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Abstract: Let G = (V(G), E(G)) be a connected graph and let f : V(G) — {0, 1, 2} be a hop Roman dominating
function (HRDF) on G. If for each k € {0,1,2}, Vi = {x € V(G) : f(x) = k}, then f = (W, V;, V5). A function
f is an outer-convex hop Roman dominating function (OConHRDF) on G provided that for every v € V;, there
exists u € V, such that v € N2(u) and Vj is a convex set. The weight of OConHRDF f on G is denoted by &%"*( f)
and is defined as Y"R(f) = Ywev(c) f (). The smallest weight of an OConHRDF f on G, denoted by ¥eonnr(G)
is called the outer-convex hop Roman domination number, which can be written as J,onnr(G) = min{@"R(f) :
f is an OConHRDF on G}. Every OConHRDF f on G satisfying the condition @%™R(f) = J.onnr(G) is so-called a
Yeonhr-function on G. This paper introduces a new parameter of a hop Roman dominating function in graphs, called
outer-convex hop Roman dominating function and presents initial investigation.
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1 Introduction

Dominating sets have become interesting and growing topics in graph theory. Currently, the Roman
dominating function is one of the intriguing parameters of dominating sets in graphs, which was pioneered
by Cockayne et al. [9] in the year 2004. Some studies that dealt with Roman dominating function can be
found in [1,2,7,10,13]. Later, the hop Roman domination in graphs was initiated in the year 2017 by Shabani
[14], and this topic has become an interest of many graph theorists. Another interesting topic that captures
many mathematicians is the outer-convex domination in graphs, which was introduced in the year 2020 by
Dayap and Enriquez [11]. In that case, the authors are inspired to fuse the two concepts, such as hop Roman
and outer-convex dominations in graphs to form a stronger parameter of the Roman domination scheme
and establish a new interesting network security. In fact, the new parameter may be useful in designing a
network security system with a stronger connection of digital infrastructures as an application in computer
science. For the definitions involved in this study, the readers may refer to [4,5,12].
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Let G = (V(G), E(G)) be a connected graph of order n € N, where V(G) is the vertex set and E(G)
is the edge set. Let x,y € V(G). The distance between x and y, denoted by dg(x, y), is the length
of the shortest path between x and y in G. The set Ni(x) = {z € V(G) : degs(x,z) = 2} is called
the open hop-neighborhood and every element of NZ(x) is called hop-neighbor of x. For A C V(G),
NZ(A) = Uyey N&(x) and NZ[A] = NZ(A) U A. Let x,y € G. An x-y path with distance dg(x, y) is
called x-y geodesic. A closed interval denoted by Ig[x, y] is a set that consists of all vertices that lie
on an x-y geodesic on G. Let U C V(G) where x,y € U. The union of all sets I5[x, y] is written as
Uxyeulclx, y] = Ig[U]. In that case, v € I[U] if and only if v is in some x-y geodesic for any x,y € U.
A set U is a convex set in G if and only if I[U] = U. In other words, a convex set in a connected graph
G is a set U C V(G) in which for any x, y € U every x-y geodesic is entirely contained within the set U.
Accordingly, V(G) is a convex set if G is connected. The largest cardinality of a set U is called the convex
number of G, denoted by con(G).

A subset D of V(G) is called a dominating set of G provided that for each x € V(G) \ D, there exists
y € D such that dg(x,y) = 1 [12]. The smallest cardinality of a dominating set D on G is called the
domination number on G and is denoted by y(G). The dominating set D that satisfies [D| = y(G) is called
y-set on G. For some studies on dominating sets, we refer to [3-6,8]. A subset C of V(G) is called an
outer-convex dominating set on G provided that for every v € V(G) \ C, there exists u € C such that
dg(u,v) = 1and V(G) \ C is a convex set on G [11]. The minimum cardinality of C is called outer-convex
domination number and is denoted by }.,,(G). An outer-convex dominating set C with |C| = ¥,,n(G) is
called Y;on-set on G. A set H C V(G) is called a hop dominating set of G provided that for each vertex in
x € V(G) \ H, there exists y € H such that x € N3(y). The minimum cardinality of a hop dominating set
on G is called the hop domination number of G and is denoted y,(G). A hop dominating set that satisfies
|H| = yn(G) is called a yp-set on G.

Let f : V(G) — {0,1,2} be a function on G. for each k € {0,1,2}. For each k € {0,1,2}, we set
Vi = {x € V(G) : f(x) = k}. In that case, we can have f = (V,, V1, V;). A function f = (V,, V1, V3)
is a Roman dominating function (RDF) on G provided that for each vertex x € Vj there exists y € V;
such that dg(x,y) = 1 [9]. The weight of f on G is denoted by wR(f) and is defined by w&(f) =
Y xev(c) f(x) = |Vi| + 2|V;|. The Roman domination number of G is the minimum weight of f on G, that
is, yr(G) = min{w® (1) : Ais an RDF on G}. Every RDF f on G satisfying ©®(1) = yg(G) is a yr-function
on G. A function f = (Vj, V1, V,) is a hop Roman dominating function (HRDF) on G provided that for each
x € Vp, there exists y € V; such that dg(x, y) = 2 [14]. The weight of f denoted by ng(f) and is defined
as MR(f) = 2.zev(G) f(2). The hop Roman domination number of G is defined as the smallest weight of an
HRDF f on G denoted y;,z(G), that is, y,r(G) = min{w"R(f) : f is an HRDF on G}. So, every HRDF f on
G that satisfies w}c’;R( 1) = ynr(G) is called a ypr-function on G.

