(«f) = ymnr(G) is called a y,pr-function on G. This paper aims to introduce a newly restricted
parameter of a hop Roman domination in graphs called the interior hop Roman dominating function. In
addition, some graph-theoretic and combinatorial properties of the interior hop Roman dominating function
in some graph classes were investigated.

2 Results

In this section, we present some combinatorial properties of the interior hop Roman dominating function
in graphs. We start with an important proposition.

Proposition 1: Let G = K,, where n € N and & = (V,, V1, V,) be a yrnnr-function on G. Then V, = @ and
YInhR(G) =n.

Proof: Let ¢ = (V, V1, V2) be a yrpnr-function on G = K,,. Then for each v € V(G), dg(v, u) = 1 for all
u € V(G) \ {v}. It follows that there does not exist x, y € V(G) \ {v} such that dg(x, y) = dg(x,v) + dc(v, ).
Thus, v is not an interior vertex. Since v is arbitrary, it follows that V; = @. Since & is an y;,ng-function on G, it
implies that V; = V(G). Therefore, we conclude that y;,,z(G) = a)IG"hR(rf) =|Vi|+2|Vs| = |V1| = |[V(G)| = n.
This completes the proof. [J

As a consequence of Proposition 1, we exclude complete graphs in our investigation. Next is an
important remark as a direct consequence of the definition of the interior hop Roman dominating function.

Remark 1: Let G be a non-complete graph of order n € N and let & = (Vy, V1, V3) be a yrupr-function on G.
If yinnr(G) < n, then |Vo| # 0 and | V3| # 0, and for every u € V,, u is an interior vertex in V(G).

In Remark above, it is worth noting that if y;,,r(G) < n, V; is not necessarily empty. The next results
are important graph-theoretical properties of the interior hop Roman dominating function.

Theorem 1: Let G be a non-complete graph and let & = (Vo, V1, V2) is a yinnr-function on G. If Vi = @, then
Vo # @ is an interior hop dominating set on G.

Proof: Let & = (Vp, V1, V2) is a yrupr-function on a non-complete graph G. Then ¢ is an InHRDF on G.
By definition of InHRDF, it implies that for every v € Vj, there exists u € V; such that dg(u,v) = 2, and
either V; = V(G) or for every x € V,, x is an interior vertex in G. Assume that V; = @. Then V, # @ is
a hop dominating set on G, that is, V(G) = Né[Vg]. Therefore, we concluded that V; is an interior hop
dominating set on G. This proves the assertion. []

Theorem 2: Let G be a non-complete graph of order n and let & = (V,, V1, V,) be a yiunr-function on G. Then
(i) Vo= ifand only if V;, = @, hence yr,pr(G) = n;

(i) [Vol = |Vl if and only if yinnr(G) = n; and

(iii) 0 < |V,| < |Vol if and only if yinnr(G) < n.
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Proof: Let ¢ = (Vo, V1, V) is a yrppgr-function on G with |[V(G)| = n € N. Assume that V, = @. Seeking
a contradiction. Suppose for a moment that Vo # @. Let u € V, and let My = V,, My = V; U {u}, and
M, = Vo \{u}. Then it is easy to see that & = (M, M;, M,) is an InHRDF on G. Hence, we have o ?(&”) =
|My|+2|My| = (|Vi]+1)+2(|Vo|=1) = | V3] +2|Va| =1 < 0lPAR(&) = y1,r(G). A contradiction to the fact that &
is a yrpnr-function on G. Therefore, we get V, = @. Conversely, assume that V, = @. Seeking a contradiction.
Suppose for a moment that Vy = @. Letv € V;. Since V, = @, it follows that v is an undefended vertex in G. A
contradiction. Therefore, Vi = @. Moreover, we have y7,,r(G) = wlPAR(£) = |Vy|+2|V;| = |Vi| = |[V(G)| = n
and thus, (i) is satisfied. Next, assume that |Vy| = |V,|. If |V = |V,| = 0, then by (i), it directly follows
that y7,,r(G) = n. Consider that |Vy| = [Vz| > 1. Then we obtain yr,r(G) = wPMR(&) = |Vy| + 2|V,| =
Vol + [V1| + | V2| = |V(G)| = n. Conversely, assume that y;,,r(G) = n. Seeking a contradiction. Suppose
for a moment that |Vy| # |V,|. Then either |Vy| > |Vs| or |Vy| < |Va|. Let |Vy| > |V,|. Then we obtain
¥1ahr(G) = @IR(E) = |Vi| + 2|V,| < |Vo| + [Vi] + | V2| = |[V(G)| = n. A contradiction to the assumption.
Let |Vo| < |V3]. Then we get yiunr(G) = 0XMR(E) = |Vi| + 2|Vo| > |Vo| + |Vi| + | V2| = |V(G)| = n. Again, a
contradiction. Accordingly, |Vy| = |V,|. Therefore, (ii) is satisfied. Lastly, the proof of (iii) directly follows
from (ii). This completes the proof. [J

