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Abstract: In this paper we introduce a new orbit-based contractive framework in the setting of G-metric spaces, called
(m, @) G-path-averaged (G-PA) contractions with m > 2. This notion extends Fabiano’s path-averaged contractions to
the triadic geometry of Mustafa-Sims G-metrics and is designed to avoid collapse to pointwise contractivity. For a
G-continuous self-map on a complete G-metric space, we establish existence and uniqueness of a fixed point and
prove that the Picard iteration converges to it in the sense of G-convergence. Moreover, we derive explicit quantitative
estimates, including a posteriori and a priori geometric error bounds for the iterates. We also relate the new class to
the induced metric dg, showing that every G-PA contraction yields a path-averaged contraction on (X, dg), and we
provide examples demonstrating that the G-PA class can be strictly larger than the Banach-type contraction class.
Finally, we obtain multi-step (¢-point) fixed point and convergence results by embedding the recursion into a shift
map on the product space (X, G') and applying the single-valued theory.
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1 Introduction

Fixed point theory is a fundamental tool for establishing existence, uniqueness, and approximation
of solutions to nonlinear problems in analysis and applied mathematics. In the metric setting, Banach’s
contraction principle guarantees a unique fixed point and convergence of Picard iterates in complete metric
spaces [1]. Many extensions relax pointwise contractivity while preserving existence and convergence;
classical examples include Kannan-, Chatterjea-, Reich-, and Ciri¢-type contractions and several nonlinear
variants [2-6], as well as integral-type contractions and completeness characterizations [7,8]. Fixed
point methods have also been developed in generalized distance settings. In particular, Mustafa and
Sims introduced G-metric spaces, where a triadic distance G(x, y, z) induces notions of G-convergence,
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G-Cauchy sequences, and completeness [9,10]. A related and active direction concerns modular G-metric
spaces and their applications [11-13]. We also note recent related contributions on common fixed points
and generalized contractive conditions in b-metric and related settings [16—18].

Motivated by orbit-based behavior, where contractivity may hold only in an averaged sense along
iterates, Fabiano introduced path-averaged (PA) contractions [14] and extended the theory to complete
b-metric spaces [15]. The aim of the present paper is to develop an analogous framework in the triadic setting
by introducing (m, ) G-path-averaged (G-PA) contractions on G-metric spaces. We establish existence and
uniqueness of fixed points for suitable self-maps on complete G-metric spaces, prove G-convergence of
Picard iterates, and derive explicit a priori and a posteriori error bounds. We also treat a ¢-point extension
by embedding multi-step recursions into a shift map on a product G-metric space.

2 Preliminaries

Throughout this paper, N = {1,2,3,... } and (X, G) denotes a G-metric space. Foraself-map T : X — X,
we write T" for the n-fold iterate (T° = Idy).

Definition 1 (Mustafa-Sims [10]): Let X be a nonempty set. A function G : X* — [0, ) is called a G-metric
if forall x,y,z,a € X the following hold:

(G1) G(x,y,z) =0 ifandonly ifx =y = z;

(G2) 0 < G(x,x,y) forall x + y;

(G3) G(x,x,y) < G(x,y, z) whenevery # z;

(G4) G is symmetric in all variables;

(G5) G(x,y,z) < G(x,a,a)+ G(a, y, z) (rectangle inequality).

Then (X, G) is called a G-metric space.

Definition 2 ([10]): Let (X, G) be a G-metric space and {x,} C X.

(i) {xn} G-converges to x € X, written x, S, x, iflimy e G(3y, x,x) = 0.
(ii) {xn} is G-Cauchy if limy, ; p—o0 G(xp, Xm, X¢) = 0.
(iii) (X, G) is complete if every G-Cauchy sequence is G-convergent in X.

Definition 3: A mapping T : X — X is called G-continuous at x € X if x, S x implies Tx, S Tx. IfT
is G-continuous at every point of X, we simply say that T is G-continuous.

Lemma 1: Let (X, G) be a G-metric space and let {x,} C X. For integers p > n,
p—1

G(tp, Xns Xn) < Y, Gakes1, Xk Xk).
k=n

Proof: Apply (G5) to get

G(xp, xn, xn) S G(XP, xP_l, xP_l) + G(xP_l, xn, xn).
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Iterating this estimate yields the stated inequality. [

Remark. Lemma 1 is the key tool for passing from decay of successive increments G(xk1, Xk, Xx) to the
G-Cauchy property.

