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Abstract: Let p be an odd prime and let F; be the ith (a, b)-Fibonacci number with initial values F, = a and
F; = b. For a simple connected graph G = (V, E), define a bijective function f : V(G) — {0,1,...,|V| — 1}. If the
induced function f; : E(G) — {0,1}, defined by f;(uwv) = w whenever Fy(,) + Fy) # 0(mod p) and
f, (uv) = 0 whenever Fy(,) + Fy,) = 0(mod p), satisfies the condition |ef; (0) — ef‘;(l)| < 1 where ef; (i) is the number
of edges labeled i (i = 0,1), then f is called (a, b)-Fibonacci-Legendre cordial labeling modulo p. In this paper, the
(a, b)-Fibonacci-Legendre cordial labeling of path graphs, star graphs, wheel graphs, and graphs under the operations
join, corona, lexicographic product, cartesian product, tensor product, and strong product is explored in relation to
k-Pisano-Legendre primes relative to (a, b). We also present some properties of k-Pisano-Legendre primes relative to
(a, b) and numerical observations on its distribution, leading to several conjectures concerning their density and growth
behavior.

Mathematics Subject Classification: 05C76, 05C78, 11A07, 11A15, 11A41, 11B39
Keywords: odd prime; (a, b)-Fibonacci-Legendre cordial labeling; k-Pisano-Legendre primes.

1 Introduction

A graph G = (V,E) has a vertex set V = V(G) and an edge set E = E(G). The elements of V and E are
called vertices and edges, respectively. If G has n vertices and m edges, then G has order n and size m.

The Fibonacci sequence, introduced in the 13th century by Leonardo of Pisa (Fibonacci) in his study of
idealized rabbit populations, has since become one of the most celebrated sequences in mathematics due to
its elegant recursive structure and deep arithmetic properties. In this paper, we define the (a, b)-Fibonacci
sequence that satisfies the following recursive relation:

FO =a, F1 = b, Fn = Fn72 + anl for n > 2,

where Fy = a and F; = b are called initial values. Throughout this paper, we assume that (a, b) # (0,0).
Hence, (0, 1)-Fibonacci sequence is the classical Fibonacci sequence and (2, 1)-Fibonacci sequence is the
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classical Lucas sequence.
The Legendre symbol, introduced by Adrien-Marie Legendre in the late 18th century, serves as a compact
notation for determining whether an integer is a quadratic residue of an odd prime p, taking the value

1 if ais a quadratic residue of p,

(a/p)=1-1 ifaisa quadratic nonresidue of p,

0 ifa=0(mod p).

One important property of the Legendre symbol is that if a and b are integers and a = b(mod p), then
(a/p) = (b/p).

These two classical mathematical concepts play important roles across number theory: Fibonacci numbers
appear in combinatorics, algebra, and modular recurrences, while the Legendre symbol underlies quadratic
reciprocity, primality tests, and the structure of congruences. Together, their interaction gives rise to intriguing
problems involving periodicity and arithmetic behavior modulo primes.

Another mathematical concept is graph labeling, which involves assigning labels, usually numbers, to the
vertices or edges of a graph according to specific conditions and has applications in combinatorics, network
theory, and the study of structural patterns [6]. One important type is cordial labeling, introduced by Ibrahim
Cabhit [5], which aims to balance the distribution of labels across vertices and edges. This concept led to
the creation of Legendre cordial labeling [3], which is the first graph labeling that explicitly uses the term
modulo in its labeling function, namely modulo an odd prime p. This was later extended by Euler cordial
labeling [1], Legendre product cordial labeling [8], and logarithmic cordial labeling [2], where different
concepts of Number Theory have been used such as Euler’s Theorem, multiplicative property of the Legendre
symbol, and discrete logarithm (indices). Moreover, cordial labeling also motivated the notions of Fibonacci
cordial labeling [11] and Lucas cordial labeling [10], where the concepts of the Fibonacci sequence and the
Lucas sequence are used in terms of parity conditions. All the above-mentioned variants of cordial labeling
eventually led to the discovery of (a, b)-Fibonacci-Legendre cordial labeling, which uses the (a, b)-Fibonacci
sequence and the Legendre symbol, and whose labeling function operates modulo an odd prime p.

Prime numbers play a fundamental role in number theory and its applications. The importance of primes
is highlighted by the Fundamental Theorem of Arithmetic, which states that every integer greater than 1
can be expressed uniquely (up to ordering) as a product of prime numbers. Moreover, Euclid proved that
there are infinitely many prime numbers, establishing their inexhaustible nature. Over time, several notable
families of primes have been studied due to their special algebraic forms and properties, including Mersenne
primes of the form 27 — 1, where p is prime, Fermat primes of the form 22" + 1, and Sophie Germain primes,
where a prime p satisfies that 2p + 1 is also prime. These special classes illustrate how primes naturally arise
from arithmetic structures. Motivated by these concepts, a new family of primes, called k-Pisano-Legendre
primes relative to (a, b), is introduced in this study. This family is defined through the interaction of the
(a, b)-Fibonacci sequence and its corresponding (a, b)-Pisano period of the given k-Pisano-Legendre prime
(see Definition 2.7).

The present work is primarily constructive in nature. In particular, we investigate the (a, b)-Fibonacci
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-Legendre cordial labeling on several standard families of graphs and under common graph operations. In
addition, we examine several properties of k-Pisano-Legendre primes relative to (a, b) and present some
numerical observations. These findings lead to the formulation of conjectures that highlight emerging patterns
and open directions for further research.

2 Basic Concepts

Definition 2.1. A parh graph P, of order n and size n — 1 is a graph with vertex set V(P,) = {v1,v2,...,0n}
and edge set E(P,) = {v1vs, 0203, ..., Us—10,}. In addition, a cycle graph C, of order n and size n is obtained
from path graph P, with an additional edge v;v,.

Definition 2.2. A star graph S, of order n and size n—1 is a graph with vertex set V(S,) = {v1, va, ..., vn—13U{x0}
and edge set E(S,) = {vixo : i = 1,2,...,n — 1}, where xy is called a central vertex of S,,.

