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Abstract: In the paper, we investigate the Hyers–Ulam stability theorem of an Euler–Lagrange additive functional
inequality
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subject to control function 𝜑 in (non-Archimedean) Banach spaces.
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1 Introduction

In 1940, S.M. Ulam gave a talk before the Mathematics Club of the University of Wisconsin in which
he discussed a number of unsolved problems, and it was first published in 1960 [1]. The stability problem
of functional equations has been originated from the question of S.M. Ulam [1] concerning the stability
of group homomorphisms. In 1941, D.H. Hyers [2] proved the following stability result for the case of
approximate additive mappings between Banach spaces. The method which was provided by D.H. Hyers,
and which produces the additive mapping, is called a direct method. This method is the most important
and most powerful tool for studying the stability of various functional equations. Hyers’ theorem was
generalized by T. Aoki [3] and D.G. Bourgin [4] for additive mappings by considering an unbounded
Cauchy difference. In 1978, Th.M. Rassias [5] also provided a generalization of Hyers’ theorem for linear
mappings which allows the Cauchy difference to be unbounded, and then Rassias’ theorem was extended
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by P. Gǎvruta [6] for mappings with general controlled perturbing functions by considering unbounded
Cauchy difference. During the last three decades, the stability problems of several functional equations
have been intensively and extensively investigated by a number of authors and there are many interesting
volumes containing these stability problems of several functional equations [7–13] and of additive functional
inequalities [14, 15].

K. Hensel [16] has introduced special normed spaces which do not have the Archimedean property:
for any real 𝑥, 𝑦 > 0, there exists a natural number 𝑛 such that 𝑥 < 𝑛𝑦. Thus, we recall from [17] that a
non-Archimedean valuation in a field K is a function | ⋅ |𝑣 ∶ K →[0,∞) equipped with

(𝑖) |𝑟 |𝑣 = 0 if and only if 𝑟 = 0;
(𝑖𝑖) |𝑟𝑠|𝑣 = |𝑟|𝑣 |𝑠|𝑣 for all 𝑟, 𝑠 ∈ K;
(𝑖𝑖𝑖) |𝑟 + 𝑠|𝑣 ≤ max{|𝑟 |𝑣, |𝑠|𝑣} for all 𝑟, 𝑠 ∈ K.
Any field K endowed with a non-Archimedean valuation is said to be a non-Archimedean field. In

any non-Archimedean field, we remark that |1|𝑣 = | − 1|𝑣 = 1, |𝑛|𝑣 ≤ 1 for all nonzero integers 𝑛 ∈ Z, and
|𝑛𝑎|𝑣 ≤ |𝑘𝑎|𝑣 ≤ |𝑎|𝑣 ≤ | 𝑎

𝑘
|𝑣 ≤ | 𝑎

𝑛
|𝑣 for any 𝑎 ∈ K and 𝑛, 𝑘 ∈ Z with 𝑘|𝑛. On the other hand, let 𝑌 be a linear

space over the non-Archimedean field K with a non-Archimedean non-trivial valuation | ⋅ |𝑣. A function
‖ ⋅ ‖𝑣 ∶ 𝑌 →[0,∞) is said to be a non-Archimedean norm on 𝑌 if it satisfies the following conditions:

(𝑖) ‖𝑥‖𝑣 = 0 if and only if 𝑥 = 0;
(𝑖𝑖) ‖𝑟𝑥‖𝑣 = |𝑟|𝑣‖𝑥‖𝑣 for all 𝑟 ∈ K and 𝑥 ∈ 𝑌 ;
(𝑖𝑖𝑖) ‖𝑥 + 𝑦‖𝑣 ≤ max{‖𝑥‖𝑣, ‖𝑦‖𝑣} for all 𝑥, 𝑦 ∈ 𝑌 .