Corollary 1: Let G be a non-complete graph of order n. If yi,nr(G) < n and |V,| = 1, then V; # @.

Proof: Let & = (Vy, V4, V») be a yunr-function on G. Assume that y;,,r(G) < n and |V,| = 1. By Theorem
2(iii), we have |V;| < |Vy|. Then let V, = {x} and y € Vj. In that case, dg(x, y) = 2. Seeking a contradiction.
Suppose for a moment that V; = @. Then there exists w € Ng(x) N Ng(y) such that w € V. However,
there does not exist a vertex in V; such that it hop dominates w. Thus, it follows that V(G) = N&[V;]. A
contradiction. Consequently, w € V;. Therefore, we concluded that V; # @. This proves the assertion. [J

Theorem 3: Let G be a non-complete graph and let ¢ = (V,, Vi = @,V,) be an InHRDF on G. Then
Yinn(G) = |Va| if and only if € is a yr,nr-function on G.

Proof: Let ¢ = (Vy, Vi = @, V) be an InHRDF on a non-complete graph G. Assume that y;,,(G) = |V3|.
Then it means that V; is a y;,;-set on G. Now, since V; = @, it implies that Vo = V(G) \ V;. In that case,
for each a € V;, there exists b € V, such that dg(a, b) = 2 and for every ¢ € V,, c is an interior vertex
in G. This follows that ¢ is an InHRDF on G. Suppose for a moment that & is not a yj,ug-function on
G. Then it follows that there exists an InHRDF ¢’ = (Xy, Xi, X3) such that ¢ is a yppg-function on G
and X; = @. Hence, we get y,nr(G) = wI”hR(§’) = |X1| + 2|X;| = 2|1Xs] < 2|Vy| = |Vi| + 2|V, = a)I”hR(g).
Accordingly, we obtain |U,| < |Va| = yrnn(G). This is a contradiction. Therefore, we concluded that ¢
is a yrppr-function on G. On the other hand, assume that ¢ is a y;,pr-function on G. By Theorem 1, V;
is an interior hop dominating set on G. Suppose for a moment that V; is not a yj,p-set on G. Then it
means that there exists an interior hop dominating set U; such that U, is a yj,,-set on G. Hence, we get
Yinh(G) = |Us| < |V3]. Let &7 = (Y,, Y1, Y2) be an HRDF on G where Yy = V(G)\ U, |Y;| = 0 and Y, = U,
Since U, is a yrpp-set on G, it implies that for every v € Y, there exists u € Y, such that dg(u,v) = 2
and for every ¢ € Y,, c is an interior vertex in G. Thus, £’ is an RHRDF on G. In that case, we obtain
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OIFRR(ETY = Y| + 2|Ys| = 2|Yo| = 2|Us| < 2|Vo| = 02R(E) = yrnr(G). A contradiction since £ is a
Yinhr-function on G. Therefore, it suffices to conclude that V; is a yyu,-set on G and so, yr,n(G) = |Va|. This
proves the assertion. []

The following results are a consequence of Theorem 3.

Corollary 2: Let G be a non-complete graph and let ¢ = (Vy, V1, V) be a yinpr-function on G. If Vi = @,
then yinnr(G) = 2y1mn(G).

Proof: Let & = (Vy, V1, V,) be a yrppr-function on G. Assume that V; = @. Then by Theorem 3, it implies
that V; is a yr,p-set on G. Thus, we have y;,,(G) = |V,|. Therefore, we conclude that yr,,r(G) = a)g’hR(f) =
|Vi] + 2|Va| = 2|Va| = 2y1,4(G). This proves the assertion. [J

Remark 2: Let G be a non-complete graph and let & = (V,, V1, V,) be a InHRDF on G. If Vi = @, then for all
x € V(G) withdegs(x) =1, x € V.