Definition 2.3. A wheel graph W, of order n is obtained from a cycle graph C,_; such that every vertex of
C,—1 is adjacent to a new vertex x

Definition 2.4. Let G!, G, ..., G" be graphs. Then the union graph of G!, G%, ..., G", denoted by | JI; G' =
G'uG?u---UG", is a graph with vertex set V(G)U V(G?)u---U V(G") and edge set E(GY)UE(G?)u---UE(G™).

Definition 2.5. Let G; and G, be graphs. Note that the vertex set of the graphs defined in items (iii) to (vi) is
V(Gy) x V(Gy).

i. A join graph G + G, is a graph with vertex set
V(G + Gz) = V(G1) U V(Gy)

and edge set
E(Gi + Gy) = E(G1)) UE(Gy) U {uv cu€V(Gy)andv € V(Gz)}

ii. If G; has order n, then the corona graph G, - G, is obtained by taking one copy of G; and n copies of
G,, and then joining the ith vertex of G to every vertex of the ith copy of G,.

iii. A lexicographic product graph G; ® G, is a graph with edge set
E(G1 ® G2) = {(v1, u1)(v2, u2) : v1v2 € E(G1), or vy = vz and uyuy € E(Gy)}.
iv. A cartesian product graph G,0G, is a graph with edge set

E(G10G,) = {(v1, u1)(v, uz) : v1 = vy and ujuy € E(Gy), uy = up and vyv, € E(Gy)}.

v. A tensor product graph G, x G, is a graph with edge set

E(Gy x Gy) = {(v1, u1)(v2, u) : v1v2 € E(Gy) and uqu, € E(Gy)}
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vi. A strong product graph G, R G, is a graph with edge set

E(G1 X Gz) = E(G1DG2) U E(G1 X Gz)

Consider the path graph P; and cycle graph Cs shown in Figures 1 and 2, respectively. Thus, the union
graph Cs; U Ps, join graph Cs + Ps, corona graph Cs o Ps, lexicographic product graph Cs ® Ps, cartesian product
graph CsoPs, tensor product graph Cs x Ps, and strong product graph Cs X Ps are illustrated in Figures 3, 4, 5,
6,7, 8, and 9, respectively.

U1 U2 U3
P3 . o——O0——O

Figure 1: Path graph P;

Uz

C3:

23] us

Figure 2: Cycle graph Cs

Uz
5] () U3
C3 U P3 : oO—o——oO0 ur Us
Figure 3: Union graph Cs; U Ps
251
U1 &
C3+P; U U
U3 &
us

Figure 4: Join graph C; + Ps
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2 2 2
U] U2 U3
C3 o P3 :
up us
1 1 1 3 3 3
Uy U3 U3 U3 ) U3
Figure 5: Corona graph Cs o Ps
(u2,02)
(uz, 2 (u2,03)

C3®P;:

‘4'-4:"—“;‘;‘
T — =X\

(ul,Ug) (u3>03)

Figure 6: Lexicographic product graph C; ® Ps

(uz.02)

(uz,01) Up,03)

C3 I:IP3 :

(ug,01) (us,v3)

(u1,v2) (us,v2)

(u1,03) (u3,01)

Figure 7: Cartesian product graph CsoP;

50f 26
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(uz,02)

C3 X P3 :
(ul,vl) (U3,l)3)
(u1,02) (u3,02)
(ul,l)g) (u3,l)1)
Figure 8: Tensor product graph Cs x P3
(uz,02)
C3 X P3 :

Figure 9: Strong product graph C; K P;

Definition 2.6. The (a, b)-Pisano period of a positive integer m, denoted by 7,,(a, b) (where F; = a and
F; = b are initial values), is the smallest positive integer k such that F,,,; = F,(mod m) for all n.

It is well-known that Definition 2.6 exists for any choice of initial values a and b (see [7]).

Definition 2.7. Let p be an odd prime and let S = {0, 1, ..., 7,(a, b) — 1} where a and b are the initial values.
Suppose that Af(a, b)={¢ €S : (F/p) = jiforj=-1,01If k = IAP(a, b)| - |AF (a, b)| — |AS(a, b)),
then p is called k-Pisano-Legendre prime relative to (a, b) (abbreviated by k-PL prime relative to (a, b)).
The Pisano set of (a, b), denoted by y(a, b) is the set of all integers k such that there exists an odd prime p
for which p is a k-PL prime relative to (a, b).

Consider the odd prime p = 3. It is easy to show that the (0, 1)-Pisano period of 3 is 73(0, 1) = 8. Now,
we evaluate the Legendre symbol (F;/3) fori = 0,1,...,7. Note that (0/3) =0, (1/3) = 1, and (2/3) = —1.
Consider Table 1.
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i 0[1]2] 3 |4| 5| 6|7
F 0O[1]1] 2 [3]| 5] 8 |13
(FE/3) o011 -=1]0]-1]-1]1

Table 1: Legendre symbol (F;/3) fori =0,1,...,7

Hence, 3,5,6 € A*,(0,1), 0,4 € A}(0,1), and 1,2,7 € A3(0, 1). So,
AF(0, D = [A%,(0, 1) = [A§(0, D] =3 -3 -2 = —2.
Therefore, 3 is a (—2)-PL prime relative to (0, 1). This means that —2 € y(0, 1).

Definition 2.8. Let G be a simple connected graph of order n and let F;, = a and F; = b be the initial
values. A bijective function f : V(G) — {0,1,..., n — 1} is called (a, b)-Fibonacci-Legendre cordial labeling
modulo p (abbreviated (a, b)-FLC labeling modulo p), where p is an odd prime, if the induced function
Iy E(G) — {0, 1}, defined by

H([Fran+Fr))/p)

if Fpey) + Frepy # 0(mod
fy () = { 2 f(w) + Fyw) # 0(mod p)

0 otherwise,

satisfies the condition Iefp*(O) - ef;(l)I < 1 where ey; (i) is the number of edges labeled i (i = 0,1). A graph
that admits this labeling is called (a, b)-FLC graph modulo p.