In this case, (𝑌 , ‖ ⋅ ‖𝑣) is called a non-Archimedean normed space. They say that a non-Archimedean normed
space (𝑌 , ‖ ⋅ ‖𝑣) is complete, that is, non-Archimedean Banach space, if and only if every Cauchy sequence
in 𝑌 is convergent in the space 𝑌 by the norm ‖ ⋅ ‖𝑣 [8, 10, 18]. It follows from the strong triangle inequality
that

‖𝑥𝑛 − 𝑥𝑚‖𝑣 ≤ max{‖𝑥𝑗+1 − 𝑥𝑗 ‖𝑣 ∶ 𝑚 ≤ 𝑗 ≤ 𝑛 − 1}

for all 𝑥𝑛, 𝑥𝑚 ∈ 𝑌 and all 𝑚, 𝑛 ∈ N with 𝑛 > 𝑚. Therefore, a sequence {𝑥𝑛} is a Cauchy sequence in
non-Archimedean normed space (𝑌 , ‖ ⋅ ‖𝑣) if and only if the sequence {𝑥𝑛+1 − 𝑥𝑛} converges to zero in the
space (𝑌 , ‖ ⋅ ‖𝑣).

Now let 𝑛 ≥ 3 be any fixed positive integer and (𝜆1, ⋯ , 𝜆𝑛) any 𝑛-tuple of fixed positive real numbers
𝜆𝑗 for all 1 ≤ 𝑗 ≤ 𝑛. Then, we now consider a modified and generalized Euler–Lagrange additive functional
inequality
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‖
, 𝑥0 ∶= 0, (1.1)

of which the general solution exactly contains Cauchy additive mappings in the sequel. In this article, we
first investigate generalized Hyers–Ulam stability via direct method of the inequality (1.1) in Banach spaces
in Section 2, and then we alternatively study generalized Hyers–Ulam stability in non-Archimedean Banach
spaces in Section 3.
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2 Stability of Ineq. (1.1) in Banach spaces.

First of all, we present the general solution of the functional inequality (1.1) between linear spaces.

Lemma 2.1. Let both 𝑋 and 𝑌 be linear spaces. A mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional
inequality (1.1) if and only if 𝑓 is additive.

Proof: Let a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (1.1). Then, by
letting 𝑥1 ∶= 𝑦1, 𝑥𝑗 ∶= ∑

𝑗

𝑘=1
𝑦𝑘 , (𝑗 = 2, ⋯ , 𝑛), and 𝜆𝑗 ∶= ∑

𝑛
𝑘=𝑗 𝜆𝑘 for all 𝑗 = 1, 2, ⋯ , 𝑛, one obtains that

𝑥𝑗 − 𝑥𝑗−1 = 𝑦𝑗 (𝑗 = 1, 2, ⋯ , 𝑛), where 𝑥0 ≡ 0 in case 𝑗 = 1, and thus
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,

for all vectors 𝑦𝑗 ∈ 𝑋 (1 ≤ 𝑗 ≤ 𝑛). Therefore, we figure out this inequality

‖𝜆1𝑓 (𝑦1) + 𝜆2𝑓 (𝑦2) + 𝜆3𝑓 (𝑦3)‖ ≤ ‖𝑓 (𝜆1𝑦1 + 𝜆2𝑦2 + 𝜆3𝑦3)‖

for all 𝑦1, 𝑦2, 𝑦3 ∈ 𝑋 , from which we conclude that 𝑓 is additive by Lemma 2.1 [19].
The proof of converse is trivial.

Corollary 2.2. Let both 𝑋 and 𝑌 be linear spaces. A mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the
functional equation
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,

for all vectors 𝑥1, ⋯ , 𝑥𝑛 in 𝑋 , where 𝑥0 ≡ 0, if and only if 𝑓 is additive.

