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1 Introduction

The evaluation of definite integrals involving logarithmic and rational functions has long been a subject
of great interest in mathematical analysis, owing to their frequent appearance in number theory, physics,
and engineering. Classical texts [3-5] provides a collection of such evaluations, many of which are expressed
in terms of special functions like the Gamma function, the Polygamma function, and the Riemann zeta
function.

In recent years, there has been a focus on finding closed-form expressions for families of integrals that
involve powers of logarithmic terms and rational denominators. For instance, Furdui [1] and Sondow [? ]
explored various integral representations related to Euler’s constant and harmonic numbers. We refer to
the recent studies in [7-11] More recently, Chesneau [6] provided new proofs and variants for a specific
class of logarithmic-power integrals, specifically investigating forms such as:

/1 In(1 + ax) ix
o (1+ ax?)?
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The primary objective of this paper is to extend these results by introducing a more general framework.

We consider a broader class of integrals of the form:

1p ™
I(a, By, 8,v) = /0 (x()1i ﬁ(iy—l)—(sax)

where P(x) is a polynomial and m € {1,2}. By utilizing power series expansions and the dominated

convergence theorem, we establish general theorems that express these integrals as infinite series involving
the Gauss hypergeometric function ,F; and harmonic numbers H,,.

This work is organized as follows: In Section 2, we present our main theorems regarding the general
framework of these integrals. We also provide several remarks illustrating how our general formulas reduce
to the specific cases recently discussed in the literature [6], thereby providing a unified perspective on
these recent results. Finally, we provide series sums that arise as a natural consequence of these integral
evaluations.

2 Second section

Theorem 1: Let f >0,y > 0,5 > 0 and « € (0,1). Then, we have

1ln(l—i-ocx) (-1t i+1 i+y+1
(1t pary Z (+1)“<‘S oy ’_ﬁ)'

Proof: For |ax| < 1, it is well known that the power series expansion of In(1 + ax) is given by

)1+1

In(1+ ax) = 2(17

Hence, exchanging the integral and sum signs by the dominated convergence theorem, we obtain

UIn(1 + ax) B S (1)t [l I
(s pory ™™ ZI: i A a prry (2.1)

i=

Changing the variable x = t'/7, we obtain

i+1 -1

"In(0+ax) , <« (D"l [ oty
(1+ﬁxr)5dx_ ; iy (1+ﬁt)5

(2.2)
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From [3, Entry 3.194], the integral in (2.2) can be evaluated to yield

— (=11 i+1 i+y+1
:Z ) .Y zF1<5,;y;—/3>
i=1 i+1 Y Y
_i )“r1 lF 5l+1-i+y+1~—/3
_i: l(l+1) 241 y B )/ 5 .
]

Remark: When = a,y = 2 and § = 2, it follows from [6, Proposition 3.4] that

/1 In(1 + ax)
————dx
o (14 ax?)?
1
m arctan(a) In(1 + ) — +{ Ja arctan(a) — = ln(l + a)}
Consequently, the corresponding series sum is given by

= (=Dt i+1 i+3
Z — 2F1| 2, ; ;—a
= i(i+1) 2 2

arctan(f)ln(1+a)—{ \rarctan(\r)—ln(qua)} 2t )

1
T iJa

Remark: When ff = a, y =2 and § = 1, it follows from [6, Proposition 2.1] that

Un(1 + ax) 1
A T ax? dx = 27a arctan(/a) In(1 + ).