As an example, consider the cycle graph C; shown in Figure 2. In this case, consider the odd prime p = 5,
and the integers a = 7 and b = 4. So, we consider the first three terms of (7, 4)-Fibonacci sequence, namely,
Fo=7,FF=4,and F, = 11. Let f : V(C3) — {0, 1,2} be a function defined by

flu) =0, f(uz)=1, f(us)=2.

Hence, f is a bijective function. Note that (1/5) = 1, (3/5) = —1, and (0/5) = 0. For edge labels, we have

uruy + ([Fpuy) + Fraupl/5) = ([Fo + Fi]/5) = (11/5) = (1/5) = 1
urus © ([Feuy) + Frul/5) = ([Fo + F2]/5) = (18/5) = (3/5) = -1
upus = ([Fpeuy) + Frupl/5) = ([F1 + F2]/5) = (15/5) = (0/5) = 0.
Therefore,
ffuu) =1,  f(uus) =0, [ (upus) = 0.

Consequently, ef; (0) =2 and ef;(l) = 1, and it follows that |ef[; (0) — ef;(1)| = 1. This implies that C; is a
(7,4)-FLC graph modulo 5. Figure 10 demonstrates the (7, 4)-FLC labeling modulo 5 of Cs.
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U — 1

u—0 us — 2
15

Figure 10: (7, 4)-FLC labeling modulo 5 of Cs

Theorem 2.1. [4, 9] Suppose that a and b are integers. If p is an odd prime, then (ab/p) = (a/p)(b/p).
Theorem 2.2. [4, 9] Let p be an odd prime. Then

-1 if p = £3(mod 8)

@/p) = [1 if p = +1(mod 8).

3 (a, b)-Fibonacci-Legendre Cordial Labeling

In this section, we denote p as odd prime. All terminologies of Definition 2.7 will be used in every
proof. In addition, suppose that Fy = a and F; = b are the initial values. Furthermore, it should be noted that
Fontnmy(ab) = Fn(mod p) forall m,n > 1.

Theorem 3.1. Let 0 € y(a, b). The path graph Py, (4,4)+1 is an (a, b)-FLC graph modulo p, where p is a
0-PL prime relative to (a, b), for all g > 1.

Proof: Let V(Pyq,(a,5)+1) = {00, U1, -+, Vg, (0.} (see Figure 11). In addition, suppose that f : V(P (4.5)+1) —
{0,1,..., gmp(a, b)} is a function defined by

f@) =ifori=0,1,..,qr,(ab).
Hence, f is a bijective function.

Vo U1 U9 anp(a,b)—l
O o) anp(a,b)

Figure 11: Path graph Pqﬂp(a,b)ﬂ

Suppose that
F@, j) = Ff(UiJr(jfl)np(a,b)) + Ff(vi+1+(j71)ﬂp(a,b))'
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Now, for each j = 1,2,..., g, we have

F(@i, j) = Fir(-vnp(ab) T Fir14(G-1)m,(ab)
=F+ Fm(mod p)
= Fiyo(mod p)

Fip(mod p) fori=0,1,...,my(a,b) -3
= 4 Fy(mod p) fori=m,(a,b) -2
Fi(mod p) fori=m,(a,b) - 1.

Taking the Legendre symbol (F;/p) fori =0,1,..., 7,(a, b) — 1, we have
ef:(0) = qlIA?(a, b)| + [A§ (a, b)[] and ef: (1) = g|AT(a, b)),

Since p is a 0-PL prime relative to (a, b), |e £ 0) — ef;(l)l = 0. Therefore, Py (4,5)+1 1S an (a, b)-FLC graph
modulo p. [

Theorem 3.2. Let 0 € y(0, b). The star graph Sgm,(0.b)+1 is a (0, b)-FLC graph modulo p, where p is a 0-PL
prime relative to (0, b), for all g > 1.

Proof: Assume that V(Syz,(0.6)+1) = {00, U1, ..., Vgr,(0,p)} Where vy is the central vertex (see Figure 12). Let
f: V(Sq,rp(o,b)ﬂ) —10,1,..., qm,(0, b)} be a function defined by

fl)=ifori=0,1,..,qm,00,b).

U3 Ugmp(0,b)—2
\)/
Uy O O UqﬂP(O,b)—l
U1 /\O Uq;rp(O,b)

Figure 12: Star graph Sq,rp(a,b)ﬂ

Clearly, f is a bijective function.

Note that Fy = 0. For the edges, foreach j = 1,2, ..., g,

Fron) + Fpigoiapon) = Fo + F(i-my(06) = Fi(mod p)

fori=1,2,..,7,(0,b) — 1, and

Fug) + Ff(UﬂP(O,b)Jr(jfl)ﬂp(O,b)) =F+ Fﬂp(o,b)'l-(j—l)ﬂp((),b) = Fy(mod p).
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Calculating the Legendre symbol (F;/p) fori = 0,1, ..., 7,(0, b) — 1, we obtain
ef:(0) = qlIA?,(0, b)] + |AJ(0, b)[] and ef; (1) = AT (0, b)!.

Clearly, lef;(0) — ef:(1)] = 0 because p is a 0-PL prime relative to (0, b). Consequently, Sy, 0,5)+1 is @
(0, b)-FLC graph modulo p. [J

Theorem 3.3. Let 0 € x(0, b). The wheel graph W, o5)+1 15 a (0, b)-FLC graph modulo p, where p is a
0-PL prime relative to (0, b), for all ¢ > 1.

Proof: Let Cyy,(0,5) be a cycle of Wy, (op)+1 With V(anp(o,b)) = {v1, 09, ...,vqﬂp(o,b)}. Assume that x; is a
vertex of Wq,[p(o,b)ﬁ for which x; is adjacent to all vertices of Cqﬂp(o,b) (see Figure 13). Define the function
f : V(anp(o,b)ﬂ) - {Oa 1: cee qﬂ'p((), b)} by

f(x0) =0, and

f) =ifori=1,2,..,qm,00,b).