The Theorem characterizes the InHRDF on a graph G that contains several components.

Theorem 4: Let G = G; U G2 U ... U Gy, be a graph. Then & = (Vy, V1, V,) is an InHRDF on G if and only if
Elg, = (V§, Vi, V) (restriction function with respect to each component) is an InHRDF on G; for alli € {1,2, ...k}.

Proof: Assume that & = (Vj, V1, V,) is an InHRDF on G = G; U G, U ... U Gy. For each i € {1,2,..., k}, let
Vi=VonV(G), Vi = Vin V(G)) and Vi = V, n V(G;). Then the restriction function for each component
is given by &|g, = (VE, Vi, Vi) for alli € {1,2,..,k}. Letv € V§ where s € {1,2,..,k}. Since V} C V, for
alli € {1,2, ..., k}, it implies that v € V. Since ¢ is an interior hop Roman dominating function on G, it
follows that there exists u € V, such that dg(u,v) = 2 and either V; = V(G) or for every w € V,, wis an
interior vertex in G. Note that dg(x, y) = oo for any x € G; and for any y € G; where i # [ and for all
i,l €{1,2,.., k}. This follows that u € V; and dg (u,v) = 2, and either Vi = V(Gs) or for every w € V|, w
is an interior vertex in G where s € {1, 2, ..., k}. Accordingly, it suffices to say that &|g, = (Vé, Vli, V2i) is an
InHRDF on G; for all i € {1,2, ..., k}. On the other hand, assume that &|g, = (V(f, Vli, V1) is an InHRDF on
G;forallie€{1,2,..k}. Thenlet Vo = UK, Vi, Vi = UK, Vi and V, = X, Vi. Hence, it is easy to see that
& = (Vy, V1, Vp) is a function on G = Gy U Gy U ... U Gi. Let x € V;. Then it implies that x € V{ for some
i €{1,2,..k}. Since ¢|g, is an InHRDF on G; for all i € {1, 2, ...k}, it means that there exists y € Vi such that
dg,(x,y) = 2 and either V] = V(G;) or for all z € V., z is an interior vertex in G;. Now, since V, = {‘:1 Vi,
it implies that y € V, and dg(x, y) = 2 and either V; = V(G) or for all z € V,, z is an interior vertex in G.
Accordingly, we concluded that ¢ is an InHRDF on G. This completes the proof. [J

The next result is a consequence of Theorem 4 above.

k
Corollary 3: Let G = G; U G, U.... U G be a graph. Then, yi,ur(G) = Z Yrnhr(Gi).

i=1
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Proof: Let & = (Vp, V1, V) be a yrupr-function on G = Gy U Gz U ... U Gy. Then for each i € {1, 2,..., k}, let
Vi=VonV(G), Vi=V,nV(G)and Vi = V, n V(G,). Thus, §|G, = (V{, Vi, Vi) is a function on G; for all
i €{1,2,..., k}. Invoking Theorem 4, it implies that ¢|g, is an InHRDF on G; for all i € {1, 2, ..., k}. Hence, we
have

Ynnr(G) = 0IR(E) = |V1| + 2|V

- Y23 v

Zk:(iv|+2|vz)

1

\Y%
M?T‘

Yinhr(Gi).
1

Now, let £|g, = (X, X!, X%) be an InHRDF on G; for all i € {1,2,...k}. Thenlet X, = X, Xi, X; = U, X!
and X; = Ule X:. In that case, it is easy to see that & = (X, X1, X,) is a function on G. In view of Theorem
4, it follows that ¢ is an InHRDF on G. Hence, we obtain

k

Z Yinhr(Gi) = Z WM R(E|G,) = Z (Ixil + 2|x31)

i=1

k k
= Y Xil+2 ) )
i=1 i=1
=Xl + 2|1Xz|
2 YInhR(G)-

k
Therefore, we end up with y;,,r(G) = Z Yinhr(Gi). This completes the proof. [

i=1

Corollary 4: Let G be a graph with several components and |V(G)| = n. If each of the components of G is a
complete graph, then yi,nr(G) = n. In particular, yrpr(K,) = n.

Proof: The proof follows from the concepts of Proposition 1 and Corollary 3. [J

Remark 3: Let G be a non-complete graph and let ¢ = (Vy, V1, V) be a InHRDF on G. If there exists x € V(G)
such that degg(x) = 0, then x € V.