Consequently, the corresponding series sum is given by

= (—1)* o i+1 i+3 1

Fl 1, ; i— = t In(1 + ).
; G 20 5 5 a 2\/aarc an(a)In(1 + a)
Theorem 2: Let f >0,y > 0,5 >0,n>0,v >0 and a € (0,1). Then, we have

1 i+1 i+yv+1
2F1<5, » ;L; —ﬁ>

(1 —nx")log(1 + ax) (—1)* g
/0 dx = Z 1

(1+ Bxv)? P i+1 %
1 i+v+1l i+tv+y+1
- 2F1<5, ; Y ;—ﬁ) :
i+v+1 Y Y

Proof: Proof follows directly from Theorem 1. []
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Remark: Whenn=pf=aandv =y = = 2, it follows from [6, Proposition 3.10] that

11— ax?®) In(1 + ax) 1

x = {zln(l + a) — Ja arctan( \/E)}

0 (1 + ax?)? 1+a

Consequently, the corresponding series sum is given by

1 i+1 i+3 1 i+3 i+5
- 2Fil 2, ——; ;—a ) — - oFi| 2, ——; ; —a
i+1 2 2 i+3 2 2
1

{zln(l + a) — Ja arctan( \/E)}

Cl+a

had (_1)i+1ai

i

i=1

Remark: Whenff = a,n=v =1andy = § = 2, it follows from [6, Proposition 3.2] that

01 a _(T):r;(;; ax) dx = 2\1/5{ é arctan(va) In(1 + a) — arctan(Ja) + \/1& In(1 + a)}.

Consequently, the corresponding series sum is given by

— (=Dl | 1 i+1 i+3 1 i+2 i+4
— |l 2 ; s—a | ———2F| 2, —; ; —a
P i i+1 2 2 i+2 2 2
"1 arctan(y/a) In(1 + )  arctan(y@) + = In(1 + @)
= ——4 —arctan(+/a) In a) — arctan(/a) + — In a) .
2Ja | 2 Ja
Remark: Whenf=n=a,y =3 =2andv =1, it follows from [6, Proposition 3.8] that
11— ax) In(1 + ax) 1
/0 (1t ax?)? dx = W arctan(a) In(1 + «)
1 5
- 7{ Ja arctan(ya) + a — = In(1 + a)}.
1+a 4

Consequently, the corresponding series sum is given by

= (=D 1 i+1 i+3 1 i+2 i+4
7( ). —oh| 2, — ——a |- ——=2Ff| 2 —; —; —«
= i i+1 2 2 i+2 2 2
L arctan(ya@) In(1 + @) — — {\F tan( V@) + @ — > In(1 + )}
= —— arctan o) In x)— — ¢ arctan [04 o — — In (04 .
4. 1+« 4

Theorem 3: Letn e N, >0,y >0, > 0 and a € (0,1). Then, we have

Hin(1 + ocx)a}z e — (—l.)ifrlaiHi,l s i+ 1; i+y+ 1;—/3 .
o (14 pxy) =i+ Y
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Proof: Utilizing the series representation of {In(1 + u)}? (see [3, Entry 1.516(1), p. 54]), we have

{In(1 + ax)¥* = 2 Z( D a iHizy

i=2

Hence, exchanging the integral and sum signs by the dominated convergence theorem, we obtain

Hn(1 + Otx)}2 (- 1)l+1 i
A W ZZ Hi- 1/ (1+ﬁxy)5 (2.3)

1
Changing the variable x = t¥, we obtain

Hin(L+af Zi (-1)*e! S
T 2N - T

o (Lt pxy a+p (@4)

From [3, Entry 3.194], the integral in (2.4) can be evaluated to yield

— (—1)"la! i+1 i+y+1
:ZZ( ) aI"Ii—l' - Y 2F1<5,l ;ly;—ﬂ)
= iy i+1 Y Y

— (1) alH;_ i+1 i+y+1
:zzwzﬂ g il itytl g\
i(i+1) Y 14

O]

Theorem 4: Letne N, >0,y >0,5>0,v >0 and « € (0,1). Then, we have

U In(1+ ax) = (1) i+v+1 i+ty+v+1
T g =2 % R(s, : =B ).
/ (1+ Bxr)° = Zl i(i+v+1)2 1( Y Y ﬁ)

Proof: For |ax| < 1, it is well known that the power series expansion of In(1 + ax) is given by