From now on, we assume that 𝑋 is a linear space and 𝑌 is a Banach space with norm ‖ ⋅ ‖ unless we give
any specific reference. For notational convenience, given a mapping 𝑓 ∶ 𝑋 → 𝑌 we consider the following
Euler–Lagrange functional inequality with a perturbing term 𝜑 ∶ 𝑋𝑛 → [0,∞) as follows:
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(2.1)

+𝜑(𝑥1, ⋯ , 𝑥𝑛)

for all vectors 𝑥1, ⋯ , 𝑥𝑛 in a linear space 𝑋 , where 𝑥0 ≡ 0. In the following, we investigate a generalized
Hyers–Ulam stability via direct method of the inequality (2.1) controlled by the perturbing term 𝜑 in the
Banach space 𝑌 with norm ‖ ⋅ ‖.
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Theorem 2.3. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (2.1) and
the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies

∞

∑

𝑖=0

1

2𝑖
𝜑(2

𝑖
𝑥1, ⋯ , 2

𝑖
𝑥𝑛) < ∞, (2.2)

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 . Then, there exists a unique Euler–Lagrange additive mapping 𝐴1 ∶ 𝑋 → 𝑌 defined by
𝐴1(𝑥) = lim𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
such that the mapping 𝐴1 satisfies the approximation
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2
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(2.3)

for all 𝑥 ∈ 𝑋 , where 𝜑 is defined as in (2.8), and 𝜆𝑗 ∶= ∑
𝑛
𝑘=𝑗 𝜆𝑘 for all 𝑗 = 1, 2, ⋯ , 𝑛.

Proof: Replacing 𝑥1 ∶= 𝑦1, 𝑥𝑗 ∶= ∑
𝑗

𝑘=1
𝑦𝑘 , (𝑗 = 2, ⋯ , 𝑛) in the functional inequality (2.1), one obtains

𝑥𝑗 − 𝑥𝑗−1 = 𝑦𝑗 (𝑗 = 1, 2, ⋯ , 𝑛), and thus
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, (2.4)

for all vectors 𝑦𝑗 ∈ 𝑋 . Letting (𝑦1, ⋯ , 𝑦𝑛) ∶= (𝑥, 0, −𝜆1𝑥, 0, ⋯ , 0) in (2.4), we have

‖𝜆1𝑓 (𝑥) + 𝜆3𝑓 (−𝜆1𝑥)‖ ≤ 𝜑(𝑥, 𝑥, (1 − 𝜆1)𝑥, ⋯ , (1 − 𝜆1)𝑥) (2.5)

for all 𝑥 ∈ 𝑋 . Letting (𝑦1, ⋯ , 𝑦𝑛) ∶= (0, 𝑦, −𝜆2𝑦, 0, ⋯ , 0) in (2.4), one obtains

‖𝜆2𝑓 (𝑦) + 𝜆3𝑓 (−𝜆2𝑦)‖ ≤ 𝜑(0, 𝑦, (1 − 𝜆2)𝑦, ⋯ , (1 − 𝜆2)𝑦) (2.6)

for all 𝑦 ∈ 𝑋 . Letting (𝑦1, ⋯ , 𝑦𝑛) ∶= (𝑥, 𝑦, −𝜆1𝑥 − 𝜆2𝑦, 0, ⋯ , 0) in (2.4), we arrive at

‖𝜆1𝑓 (𝑥) + 𝜆2𝑓 (𝑦) + 𝜆3𝑓 (−𝜆1𝑥 − 𝜆2𝑦)‖

≤ 𝜑(𝑥, 𝑥 + 𝑦, (1 − 𝜆1)𝑥 + (1 − 𝜆2)𝑦, ⋯ , (1 − 𝜆1)𝑥 + (1 − 𝜆2)𝑦) (2.7)

for all 𝑥, 𝑦 ∈ 𝑋 . Thus, it follows from three inequalities above that

𝜆3‖𝑓 (−𝜆1𝑥) + 𝑓 (−𝜆2𝑦) − 𝑓 (−𝜆1𝑥 − 𝜆2𝑦)‖

≤ 𝜑(𝑥, 𝑥, (1 − 𝜆1)𝑥, ⋯ , (1 − 𝜆1)𝑥)

+𝜑(0, 𝑦, (1 − 𝜆2)𝑦, ⋯ , (1 − 𝜆2)𝑦)