The next theorem presents lower and upper bounds of the interior hop Roman domination number for
any non-complete graph.
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Theorem 5: Let G be a non-complete graph of order n > 1. Then the following is true:

YR(G) < yY1nnr(G) < min{2yr,n(G), n.

Proof: Let & = (Vp, Vi, V,) be a yupr-function on G. Since every InHRDF is an HRDF on G, it follows
that yr(G) < ymnr(G). Hence, we obtain max{y,n(G), yr(G)} < yiunr(G). Let Vo = @. Since & is a
Yrmhr-function on G, by Theorem 2(i), we have V, = @. Hence, ¢ = (Vy = @,V = V(G),V, = @) is an
InHRDF on G. Hence, we have y,r(G) < olR(E) = |Vi| + 2|V,| = |Vi| = |[V(G)| = n. Suppose that £ is a
Yrnhr-function on G such that V; = @. This implies that V; U V; = V; is a interior hop dominating set on G
by Theorem 1. By Theorem 3, we have y;,,(G) = |Vz|. This follows that y7,,r(G) < wIPhR(&) = |Vy|+2| V| =
2|V = 2y1un(G). Accordingly, we get yr,nr(G) < min{n, 2y;,,(G)}. This completes the proof. [J

The following Corollary 5 is a direct consequence of Theorem 5.
Corollary 5: Let G be a graph of order n > 1. If ¢ = (Vy, V1, V3) is a yinpr-function on G, then 0 < |Va| < |Vg|.

Proof: Suppose that ¢ = (Vp, V1, V) is a yrapr-function on G. Then, in view of Theorem 5, we get
Yinhr(G) < n. Consider that y;,,r(G) = n. Then by Theorem 2(ii), it implies that | V| = |V,| > 0. Now, if we
consider that y;,,r(G) < n, then invoking Theorem 2(iii), we have that 0 < |V,| < |Vp|. And the conclusion
follows. [

The result depicts the lower bound of the interior hop Roman domination number for some graphs that
contain an interior hop dominating set.

Theorem 6: Let G be a non-complete graph that only contains an interior hop dominating set and |V (G)| =
n > 1. Then the following holds:

Y1nh(G) < Yranr(G)

Proof: Let & = (Vp, V1, V2) be a yrupr-function on G for which V; = @. Then by Theorem 1, V; is an interior
hop dominating set on G. This implies that y;,,(G) < |Va] < 2|V,| = |Vi] + 2|V,| = wg’hR(qS) = ¥1unr(G).
This proves the assertion. [

However, the sharpness of the lower bound in Theorem 6 only holds for graphs without an interior
vertex. For instance, let G = K, for all n > 1. Then we get that y;,,(G) = y;,nr(G) = n for all n > 1. The
next Theorem is a characterization of the interior hop Roman domination number for small values.

Theorem 7: Let G be a graph. Then

(@) ymmrr(G) = 1ifand only if G = Ky;

(i) yrnr(G) = 2 if and only if G € {K;, K;}; and

(i) yinnr(G) = 3 if and only if G € {Ks, Ky U Ky, P3, Ka}.
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Proof: Let & = (V,, V1, V2) be a yiupr-function on G. Assume that y;,,r(G) = 1. Then it implies that
|Vi| + 2| V5| = 1. In that case, we obtain |V;| = 0 and |V;| = 1. Invoking Theorem 2(i), it follows that | V| = 0.
Hence, we get that yr,r(G) = PR = |Vi| + 2|V,| = |Vi| = |[V(G)| = 1. Therefore, we have G = K;.
The converse follows directly from Proposition 1. Next, assume that y;,,r(G) = 2. Then it implies that
|Vi|+2|V,| = 2. In that case, we have |V;| < 1. Suppose that |V,| = 1. Then it means that |V;| = 0 and |Vp| > 1.
Let V, = {x} and let y € V;. Then we have that ds(x, y) = 2. Now, let z € N5(x) n Ng(y). Since |V;| = 0,
it follows that z € V;. But Ni(z) n V, = @, which leads to a contradiction. Thus, we have that |V,| = 0.
By Theorem 2(i), we obtain |Vy| = 0. Hence, we end up with y;,ur(G) = o"R(€) = |Vi| + |Vo| = |[V4| =
|V(G)| = 2. Therefore, we concluded that G € {K;, K;}. By Proposition 1, the converse follows. Lastly, we
assume that y;,,r(G) = 3. Then we have that |V1| + 2|V,| = 3. Thus, we get |V,| < 1. Suppose that |V,| = 0.
Hence, we have |V;| = 3. In that case, we obtain y,,r(G) = @2R(E) = |Vi| + 2|Vo| = |Vi| = |V(G)| = 3.
This follows that G € {Ks, K; U K3, P5, K3}. Suppose that |V,| = 1. Then we get |Vi| = 1. Let V, = {u} and
V1 = {w}. Since ¢ is an InHRDF on G, it follows that u is an interior vertex on G and Vy = V(G) \ (V1 U V).
Then dg(u, z) = 2 and dg(w, z) = 1 for every z € V;. Thus, it implies that G = (V;) + (V, U V,). However,
there does not exist a, b € V(G) such that dg(a, b) = dg(a, u) + dg(u, b). Hence, u cannot be an interior
vertex in G. A contradiction. Thus, | V3| # 1. As for the converse, we let G € {K3, K; U Ky, Ps, K3}, then it
follows that y;,4r(G) = a)ghR(rf) = |V1| + 2|V,| = |V4| = |V(G)| = 3. This completes the proof. []

