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Abstract: In the paper, we investigate the Hyers—Ulam stability theorem of an Euler-Lagrange additive functional
inequality

[ ;jxk)f(x,- — x|l < 1 ( ]_:Zlajxj)n + o),

Jj=1
where x,=0, n>3,

subject to control function ¢ in (non-Archimedean) Banach spaces.

Mathematics Subject Classification: 39B82, 16W25, 39B72
Keywords: Euler-Lagrange additive mappings; generalized Hyers—Ulam stability; contractively subadditive; non-Archimedean
Banach spaces;

1 Introduction

In 1940, S.M. Ulam gave a talk before the Mathematics Club of the University of Wisconsin in which
he discussed a number of unsolved problems, and it was first published in 1960 [1]. The stability problem
of functional equations has been originated from the question of S.M. Ulam [1] concerning the stability
of group homomorphisms. In 1941, D.H. Hyers [2] proved the following stability result for the case of
approximate additive mappings between Banach spaces. The method which was provided by D.H. Hyers,
and which produces the additive mapping, is called a direct method. This method is the most important
and most powerful tool for studying the stability of various functional equations. Hyers’ theorem was
generalized by T. Aoki [3] and D.G. Bourgin [4] for additive mappings by considering an unbounded
Cauchy difference. In 1978, Th.M. Rassias [5] also provided a generalization of Hyers’ theorem for linear
mappings which allows the Cauchy difference to be unbounded, and then Rassias’ theorem was extended
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by P. Gavruta [6] for mappings with general controlled perturbing functions by considering unbounded
Cauchy difference. During the last three decades, the stability problems of several functional equations
have been intensively and extensively investigated by a number of authors and there are many interesting
volumes containing these stability problems of several functional equations [7-13] and of additive functional
inequalities [14, 15].

K. Hensel [16] has introduced special normed spaces which do not have the Archimedean property:
for any real x, y > 0, there exists a natural number n such that x < ny. Thus, we recall from [17] that a
non-Archimedean valuation in a field K is a function |- |, : K —[0, o) equipped with

(@) |rly = 0 if and only if r = 0;

@) |rsly = |rly Isl, forall r,s € K;

(iii) |r + sl, < max{|r|,,|s[,} forallr,seK.

Any field K endowed with a non-Archimedean valuation is said to be a non-Archimedean field. In
any non-Archimedean field, we remark that |1], = | — 1|, = 1, |n|, < 1 for all nonzero integers n € Z, and
Inal, < |kal, < lal, <[£l, <[4, for any a € K and n, k € Z with k|n. On the other hand, let Y be a linear
space over the non-Archimedean field K with a non-Archimedean non-trivial valuation | - |,. A function
|-, : Y —[0,00) is said to be a non-Archimedean norm on Y if it satisfies the following conditions:

(@) |x[y = 0 if and only if x = 0;

@) |rxly = Irlolx], forallr € Kand x € Y;

(iii) |x + y|, < max{|x|,,|yl,} forallx,yeY.

In this case, (Y, |- [,) is called a non-Archimedean normed space. They say that a non-Archimedean normed
space (Y,] - [,) is complete, that is, non-Archimedean Banach space, if and only if every Cauchy sequence
in Y is convergent in the space Y by the norm | - |, [8, 10, 18]. It follows from the strong triangle inequality
that

I — Xmly < max{”xjﬂ - xj"v tm<j<n— 1}

for all x,,x, € Y and all m,n € N with n > m. Therefore, a sequence {x,} is a Cauchy sequence in
non-Archimedean normed space (Y, | - |,) if and only if the sequence {x,+1 — x,} converges to zero in the
space (Y, ).

Now let n > 3 be any fixed positive integer and (41, -, A,) any n-tuple of fixed positive real numbers
Ajforall 1 < j < n. Then, we now consider a modified and generalized Euler-Lagrange additive functional
inequality

n

SISl =li( S )l o=

j=1

of which the general solution exactly contains Cauchy additive mappings in the sequel. In this article, we
first investigate generalized Hyers—Ulam stability via direct method of the inequality (1.1) in Banach spaces
in Section 2, and then we alternatively study generalized Hyers-Ulam stability in non-Archimedean Banach
spaces in Section 3.



Ann. Commun. Math. 9 (2026): 14 3 of 12

2 Stability of Ineq. (1.1) in Banach spaces.
First of all, we present the general solution of the functional inequality (1.1) between linear spaces.

Lemma 2.1. Let both X and Y be linear spaces. A mapping f : X — Y with f(0) = 0 satisfies the functional
inequality (1.1) if and only if f is additive.