+𝜑(𝑥, 𝑥 + 𝑦, (1 − 𝜆1)𝑥 + (1 − 𝜆2)𝑦, ⋯ , (1 − 𝜆1)𝑥 + (1 − 𝜆2)𝑦),
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which yields the approximate Cauchy functional inequality

‖𝑓 (𝑥) + 𝑓 (𝑦) − 𝑓 (𝑥 + 𝑦)‖ ≤ 𝜑(𝑥, 𝑦) (2.8)

for all 𝑥, 𝑦 ∈ 𝑋 , where

𝜑(𝑥, 𝑦) ∶=
1

𝜆3

{

𝜑
(
−

𝑥

𝜆1
, −

𝑥

𝜆1
, (1 −

1

𝜆1
)𝑥, ⋯ , (1 −

1

𝜆1
)𝑥
)

+𝜑
(
0, −

𝑦

𝜆2
, (1 −

1

𝜆2
)𝑦, ⋯ , (1 −

1

𝜆2
)𝑦
)

+𝜑
(
−

𝑥

𝜆1
, −

𝑥

𝜆1
−

𝑦

𝜆2
, (1 −

1

𝜆1
)𝑥 + (1 −

1

𝜆2
)𝑦,

⋯ , (1 −
1

𝜆1
)𝑥 + (1 −

1

𝜆2
)𝑦
)

}

,

for all 𝑥, 𝑦 ∈ 𝑋 . Now, applying the iterative process and direct method to the approximate Cauchy
functional inequality (2.8) with controlled condition (2.2), we see from the reference [6] that there exists
a unique mapping 𝐴1 ∶ 𝑋 → 𝑌 defined by 𝐴1(𝑥) = lim𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
such that the mapping 𝐴1 satisfies the

approximation (2.3).
In addition, it follows from (2.1), (2.2) and the definition of 𝐴1 that

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)

𝑓 (2𝑚(𝑥𝑗 − 𝑥𝑗−1))

2𝑚 ]
‖
‖
‖

≤
‖
‖
‖

1

2𝑚
𝑓
(
2
𝑚

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖

+
1

2𝑚
𝜑(2

𝑚
𝑥1, ⋯ , 2

𝑚
𝑥𝑛)

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , and all positive integers 𝑚 ∈ N. Letting 𝑚 → ∞,

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)
𝐴1(𝑥𝑗 − 𝑥𝑗−1)]

‖
‖
‖
≤
‖
‖
‖
𝐴1(

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 . Therefore, the mapping 𝐴1 satisfies the Euler–Lagrange functional inequality (1.1),
and so it is additive by Lemma 2.1. This completes the proof.

The following theorem is an alternative stability result of Theorem 2.3 concerning the stability problem
of functional inequality (2.1).

Theorem 2.4. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (2.1) and
the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies

∞

∑

𝑖=1

2
𝑖
𝜑(

𝑥1

2𝑖
, ⋯ ,

𝑥𝑛

2𝑖
) < ∞, (2.9)

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 . Then, there exists a unique Euler–Lagrange additive mapping 𝐴2 ∶ 𝑋 → 𝑌 defined by
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𝐴2(𝑥) = lim𝑚→∞ 2𝑚𝑓 ( 𝑥
2𝑚
) such that the mapping 𝐴2 satisfies the approximation

‖𝑓 (𝑥) − 𝐴2(𝑥)‖ ≤
1

2

∞

∑

𝑖=1

2
𝑖
𝜑(

𝑥

2𝑖
,
𝑥

2𝑖
) (2.10)

for all 𝑥 ∈ 𝑋 , where 𝜑 is defined as in (2.8).

Proof: The proof goes similarly through the corresponding part of Theorem 2.3, and thus we complete the
proof.

We recall from [19] that a subadditive function is a function 𝜙 ∶ 𝑈 → 𝑉 , having a domain 𝑈 and a
codomain (𝑉 , ≤) that are both closed under addition, with the following property:

𝜙(𝑥 + 𝑦) ≤ 𝜙(𝑥) + 𝜙(𝑦), ∀𝑥, 𝑦 ∈ 𝑈 .