Theorem 8: Let G beagraphandleté = (Vo, V1, V) be a yrnnr-function on G. Then |Vy| = 0 and yi,pr(G) = 4
if and only if there exists hop dominating set {x, y} such that x and y are interior vertices on G.

Proof: Let & = (Vg, Vi, V2) be a yrunr-function on G. Assume that |Vi| = 0 and y;,4r(G) = 4. Then it
follows that a)IG"hR(g) = 2|V,| = 4. Thus, we have |V;| = 2. Since V; = @, by Theorem 3, V; is a y,uz-set on
G. Let V5, = {x, y} and let V; = V(G) \ V, = {x, y}. Then we have that {x, y} is an interior hop dominating
set on G. Hence, {x, y} is a hop dominating set on G such that x and y are interior vertices on G. Conversely,
assume that there exists a hop dominating set {x, y} such that x and y are interior vertices on G. Then it
follows that {x, y} is an interior hop dominating set on G. Then we obtain Vy; = V(G) \ {x, y} and |V}| = 0.
In view of Theorem 3, we have V; is a yru,-set on G. Thus, we obtain 2 = [{x, y}| > |V;|. Suppose that
|V5| = 0. Then we obtain y;,,r(G) = 0. This is a contradiction since V(G) # @. Suppose that |V,| = 1. Let
V, = {u}. Since dg(u,x) = 2 for all x € V,, it follows that there exists y € V(G) such that dg(u, y) = 1.
Hence, Vi # @. This is a contradiction since |Vi| = 0. Consequently, we get |V>| > 2. Hence, we have that
|Vo| = 2. Therefore, yinnr(G) = wlR(E) = |Vy| + 2|V;| = 2|V;| = 4. This completes the proof. [J

Proposition 2: If G = K, , wherem, n > 2, then yi,ur(G) = 4.

Proof: Let G = K, = (U(G), V(G), E(G)) be a bipartite graph where U(G) and V(G) denotes the
partition sets, that is, |U(G)| = m and |V(G)| = n, and E(G) is the edge set of G. Let & = (Vp, V1, V2) be a
Yinnr-function on G. Let U(G) = {uy, uy, ..., U} and V(G) = {v1, vy, ..., v }. Then if we pick u; € V, for some
j€1{1,2,3,..,m}, then dg(uj, ;) = 2 for all i # j € {1,2,3,..,m}. This follows that U(G) C NA(u;) for all
j €1{1,2,3,..,m}. Similarly, we can say that V(G) C Né(vk) for each k € {1, 2,3, ..., n}. In that case, we let
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Va = {uj, vy} for some j € {1,2,3,...,m} and k € {1,2,3, .., n}. Thus, it implies that V(G) € NZ(u;, vt). Since
m, n > 2, it follows that V(G) is a vertex set on G. Hence, we have that V; = V(G) \ V, and V; = @. Hence,
V, is a hop dominating set on G. Since V; is a interior vertex set on G, by Theorem 8, we conclude that
Yrnhr(G) = 4. This proves the assertion. [

Theorem 9: Let G be a graph of order n > 5 for which yr,u(G) < y1anr(G). If there exists a non-empty set
I € V(G) and a vertex u € V(G) such that I U{u} is a yrup-set on G and V(G) \ (I U {u}) C NZ(u), then
Ynhr(G) = yiun(G) + 1.