Let G = (V(G),E(G)) be a connected graph. A function f = (V;, Vi, V2) is an outer-convex hop
Roman dominating function (OConHRDF) on G provided that for every v € V;, there exists u € V; such
that v € N2(u) and Vj is a convex set. The weight of OConHRDF f on G is denoted by &%""*(f) and
is defined as @¥™R(f) = Ywev(c) f() = |Vi| + 2|V2|. The smallest weight of an OConHRDF f on G,
denoted by ¥.onnr(G) is called the outer-convex hop Roman domination number which can be written as
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Veonnr(G) = min{@¥™R(f) : fis an OConHRDF on G}. Every OConHRDF f on G satisfying the condition
ECGO”hR(f) = Yeonhr(G) is so-called a },,nnr- function on G. This paper aims to introduce a new variant of
a hop Roman domination in graphs called outer-convex hop Roman domination. Important theoretical
properties of an outer-convex hop Roman dominating function in some classes of connected graphs, bounds
of outer-convex hop Roman domination number, the realization problem, and characterization in a join of

two graphs were investigated.

2 Results

This section presents some important results involving outer-convex hop Roman dominating function
in connected graphs.

Lemma 1: Let G be a connected graph of order n € N and f = (V, V1, V) be a Yeonnr-function on G. Then
V1 UV, is an outer-convex hop dominating set on G. Moreover, Vo = @ if and only if V, = @. In that case,

YconhR(G) =n.

Proof: Assume that f = (Vy, V1, V2) is a }.onnr-function on G. This follows that f is an OConHRDF on G.
Let v € V;. Then there exists u € V, such thatv € Né(u) and V, is a convex set on G. Hence, V; U V, is an
outer-convex hop dominating set on G. Suppose V, = @. Seeking a contradiction. Assume that V, # @.
Let u € V5. Set Wy = Vo = @, Wi = V; U{u}, and W, = V;, \ {u}. This follows that g = (W,, Wy, W) is an
OConHRDF on G. Thus, 3%"R(g) = |Wi|+ 2| Wa| = (V4] + 1) + 2(|Va| — 1) = |Vi| + 2| Vo — 1 < DXMR(f) =
Yeonhr(G). A contradiction. Accordingly, V, = @. Conversely, suppose V, = @. Since f is a ¥onnr-function
on G, it is clear that Vj = @. To this end, Fonnr(G) = @XLM™R(f) = |Vi| + 2|V,| = |V4| = |V(G)| = n. This
completes the proof. []

Corollary 1: Let G € {P,, K,,} where n € N. Then Yonnr(G) = n.

Proof: Let f = (Vy, V1, V2) is @ Veonnr-function on G. First, we assume that G = P, where n € N. Let
G = P, = [x1,x2,...,x4]. For n = 1,2,3, it is clear that },,nsr(G) = 3. Now, consider n > 4. Since
con(P,) = 2 for n > 4, we can let Vy = {x1, x2}, Vi = {x5, xs, ..., x»}, and V,, = {x3, x4}. In this case, we have
Vo € N2[V,] and V; is a convex set on G. Hence, by construction, we obtain Jonir(G) = Ng"”hR( =
|Vi| + 2|Va| = [{x5, X6, .. Xn}| + 2/{x3, x4}| = (n — 4) + 2(2) = n. Equivalently, we can set |Vp| = |V,| = 0. By
Lemma 1, it implies that }.,n,r(G) = Eg’"hR(f) = |Vi| = |V(G)| = n. Secondly, assume that G = K, where
n € N. By Lemma 1, V; U V; is an outer-convex hop dominating set on G. This implies that V; U V; = V(G).
Thus Vy = @. Since f V.onnr-function on G, it follows that V; = @ by Lemma 1. Therefore, we conclude

that Veonnr(G) = 5&""“(]‘) = |Vi| = |V(G)| = n. This completes the proof. []
Theorem 1: Let G be a connected graph of order n € N. Then the following holds:

max{)/R(G)s %onh(G)} < %onhR(G) < min{zyconh(G)s Tl}.
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Proof: Let f = (V,, V1, V2) be a Yonnr-function on a connected graph G. By Lemma 1, it implies that
Vi U V, is an outer-convex hop dominating set on G. Thus, V.onn(G) < |Vi| + [V < |Vi| + 2|V,] =
BLMR(£) = Joonnr(G). Moreover, since every outer-convex hop Roman dominating function is a Roman
dominating function on G, we obtain yr(G) < YVeonnr(G). Hence, we have max{ygr(G), Yeonh(G)} < Veonnr(G).
Meanwhile, let V = @. Since f is a ¥zonnr-function on G, by Lemma 1, it implies that V; = @. Consequently,
f=Wy =@,V = V(G),V; = @) is an OConHRDF on G. Thus, Jeonur(G) < @LMR(f) = |Vi| + 2| V| =
|Vi] = |V(G)| = n. Suppose that f is a y.onnr-function on G with V; = @. Seeking a contradiction. Assume
that V; is not a y.onn-set on G. Let U, be a yeonp-set on G. Then V(G) \ U, is a convex set on G and
Uyl < |Va|. Set Wy = V(G)\ U, Wi = @ and W, = U,. This implies that g = (Wp, Wi, W,) is an
OConHRDF on G. So, we have @%™R(g) = 2|Wa| < 2|Va| = @XMR(f) = Joonnr(G). A contradiction to the
assumption that f is a ¥.,nnr-function on G. Hence, V; is not a y.onp-set on G, that is, Yonn(G) = |Va|. So,
Yeonhr(G) < wg"”hR(f) = |V1| + 2|Vy| = 2|V5| = 2¥,onn(G). Accordingly, it suffices to say that ¥,,,nr(G) <
min{n, 2Y.onn(G)}. Therefore, max{yr(G), Yeonh(G)} < Veonnr(G) < min{2¥.onn(G), n}. This completes the
proof. []

Theorem 2: Let G be a connected graph of order n € N and let f = (Vy, V1, V3) be a Yeonnr-function on G.
Then the following hold:

(D) [Vol = [Vo| = 0 if and only if Yeonnr(G) = n; and

(i) 1< Vo] <|Vol if and only if Yeonnr(G) < n.