The induced metric. Define, for x, y € X,
do(x,y) := G(x,y,¥) + G(y, x, x). (2.1)
Proposition 1: If (X, G) is a G-metric space, then dg defined by (2.1) is a metric on X.
Proof: Clearly dg(x,y) > 0 and dg(x, y) = dg(y, x). If dg(x, y) = 0, then G(x, y, y) = 0, and by (G1) we
get x = y.
For the triangle inequality, fix x, y, z € X. By (G5) with a = z,
G(x,y,y) < G(x,z,2) + G(z,y,y), G(y,x,x) < G(y,z,2) + G(z, x, x).
Adding these gives dg(x, y) < dg(x,2) + dg(z, y). O
Lemma 2: Let (X, G) be a G-metric space and let {x,} C X, x € X. Then x, Sx if and only if dg(x,, x) — 0.
Proof: Assume x, S, x, i.e. G(xp, x, x) — 0. Using symmetry and (G5) with a = x,
G(x, xp, xn) = G(xp, xp, x) < G(xp, x, x) + G(x, xp, x).
By symmetry, G(x, xp,, x) = G(xp, x, x), hence
G(x, xp, xn) < 2 G(xp, x,x) — 0.
Therefore
dg(xn, x) = G(xp, x, x) + G(x, x4, x,) = 0.
Conversely, if dg(xy, x) — 0, then G(x,, x, x) < dg(x,, x) = 0, so x, S x O

Lemma 3: A sequence {x,} is G-Cauchy if and only if it is Cauchy in the metric dg. Consequently, (X, G) is
complete if and only if (X, dg) is complete.

Proof: Assume {x,}is G-Cauchy. Given ¢ > 0, choose N such that G(x,, xm, x;) < €/2 for all n,m, ¢ > N.
Taking £ = m and ¢ = n gives, for all m,n > N,

G5, Xm, Xm) < €/2, G, X, xn) < £/2,
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hence dg(xp, x) < €. Thus {x,} is dg-Cauchy.
Conversely, assume {x,} is dg-Cauchy. Given ¢ > 0, choose N such that ds(x;, x;) < ¢/2 for all i, j > N.
For n,m, £ > N, apply (G5) with a = x;,:

G(xn; Xm; xt’) < G(xn, Xm; xm) + G(xm: Xm; xt’)'
By symmetry, G(xp, Xm, X¢) = G(x¢, X, Xm). Therefore,
G(xn, Xm> xl’) < G(xn: Xms xm) + G(X[, Xm xm) < dG(xn, xm) + dG(x& xm) <e.

Hence {x,} is G-Cauchy. The completeness equivalence follows from Lemma 2. [J

Remark. If one allowed the averaging length m = 1 in a path-averaged inequality, then the case n = 1
would immediately reduce to a pointwise contractive condition. To keep the notion genuinely orbit-based,
we always assume m > 2.

Definition 4 ([14]): Let (X, d) be a metric (or b-metric) space and let T : X — X. We say that T is an (m, &)
path-averaged contraction if there exist m € N withm > 2 and a € (0, 1) such that for all x, y € X and all
n>m,

n—1 n—1
Z d(TF'x, TH')) < a Z d(Tkx, T*y).
k=0 k=0

Definition 5: Let (X, G) be a G-metric space andlet T : X — X. Wesay that T is an (m, «) G-path-averaged
contraction if there exist m € N withm > 2 and a € (0,1) such that for all x,y,z € X and alln > m,

n—1 n—1
Z G(TF ', Tk“y, T <« Z G(T*x, Tky, T*2).
k=0 k=0

Remark. In the fixed point arguments below, it will be enough to use Definition 5 with the single choice
n = m, which yields a recursive decay of suitable block sums along the orbit.

Example 1: Let (X, d) be a metric space and define
G(x,y,2z) :=max{d(x, y), d(y, z), d(z, x)}, X, 9,z € X.
Then G is a G-metric on X (see, e.g., [10]).