Proof: Let & = (V,, V1, V,) be a yyupr-function on G and let y,4(G) < yranr(G). Suppose that there exist a
non-empty set I C V(G) and u € V(G) such that R U {u} is a yruu-set on G and V(G) \ (I U {u}) € NZ(w).
Let Vo = V(G)\ (I u{u}), V; = I, and V, = {u}. Then we set &’ = (Vp, V1, V3). Since I U {u} is a yj;-set on
G, it implies that £ is an INHRDF on G. Hence, we obtain y;,ur(G) < wlMR(E) = |Vy| + 2| Vo| = |I] +2(1) =
(y1nr(G) = 1) + 2 = yru(G) + 1. Now, since y7,1(G) < y1nnr(G), we have that y7,,(G) = y1unr(G) + 1. This
completes the proof. [J

The converse of Theorem 9 is not always true since by the definition of InHRDF, there is a possibility
that some elements of V; are not interior vertices on G.

Theorem 10: Let G € {Py>1, Cy>3}. Then

n, ifn <4,

n (G):
YInhR n—k ifn>s,

where k = | ¢].

Proof: First, welet G = P, with n > 1 and let & = (V,, V1, V,) be a y,pr-function on G. Suppose that n < 4.
If Vi = V(G), then we are done. Assume for a contrary that y;,,r(G) < n. Then it follows that V; = V(G).
By Theorem 2(iii), it implies that 0 < | V3| < |Vp|. Hence, there exists x € V; such that [N&(x)n Vy| = 2. Since
G is a path graph and x is an interior hop dominating vertex, then it follows that there exists a, b € V; such
that a, b € Ng(x). In that case, n > 5, a contradiction. Hence, it suffices to say that y;,,r(G) = n whenever
n < 4. Now, suppose that n > 5. Let G = P, = [x1, X2, ..., X, | and consider the following cases:
Case I: n = 0 (mod 5)

Let n = 5k where k € N. Then k = | ¢]| = £. For each i € {1,2,..., k}, we can set A; = {Xy5(_1), X4+5(i-1)}
and B; = {x3,5;-1)}. Then we let U; = Ulk:l A, Uy = Ule B; and hence, we have U, = V(G) \ (U; U U,).
This follows that ¢ = (U, U, Us) is an HRDF on G. Since for every v € V5, there exist x, y € V(G) such
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that dg(x, y) = dg(x,v) + ds(v, y), it indicates that for all v € Vs, v is an interior vertex on G. Hence, &’ is
an InHRDF on G. By construction, ¢’ is a yj,sz-function on G. Hence, we get

Viair(G) = 0" (&) = |Ui| + 2|y
k k
=) lAl+2 ) IB
i=1 i=1

k k

= Z {x2456-1) Xaws(-1) 3 + 2 Z {3451}
i=1 i=1

= 4k

=5k—k

n—k

where k = 2.
Case 2: n=r (mod 5) where 1 <r <4

Let n = 5k + r where k €¢ Nand 1 < r < 4. Then k = [%J = "%r where r € {1,2,3,4}. By
Case 1, we can set A] = {X;54_1), Xa+5¢-1)} and B} = {x3;5;_1)}, for each i € {1,2,..,k}. Then we let
Ul = ( kL Al) U {Xn_ys1, . Xn} where 1 < r < 4, Uj = k Bl and U, = V(G)\ (U] U Uj). Let
& = (U§, U], Uy). Then £” is an HRDF on G. Since for all v” € UJ, there exist x”,y” € V(G) such that
dg(x’,y") = dg(x’,v") + dg(v', y’), it follows that for all v’ € UJ, v’ is an interior vertex on G. Thus, we

have that £ is an InHRDF on G. By construction, it means that £/ is a yy,,g-function on G. So, we have

allx

Yrnhr(G) = wrmrr(€”) = |U{| + 2|U3|

k k
= (D 1Al +r)+2) |B
i=1 i=1

k k

= ( Z {%x2+5(-1)> Xats(—-1)}| + ”) +2 Z {x¢315(-1)}]
i=1 i=1

=2k +r+2k

=0Bk+r)—k

=n—k

where k = "z for all r € {1,2,3,4}.
Secondly, we let G = C, with n > 3. Then applying the similar argument, we arrived with the same
conclusion. This completes the proof. []