Proof: Let f = (V,, V1, V2) be a V.onnr-function on a connected graph G. Assume that |Vy| = |V,| > 0.
Suppose |Vy| = [V2| = 0. By Lemma 1, it follows that ¥,,,,r(G) = n. Suppose |Vy| = |V2| > 1. This implies
that V.onnr(G) = wg’”hR(f) = |Vi| + 2|Vy| = |Vo| + |V1] + |[V2| = |V(G)| = n. Conversely, assume that
Yeonhr(G) = n. Seeking a contradiction. Suppose |Vy| # |V3|. Then either |Vy| > |V3| or Vo] < |Vo|. If
|Vol| > | V2], then Veonnr(G) = a)g’”hR(f) Vil + 2|Vs| < |Vo| + | V1] + |Va| = |[V(G)| = n, a contradiction to
the assumption. If | V| < | V5|, then Yeonnr(G) = wg’”hR(f) = |Vi| + 2|Va| > Vol + [V + Vs = |V(G)| = n,a
contradiction to the Theorem 1 that V,,,,r(G) < n. Hence, we get |Vy| = | V2| > 0. Thus, (i) holds.

Meanwhile, assume that ¥,,,,r(G) < n. Then a)CGO"hR(f) |[Vi| + 2|V,| < n and so, Vy # @. By the
definition of OConHRDF on G, it implies that |V,| > 1. By (i), we have |V,| # |V3|. This follows that we have
either |Vy| > [V3| or |Vp| < |V3|. Suppose |V2| > |Vy|. Then we have y.onnr(G) = a)CGO”hR(f) =|Vi| + 2|V,| >
|Vi| + |V2| + |[Vo| = |V(G)| = n. This is a contradiction to the Theorem 1 that ¥;,,,r(G) < n. Consequently,
1 < |V,] < |Vp|. Conversely, assume that 1 < |V3| < |Vy|. This implies that ¥,,,nr(G) = Eg’”hR(f) =
Vil + 2|Va| < [Vi| + [Vo| + | Vo] = |V(G)| = n. Therefore, (ii) holds. This completes the proof. [J

Theorem 3: Let G be a connected graph. Then the following hold:
(1) Yeonnr(G) = 1 ifand only if G = Ky; and
(ii) ?conhR(G) =2 ifand Only lfG =K.

Proof: Let f = (Vp, V1, V2) be a ¥ onnr-function on G. Assume that y.o,nr = 1. Then |V;| + 2|V,| = 1. This
implies that | V3| = 0. By Lemma 1, we get | Vo| = 0. Thus, we have J,0nnz(G) = @X™MR(f) = |V4| = |[V(G)| =
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1. Hence, G = K;j. Conversely, let G = Kj. By Corollary 1, it follows that }.,,nr(G) = 1. Therefore, (i)
holds. On the other hand, assume that 7,,,1r(G) = 2. Then @"R(f) = V| + 2|V;| = 2. Thus, [V, < 1.
Suppose |V| = 1. Since f = (Vo, V1, V2) is a Yeonnr-function on G, it follows that |Vi| = 0 and |Vp| # 0. Let
V, = {u} and let v € V;. Then v € Ni(u). Now, let x € Ng(u) n Ng(v). Since | V3| = 0, it implies that x € V.
This follows that N(z;(x) NV, = @. So, V3 is not a hop dominating set on G, a contradiction. Hence, it means
that |V,| = 0. By Lemma 1, |Vy| = 0. So, we get Voonnr(G) = @XL™R(f) = |Vi| = |[V(G)| = 2. Since G is a
connected graph, we have G = K,. Conversely, let G = K;. By Corollary 1, it implies that ¥,,,nr(G) = 2.
Therefore, (if) holds. This completes the proof. [J

Proposition 1: Let G be a connected graph and let f = (Vy, V1, V2) be a Veonnr-function on G. If|V,| = 1,
then |Vy| # 0 and degg(u) < |Vy| where u € V5.

Proof: Let f = (Vj, V1, V3) be a }.onnr-function on G. Suppose |V,| = 1. Seeking a contradiction. Assume
for a moment that |V;| = 0. Then by Lemma 1, it implies that V; is an outer-convex hop dominating set on
G. Hence, Yeonnr(G) = 5cc"”hR(f) = V4] +2|V;| = 2(1) = 2. By Theorem 3, we get G = K, and it means that
for any x,y € V(G), ds(x,y) < 1. This is a contradiction since V, is a hop dominating set on G. Hence,
we conclude that |V;| # 0. Now, since |V2| = 1 and f is a ¥onnr-function on G, it follows that |Vp| > 1. Let
V, = {u} and v € Vj be an arbitrary. Then v € NZ(u). This implies that there exists x € V(G) such that
x € Vi and x € Ng(u). Therefore, it suffices to say that degg(u) < |V;|. This completes the proof. [

Theorem 4: Let G be a connected graph of order n € N\ {1, 2} and f = (Vy, V1, V2) be a Veonnr-function on
G. If|[Vo| = 1 and |Vy| = 1, then for any x1, x2 € Vy, dvy)(x1, x2) < 2.