Proof: Let a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (1.1). Then, by
letting x; := y;, xj := Zizl Y& (j = 2,++,n), and )TJ i= ZZ:J- Ak for all j = 1,2,-, n, one obtains that
Xj—xj-1 =y (j=1,2,-,n), where xo = 0 in case j = 1, and thus

Bl = (5m)

- |27 1o
=1

IN
[y
—
\g
ot
=
1~
<
Z
~—

IN
[y
—

>
~.
=
~

n
= | L4 fO)
j=1
for all vectors y; € X (1 < j < n). Therefore, we figure out this inequality

A1 f (1) + A2 f () + A3 f ()l N fAays + A2y + Asys)l

for all y1, y2, y3 € X, from which we conclude that f is additive by Lemma 2.1 [19].
The proof of converse is trivial. []

Corollary 2.2. Let both X and Y be linear spaces. A mapping f : X — Y with f(0) = 0 satisfies the

functional equation
n

> [( élk)f(xj—le)] = f(jzzn;/ljxj),

Jj=1
for all vectors x1, -+, x, in X, where xy = 0, if and only if f is additive.
From now on, we assume that X is a linear space and Y is a Banach space with norm | - | unless we give

any specific reference. For notational convenience, given a mapping f : X — Y we consider the following
Euler-Lagrange functional inequality with a perturbing term ¢ : X" — [0, ®) as follows:

Z[(Zr)esxl| = (S e

j=1 k:]
+o(x1, -+, %)
for all vectors xy, -+, x,, in a linear space X, where xy = 0. In the following, we investigate a generalized

Hyers—Ulam stability via direct method of the inequality (2.1) controlled by the perturbing term ¢ in the
Banach space Y with norm | - |.
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Theorem 2.3. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (2.1) and
the perturbing function ¢ : X" — [0, c0) satisfies

21 . )
Z qu(lel’ e, 2hx,) < 00, (2.2)
i=0

forall x1,--, x, € X. Then, there exists a unique Euler-Lagrange additive mapping A; : X — Y defined by

f (;:x) such that the mapping A; satisfies the approximation

Ai(x) = limpeo
) - Aol < Y PERZD @3
i=0

for all x € X, where @ is defined as in (2.8), and/Tj i= ZZ:J- Ak forall j=1,2,-,n.

Proof: Replacing x; := yi, x; := Zizl Yk (j = 2,-+, n) in the functional inequality (2.1), one obtains
xj—xj—1 =Y (j=1,2,-,n), and thus

Saro0 = (0w
+ <P<y1,y1 + Yo, Xy = Z]: Vi zn: yk), (2.4)
k=1 k=1

for all vectors y; € X. Letting (y1, -, yn) := (x,0, —11x,0,--,0) in (2.4), we have

121G + A3 f (=0l < 9Cx, x, (1= A)x, -+, (1= A)x) (2.5)

for all x € X. Letting (y1, -, yn) := (0, y, —)sz, 0,---,0) in (2.4), one obtains

2 () + A f (=221 < (0, y,(1 = A3)y, -, (1 — A2)y) (2.6)

for all y € X. Letting (y1, -+, yn) := (x, y, —Aix - /sz, 0,---,0) in (2.4), we arrive at

A1 £ () + A2 f(¥) + A3 f(=Aix — Azp)|
<ol x+y,(1-A)x+(1-21)y, -, 1= ADx+(1 - 1)y) (2.7)

for all x, y € X. Thus, it follows from three inequalities above that
Al f(=21x) + f(=A2y) — f(=Aix = A2p)]
< qo(x’ X, (1 - Tl)xs T (1 - Tl)x)

+(P(0’ y’(l _TZ)y""S(l _E)y)
+o(,x+y,1=ADx+ (1= Ay, -, (1= A)x + (1 — A3)y),
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which yields the approximate Cauchy functional inequality

IfGe)+ f() = fx + I <o, y) (2.8)

for all x, y € X, where
1 X 1
- - 1— e (1 - =
P(x,y) —{¢< 711’ Al’( l)x, ( p )x)
1
+ —— 1 -_— 5", 1 - =
<p< % Y ( )y Ag))/)

x x y 1
to| —=,—=— 1- +(1-=)y,
o nTnn 1” Y

L= Dy )

for all x,y € X. Now, applying the iterative process and direct method to the approximate Cauchy

functional inequality (2.8) with controlled condition (2.2), we see from the reference [6] that there exists
f@2"x)
2m

a unique mapping A; : X — Y defined by A;(x) = lim;;e such that the mapping A; satisfies the

approximation (2.3).
In addition, it follows from (2.1), (2.2) and the definition of A; that

SIS G2 < (e S

1
+ z—mqo(mel, -, 2™x,)

for all xy, -+, x, € X, and all positive integers m € N. Letting m — oo,

SIS )00 -0l <o (m)

for all xq, -+, x, € X. Therefore, the mapping A; satisfies the Euler-Lagrange functional inequality (1.1),
and so it is additive by Lemma 2.1. This completes the proof. [

The following theorem is an alternative stability result of Theorem 2.3 concerning the stability problem
of functional inequality (2.1).