Now, we say that a function 𝜙 ∶ 𝑈 → 𝑉 is contractively subadditive if there exists a constant 𝐿1 with
0 < 𝐿1 < 1 such that

𝜙(𝑥 + 𝑦) ≤ 𝐿1[𝜙(𝑥) + 𝜙(𝑦)], ∀𝑥, 𝑦 ∈ 𝑈 .

Thus, 𝜙 satisfies these properties 𝜙(2𝑥) ≤ 2𝐿1𝜙(𝑥) and so 𝜙(2𝑛𝑥) ≤ (2𝐿1)
𝑛𝜙(𝑥) for all 𝑥 ∈ 𝑈 . Similarly, we

say that a function 𝜙 ∶ 𝑈 → 𝑉 is expansively superadditive if there exists a constant 𝐿2 with 0 < 𝐿2 < 1

such that

𝜙(𝑥 + 𝑦) ≥
1

𝐿2
[𝜙(𝑥) + 𝜙(𝑦)], ∀𝑥, 𝑦 ∈ 𝑈 .

Thus, 𝜙 satisfies the inequalities 𝜙( 𝑥
2
) ≤

𝐿2
2
𝜙(𝑥) and so 𝜙( 𝑥

2𝑛
) ≤ (

𝐿2
2
)𝑛𝜙(𝑥) for all 𝑥 ∈ 𝑈 . Now, we investigate

the generalized Hyers–Ulam stability of the Euler–Lagrange functional inequality (2.1) with a perturbing
term 𝜑(𝑥1, ⋯ , 𝑥𝑛) subject to either contractively subadditive or expansively superadditive conditions,
respectively.

Theorem 2.5. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (2.1) and
the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies contractively subadditive condition

𝜑(2𝑥1, ⋯ , 2𝑥𝑛) ≤ 2𝐿1𝜑(𝑥1, ⋯ , 𝑥𝑛), (2.11)

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 and for some 𝐿1 with 0 < 𝐿1 < 1. Then, there exists a unique Euler–Lagrange additive
mapping𝐴1 ∶ 𝑋 → 𝑌 defined by𝐴1(𝑥) = lim𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
such that the mapping𝐴1 satisfies the approximation

‖𝑓 (𝑥) − 𝐴1(𝑥)‖ ≤
1

2(1 − 𝐿1)
𝜑(𝑥, 𝑥) (2.12)

for all 𝑥 ∈ 𝑋 , where 𝜑 is defined as in (2.8).
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Proof: We observe that
∞

∑

𝑖=0

1

2𝑖
𝜑(2

𝑖
𝑥1, ⋯ , 2

𝑖
𝑥𝑛) ≤

∞

∑

𝑖=0

1

2𝑖
(2𝐿1)

𝑖
𝜑(𝑥1, ⋯ , 𝑥𝑛)

=
1

1 − 𝐿1
𝜑(𝑥1, ⋯ , 𝑥𝑛) < ∞,

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , and thus one obtains the desired results.

Theorem 2.6. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (2.1) and
the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies expansively superadditive condition

𝜑(
𝑥1

2
, ⋯ ,

𝑥𝑛

2
) ≤

𝐿2

2
𝜑(𝑥1, ⋯ , 𝑥𝑛), (2.13)

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 and for some 𝐿2 with 0 < 𝐿2 < 1. Then, there exists a unique Euler–Lagrange additive
mapping 𝐴2 ∶ 𝑋 → 𝑌 defined by 𝐴2(𝑥) = lim𝑚→∞ 2𝑚𝑓 (2−𝑚𝑥) such that the mapping 𝐴2 satisfies the
approximation

‖𝑓 (𝑥) − 𝐴2(𝑥)‖ ≤
𝐿2

2(1 − 𝐿2)
𝜑(𝑥, 𝑥) (2.14)

for all 𝑥 ∈ 𝑋 , where 𝜑 is defined as in (2.8).