Proof: Let f = (V,, V1, V,) be a Yeonnr-function on a connected graph of order n € N\ {1,2}. Assume
that |V,| = 1 and |V;| = 1. Since f = (V,, V1, V3) be a Yonnr-function on G, it implies that |V,| > 1.
Suppose |Vy| = 1. Then Vj is a trivial convex set on G and so, dy,)(z,z) = 0 = ds(z, z) where V; = {z}.
On the other hand, we suppose that [Vp| > 2. Let x1,x, € Vj be arbitrary vertices. If x; = x;, then
dvyy(x1, x3) = 0 = dg(x1, x2). Let x; # x,. If x1x, € E(G), then we have d(y,,(x1, x2) = 1 = dg(xy, x3). Let
x1%3 € E(G), let u € V,, and let v € V;. Then we have v € Ng(w), {x1, x2} € Ni(u) and {x;, x2} C Ng().
This implies that xv,vy € E(G). Thus, we have dg(x1, x2) = 2. Since f is Y¢onnr-function on G, it implies
that V} is a convex set on G and we obtain d(y,(x1, x2) = 2 = dg(x1, x2). Therefore, for any x;, x, € Vj,
d(vyy(x1, x2) < 2 whenever |V5| = 1 and |V;| = 1. This completes the proof. []

Theorem 5: Let G be a connected graph and f = (Vy, V1, V2) be a Yeonnr-function on G. Then y onpr(G) = 3
ifand only if G = K; + H where H € {K5, K; U Kj;>1, K1 U Cy<cpes, Kq U P}

Proof: Let f = (V;, V1, V2) be a V.onnr-function on graph G. Suppose that y.,,,r(G) = 3. Then it follows
that 3"R(f) = |Vi| + 2|V,| = 3. Thus, either |V;| = 3 or |V,| = 1 and |V;| = 1. If |V}| = 3, then we obtain
|V(G)| = 3. Since G is connected, then G = K3 or G = P;. Hence, we have G = K;+H where H € {K;, K;UK}}.
Now, consider that | V5| = 1 and |V;| = 1. By Theorem 4, for any xi, x2 € Vp, d(v,y(x1, x2) < 2. Let G = Ky +H
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where H is any graph with isolated vertex z € V(H). Since |V;| = 1 and |V = 1, we let V, = {z} and
Vi = {v} = V(Ky). If [V(H)| = 2, then d(y,)(x, x) = 0 where x € V(H) \ {z}. This follows that G = K; + H
where H = K, = K; U K;. Consider |V(H)| > 3 and for any x;, x, € V(H) \ {z} for which x; # x;. Suppose
d(v,y(x1, x,) = 1. Then we obtain G = K; + H where H = K; U K;>1. Suppose 1 < d(y;)(x, y) < 2. Hence,
this implies that G = K; + H where H € {K; U Cy<u<s, K1 U P} since I[V(Cycnes)] = V(Cacnes) and
I[V(P3)] = V(P3).

Conversely, suppose that G = K; + H where H € {K;, K; U K;;>1, K1 U C4<p<s, Ky U P3}. Then consider
the following cases:
Case 1. H =K,
This implies that G = K; + H = K; + K, = K;. In that case, by Corollary 1, 70m1r(G) = @%™R(f) = |V4| =
[V(G)| = 3.
Case2. H=K; UK, foralln>1
Let z; be the isolated vertex in H. In that case, V(H)\{z1} C Ni(z1). Let V5 = {21}, and set Vj = V(H)\{z1}.
Since G = K; + H and V(K;) = Ng(z1), we can let V; = V(K;). This follows that Vy; = V(G) \ (V; U V,)
and f = (Vo, V1 = V(K1), Vo = {z1}) is an HRDF on G. Since (Vy) = G- (Viu V) =K, foralln > lisa
complete graph, it means that Vj is a convex set in G. Thus, f is an OConHRDF on G. Hence, we have
Veonnr(G) = BEMR(f) = [Vi| + 2| Vo] = 1+ 2(1) = 3.
Case3. H=K,UC,where4<n<5
We let z, be the isolated vertex in the graph H. By similar argument as in Case 2, set V; = {25}, Vp =
V(H) \ {z,}. Since G = K; + H, it follows that V; = V(K;) and Vy, = V(G) \ (V1 U V). This implies that
f =Wy, Vi = V(Ky), V2 = {z2}) is an HRDF on G. Observe that (V) = G — (V; U V,) = Cacpes. Then let
X,y € V(Cacpes) and let u € Vi, Since xu, uy € E(G), it follows that 1 < dc,_,_,(x, y) < 2. This implies that
IG[V(Cycnes)] = V(Cacnes). Thus, Vo = V(Cycpes) is a convex set on G. Hence, f is an OConHRDF on G.
Accordingly, V.onnr(G) = 58’”“(}‘) =|Vi|+2|Va| =1+2(1) =3.
Case4. H=K; UDP;
Again, we let z3 be the isolated vertex in the graph H. Using a similar argument as in Case 2, we can
set Vo = {z3}, Vo = V(H) \ {z3}. Since G = K; + H, we have V; = V(K;) and V;, = V(G) \ (V; U V).
Thus, f = (Vo, V1 = V(K;), V2 = {z3}) is an HRDF on G. Note that (Vy) = G —(V; U V,) = P; and
I6[V(Ps)] = V(Ps). Consequently, Vy = V(Ps) is a convex set on G. Hence, f is an OConHRDF on G. To
this end, Jeonnr(G) = 3L™R(f) = [Vi| + 2|V, = 1+ 2(1) = 3.
This completes the proof. [

Theorem 6: Let G # K; + H where H € {K;, K; U K;;>1, K1 U Cycyss, Ky U P3} be a connected graph of order
n € N and let f = (Vy, V1, V) be a Yeonnr-function on G. Then Vi = @ and |V,| = 2 if and only if there exists
a hop dominating set {u, v} such that V(G) \ {u, v} is a convex set on G.