Example 2: Let X = R with d(x, y) = |x — y| and let G be induced by d as in Example 1. Let T(x) = Ax with
|A| < 1. Then T is a Banach contraction, and consequently it is an (m, @) G-PA contraction for everym > 2
with a = |Al.
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Example 3: Let X = {0, 1, 2} with the discrete metric d(u,v) = 1 if u # v and 0 otherwise, and let G be as in
Example 1. Define T : X — X by

T0)=1, T(1)=2  T(2)=2

Then T is an (m, &) G-PA contraction withm = 2 and a = % Indeed, since T? is the constant map 2, for any
x,y,z € X and any n > 2 we have

n—1
Z G(T*x, TF'y, TF12) = G(Tx, Ty, T2),
k=0

and

n—1
Z G(Tkx, Tky, Tkz) = G(x,y,2) + G(Tx, Ty, Tz).
k=0

If G(Tx, Ty, Tz) = 0 the inequality holds trivially; if G(Tx, Ty, Tz) = 1 then necessarily G(x,y,z) = 1, so
1< % - 2. On the other hand, T is not a pointwise contraction on (X, d) with constant < 1.

Remark. Example 3 shows that the G-PA class can be strictly larger than the class of Banach-type (pointwise)
contractions.

t-point iterations.
Definition 6: Lett > 2 andlet f : X' — X. Define F : X' — X' by
F(u()s ULy eens ut—l) = (f(ut—l’ U2, ... uo)s Up, U1, ...y ut—z)'

A point x* € X is called a fixed point of f if f(x*, x*,...,x*) = x*. Equivalently, (x*, ..., x™) is a fixed point
of F.

Definition 7: Let (X, G) be a G-metric space and let t > 2. Forx = (xo, ..., x;—1) € X', define
. — . . . t

Gt(xa Y: Z) b Oél;léat)fl G(xls Yz, Zl)> y; zZ e X .

Then (X', G;) is a G-metric space; moreover, if (X, G) is complete, then (X', G;) is complete.

Remark. With Definitions 6-7, the t-point recursion

Xn+1 = f(xn: Xn—15-+> xn—t+1)

can be written as the Picard iteration of F on X".
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3 Results

We now establish fixed point and convergence results for (m, @) G-path-averaged contractions, together
with quantitative error estimates and a t-point extension via a shift map on a product G-metric space.

Lemma 4: Let (X, G) be a complete G-metric space and let t > 2. Define G; : (X')* — [0, 0) by
Gt(x’ Yy, Z) = 0?1"12%1 G(xi9 Yis Zi)3 X = (xo, cees xt—l)’ y= (y09 (XX} yt—l)s Z= (ZOs cees Zt—l)'
Then (X', G;) is a complete G-metric space.

Proof: G, is a G-metric (see Definition 7). is immediate since each G(x;, y;, z;) is symmetric and max
preserves symmetry. For (G1), if G;(x,y,z) = 0, then G(x;, y;, z;) = 0 for every i, hence x; = y; = z; for
every i by (G1) of G, i.e. x =y = z. Conversely, if x = y = z then each coordinate term is 0, hence G; = 0.
Properties (G2) and (G3) follow coordinatewise and are preserved under taking a maximum. For (G5), fix
x,y,z,a € X'. For each coordinate i,

G(x;, yi, z1) < G(x;, a;, a;) + G(ay, yi, zi).
Taking maxima over i gives
Gi(x,y,2) < Gi(x,a,a) + Gi(a,y, z),

which is (G5) for G;.
Completeness. Let {x,} C X' be G;-Cauchy, where x,, = (x,(lo), el xﬁf‘l)). Then for each i,

G(x;i)s xr(p?’ xgi)) S Gt(xn: Xm> X() - 09

so {xV} is G-Cauchy in X. By completeness of (X, G), there exists x) € X such that x® S x®. Set
x 1= (x©, .. xt=D). Then

Gi(xp, X, X) = max G(x,(li), x @, x(i)) — 0,
1

G
s0 X, —> x. Hence (X', G;) is complete. [J
Lemma 5: Lett > 2, let f : X' - X, and defineF : X' > X' by

F(uo, t1,..., Up-1) = (f(utfl,utfz,---,uo), Uo, ul,---,utfz)-
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Given xy,...,x;—1 € X, setug := (X4_1, X;—2,...,%9) and define u,,; := F(u,) for n > 0. Then the first
coordinate of u, equals x;_1.n,, where {x,} satisfies the t-point recursion

Xnt1 = f(Xn, Xn15 e s Xpo41) (n>t-1).

Moreover, x* solves f(x*,...,x*) = x* if and only if (x*, ..., x*) is a fixed point of F.
Proof: Write u, = (u;"), ugll), . ugf_l)). From the definition of F, one has

u(n(le = f(ugf_l), uﬁ‘”,...,u&?’), ugfll =4UY (1<j<t—1).