Proof: In fact, we figure out that

∞

∑

𝑖=1

2
𝑖
𝜑(2

−𝑖
𝑥1, ⋯ , 2

−𝑖
𝑥𝑛) ≤

∞

∑

𝑖=1

2
𝑖
(
𝐿2

2
)
𝑖
𝜑(𝑥1, ⋯ , 𝑥𝑛)

=
𝐿2

1 − 𝐿2
𝜑(𝑥1, ⋯ , 𝑥𝑛) < ∞,

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , and thus we arrive at the desired results.

As a corollary of Theorem 2.3 and Theorem 2.5, we obtain the following stability result of the inequality
(1.1), which generalizes stability result of equation in complete normed spaces.

Corollary 2.7. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)
𝑓 (𝑥𝑗 − 𝑥𝑗−1)]

‖
‖
‖
≤
‖
‖
‖
𝑓
(

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖
+ 𝛿

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 and for some constant 𝛿 ≥ 0. Then, there exists a unique Euler–Lagrange additive mapping
𝐴1 ∶ 𝑋 → 𝑌 defined by 𝐴1(𝑥) = lim𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
such that the mapping 𝐴1 satisfies the approximation

‖𝑓 (𝑥) − 𝐴1(𝑥)‖ ≤
3𝛿

𝜆3
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for all 𝑥 ∈ 𝑋 .

3 Stability of Ineq. (1.1) in non-Archimedean Banach spaces.

In this section, let 𝑋 be a linear space and 𝑌 a non-Archimedean complete normed space. Now, we
will investigate the generalized the Hyers–Ulam stability problem for the functional inequality (1.1) in a
non-Archimedean Banach space 𝑌 .

Theorem 3.1. Suppose that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)
𝑓 (𝑥𝑗 − 𝑥𝑗−1)]

‖
‖
‖𝑣

≤
‖
‖
‖
𝑓
(

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖𝑣

(3.1)

+𝜑(𝑥1, ⋯ , 𝑥𝑛)

and that the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies

lim
𝑚→∞

1

|2|𝑚𝑣
𝜑(2

𝑚
𝑥1, ⋯ , 2

𝑚
𝑥𝑛) = 0 (3.2)

for all vectors 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , and

Φ̃1(𝑥, 𝑥) = lim
𝑚→∞

max

{
1

|2|𝑖𝑣
𝜑(2

𝑖
𝑥, 2

𝑖
𝑥) ∶ 0 ≤ 𝑖 < 𝑚

}

< ∞ (3.3)

converges for all 𝑥 ∈ 𝑋, where 𝜑 is defined as in (3.6). Then there exists an Euler–Lagrange additive mapping
𝑇1 ∶ 𝑋 → 𝑌 defined by 𝑇1(𝑥) = lim𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
such that

‖𝑓 (𝑥) − 𝑇1(𝑥)‖𝑣 ≤
1

|2|𝑣
Φ̃1(𝑥, 𝑥) (3.4)

for all 𝑥 ∈ 𝑋 . Moreover, if

lim
𝑙→∞

lim
𝑚→∞

max

{
1

|2|𝑖𝑣
𝜑(2

𝑖
𝑥, 2

𝑖
𝑥) ∶ 𝑙 ≤ 𝑖 < 𝑙 + 𝑚

}

= 0 (3.5)

for all 𝑥 ∈ 𝑋 , then the additive mapping 𝑇1 is uniquely determined with approximation (3.4).

Proof: Applying the inequalities (2.4) through (2.7) to non-Archimedean Banach space 𝑌 , we have

‖𝑓 (𝑥) + 𝑓 (𝑦) − 𝑓 (𝑥 + 𝑦)‖𝑣 ≤ 𝜑(𝑥, 𝑦) (3.6)
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for all 𝑥, 𝑦 ∈ 𝑋 , where

𝜑(𝑥, 𝑦) ∶=
1

|𝜆3|𝑣
max

{

𝜑
(
−

𝑥

𝜆1
, −

𝑥

𝜆1
, (1 −

1

𝜆1
)𝑥, ⋯ , (1 −

1

𝜆1
)𝑥
)