Theorem 2.4. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (2.1) and
the perturbing function ¢ : X" — [0, 00) satisfies

¥ 0 5 <o, (2.9)

i=1

forall x1,--,x, € X. Then, there exists a unique Euler-Lagrange additive mapping A, : X — Y defined by
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Ay(x) = limy, o0 2™ f(55) such that the mapping A, satisfies the approximation
1 < X X
[£(x) = A0l < 5 ), 270(5,, ) (2.10)
2 &7 22
for all x € X, where @ is defined as in (2.8).

Proof: The proof goes similarly through the corresponding part of Theorem 2.3, and thus we complete the
proof. [

We recall from [19] that a subadditive function is a function ¢ : U — V, having a domain U and a
codomain (V, <) that are both closed under addition, with the following property:

dx+y) < dlx)+ ¢(y), Vx,y € U.

Now, we say that a function ¢ : U — V is contractively subadditive if there exists a constant L; with
0 < L; < 1 such that

d(x +y) < Li[¢p(x) + ¢(y)], vx,y € U.

Thus, ¢ satisfies these properties ¢(2x) < 2L;#(x) and so ¢p(2"x) < (2L;)"P(x) for all x € U. Similarly, we
say that a function ¢ : U — V is expansively superadditive if there exists a constant L, with 0 < L, < 1
such that

Mx+w2£Jﬂﬂ+¢@HV&y€U

Thus, ¢ satisfies the inequalities #(3) < %d)(x) and so @(55;) < (%)”qﬁ(x) for all x € U. Now, we investigate
the generalized Hyers—-Ulam stability of the Euler-Lagrange functional inequality (2.1) with a perturbing
term ¢(xi, -+, x,) subject to either contractively subadditive or expansively superadditive conditions,
respectively.

Theorem 2.5. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (2.1) and
the perturbing function ¢ : X" — [0, 00) satisfies contractively subadditive condition

(p(2x1>""2xn) S ZLIQD(XI,"',xn), (211)

forall x1,,x, € X and for some Ly with 0 < Ly < 1. Then, there exists a unique Euler-Lagrange additive
mapping Ay : X — Y defined by A;(x) = limy e f(;::x) such that the mapping A satisfies the approximation

1) = M) < 5= ) (212

for all x € X, where ¢ is defined as in (2.8).
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Proof: We observe that

=1 . .
> @ixr, -, 2x)

i
i=0 2

IN

Z §(2L1)1(P(x1, -, Xp)
i=0

1
= X1, , X <oo’
l—qu)(l n)

for all xy,---, x, € X, and thus one obtains the desired results. [J

Theorem 2.6. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (2.1) and
the perturbing function ¢ : X" — [0, 00) satisfies expansively superadditive condition

X X L
w(gl, - 3") < fw(xl, L X)), (2.13)

forall xy, -+, x, € X and for some L, with 0 < L, < 1. Then, there exists a unique Euler-Lagrange additive
mapping A, : X — Y defined by Ay(x) = limy—e 2" f(27™x) such that the mapping A, satisfies the
approximation

[f() = Ax(x)] < 5 (x, x) (2.14)

_ L
(1-1Lp)
for all x € X, where @ is defined as in (2.8).

Proof: In fact, we figure out that

N . —~ . Ly..
21 2 ! ;'"92 ! S 21 —) PR
,-251 e(27'x Xn) i:EI ( 5 ) o(x1 Xp)

L
= e ) <o,

for all xq, -, x, € X, and thus we arrive at the desired results. []

As a corollary of Theorem 2.3 and Theorem 2.5, we obtain the following stability result of the inequality
(1.1), which generalizes stability result of equation in complete normed spaces.

Corollary 2.7. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality

SIS n)scs sl <l S0)] o

forallxy, -, x, € X and for some constant § > 0. Then, there exists a unique Euler—Lagrange additive mapping

A; @ X — Y defined by A1(x) = limp—e0 f(;:x) such that the mapping A, satisfies the approximation

wm~mwsi
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forallx € X.

3 Stability of Ineq. (1.1) in non-Archimedean Banach spaces.

In this section, let X be a linear space and Y a non-Archimedean complete normed space. Now, we
will investigate the generalized the Hyers—Ulam stability problem for the functional inequality (1.1) in a
non-Archimedean Banach space Y.