A straightforward induction shows 4’ = x;_;,,, and then the displayed t-point recursion follows. The
fixed point equivalence is immediate from

F(x™, .., x™) = (f(x", ..., x7), x", ..., x).
O

Theorem 1: Let (X, G) be a complete G-metric space and let T : X — X be G-continuous. Assume that T is
an (m, a) G-path-averaged contraction for somem > 2 and a € (0,1), i.e., forallx,y,z € X and alln > m,

n—1 n—1
Z G(TF ', Tk“y, T <« Z G(T*x, Tky, T*2).
k=0 k=0

Then for every xy € X, the Picard sequence x,+1 = Tx, G-converges to a fixed point x* € X.
Moreover, defining

m—1 m—1
Sp = G(xn+1: Xn» xn)a B, := Z Sn+k = Z G(xn+k+1: Xn+ks xn+k) (n 2> 0):
k=0 k=0
one has
Buy1 < aBy (n>0), (3.1)

and consequently the following error bounds hold for all n > 0:

B
G(x™, xp, xp) < N _"a, (3.2)

B
0 an (3.3)
-

G(X*a xn; xn) S 1



8 of 17 Ann. Commun. Math. 9 (2026): 8

Proof: Fix xy € X and set x, := T"x.

Step 1: block-sum decay. Apply the G-PA inequality with n = m to the triple (x, y, z) = (x5, X, Xp+1). Using
T*xy = xpk and T*x,41 = Xpiks1, We obtain

m—1 m—1
Z G(Xpsk+1s Xntk+1> Xnakt2) < & Z G(xn+k,xn+k’ xn+k+1)-
k=0 k=0

By symmetry of G, G(Xntk> Xntks Xnik+1) = G(Xniks1> Xntks Xnsk) = Sntk and G(Xniks1, Xntks1> Xnskr2) =
G(Xntk+2> Xntk+1s Xntk+1) = Sn+k+1. Hence the preceding inequality is exactly (3.1), i.e. B,4+1 < aBy,. Iterating
gives B, < a"B, for all n > 0.

Step 2: tail estimate for increments. For each j > 0, since sp;; < Bpyj < a’B,, we have

i5k=isn+jgi0{j3n= Bn .
k=n j=0 Jj=0 1-

o

Step 3: {xp} is G-Cauchy. By Lemma 1, for any p > 1,

n+p—1 00 B
G(xn+p: Xn, Xn) < Z sk < Z Sk < 1 _na-
k=n k=n

Hence G(xn+p, Xn, Xp) — 0 as n — oo uniformly in p > 1, so {x,} is G-Cauchy. Since (X, G) is complete,
. * G *
there exists x* € X such that x, — x*.
N G G e . .
Step 4: x* is a fixed point. By G-continuity, Tx, = x,+1 — Tx™. But also x,1; — x”. Limits in a G-metric
space are unique (e.g. via Lemma 2 and the induced metric dg), hence Tx* = x™.

Step 5: error bounds. From Step 3, for each fixed nand all p > 1,

n

1—a

G(xn+p> Xn, Xn) <

By
1-a’

Letting p — oo and using x4, S i yields G(x*, xp, x,) <
(3.3) follows. [

which is (3.2). Finally, since B, < a"B,

Theorem 2: Let (X, G) be a G-metric space and let T : X — X be an (m, «) G-path-averaged contraction
for somem > 2 and a € (0,1). If T has a fixed point in X, then it is unique.

Proof: Assume x*, y* € X are fixed points: Tx* = x* and Ty* = y*. Apply the G-PA inequality with
n = m to the triple (x, y, z) = (x*, y*, y*):

m—1 m—1
Z G(Tk+1x*’ Tk+1y*, Tk+ly*) <a Z G(Tkx*, Tky*, Tky*)
k=0 k=0
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Since TFx* = x* and T¥y* = y* for all k, this becomes
mG(x", y", y") < am G(x", y*, y").
Thus (1 — a)m G(x*, y*, y*) < 0, and since (1 — a)m > 0 we get G(x*, y*, y*) = 0. By (G1), x* = y*. I