Thus, f is a bijective function.

U3 Ugr,(0,b)-2

] UqﬂP(O,b)—l

U1 U‘Z”p((),b)

Figure 13: Wheel graph Wq,[p(o,b)ﬁ
For the edges of Cyy (o,5), assume that

F(i’ ]) = Ff(vi+(j—1)7rp(0,b)) + Ff(”i+1+(j—1)np<o,b))'

Foreach j=1,2,...,q,

F(@i, j) = Fiv(i-0mp(0.6) T Fir14(-1)m,(0.6)
= F; + F1(mod p)
= Fii2(mod p)
Fip(mod p) fori=1,2,...,m,(0,b) -3
Fy(mod p) fori = m,(0,b) -2
F;(mod p) fori=m,(0,b) -1
F>(mod p) fori = m,(0,b)and j # q.
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Lastly,

Ffwgmpoi) T Fron = Farp0b) T F1
= Fy + F;(mod p)
= FZ(mOd p)

Evaluating the Legendre symbol (F;/p) fori = 0,1,..., 7,(0, b) — 1, it follows that the number of edges of
Cyn,(0.5) With label 0 and 1 are q[IA? (0, b)| + |AL(0, b)|] and q|AL(0, b)|, respectively, under I
Note that Fy = 0. For the remaining edges, for each j = 1,2,...,q,

Ffxo) + Froanmpony) = Fo + Fir(j-1my06) = Fi(mod p)

fori=1,2,...,m,(0,b) — 1, and

Ffx) + Ffony 0001y = F0 + Fry(0.6)4(i-1)mp(0,6) = Fo(mod p).

Calculating the Legendre symbol (F;/p) fori = 0,1,..., 7,(0, b) — 1, the number of edges with label 0 and 1
are q[|A”,(0, b)| +|A5(0, b)|] and q|AL(0, b)|, respectively, under -
Consequently,

e7:(0) = 2q[IA%,(0, b)| + AL (0, B[] and ez (1) = 2gIAP(0, b).

It follows that [ef;(0) — ef; (1) = 0 because p is a 0-PL prime relative to (0, b). Therefore, W, (o.5)+1 s @
(0, b)-FLC graph modulo p. [J

Theorem 3.4. Assume that 0 € y(a, b). Let G be a connected graph and let g be an integer with g > 1. The
following graphs are (a, b)-FLC graphs modulo p, where p is a 0-PL prime relative to (a, b).

i. Lexicographic product graph Cy,(45) ® G with p = £1(mod 8)
ii. Cartesian product graph Cy, (450G With p = +1(mod 8)
iii. Tensor product graph Cyr (ap) X G

iv. Strong product graph Cyy (op) ¥ G with p = +1(mod 8)

Proof: Assume that G has order n and size m. In addition, suppose that V(Cyr (a5)) = {th0, U1, ., Ugr,(ab)-1}
(see Figure 14) and V(G) = {v1,v2,...,v,}. Now, let f : V(anp(a,b) * G) - {0,1,...,nqm,(a,b) — 1} be a
function defined by

fl(uj,v)) = j+ (- 1)gry(a, b),

where x € {®,0,x, K}, fori =1,2,...,nand j = 0,1,..., gmp(a, b) — 1. Clearly, f is a bijective function.
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Uy uqﬂp(a,b)_g
U uqnp(a,b)—Z
Uo uqnp(a,b)—l

Figure 14: Cycle graph Cyy (4,5)+1

For (i), (ii), and (iv), consider the edges of the form (u,v,)(u;,vs) where v,0; € E(G) and I =
0,1,...,qmp(a,b) — 1. Let

F1(> ) = Frusimiaptaino) + Ffinienmyanoo)

So, foreach t = 1,2,..., q,

F1(, ©) = Fis(t-1)m,(ab)+(r-Dgrp(ab) + Fj(t-1)m,(ab)+(s-1)qrmy(ab)
= Fj + Fj(mod p)

for j = 0,1,...,my(a,b) — 1. Since p = +1(mod 8), by Theorems 2.1 and 2.2, (2F;/p) = (F;/p) for
j=0,1,..., ﬂp(a, b) — 1. Because G has size m, it is clear that the number of edges of G with label 0 and 1
are mq[|A”(a, b)| + |AL(a, b)|] and mq|AL(a, b)), respectively, under 1

For the edges of the form (a,v,)(b,vs), where ab € E(anp(a,b)) and the variables r and s depends on (i),
(i1), (iii), and (iv), assume that

FZ(j’ t) = Ff((uH(t,l)”p(a,b),Ur)) + Ff((uj+l+(t—1)7rp(u,b)’US))
Thus, foreach t = 1,2,..., ¢,
F2(J, 1) = Fia(t-D)mp(ab)+(r—1)qmp(ab) + Fi1+(t-1)my(ab)+(s-1)gm,(ab)
= Fj + Fj+1(mod p)
= Fj2(mod p)

Fjip(mod p) for j=0,1,...,7y(a, b) =3
= § Fy(mod p) for j =m,(a,b) -2
Fi(mod p) for j = mp(a,b) —1and t # q.
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Lastly,

Ff((ugnpapr-r00) T Ffuon)) = Farp(aby-1 + Fo
= qrp(a,b)-1 + Fﬁp(a,b)(mOd P)
= n'p(a,b)+1(m0d P)
= Fi(mod p).
Hence, we calculate the Legendre symbol (F;/p) fori = 0,1,..., 7p(a, b) — 1. Also, observe that |A‘f(a, b)| -

|Ag(a, b)| — |A1_71(a, b)| = 0 since p is a 0-PL prime relative to (a, b).
For (i), we have r, s = 1,2, ..., n. As a result,

ef:(0) = mq[|A2,(a, b)| + [AG (a, D] + n*qlIA? (a, b)| +1AG (a, b)]]
= (mq + n* QAL (a, b)| +1AF (a, b)I],

ef:(1) = mIAY(a, b)| + n*q|AT (a, b))
= (mq + n*q)|A7(a, b)\.