Proof: Let f = (Vj, V1, V) be a Yeonnr-function on G # K;+H where H € {K,, K;UK;;>1, K;UCy<p<s, KjUPs}.
Assume that |V,| = 2 and V; = @. As in the proof of Theorem 1, it implies that V, is a ¥.oun-set on G.
Thus, V; is an outer-convex hop dominating set on G. Let V; = {u,v}. Then {u,v} is a hop dominating
set on G. Set Vy = V(G) \ V,. Hence, it follows that V; = V(G) \ {u, v} is a convex set in G. Conversely,
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assume that there exists a hop dominating set {u, v} such that V(G) \ {u, v} is a convex set on G. This
implies that C = {u,v} is an outer-convex hop dominating set on G and so, Vo = V(G) \ {u,v}. Since
f =W,V =@,V,) is a Jeonpr-function on G, it implies that V5 is a Y.onn-set on G as in the proof of
Theorem 1. In that case, we have 2 = |C| > |V;|. Suppose |V,| = 1. By Theorem 5, we get |V;| = 1 and
G = K; + H where H € {K5,K; U K;;>1, K; U Cycpes, K1 U P3}. This is a contradiction to our assumption.
Hence, we obtain |V,| > 2. Consequently, we therefore conclude that V; = @ and |V,| = 2. This completes
the proof. [

Corollaries 2 and 3 below are direct consequence of Theorem 6.

Corollary 2: Let G be a connected graph of order n € N\{1, 2,3} and let f = (Vy, V1, V>) be a Yeonnr-function
on G. If|V,| = 2 and Vy = @, then Vo = V(G) \ {x, y} where V;, = {x, y} and dg(x,y) = 1 or 3.

Proof: Let f = (Vy, V1, V2) be a Yeonnr-function on G. Suppose that |[V| = 2 and V; = @. Then by Theorem
6, there exists a hop dominating set {x, y} such that V(G) \ {x, y} is a convex set on G. Thus, it follows
that Vy = V(G) \ {x, y} where V, = {x, y}. To prove that ds(x,y) = 1 or 3. We seek a contradiction.
Assume for a moment that dg(x, y) # 1 and dg(x, y) # 3. Suppose that dg(x, y) = 0. Then it follows that
x = y and so, |V,| = 1. A contradiction. Suppose that dg(x,y) = 2. Then there exists z; € V(G) such
that z; € Ng(x) n Ng(y). Since V; = @, it implies that z; € V;. Thus, {x, y} is not a hop dominating set
on G. A contradiction. Suppose that dg(x, y) > 4. Then there exists z, € V(G) such that z, € Ni[{x, y}]
which forces that z; € V;. This follows that V; # @ and Vy # V(G) \ {x, y}. This is again a contradiction.
Therefore, it suffices to conclude that dg(x, y) = 1 or 3. This completes the proof. [

Corollary 3: Let G = K, , where m,n € N\ {1}. Then y,onnr(G) = 4.

Proof: Let G = Ky, = (U, Uy, E) where Vi and V; denote the bipartite partition parts of vertex sets
and E is the edge set of G. Let f = (Vq, Vi, V2) be a Youp-function on G. Let U; = {xi, x3, ..., X} and
Uz = {y1, Y2, .., yn}. Let x; € Uy and y; € U, where i € {1,2,3,...,m} and j € {1,2,3, ..., n}. Then it follows
that Uy C N|[x;] for each i € {1,2,3,..,m} and U, C NZ|[y;] for each j € {1,2,3,..,n}. Hence, {x;, y;}
is hop dominating set on G for each i € {1,2,3,..,m} and j € {1,2,3,..,n}, that is, V(G) € N[x;, y;].
Observe that Ig[V(G) \ {x;, y;}] = V(G) \{x;, y;} for each i € {1,2,3,..,m} and j € {1, 2,3, ..., n} implying
that V(G) \ {x;, y;} is a convex set on G. By Theorem 6, it implies that |V;| = 0 and |V3| = 2. Therefore,
Veonhr(G) = @LMR( ) = |Vy| + 2|Vo| = 2(2) = 4. This completes the proof. []

The next theorem is a realization problem for hop Roman and outer-convex hop Roman domination
numbers.

Theorem 7: Let p, q and n be positive integers for which 1 < p < q < n. Then there exists a connected graph
G of order n such that ypr(G) = p and V.onnr(G) = q.
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Proof: Let G be a graph of order n > 1. Let f’ = (Uy, Uy, Us) be a yugr-function and f = (Vq, Vi, V,) be a
Yeonhr-function on G. Then consider the following three cases below:

Casel.1<p<qg=n

Let G = K;. Then by Theorem 3, we obtain 1 = y4r(G) = Veonnr(G) = |V(G)| = n. Let G = S, where
n € N\{1,2}. Note that G = S, = K; + K,,. Let u € V(K,,). Then it implies that V(K,) \ {u} € N2[u]. So,
we can set Uy = V(K,) \ {u}, Uy = V(K;), and U, = {u}. Hence, we get y,r(G) = oR(f") = |Uj| + 2|Us| =
|[V(KD)| + 2){u}| = 1+ 2(1) = 3. Now, let S be a collection of subsets of V(K,) for which S does not contain
an empty set or singleton set, thatis, S = {A : A C V(K,),|A| # 0,1}. Observe that I5[A] = A forall A € S.
This follows that S does not contain a convex set on G. Hence, we can set V) = @. By Lemma 1, we get
V, = 0. ConsequentIY> ?conhR(G) = 52;0"hR(f) = |V1| = |V(G)| =nandso, 1< )/hR(G) < ?COﬂhR(G) = n
Therefore, Case 1 holds.