Theorem 11: Let G and H be non-complete graphs. Then, & = (Vy, V1, V2) is an InHRDF on G + H if and only
ifélg = (VE,VE, VL) and &y = (VEL, VE, V) are InHRDF on G and H, respectively, where VS = V;n V(G)
and VH = V;n V(H) for eachi € {0,1,2}.
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Proof: Assume that f = (Vj, Vi, V3) is an InHRDF on G + H. For each i € {0, 1, 2}, we let V. = V; n V(G)
and V¥ = V; n V(H). Then it implies that &|g = (VE, VE, V,F) and &|lg = (VE, VE, V). Let v € V€. Then
v € Vp. Since ¢ is an InHRDF on G + H, it means that there exists u € V; such that v € NZ, ;(u) and
Vi = V(G + H) or for every z € V3, z is an interior vertex on G + H. However, since dg(v, x) = 1 for all
x € V(H), it means that u € V,° and V; = V(G) or for every z € V, z is an interior vertex on G. Hence,
£|G is an InHRDF on G. Now, let v € V. Then, using a similar argument, it suffices to conclude that & is
an InHRDF on H. On the other hand, we asumme that &|g = (VC, VP, V) and &l = (VE, VE, V) are
InHRDF on G and H, respectively. Let V; = V;° u V¥ for alli € {0,1, 2}. Then & = (Vj, V3, V») is a function
on G + H. Let a € V. Then either a € VC or a € V{I. Without loss of generality, we consider a € V.
Since &g is an InHRDF on G, it means there exists b € V¥ such that a € NA(b) and V; = V(G) or for
every z € VZG, z is an interior vertex on G. Since ViG C V; for each i € {0, 1, 2}, it follows that b € V, for
which a € N2, ;(b) and V; = V(G + H) or for every z € V3, z is an interior vertex on G + H. Therefore,
& =(Vy, V1, V,) is an InHRDF on G + H. This completes the proof. [J

The corollaries below are an immediate consequence of Theorem 11.
Corollary 6: Let G and H be non-complete graphs. Then, yinnr(G + H) = yrnhr(G) + yrnhr(H).
Corollary 7: Let G and H be complete graphs of order n and m, respectively. Then yr,nr(G + H) = n+ m.

Theorem 12: Let G be a graph and let ¢ = (V,, V1 = @, V,) be an InHRDF on G. Then, V, is a minimal
interior hop dominating set on G if and only if for every u € Vs, there exists v € Vy such that Ni(v) n Vo = {u}
ordg(u,z) # 2 forany z € Vo \ {u}.

Proof: Let f = (V, Vi = @, V) be an InHRDF on G. By Theorem 1, V; is an interior hop dominating set
on G. Assume that V; is a minimal interior hop dominating set on G. This follows that for any u € V;,
V, \ {u} is not an interior hop dominating set on G. This implies that there exists v € V(G) \ (V2 \ {u})
such that dg(v, z) # 2 for all z € V, \ {u}. Suppose that v # u. Since V; is an interior hop dominating set, v
is hop dominated by V;. So, dg(u,v) = 2, which indicates that N3(v) n V, = {u}. Suppose that v = u. Then
it follows that dg(u, z) # 2 for any z € V5 \ {u}. As for the converse, assume that for every u € Vs, there
exists v € V, such that N2(v) n V, = {u}. Then v € Vj is not hop dominated by the set V, \ {u}. This means
that V, is a minimal interior hop dominating set on G. Next, we assume that for every u € Vs, dg(u, z) # 2
for any z € V, \ {u}. This implies that u is not hop dominated for any vertex z € V, \ {u}. Hence, V; \ {u} is
not an interior hop dominating set on G. Therefore, V, is a minimal interior hop dominating set on G. This
completes the proof. []

3 Conclusions

This study has introduced a new restricted parameter of a hop Roman domination called the interior hop
Roman dominating function in graphs. This study has investigated some graph-theoretic and combinatorial
properties of the interior hop dominating function in any graph. Exact values of the interior hop Roman
domination number of some graph classes were also given. Moreover, characterizations were given for



12 of 13 Ann. Commun. Math. 9 (2026): 4

small values of the interior hop Roman domination number. Furthermore, characterization of the interior
hop Roman dominating function on a graph with several components and the join of two graphs was also
presented. For future studies, the newly defined variation of hop Roman domination in graphs can be
investigated for some binary operations, which include corona, Cartesian, and lexicographic products.
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