It is clear that |efp*(0) - ef;(1)| =0, and 80 Cyr,(ap) ® G is an (a, b)-FLC graph modulo p.
For (ii), we have r = s =t for t = 1,2, ..., n. Thus,

ef:(0) = mqllA?,(a, DI + |AF (a, b)Y + nglIA? (a, b)| + |Af (a, B)]]
= (mq + n@[IA?,(a, b)| + A (a, )],

ef;(1) = mglAT(a, b)| + nglA(a, b))
= (mq + n@)A{(a, b)l.

Clearly, |efp* 0) — ef;(1)| = 0. Therefore, Cyy,(4,5)0G is an (a, b)-FLC graph modulo p.
For (iii), vsv, € E(G). Because

(uj7 vr)(uj-%—h vS)’ (u]) US)(uj+1> Ur) € E(Cqﬂp X G)
and the size of G is m, we have

ef:(0) = 2mq[|A, (a, b)| + |AG (a, D)1,
ef:(1) = 2mqlA7 (a, b).

It is evident that |efp* (0) — ef;(1)| = 0. Therefore, Cyz,(4p) * G is an (a, b)-FLC graph modulo p.
For (iv), note that E(Cq,,p(a,b) XG) = E(Cq”p(a,b)DG) U E(anp(a,b) x G) and E(anﬁ(a,b)DG) n E(anp(a,b) x
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G) = @. Thus, combining (ii) and (iii), it follows that

ef:(0) = (mq + nglIA? (a, b)| + A§ (a, B[] + 2mq[|A?, (a, b)| + |Af (a, b)]
= (3mq + ng)[|A?,(a, b)| + Al (a, b)I],

ef; (1) = (mq + nq)lAL (a, b)| + 2mq|Af (a, b)|
= (3mq + nq)|A{(a, b)|.

Hence, Ief;(o) - efp*(l)I =0, and 0 Cyz,(ap) ® G is an (a, b)-FLC graph modulo p. [J

Theorem 3.5. Let k > 1 be an integer with k € y(0, ). Suppose that G is a connected graph of order n
and size n(2k — 1) + ¢, where ¢ € {—1,0,1}. Moreover, let (F;/p) = (F,/p) = 1. Then the corona graph
GoProp)-1isa (0, b)-FLC graph modulo p, where p is a k-PL prime relative to (0, b).

Pltoof: LeF V(G) = {v},v,...,08} and let P;{p(o,b)—1 be the jth copy of Py (op)-1 With V(Pip(o’b)_l')' =
{v],v) ""Uip(o,b)—l} for j = 1,2,...,n (see Figure 15). Note that in the corona graph G o Py (0.5)-1, UgV] €
E(G o Pﬂp(o’b)_l) fori = 1,2,..,71,(0,b) — 1 and j = 1,2,...,n. Now, let f : V(Go P”P(O,b)_l) —
{0.1,..., nm,(0, b) — 1} be a function defined by

f@) =i+ - 1r,y(0,b)

fori=0,1,...,7,(0,b) —1and j = 1,2,..., n. Hence, f is a bijective function.

J
U, (0,b)-2
° © Vn (0,b)-1

Figure 15: Path graph Pip(o)b)_l

Note that Fy = 0. For the edges of G, if vjv§ € E(G), then

Frwny + Frwp) = Fr-nmy.0) T Fs-1)m,(0.6) = 2Fp = 0(mod p)

and it follows that all edges of G are labeled by 0 under f;.

For the edges of P}J['p(o, b)-1° let

F.(i, ) = Ff(”ij) + Ff(vijﬂ)'
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Thus, foreach j =1,2,...,n,

Fi(, j) = Fir(i—1ymy(0.6) T Fir14(-1)7,(0,b)
= F; + F41(mod p)
= Fiy2(mod p)
Fiyp(mod p)  fori=1,2,...,7m,(0,b) -3
- {Fo(mod p) fori=m,(0,b) - 2.

By calculating the Legendre symbol (F;/p) fori =0,3,4, ..., 75(0,b) — 1 and noting that 1,2 € Af(O, b), then
the number of edges of Pfj[p(o,b)fl with label 0 and 1, are |A?, (0, b)| +|A5 (0, b)| and |AF (0, b)| - 2, respectively,
under fp*, for j=1,2,...,n.

For the edges of the form v)v/, suppose that

]Fz(i, ]) = Ff(v(j)') + Ff(v,-j)'
Hence,

Fa(i, j) = Fj-1)m,(0.6) + Fir(j-1)7,(0.)
= F(mod p)
fori=1,2,...,71,(0,b)-1and j = 1,2,..., n. Evaluating the Legendre symbol (F;/p) fori = 1,2,..., m,(0, b)—
1 and noting that 0 € Ag (0, b), then the number of edges of the form v}v;] with label 0 and 1 are n[|A? 100, D)+

|Ag(0, b)|— 1] and n|Af(O, b)|, respectively, under I
Consequently,

ef;(o) = n(2k — 1) + & + n[|JA? (0, b)| + |AL(0, b)|] + n[|AL,(0, b)| + |AB(0, b)] — 1]
= n(2k — 1) + & + n[2|A",(0, b)| + 2|A5(0, b)| — 1], and

ef:(1) = n[|A7(0, b)| — 2] + n|AT(0, b))
= n[2|Af(0, b)| - 2].

Given that p is a k-PL prime relative to (0, b), that is, k = [AL(0, b)| — |A?,(0, b)| — |A(0, b)|, we have

ef:(0) — ez (1) = n(2k — 1) + & + n[2|A?,(0, b)| + 2[A5 (0, b)| — 1 — 2|AT(0, )| + 2]
= n(2k — 1) + & + n[-2(|AL(0, b)| — |AP (0, b)| — |AF (0, B)]) + 1]
=nk—-1D)+e+n(-2k+1)

= E£.