)1+1

In(1+ ax) = Z(

Hence, exchanging the integral and sum signs by the dominated convergence theorem, we obtain

1 ln(1+ax) ( 1)1+1 i xi+v
/ arpy Z / L+ prry (23)
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1
Changing the variable x = tv, we obtain

[ee]

i+tv+1 -1

B (_1)i+1ai 1 t v
X (1+ﬁt)5 (2.6)

g

From [3, Entry 3.194], the integral in (2.6) can be evaluated to yield

— (—1)"1q! i+v+1i+ty+v+1
Z ) | [ G ;=P
Pt v+l Y
—1)itg! i+v+1 i+ty+v+1
= Z .(.)azFl((S, ey ; ey ;-ﬁ)-
“ii+v+1) Y Y

O]

Remark: When f = a and y = 6 = v = 2, it follows from [6, Proposition 3.3] that

U In(1 + ax)
A x* (1 + ax?)? dx
1 1
(1 - a)f{ arctan(Ja) — f log(1 + 0{)} +

1
7z arctan(a)log(1 + a).

Consequently, the corresponding series sum is given by

1)y i+3 i+5
E (..) 2F 2,l ;l ;-
=~ i(i+3)

2 2
(1 " i{)\r{ arctan(va) — 7 log(1 + 05)} 40{1\/5 arctan(a) log(1 + a).

Remark: When = a,v =1 andy = § = 2, it follows from [6, Proposition 3.5] that

U In(1 + ax)

Consequently, the corresponding series sum is given by

(D) i +2 i+4
121: 12 (2,12 ;l2 ;—a> 4a(1+ ){2\/Earctan(f)+(a—z)log(1+a)}.
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Theorem 5: Letf >0,y >0,0>0,v >0 and a € (0,1). Then, we have

1+ vx)?In(1 + ax)
0 (1+ pxr)°

DiFlgl| 1 i+1 i+y+1 i+2 i+y+2
—Z( ) 2F1(5, ;7)/ —ﬂ) 2F1<5, ;7)/ ;—ﬁ)
+1 14 Y i+2 14 14
2 +3 i+y+3
+V2F1(5 l;ly;_ﬁ>.
i+3 Y Y

Proof: Using the series expansion of In(1 + ax) for |ax| < 1, we have
© (1) gl

In(1+ ax) = Z L
. i
i=1

Hence, by the dominated convergence theorem, we can exchange the sum and integral:

A+ vx)Pin(l+ax) |, w DM 0+ vx)ix
/o (1+ Bxv)° dx = ; i /0 (1 + Bxr)° dx. @7)

Expanding (1 + vx)? = 1+ 2vx + v?x?%, we get
L+ vx)’xd

. 1 ¥ . 1 il ; , 1 x .
———dx = —————dx +2v ————dx+v ————dx
o (1+pxr)° /0 (1+ pxr)? /o (1+ pxr)? /O (1+ pxry’
Now, using the same change of variable x = !/ as in Theorem 4, and from [3, Entry 3.194], each
integral becomes
i+k+1 -1

Lo xitk 1t ey 1 i+k+1 i+tk+y+1
X g t=—— F(6 - —
/0 (14 pxv)? r= (1+ﬁt)5 i+k+1° 1(’ y % ’ ﬁ)’

where k = 0,1, 2.
Substituting back into (2.7) yields the stated result. [J

Remark: When f = a = v, andy = § = 2, it follows from [6, Proposition 3.6] that

/ (1+ ax)? l(rll(j_ Z:;)? = i{ a\/-%l arctan(a)log(1 + @) — log(1 + @) + 2/« arctan( JE)}
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Consequently, the corresponding series sum is given by

i (_1)i+1ai
i=1 i

1 i+1 i+3 20 i+2 i+4
, 2Fif 2, ; s—o ) + - 2F1l 2, ; ;—a
i+1 2 2 i+2 2 2

3 Conclusions

In this paper, we developed a unified framework for evaluating a broad class of logarithmic-power
integrals involving rational functions. By employing power series expansions and the dominated convergence
theorem, we derived general representations in terms of hypergeometric functions and harmonic numbers.
Several special cases were obtained as direct consequences of the main results, recovering and extending
recently established formulas in the literature. The derived identities also led to new infinite series
representations, which may be of independent interest.