Case2.1<p<qg<n

Consider the graph G = K; + H where H = KP u K" U K for n > 2. In this case, K}/, K/ and K}
are complete graphs that are components of H. Let z; € V(K/) and z, € V(K. Then z, and z, are
isolated vertices of H. Since G = K; + H, it follows that V(H) \ {z;} € N2[z1] and V(H) \ {z2} C N&[z].
Thus, in particular, we can set Vo = V(H) \ {z1}, V1 = V(Kj) and V; = {z;}. In that case, we get
r(G) = WfR(f) = |Ur|+2|Uy| = [V(Kp)l+2[{z1}] = 1+2(1) = 3. Observe that I[ V(G)\(V(K1)U{z1, 2,})] =
V(G)\ (V(K1) U{zy, z2}) = V(H) \ {z1, z2}. This implies that V(H) \ {z1, z,} is a convex set on G. Hence,
we can set Vo = V(H) \{z1, 22}, V1 = V(K1) U{z:}, and V, = {z1}. So, we have ¥.,,nr(G) = 5&"”“(]‘) =
Vil +2[Ve| = [V(Ky) U{z2}| + 2l{z1}] = 2+ 2(1) = 4, and thus, 1 < y4r(G) < Yeonnr(G) < n. Therefore, Case
2 holds.

Case3.1<p=qg<n

Let G = K; + H where H = KF U KH for n > 2. Again, K and K are complete graphs that are
two components of H. Let z € V(K{T). Observe that V(H) \ {z} € N&[z]. This implies that we can
set Uy = V(H) \{z}, U; = V(K;) and U, = {z}. Thus, we obtain y,r(G) = ng(f’) = U] + 2|0y] =
|V(Kp)| + 2[{z}| = 1+ 2(1) = 3. Note that I5[V(H) \ {z}] = V(H) \ {z} = K, implying that K’ is a convex
set on G. In view of Theorem 5, it follows that y,,nsr(G) = CT)CGO"hR(f) = Vil + 2|V| = |V(Ky)| + 2[{z}| = 3.
Accordingly, we have 1 < ypr(G) = Yeonhr(G) < n. Therefore, Case 3 holds.

This completes the proof. [

The following corollaries are immediate from Theorem 7.

Corollary 4: Let G be a connected graph of order n € N. Then the difference y.onnr(G) — ynr(G) can be made
arbitrarily large.

Corollary 5: Let G be a connected graph of order n € N. Then the difference n — Y.onnr(G) can be made
arbitrarily large.
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Theorem 8: Let G be a connected graph of order n € N\ {1, 2} and V.0nn(G) < Veonnr(G). Then Veonnr(G) =
Yeonh(G) + 1 if and only if there exist a set O C V(G) and vertex u € V(G) such that O U {u} is a Vonn(G)-set
on G and V(G)\ (O U {u}) € Ni(w).

Proof: Let f = (Vo, V1, V2) be a Yeonnr-function on G for which ¥.onn(G) < Veonnr(G). Then f is an
OConHRDF on G. This follows that y.onn(G) < |Vi] + |V2|. Assume that Veonnr(G) = Veonn(G) + 1. If
Yeonh(G) = | V1| + | V3], that is, V1 U V3 is a Yeoun-set on G, then it implies that |Vy| + |Va| + 1 = [Vq]| + 2| V3.
This follows that |V, = 1 and |Vi| = Yeonn(G) — 1. Now, let Vo, = {u} and O = V;. Then it implies that
Vo = V(G)N (V1 U V,) = V(G)\ (O U {u}). Let v € V4. Since f is an OConHRDF on G, it means that
do(u,v) = 2 and V; is a convex set on G. Consequently, V(G) \ (O U {u}) € Ni(u). On the other hand,
if Yeonn(G) < |Vi| + | V2|, then it follows that V.onn(G) + 1 < |Vi] + |Va|. Since Veonnr(G) = Veonn(G) + 1,
it implies that |V;| + 2|V;| < V4] + | V3] and so, we get |V,| = 0. By Lemma 1, we obtain |V,| = 0. Hence,
Yeonhr(G) = 5g’”hR(f) = |Vi| =|V(G)| = n and so, Veonn(G) = n— 1. Let D = V(G) \ {v} be a },onn-set on
G. In this case, there exists u € D such that dg(u,v) = 2. Let O = D \ {u}. Hence, O U {u} = D is Yonn-set
on G and V(G)\ D = V(G)\ (O U {u}) = {v} C N&(u). Conversely, assume that there exist a set O C V(G)
and vertex u € V(G) such that O U {u} is a V,ons-set on G and V(G) \ (O U {u}) C NZ(u). Then we set
Vo = V(G)\ (O u{u}), Vi = F, and V;, = {u}. This implies that f = (Vp, V1, V3) is an OConHRDF on G.
Hence, we have Toomi(G) < 0@"R(f) = Vil + 2/V3l = 0]+ 2(1) = (Feoms(G) — 1) + 2 = Fooms(G) + 1.
Therefore, V.onhr(G) = Veonh(G) + 1 since Yeonn(G) < Yeonnr(G). This completes the proof. [J

Theorem 9: Let ] be a non-complete connected graph. Then f = (Vy, V1, V2) is an OConHRDF on G = K, + ]
if and only if the following conditions hold:

(i) V(Ky) CViu Vy;and

(ii) fly is an OConHRDF on J.