Because ¢ € {—1,0, 1}, Ief;(O) - ef;(l)l < 1,and so Go Py (0,p)-1 is a (0, b)-FLC graph modulo p. [
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Theorem 3.6. Assume that k > —1 is an integer with k € x(0,b). Let H = Ufﬁgo’b)_l G’/ where

G',G?%,..., G™(OP)~1 are vertex-disjoint graphs of the same order 75(0,b) — 1 and the same size m. In
addition, suppose that G is a graph of order 7,(0, b) — 1 and size (k + 1)(m + (7,(0, b) — 1)%) + ¢, where
¢ € {—1,0, 1}. Then the join graph G + H is a (0, b)-FLC graph modulo p, where p is a k-PL prime relative to
(0,b) and p = +1(mod 8). In addition, when m = 0, the condition p = +1(mod 8) is no longer required.

Proof: Let V(G) = {v(l),vg,...,vg"(o’b)fl}. Suppose that V(G/) = {v{,vé,...,v{l} for j = 1,2,...,m,(0,b) — 1.

Let f : V(G+H) —{0,1,...,7,(0,b)(7,(0, b) — 1) — 1} be a function defined by

f@]) = j+@G—1)m,y(0,b) fori=1,2,..., 1,(0,b) — 1,
F@)) = (= Drp(0, b),

for j=1,...,7,(0, b) — 1. Evidently, f is a bijective function.
Note that Fy = 0. For the edges of G, for any edge vjv; € E(G), we have

Frwpy + Frwp) = Fr-1my0.0) + Fs—1)m,(0.6) = 2Fp = 0(mod p).

Hence, f;(e) = 0 for all e € E(G).

For the edges of G/, if viv] € E(G/), then

Fron * Froty = Firt—nmp.0) + Fir(s-my(0.0) = Fj + Fj = 2Fj(mod p)

for j=1,2,...,m,(0,b) — 1. Since p = £1(mod 8), by Theorems 2.2 and 2.1, we have (2F;/p) = (F;/p) for
j=12,..,7m,(0,b) — 1. Because 0 € AB(0, b), it follows that there are m[|A” (0, b)| + |AL(0, b)| — 1] edges
of H with label 0 and m|A?(0, b)| edges with label 1, under I

For the edges of the form v(l)vij , we have

Fry + Friy = Fa-nmy(06) + Firt-1m,y(0.6) = Fj(mod p)

for i,l,j = 1,2,...,m,(0,b) — 1. Calculating the Legendre symbol (F;/p) for j = 1,2,...,7,(0,b) — 1
and noting that 0 € AJ, it is evident that the number of edges of the form v(l)vl-j with label 0 and 1 are
(mp(0,5) — 1?[|AP (0, )| + |A5(0, b)| — 1] and (7,(0, b) — 1)%|AF(0, b)|, respectively, under -

Therefore,

ef;(o) = (k+ 1)(m + (7,(0,b) - 1)%) + & + m[|A? (0, b)| + |A5(0, b)| — 1]
+ (7p(0,b) — D?[1AP,(0, b)| + [A5 (0, )| — 1]
= (k+1)(m+ (m,(0,b) — 1)*) + &
+(m+ (7,0, b) — DH[IAP,(0, b)] + [AL(0, b)| - 1], and
ef:(1) = mIAL(0, b)] + (7,(0, b) — 1)*|A7(0, b)|
= (m + (7,(0,b) = DH|AT(0, b)!.
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Note that p is a k-PL prime relative to (0, b), that is, k = |AF(0, b)| — |A”,(0, b)| — |A5(0, b)|. Hence,

efp*(O) - ef;(l) = (k+1)(m + (7,(0,b) — D) +e¢
+ (m+ (7,(0, b) — DH[|A?(0, b)| + [A5 (0, )| — 1 — |A7(0, )]

= (k+ 1D)(m+ (m,(0,b) = 1)*) + ¢

+ (m + (7(0, b) — 1)*)(—k — 1)

= E.

This implies that Iefp*(O) - ef;(l)l < 1 because ¢ € {—1,0,1}. Consequently, G + H is a (0, b)-FLC graph
modulo p. [

Theorem 3.7. Let k > —1 be an integer with k € y(0, b). Assume that H is a graph of order 7,(0, b) — 1 and
size m. Moreover, suppose that G is a connected graph of order 7,(0, b)—1 and size (k+1)(m+m,(0, b)—1)+¢,
where ¢ € {—1,0, 1}. Then the corona graph G - H is an (0, b)-FLC graph modulo p, where p is a k-PL prime
relative to (0, b) with p = +1(mod 8). Furthermore, in the special case m = 0, the condition p = +1(mod 8)
is unnecessary.

Proof: Let V(G) = {v, v, ..., vg”(o’b)_l}. Assume that H/ is the ith copy of H with V(H/) = {v],v], ..., vfr,,(o,b)—l}

for j = 1,2,...,7,(0,b) — 1. Note that v({ is adjacent to vij fori, j=1,2,...,m,(0,b) — 1. Now, suppose that
f: V(GeH)—{0,1,...,m,(0, b)(7,(0, b) — 1) — 1} is a function defined by

f@) =j+G—1mp(0,b) fori=1,2,..., 1,(0,b) - 1,

f@) = (= Dyp(0,b),

for j = 1,2,...,7,(0,b) — 1. Thus, f is a bijective function.
Note that Fy = 0. For the edges of G, if vjv; € E(G), then

Frwpy + Frwp) = Fr-1my0.0) + Fs-1)m,(0.6) = 2Fp = 0(mod p)

which means f; (e) = 0 for each e € E(G).
For the edges of H/, if v/v] € E(H’), then

Ff(vi) + Ff(vé) = Fj+(r—1)7rp(0,b) + Fj+($—1)ﬂp(0,b) = Fj + Fj = 2Fj(mod p)

Note that (2F;/p) = (F;/p), for j = 1,2,..., 7,(0, b) — 1 by Theorems 2.2 and 2.1. Given that 0 € AB(0,b), it
is evident that the number of edges of U;Zﬁ“”’)‘l H/ with label 0 and 1 are m[|A”,(0, b)| + [AL(0, b)| — 1] and
m|A?(0, b)), respectively, under 1