Theorem 3.1. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality

2 z s, = [(Z)] 6

+(p(xls Tt xﬂ)
and that the perturbing function ¢ : X" — [0, 00) satisfies
lim Lqz)(mel -, 2"x,) =0 (3.2)
Mmoo |2|g1 ) B n .
for all vectors x1, -+, x, € X, and
— . 1 _ i i .
®(x,x) = lim max{wq)(Zx,Zx) : O§l<m}<oo (3.3)
m—oo
v

converges for all x € X, where @ is defined as in (3.6). Then there exists an Euler-Lagrange additive mapping
Ty : X — Y defined by Ti(x) = limp, f@%) e that

2m
1 —
1f ) = Ti(x)ly < |ZT<I>1(x, X) (3.4)
v
for all x € X. Moreover, if
o 1 _ . .
lhm lim max{w(p(zlx, 2x) 1 I<i<I+ m} =0 (3.5)
—00 M—00
v

for all x € X, then the additive mapping Ty is uniquely determined with approximation (3.4).

Proof: Applying the inequalities (2.4) through (2.7) to non-Archimedean Banach space Y, we have

1fG)+ f() = fx + y)ly < @(x. ¥) (3.6)
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for all x, y € X, where
X 1
1- = 1- — )
. ( )x  ( ?t1)x

o = (o
o(x,y) = —max{oeo| — =,
A3y M /11 M
1 1
o0 -, (- s (- :)y)
Az
X x y
5 - ==, = = 1_7 +1_7 5
o i SKCRL LI Y

,m—Mw+u—Mwﬂ

for all x, y € X. It follows from (3.6) that
(2"x)
w-12

for all positive integers m € N and all x € X. Then it follows from (3.2) and (3.3) that a sequence {

P(2'x, 2!
< b max [ 220 67)
v|mwm 121;

2m 00
f(zmx) P

is Cauchy for all x € X, and therefore, we may define a mapping T; : X — Y by

Ti(x) = lim f(2:x)’ x € X.

m—oo 2

By approaching m to infinity in (3.7) and using (3.3), one leads to the approximation (3.4). By (3.1) and (3.2),

we obtain
f(2 (x]_x] 1) 1 -
1(ZH) ;= ()]
j=1
1
+ |2|m (P(z X1, zmxn);

for all xq,--, x, € X, of which the last term tends to zero as m — oo. Thus, the mapping T; satisfies the
functional inequality (1.1) and so it is additive.

: X — Y is an additive mapping satisfying the

To prove the uniqueness, we assume that T’
approximation (3.4). Then, we figure out that for any x € X and all natural numbers !

ITi(x) = T’ = 2l ||T1(2 x) = T2l

< o max{ITi2'%) - F@0s 2% - T’}

ol
< — lim max {|2| P(2'x, 2x)}

2], m—oo I<i<l+m

which tends to zero as [ — co. This completes the proof. [J
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Now, we investigate the following stability result of the functional inequality (1.1), which is dual and
alternative stability theorem in the non-Archimedean complete normed space Y.

Theorem 3.2. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality (3.1) and
that the perturbing function ¢ : X" — [0, 00) satisfies

Lim [2[ (27" xy, -+, 27" x0) = 0 (3.8)

for all vectors xi, -+, x, € X, and
Dy(x, x) = n%l_r)rc}o max {|2|f,q3(2_ix, 27x):0<i< m} < o (3.9)
converges for all x € X, where ¢ is defined as in (3.6). Then there exists an Euler—Lagrange additive mapping

T, : X — Y defined by T>(x) = limp,—,c 2™ f(27"x) such that

1

a0 ®,5(x, x) (3.10)

|f(x) = To(x)]y <
for all x € X. Moreover, if

lim lim max {|2|L@'(2_ix,2_ix) l<i<l+ m} =0 (3.11)

|—00 m—oo
for all x € X, then the additive mapping T, is uniquely determined with approximation (3.10).

Proof: It follows from (3.6) that

-2 )| = 5 PESEYES
- @szlga}ﬁm{pw(%%)} (3.12)

for all x € X. Then, it follows from (3.9) and (3.12) that a sequence {2" ()} is Cauchy for all x € X, and
thus, we can define a mapping T, : X — Y as

Ty(x) = lim 2'”f(2im), xeX.

By taking m to approach infinity in (3.12) together with [ = 0, one leads to the approximation (3.10).
Applying the similar argument to the corresponding proof of Theorem 3.1, we obtain the desired
results. []

As a corollary of Theorem 3.2, we obtain the following stability result of the functional inequality (1.1)
in the non-Archimedean Banach space Y equipped with |2, < 1.
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Corollary 3.3. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality

15 )05 500l <[a( 5 )+

forall xy, -, x, € X, where § > 0 is a fixed constant, and |2|, < 1. Then, there exists a unique Euler-Lagrange
additive mapping T, : X — Y defined by T5(x) = limp—,c 2™ f(27"x) such that the mapping T, satisfies the
approximation

o

1f &) = To(0)ly <

-

3|v

forallx € X.
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