Corollary 1: Let (X, G) be a complete G-metric space and let T : X — X be G-continuous. Assume that T is
an (m, &) G-path-averaged contraction for somem > 2 and « € (0,1). Then T has a unique fixed point x* € X,

and for every x; € X the Picard sequence x,+1 = Tx, G-converges to x*. Moreover, with x, := T"xy and
m—1

B, := Z G(xn+k+19 Xn+ks xn+k)’
k=0

one has foralln > 0,

B, < By
—«a 1—a

G(x*, xp, x,) < n
Proof: Existence, convergence, and the bounds follow from Theorem 1. Uniqueness follows from Theorem 2. []

Theorem 3: Let (X, G) be a complete G-metric space and let t > 2. Let f : X' — X and defineF : X' — X!
by

F(u()s Uy ... ut*l) = (f(utfly Up—25 .. s uo)s Ug, Up, ..., utfz)'

On X', let G, be the product G-metric from Definition 7. Assume that F is G;-continuous and that F is an
(m, &) G;-path-averaged contraction for some m > 2 and « € (0, 1). Then there exists a unique x* € X such
that

fl® x", ., x") = x".
Moreover, for any initial points xy, ..., x;—1 € X, the sequence defined by
xn+1 = f(xna xn—l, ceey xn—t+1) (n 2 t— 1)

G-converges to x*. In addition, ifuy := (x4—1, ..., X0) and up4 := F(u,), then with

m—1
Sn = Gt(un+1’ un,un)s Bglt) "= Z Sn+k3
k=0

one has for alln > 0,

BY  BY
G(-X*’xt—1+n7 xt—1+n) S Gt((X*a""X*)’unaun) S & <
l-a 1-a«a

a.
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Proof: By Lemma 4, (X!, G;) is complete. Applying Theorem 1 and Theorem 2 to the self-map F on
(X', Gy) yields a unique fixed point u* € X! and G;-convergence u, N u*. Writing u* = (uy, ..., u;—1) and
using F(u*) = u” gives u; = ug, ..., us—1 = us—p and ug = f(u4_yq, ..., tp), hence uy = - = u;_; =: x* and
f(x*,...,x*) = x*; uniqueness of u* implies uniqueness of x™.

Finally, Lemma 5 identifies the first coordinate of u, with x;_1;,, and u, &, (x*,...,x™) implies in

particular x;_14, S, x*. The stated quantitative estimate follows by applying the bounds in Theorem 1 to F
on (X!, G,). O

Theorem 4: Let (X, G) be a complete G-metric space and let T : X — X be G-continuous. Assume that T
is an (m, &) G-path-averaged contraction for some m > 2 and a € (0, 1). Fix xo € X and define x,+1 = Txp.
Then {x,} G-converges to the unique fixed point x* of T, and for every n > 0:

(a) (A posteriori bound)

m—1

N 1
G(x > Xn» Xn) < m B, B, := Z G(xn+k+1,xn+k,xn+k)-
k=0

(b) (A priori geometric bound)

B
G(x™, xn, xn) < N °

a”.

(c)  (Max-form bound)

G(x", xn, xn) < max  G(Xpikt1, Xntks Xnik)-

1— a 0<k<m-1

Proof: This is precisely the quantitative part of Theorem 1 (and Corollary 1), together with the elementary
estimate B, < m maxXo<k<m—1 G(Xntk+1> Xn+ks Xn+k)-

Theorem 5: Let (X, G) be a G-metric space and let dg be defined by
do(x,y) = G(x, y, y) + G(y, x, x).

IfT : X — X is an (m, «) G-path-averaged contraction (Definition 5), then T is an (m, a) path-averaged
contraction on the metric space (X, dg), i.e., forallx,y € X and alln > m,

n—1 n—1
Z do(T* x, TF 1)) < a Z do(Tx, TFy).
k=0 k=0
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Proof: Fix x,y € X and n > m. Apply Definition 5 to the triple (x, y, y) to get

n—1 n—1
Z G(Tk+1x, Tk+1y, Tk+1y) <a Z G(Tkx, Tky, Tky)
k=0 k=0

Apply the same definition to the triple (y, x, x) to obtain

n—1 n—1

Z G(Tk“y, T, TF') < « Z G(T*y, TFx, T*x).
k=0 k=0

Adding the two inequalities yields the desired estimate for dg. [

Lemma 6: Let (X, G) be a G-metric space and let dg be defined by (2.1). Then for all x,y € X,

G(x,,y) < do(x,y) <3G(x,,y), Gy, x,x) < do(x,y) <3G(y, x, x). (3:4)
In particular, dg and the one-sided quantities G(x, y, y) and G(y, x, x) are equivalent up to constants.