, 𝜑
(
0, −

𝑦

𝜆2
, (1 −

1

𝜆2
)𝑦, ⋯ , (1 −

1

𝜆2
)𝑦
)

, 𝜑
(
−

𝑥

𝜆1
, −

𝑥

𝜆1
−

𝑦

𝜆2
, (1 −

1

𝜆1
)𝑥 + (1 −

1

𝜆2
)𝑦,

⋯ , (1 −
1

𝜆1
)𝑥 + (1 −

1

𝜆2
)𝑦
)

}

for all 𝑥, 𝑦 ∈ 𝑋 . It follows from (3.6) that

‖
‖
‖
‖
𝑓 (𝑥) −

𝑓 (2𝑚𝑥)

2𝑚

‖
‖
‖
‖𝑣
≤

1

|2|𝑣
max
0≤𝑖<𝑚

{
𝜑(2𝑖𝑥, 2𝑖𝑥)

|2|𝑖𝑣

}

(3.7)

for all positive integers 𝑚 ∈ N and all 𝑥 ∈ 𝑋 . Then it follows from (3.2) and (3.3) that a sequence { 𝑓 (2
𝑚𝑥)

2𝑚
}∞𝑚=1

is Cauchy for all 𝑥 ∈ 𝑋 , and therefore, we may define a mapping 𝑇1 ∶ 𝑋 → 𝑌 by

𝑇1(𝑥) = lim
𝑚→∞

𝑓 (2𝑚𝑥)

2𝑚
, 𝑥 ∈ 𝑋.

By approaching 𝑚 to infinity in (3.7) and using (3.3), one leads to the approximation (3.4). By (3.1) and (3.2),
we obtain

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)

𝑓 (2𝑚(𝑥𝑗 − 𝑥𝑗−1))

2𝑚 ]
‖
‖
‖𝑣

≤
‖
‖
‖

1

2𝑚
𝑓
(
2
𝑚

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖𝑣

+
1

|2|𝑚𝑣
𝜑(2

𝑚
𝑥1, ⋯ , 2

𝑚
𝑥𝑛),

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , of which the last term tends to zero as 𝑚 → ∞. Thus, the mapping 𝑇1 satisfies the
functional inequality (1.1) and so it is additive.

To prove the uniqueness, we assume that 𝑇 ′ ∶ 𝑋 → 𝑌 is an additive mapping satisfying the
approximation (3.4). Then, we figure out that for any 𝑥 ∈ 𝑋 and all natural numbers 𝑙,

‖𝑇1(𝑥) − 𝑇
′
(𝑥)‖𝑣 =

1

|2|𝑙𝑣
‖𝑇1(2

𝑙
𝑥) − 𝑇

′
(2

𝑙
𝑥)‖𝑣

≤
1

|2|𝑙𝑣
max{‖𝑇1(2

𝑙
𝑥) − 𝑓 (2

𝑙
𝑥)‖𝑣, ‖𝑓 (2

𝑙
𝑥) − 𝑇

′
(2

𝑙
𝑥)‖𝑣}

≤
1

|2|𝑣
lim
𝑚→∞

max
𝑙≤𝑖<𝑙+𝑚

{
1

|2|𝑖𝑣
𝜑(2

𝑖
𝑥, 2

𝑖
𝑥)

}

,

which tends to zero as 𝑙 → ∞. This completes the proof.
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Now, we investigate the following stability result of the functional inequality (1.1), which is dual and
alternative stability theorem in the non-Archimedean complete normed space 𝑌 .