For the edges of the form vév{ , we have

Frny + Friy = Fimnmy.b) + Fiai-1m,y(0.) = Fj(mod p)
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fori, j =1,2,...,7,(0,b) — 1. Now, by evaluating the Legendre symbol (F;/p) for j = 1,2,...,7,(0,b) — 1
and noting that 0 € A%(0, b), it is clear that the number of edges of the form v{v/ with label 0 and 1 are
(7,(0,b) - DAL, (0, b)| + A5 (0, b)| - 1] and (7,(0,b) - 1)|AL(0, b)), respectively, under Iy

As a consequence,

ef:(0) = (k + 1D)(m + 7p(0,b) = 1) + & + m[|A? (0, b)| + |AD(0, b)| - 1]
+ ((0, b) = DIAL, (0, b)| + |A§ (0, b)| — 1]
=(k+1)(m+m,(0,b) 1) + ¢
+(m+ 7,(0,0) — D[|AL,(0, b)| + A5 (0, b)| — 1], and
ef:(1) = m|AT(0, b)| + (m + 7,(0, b) — DIAT(0, b)|
= (m+ 7,(0,b) — DIAY(0, b)|.

Since p is a k-PL prime relative to (0, b), that is, k = |A?(0, b)| — |A?,(0, b)| — |AL(0, b)]|, we have

ef;(O) - ef;(l) =(k+1D(m+ JTP(O, b)—1)+e¢
+ (m + 7,(0, ) = DIIAL (0, )| + A5 (0, )| — 1 = [AF(0, b)]]
=(k+1)(m+m,(0,b) = 1) + & + (m+ m,(0,b) — 1)(—k — 1)

=&
Therefore, |ef; (0) — ef;(1)| < 1 because ¢ € {—1,0, 1}. Thus, G- H is a (0, b)-FLC graph modulo p. [J

4 k-Pisano-Legendre Primes

In this section, all terms and notations of Definition 2.7 will be used. In addition, let p denotes an odd

prime.
Proposition 4.1. If p is a k-PL prime relative to (a, b), then |A§7 (a,b)| = M
Proof: Note that
AP (a, b)| + AL (a, b)| + AP, (a, b)| = 7p(a, b), and 1)
AT (a, b)] = AP (a, b) - |AD(a, b)| = k. )

So, 2|A?(a, b)| = 7,(a, b) + k. [J

Corollary 4.2. Suppose that p is a k-PL prime relative to (a, b). Then k and 7,(a, b) have the same parity.
Thus, for all k € x(0, 1), k is even.

Proof: By Proposition 4.1, it is clear that 7,(a, b) and k have the same parity. In the classical Fibonacci
sequence, it was proved in [12] that ,,(0, 1) is even for all m > 3. Hence, for any k € y(0, 1), k is even. [J
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Corollary 4.3. An odd prime p is a k-PL prime relative to (a, b) if and only if

7p(a, b) —k — 2|Ab(a, b)|
2

np(a,b) — k- 2|AF (a, b)|

AP (a,b)| =
IAZ (a, b))l 5

or [AZ(a, b)| =

Proof: Immediately follows Proposition 4.1 and equations (1) and (2). [

Proposition 4.4. Let z(p) define the order of apparition of p. Hence, |Af')J 0,1)| = ”’Z’ E;’; ) In fact, |Af')J (0,1 €
{1,2, 4}. Moreover, |A(0,1)| = 4 if and only if z(p) is odd.

Proof: In classical Fibonacci sequence, the order of apparition of an odd prime p, denoted by z(p) (defined
in [12]), is the smallest positive integer n such that F, = 0(mod p). So, for any positive integer m, Fy,;(,) =
0(mod p). It is easy to show that z(p)|r,(0, 1) because Fron =0= F(py(mod p). This means that all
(0, 1)-Fibonacci numbers divisible by p in one (0, 1)-Pisano period occurs exactly at multiples of z(p).
Therefore, |A5(0,1)] = ”‘;8’)1). Using Lemma 3 in [12], we have |[A5(0,1)| € {1,2,4}, and it follows that
IAB(0,1)| = 4 if and only if z(p) is odd. [J

Combining Corollary 4.3 and Proposition 4.4, we have the following results:
Corollary 4.5. If z(p) is odd, then p is a k-PL prime relative to (0, 1) if and only if

AP (0,1)] =
IAZ;(0, 1) 5

Corollary 4.6. An odd prime p is a k-PL prime relative to (0, 1) if and only if

7p(0,1) — k — 2€

AP (0,1)] =
IAZ; (0, 1) 5

for some ¢ € {1, 2, 4}.

Moreover, an interesting pattern emerges from the function {(, ) : x(a,b) — P, where P is the set of
odd primes, defined by

{(ap)(k) = min{p : pis a k-PL prime relative to (a, b)},

for integers a and b. Table 2 exhibits some values of {( 1)(k) for some integer k.

For the classical Fibonacci sequence case, Figure 16 shows the plot of {(o 1)(k) for some values of k. The
behaviour of {(1)(k) appears to be bounded below by some quadratic functions of the form g(k) = ck?,
where c is a real number. In fact, Figure 17 shows the reference curve g(k) = 0.055k%, which exhibits that
Loy (k) > 0.055k for |k| < 600 and 3 < {g1y(k) < 25000.

This behaviour is not limited to (a, b) = (0, 1). Figure 18, for the classical Lucas sequence case, shows
that the values of {(, 1y(k) are above the given reference curve g(k) = 0.061k*. Furthermore, similar behaviour
is observed for the cases (a, b) = (—2,7) and (a, b) = (-2, —4), as shown in Figures 19 (with reference curve
g(k) = 0.042k?) and 20 (with reference curve g(k) = 0.055k?).
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k[ Zon® [k [ Zon® [k [ Zon® [ * | Zon®
—42 13591 —20 97 0 11 20 89
—40 5591 —18 1289 2 809 22 1231
—-38 5689 —-16 1151 4 113 24 1409
—-36 1153 —-14 1009 6 199 28 73
—34 14821 —12 619 8 41 32 1871
—-32 241 —10 461 10 331 34 5741
—28 569 -8 709 12 17 36 3499
—26 1471 —6 2251 14 541 38 3391
—24 1031 —4 5 16 1999 40 3919
—22 10771 -2 7 18 811 42 14969

Table 2: Values of {(1)(k) for some k

These numerical evidences lead to the following conjecture:

Conjecture 4.7. For any integers a and b with (a, b) # (0,0), there exists a real number ¢ with 0 < ¢ < 1
such that {, »)(k) > ck? for all k € y(a, b).