Proof: Assume that f = (Vp, V1, V3) is an OConHRDF on G = K, + ] where ] is a non-complete connected
graph. Then f is an HRDF on G. Let a € V(K,). Then ab € E(G) for all b € V(G) \ {a}. Since f is an
HRDF on G, we have that a ¢ Vj. This implies that a € V; U V. Hence, (i) holds. In addition, it follows
that Vo C V(J). Set VJ = Vo, V/ = Vi n V(J), and V§ = V, n V(J). Then we have f|; = (V{, VJ, V). Let
x € VJ. Then there exists y € V, n N2(x) and Vj is a convex set on G since f is an OConHRDF on G.
This means that y € VJ and V{ is a convex set on G. Thus, it suffices to say that f|; is an OConHRDF
on J. Hence, (ii) holds. Conversely, assume that (i) and (ii) hold. Let VIJ = VinV()), VZJ = Vo n V()),
V' = Vi n V(Ky), and V3! = Vo n V(Ky,). In view of (i), Vp = VOJ C V(J). Suppose Vy = @. Then it follows
that f = (Vo = @, V{ UV, V§ U V") is an OConHRDF on G. On the other hand, suppose Vy # @. Let v € V.
Since f[; = (Vo, Vlj, VZJ) is an OConHRDF on J in view of (ii), there exists u € V¥ such that dg(u,v) = 2
and V; is a convex set on G. Since V}! C V,, it implies that u € V, n N4(v) and Vj is a convex set on G.
Therefore, we conclude that f = (Vp, V1, V) is an OConHRDF on G. This completes the proof. [J

The next result is a consequence of Theorem 9.
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Corollary 6: Let G be a non-complete connected graph. Then V,ounr(Ky + G) = n + Veonnr(G).

Proof: Let f' = (V{, V], VJ) be a ¥onnr-function on a non-complete connected graph G and let C = V(K),).
Set Vo = Vi, Vi = Cu V{, and V, = VJ. In view of Theorem 9, f = (Vp, Vi, V2) is an OConHRDF on
Ky + G. Thus, Veonnr(Kn + G) < @VE(f) = Vil + 2[Va| = (C U V{|) + 2[VJ| = (IC| + [V{) + 2|V3| =
ICl + (V]| + 2|V3]) = n+ Veonnr(G). Now, let g = (Up, Uy, Uz) be a ¥ onnr-function on K, + G. Invoking
Theorem 9, we have that V(K,) C U; U U, and gl is an OConHRDF on G. Since g is a ¥onnr-function, it is
force that V(K,,) C U;. This implies that U; = V(K,)u(U;nV(G)) and gl = (Uy, U; N V(G), U,). Hence, we
obtain Tooi(Ks-+G) = G527 (g) = [Uy|+21Ugl = (V(Ky)| +|U3 0 V(G)) +2|Us] = n+[Us n V(G)|+2Uy| =
n+ afa’ihg(gb) > n + Veonhr(G). Therefore, we conclude that Veonnr(Ky + G) = n + Yeonnr(G). This
completes the proof. []

Theorem 10: Let G and H be non-complete connected graphs. Then, f = (Vy, V1, V) is an OConHRDF on
G+ H ifand only if Vi u V, = (VE U VO u (VH u VE) where flg = (VC, VE, VE) and fly = (VE, VI, V)
are OConHRDF on G and H, respectively, for which V. = V;n V(G) and VI = V;n V(H) for eachi € {0, 1, 2}.

Proof: Assume that f = (Vj, V1, V) is an OConHRDF on G + H where G and H are both non-complete
connected graphs. For each i € {0,1,2}, we set V¢ = V;n V(G) and VH = V; n V(H). In that case,
fle = (VE,VE,VE) and flg = (VH, VI, VF). Let x € VC. Then x € V;. Since f is an OConHRDF on
G + H, it follows that there exists y € V, such that dgig(x,y) = 2 and V} is a convex set on G. Note
that dg(x,v) = 1 for all v € V(H). This implies that y € V., and V is a convex set on G. Hence, we
conclude that f|s is an OConHRDF on G. Using a similar argument, we also have f|y is an OConHRDF on
H. Accordingly, it suffices to have V; u V, = (VC u VE) u (VI u V).

Conversely, suppose V; UV, = (VE u V) u (VE u V) where flc = (VC, VP, V) and flg =
(VE, VH, V1) are OConHRDF on G and H, respectively, for which V. = V; n V(G) and V¥ = V; n V(H)
for each i € {0, 1, 2}. Then it implies that f = (V;, V1, V,) is an HRDF on G + H. Let x € V; be an arbitrary
element. This follows that either x € VC or x € V¥ First, we suppose that x € V. Since f|s is an
OConHRDF on G, there exists y € V,C such that ds(x,y) = 2 and V{ is a convex set on G. Now, since
ViG C V; for alli € {0, 1, 2}, it means that y € V; for which dg:+g(x, y) = 2 and V} is a convex set on G + H,
implying that f = (Vy, Vi, V,) is an OConHRDF on G + H. Suppose x € V{'. Using similar argument, the
same conclusion is arrived. This completes the proof. []

The next corollary is a consequence of Theorem 10.
Corollary 7: Let G and H be non-complete connected graphs. Then Veonhg(G + H) = Veonhr(G) + Veonhr(H).