Theorem 3.2. Suppose that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality (3.1) and
that the perturbing function 𝜑 ∶ 𝑋𝑛 → [0,∞) satisfies

lim
𝑚→∞

|2|
𝑚
𝑣 𝜑(2

−𝑚
𝑥1, ⋯ , 2

−𝑚
𝑥𝑛) = 0 (3.8)

for all vectors 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋 , and

Φ̃2(𝑥, 𝑥) = lim
𝑚→∞

max

{

|2|
𝑖
𝑣𝜑(2

−𝑖
𝑥, 2

−𝑖
𝑥) ∶ 0 < 𝑖 ≤ 𝑚

}

< ∞ (3.9)

converges for all 𝑥 ∈ 𝑋, where 𝜑 is defined as in (3.6). Then there exists an Euler–Lagrange additive mapping
𝑇2 ∶ 𝑋 → 𝑌 defined by 𝑇2(𝑥) = lim𝑚→∞ 2𝑚𝑓 (2−𝑚𝑥) such that

‖𝑓 (𝑥) − 𝑇2(𝑥)‖𝑣 ≤
1

|2|𝑣
Φ̃2(𝑥, 𝑥) (3.10)

for all 𝑥 ∈ 𝑋 . Moreover, if

lim
𝑙→∞

lim
𝑚→∞

max

{

|2|
𝑖
𝑣𝜑(2

−𝑖
𝑥, 2

−𝑖
𝑥) ∶ 𝑙 < 𝑖 ≤ 𝑙 + 𝑚

}

= 0 (3.11)

for all 𝑥 ∈ 𝑋 , then the additive mapping 𝑇2 is uniquely determined with approximation (3.10).

Proof: It follows from (3.6) that

‖
‖
‖
2
𝑙
𝑓 (

𝑥

2𝑙
) − 2

𝑚
𝑓 (

𝑥

2𝑚
)
‖
‖
‖𝑣

=

‖
‖
‖
‖
‖

𝑚

∑

𝑖=𝑙+1

2
𝑖−1

𝑓 (
𝑥

2𝑖−1
) − 2

𝑖
𝑓 (

𝑥

2𝑖
)

‖
‖
‖
‖
‖𝑣

≤
1

|2|𝑣
max

𝑙+1≤𝑖≤𝑚

{

|2|
𝑖
𝑣𝜑(

𝑥

2𝑖
,
𝑥

2𝑖
)

}

(3.12)

for all 𝑥 ∈ 𝑋 . Then, it follows from (3.9) and (3.12) that a sequence {2𝑚𝑓 ( 𝑥
2𝑚
)} is Cauchy for all 𝑥 ∈ 𝑋 , and

thus, we can define a mapping 𝑇2 ∶ 𝑋 → 𝑌 as

𝑇2(𝑥) = lim
𝑚→∞

2
𝑚
𝑓 (

𝑥

2𝑚
), 𝑥 ∈ 𝑋.

By taking 𝑚 to approach infinity in (3.12) together with 𝑙 = 0, one leads to the approximation (3.10).
Applying the similar argument to the corresponding proof of Theorem 3.1, we obtain the desired

results.

As a corollary of Theorem 3.2, we obtain the following stability result of the functional inequality (1.1)
in the non-Archimedean Banach space 𝑌 equipped with |2|𝑣 < 1.
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Corollary 3.3. Assume that a mapping 𝑓 ∶ 𝑋 → 𝑌 with 𝑓 (0) = 0 satisfies the functional inequality

‖
‖
‖

𝑛

∑

𝑗=1
[(

𝑛

∑

𝑘=𝑗

𝜆𝑘)
𝑓 (𝑥𝑗 − 𝑥𝑗−1)]

‖
‖
‖𝑣
≤
‖
‖
‖
𝑓
(

𝑛

∑

𝑗=1

𝜆𝑗𝑥𝑗)
‖
‖
‖𝑣
+ 𝛿

for all 𝑥1, ⋯ , 𝑥𝑛 ∈ 𝑋, where 𝛿 ≥ 0 is a fixed constant, and |2|𝑣 < 1. Then, there exists a unique Euler–Lagrange
additive mapping 𝑇2 ∶ 𝑋 → 𝑌 defined by 𝑇2(𝑥) = lim𝑚→∞ 2𝑚𝑓 (2−𝑚𝑥) such that the mapping 𝑇2 satisfies the
approximation

‖𝑓 (𝑥) − 𝑇2(𝑥)‖𝑣 ≤
𝛿

|𝜆3|𝑣

for all 𝑥 ∈ 𝑋 .
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