In addition, Figures 17 to 20 display many values of k for each of the initial values (0, 1), (2, 1), (-2, 7),
and (—2,—4). This serves as evidence that there might be infinitely many values of k with k € y(a, b) for
fixed initial values (a, b). Thus, this leads to the following general conjecture:

Conjecture 4.8. For any integers a and b with (a, b) = (0,0), |y(a, b)| = X,.

Note that X is the symbol reserved for the cardinality of a countably infinite set.
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Most of the results in Section 3 have assumptions that 0 € y(a, b) but did not explain the existence of
0-PL prime relative to (a, b). Assume that

9ap)(k) ={p : pisa k-PL prime relative (a, b)}

where k € y(a, b). Table 3 displays the first ten elements of 3, ;)(0) for some integers a and b.

(a,b) First ten elements of J, )(0)
0,1) 11,29,31,71,131, 191, 229, 251, 271, 281
(2,1) 5,13,37,53,61,109, 149, 151,157,173
(5,12) 11,13,19,31,37,47,61,101, 107, 109
(-9,-21) 13,19, 29, 37,47, 53,61, 71, 79, 107

(—23,-20) 31,47,59,61,71,107,109, 149, 173,191
(—232,-200) 13,19,47,59,61,71,101, 109,173,179

(80,21) 13,19,29,31,37,47,79, 149,157,173

(-3,-7) 13,19, 29,31,37,47,53,61,71,101, 107

(17,102) 19,31,37,47,59,61,71,79,101, 107
(6,7) 11,19,37,47,59, 61,101,107, 109, 157

Table 3: First ten elements of &, ;)(0) for some choice of a and b
Suppose that
@E’a’b)(k) ={p : pisak-PL prime relative to (a, b) with p < n}

and let
Oy () = [ 4 (R,

where k € y(a, b). Obviously,
lim W (a.p)(k) = [9(ap) (K|

for every k € y(a,b). Take k = 0. Figure 21 illustrates the behavior of wgla’b)(o) for the initial values
(a,b) =(0,1),(2,1),(7,6),(—5,-2),(—8,—2), showing a consistent increase in the number of 0-PL primes
as n grows. In the classical Fibonacci sequence case (0, 1), w?o)l)(o) increases steadily, indicating that 0-PL
primes occur frequently among odd primes. A similar unbounded growth is observed for the classical Lucas
sequence case (2, 1). Moreover, for the initial values (a, b) = (7, 6), (=5, —2), (-8, —2), the growth of w?a’b)(o)
appears to be faster compared to the classical cases (0, 1) and (2, 1). These numerical observations collectively
motivate the formulation of Conjecture 4.9, presented as follows:

Conjecture 4.9. Suppose that a and b are integers with (a, b) # (0,0). If 0 € y(a, b), then |8, )(0)] = Xo.

Corollary 4.6 provides an equivalent formulation of Conjecture 4.9 for the classical Fibonacci sequence
case:
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Corollary 4.10. The cardinality |9 1)(0)| = & if and only if there are infinitely many odd primes p with
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Figure 21: Plot of w?a’b)(o) for different values of (a, b) with 0 < n < 20000

5 Open Problems and Future Work

In this paper, we have investigated the (a, b)-Fibonacci-Legendre cordial labeling of path graphs, star
graphs, and wheel graphs, as well as graphs obtained through the graph operations union, join, corona,
lexicographic product, cartesian product, tensor product, and strong product. These results demonstrate how
the arithmetic structure induced by the (a, b)-Pisano period and the distribution of Legendre symbols of
(a, b)-Fibonacci numbers modulo an odd prime p can be exploited to obtain balanced edge labelings.

The graph families considered in this study represent only a limited portion of known graphs. It is
therefore natural to extend the study of (a, b)-Fibonacci-Legendre cordial labeling to other graphs not covered
in this work, such as complete graphs, complete multipartite graphs, fan graphs, and other families of graphs.
Studying these graphs may reveal new structural constraints or arithmetic phenomena arising from higher
graph density and symmetry.

The results in Section 3 rely fundamentally on the existence and arithmetic behavior of k-PL primes
relative to (a, b). This leads to the following open problems, which are directly motivated by the conjectures
and numerical observations presented in Section 4.
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Question 5.1. Is it possible for the constant number ¢ in Conjecture 4.8 to have a lower bound of 0.01 and an
upper bound of 0.1?

Question 5.2. Suppose that a and b are integers with (a, b) # (0,0). Forevery k € y(a, b), is |3(45)(k)| = Ro?
Let ay, as, by, and b, be integers with (ay, by) # (az, bs), (a1, b1) = (0,0), and (ay, bs) = (0,0).

Question 5.3. Are there values of ay, az, by, and b, for which y(ay, b1) = y(az, b2)?

Question 5.4. Are there integers ki € y(ay, by) and k; € y(az, by) such that (4, p,)(k1) = F(g,.,)(k2)?

Question 5.5. For a fixed positive integer n, are there integers k; € y(ay, b1) and ky € y(as, b2) such that
@y ) (K1) = By, 3,y (k2)?

These open problems and conjectures (presented in Section 4) suggest several promising directions for
future research. Progress on these questions may be achieved through a deeper analysis of the arithmetic
properties of (a, b)-Pisano periods and the distribution of the Legendre symbols of (a, b)-Fibonacci numbers
modulo primes. Further computational evidence, combined with analytic and probabilistic methods in number
theory, may lead to partial or complete resolutions of the questions and conjectures.
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