The results presented here provide a systematic approach to handle logarithmic integrals of this type and
open avenues for further research, particularly in the study of higher-order logarithmic powers, extensions
to more general functional forms, and applications in analytic number theory and special functions.

Author Contributions: K. Jyothi: Conceptualization, Formal analysis, Methodology, Investigation. B. Ravi:
Validation, Investigation, Visualization, Writing—Review and Editing. A. Venkata Lakshmi: Supervision, Project
Administration, Writing—Review and Editing. All authors have read and approved the final version of the manuscript
for publication.

Acknowledgement: The authors are grateful to the anonymous reviewers for their careful reading of the manuscript
and for their insightful comments and constructive suggestions, which have significantly improved the clarity and
quality of this work.

Funding Statement: The author(s) received no specific funding for this study.

Data Availability Statement: Not applicable.

Ethics Approval: Not applicable

Use of Generative-Al tools declaration: The authors declare they have not used Artificial Intelligence
(AI) tools in the creation of this article.

Contflicts of Interest: The authors have no competing interests to disclose.



Ann. Commun. Math. 9 (2026): 13 90f9

References

1. O. Furdui, Limits,  Series, and Fractional Part Integrals, Springer,  (2013).
https://link.springer.com/book/10.1007/978-1-4614-6762-5

2. J. Sondow, Double integrals for Euler’s constant and In i and an analog of Hadjicostas’s formula, Amer. Math.
Monthly 112 (2005), 61-65. https://doi.org/10.1080/00029890.2005.11920168.
L. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, 8th ed., Academic Press, (2014).

4. M. Abramowitz and L. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical
Tables, Appl. Math. Ser. 55, Natl. Bur. Stand., (1964).

5. F.W.]. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, NIST Handbook of Mathematical Functions, Cambridge
Univ. Press, (2010).

6. C. Chesneau, New proof and variants of a referenced logarithmic-power integral, J. Math. Anal. Model. 5(3)
(2024), 74-88. https://doi.org/10.48185/jmam.v5i3.1352.

7. 1. Ayoob, On the evaluation of certain unsolved definite integrals, Eur. J. Pure Appl. Math. 18(3) (2025), 1-12.
https://doi.org/10.29020/nybg.ejpam.v18i3.6575.

8.  D.F. M. Barreto and C. Chesneau, Study of a particular class of integrals, Int. . Open Probl. Comput. Math. 18(4)
(2025), 118-127.

9.  R.Reynolds and A. Stauffer, Definite integral of arctangent and polylogarithmic functions expressed as a series,
Mathematics 7 (2019), 1-7. https://doi.org/10.3390/math7111099.

10. R.Reynolds and A. Stauffer, A quadruple definite integral expressed in terms of the Lerch function, Symmetry
13 (2021), 1-8. https://doi.org/10.3390/sym13091638.

11. R.Reynolds and A. Stauffer, Derivation of logarithmic and logarithmic hyperbolic tangent integrals expressed
in terms of special functions, Mathematics 8 (2020), 1-6. https://doi.org/10.3390/math8050687.

Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of Techno Sky Publications and/or the editor(s). Techno Sky Publications and/or the editor(s) disclaim
responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the
content.


https://link.springer.com/book/10.1007/978-1-4614-6762-5
https://doi.org/10.1080/00029890.2005.11920168
https://doi.org/10.48185/jmam.v5i3.1352
https://doi.org/10.29020/nybg.ejpam.v18i3.6575
https://doi.org/10.3390/math7111099
https://doi.org/10.3390/sym13091638
https://doi.org/10.3390/math8050687

	Introduction
	Second section
	Conclusions
	References