Proof: Let ¢ = (VC, VP, V) and A = (VH, VH, V) be J.onnr-functions on non-complete connected
graphs G and H, respectively. Set V; = V.8 u VH for each i € {0,1,2}. Then it follows that ¢ = f|; and
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A = flg where f = (Vy, V1, V) is an HRDF on G + H. Invoking Theorem 10, it implies that f is an
OConHRDF on G + H. In that case, since V; = Vl-G U VL-H, we have

Veonnr(G + H) < SFIR(f) = Vil + 2 Vil
= [V u Vi +2lve u vy
= (VO +2 V2D + (VE |+ 21V
= BB + BEHR ()
= YeonhrR(G) + Yeonhr(H).

On the other hand, let f = (Up, Ui, Uz) be a Y onnr-function on G + H where U; = {z € V(G) : f(z) =i}
for each i € {0, 1,2}. Now set US = U;n V(G) and UX = U; n V(H) for each i € {0, 1, 2}. Invoking Theorem
10, it means that f|g = (UE, UL, UP) and fly = (UH, UH, UF) are OConHRDF on G and H, respectively.
Hence, it follows that

Veonnr(G + H) = BZIH(A) = |Un| + 2|Uy]
=|Uf v U + 2Uuf v UL
= (IUZ] + 2UL]) + (UE| + 2|Uf))
= & (fle) + 3™ (fl)

2 conhR(G) + YconhR(H)
Therefore, V.onnr(G + H) = Veonhr(G) + Yeonnr(H). This completes the proof. [J

Remark 1: Let G and H be complete graphs of order n € N and m € N, respectively. Then Yonnr(G + H) =
n+m.

3 Conclusions

A new restricted parameter of hop Roman domination in graphs, called the outer-convex hop Roman
dominating function, has been introduced. Conclusively, important properties of outer-convex hop Roman
dominating function in some classes of connected graphs were obtained and discussed, which include lower
and upper bounds, the realization problem, and characterizations. As for future research, one may consider
characterizing the outer-convex hop Roman dominating function under product operations in graphs.

Acknowledgement: The author is grateful to VSU-Main and MSU-IIT for the support and mathematical learning,
respectively.

Funding Statement: The author received no specific funding for this study.
Data Availability Statement: Not applicable.

Ethics Approval: Not applicable



12 of 12 Ann. Commun. Math. 9 (2026): 1

Use of Generative-Al tools declaration: The authors declare that no Artificial Intelligence (AI) tools

were used in the creation of this article.

Conflicts of Interest: The authors have no competing interests to disclose.

References

1.

10.

11.

12.
13.

14.

H. A. Ahangar, M. A. Henning, V. Samodivkin and I. G. Yero, Total Roman domination in graphs, Applicable
Analysis and Discrete Mathematics 10(2) (2016), 501-517. https://doi.org/10.2298/ AADM160729018A

A. Algesmah, & D. Gangabylaiah, On the roman domination polynomial of the commuting and non-commuting
graphs associated to the dihedral groups, Annals of Mathematics and Computer Science 27 (2025), 44-54.

B. S. Anand, J. A. Dayap, L. F. Casinillo, R. Pepper, & R. S. Nair, On distance k-domination number of graphs
under product operations, Gulf Journal of Mathematics 19(1) (2025), 117-124.

L. F. Casinillo, Odd and even repetition sequences of independent domination number, Notes on Number Theory
and Discrete Mathematics 26(1) (2020), 8—20.

L. F. Casinillo, A closer look at a path domination number in grid graphs, Journal of Fundamental Mathematics
and Applications 6(1) (2023), 18-26. https://doi.org/10.14710/jfma.v6i1.17458

L. F. Casinillo, A note on Fibonacci and Lucas number of domination in path, Electronic Journal of Graph Theory
and Applications 6(2) (2018), 317-325. https://doi.org/10.5614/ejgta.2018.6.2.11

L. F. Casinillo, & S. Canoy Jr., Super Hop Roman Domination in Graphs, European Journal of Pure and Applied
Mathematics 18(4) (2025), 1-15.
E. J. Cockayne, R. M. Dawes, & S. T. Hedetniemi, Total domination in graphs, Networks 10(3) (1980), 211-219.

E. J. Cockayne, P. A. Dreyer Jr., S. M. Hedetniemi and S. T. Hedetniemi, Roman domination in graphs, Discrete
Mathematics 278(1-3) (2004), 11-22. https://doi.org/10.1016/j.disc.2003.06.004

M. Chellali, T. W. Haynes, & S. T. Hedetniemi, Roman and total domination, Quaestiones Mathematicae 38(6)
(2015), 749-757.

J. A. Dayap and E. L. Enriquez, Outer-convex domination in graphs, Discrete Mathematics, Algorithms and
Applications 12(1) (2020), 2050008. https://doi.org/10.1142/S1793830920500081

T. W. Haynes, S. Hedetniemi, & P. Slater, Fundamentals of domination in graphs, CRC Press, 2013.

R. L. Pushpam, & S. Padmapriea, Restrained Roman domination in graphs, Transactions on Combinatorics 4(1)
(2015), 1-17.

E. Shabani, J. R. Nader, & A. Poureidi, Graphs with large hop Roman domination number, Computer Science
Journal of Moldova 79 (2019), 3-22.

Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of Techno Sky Publications and/or the editor(s). Techno Sky Publications and/or the editor(s) disclaim

responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the

content.


https://doi.org/10.2298/AADM160729018A
https://doi.org/10.14710/jfma.v6i1.17458
https://doi.org/10.5614/ejgta.2018.6.2.11
https://doi.org/10.1016/j.disc.2003.06.004
https://doi.org/10.1142/S1793830920500081

	Introduction
	Results
	Conclusions
	References