Proof: The lower bounds G(x, y, y) < dg(x, y) and G(y, x, x) < dg(x, y) are immediate from dg(x, y) =

G(x, y,¥) + G(y, x, x).
For the upper bound, note that by symmetry G(y, x, x) = G(x, x, y). By (G5) with a = y,

G(x,x,y) < G(x, ¥, y) + G(y, x, y).
By symmetry, G(y, x, y) = G(x, y, y), hence G(y, x, x) = G(x, x, y) < 2 G(x, y, y). Therefore,
do(x,y) = G(x,y,y) + G(y, x,x) < G(x,,y) +2G(x, y, ) = 3G(x, y, y).

The second upper bound follows by swapping x and y. [
Lemma 7: Limits in a G-metric space are unique: if x, S x and xy, S Y, then x = y.

G
Proof: By Lemma 2, x, — x implies dg(x,, x) — 0, and similarly dg(x,, y) — 0. Since (X, dg) is a metric
space, metric limits are unique, hence x = y. [J

Proposition 2: Let (X, G) be a G-metric space and let dg be given by (2.1). A self-map T : X — X is
G-continuous if and only if it is continuous on the metric space (X, dg).

Proof: Assume T is continuous on (X, dg). If x, S, x, then by Lemma 2 we have dg(x,, x) — 0, hence
G
dc(Tx,, Tx) — 0, and again by Lemma 2 we obtain Tx, — Tx. Thus T is G-continuous.

Conversely, assume T is G-continuous. If dg(x,, x) — 0, then x;, S, x by Lemma 2, hence Tx;, S, Tx,
and therefore dg(Tx,, Tx) — 0 again by Lemma 2. Thus T is dg-continuous. [
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Corollary 2: Under the assumptions of Corollary 1, the Picard iterates satisfy the metric estimate

. 3B, _ 3By , =
dG(x ,xn) < - < 1— a, B, = Z G(xn+k+ls Xn+ks xn+k),
(24 (24 k=0

where x* is the unique fixed point and xp+1 = Txp.

Proof: By Theorem 1, G(x*, x,, x,) < 2. Applying Lemma 6 with (x, y) = (x*, x,) yields

1-a”
* * 3
do(x*, %) < 3 G(x*, X, xn) < —— B
—a
The geometric bound follows from B, < a"B,. [

Lemma 8: Let (X, G) be a G-metric space and let T : X — X be an (m, @) G-path-averaged contraction. For
fixed x,y,z € X, define

m—1
Dy(x,y,2) := Z G(T"*x, Ty, T) (n>0).
k=0

Then
Dpi1(x,y,2) < aDu(x,y,2)  (n20),
and hence for all n > 0,
G(T"x, T"y, T"z) < Dy(x,y,z) < a"Dy(x, y, z). (3.5)

Proof: Apply the G-PA inequality with the choice n = m to the triple (T"x, T"y, T"z). The left-hand side
becomes

m—1 m—1
Z G(Tk+1(Tnx), Tk+1(Tny), Tk+1(Tnz)) — Z G(Tn+k+1x, T}’l+k+1y’ Tn+k+1z) — Dn+1(x, y’ Z),
k=0 k=0

and the right-hand side is exactly D,(x, y, z). Thus D,; < aD,. Iterating gives D,, < a"D,, and since
G(T"x, T"y, T"z) is one term in the sum D,, we also have G(T"x, T"y, T"z) < D,. [J

Corollary 3: Let (X, G) be a G-metric space and let T : X — X be an (m, @) G-path-averaged contraction.
Then forallx,y € X and alln > 0,

m—1
do(T"x, T"y) < " Z do(T*x, T*y).
k=0
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Proof: By Theorem 5, T is an (m, ) path-averaged contraction on (X, dg). Applying the path-averaged
inequality with n = m to the pair (T"x, T"y) yields

m—1 m—1
Z dG(Tn+k+1x’ Tn+k+1y) <a Z dG(Tn+kx, Tn+ky).
k=0 k=0

Defining A, := 2',:’;01 do(T™Fx, Tk y), we get Apyq < al\y, hence A, < a™Ay. Since do(T"x, T"y) < A,

the claim follows. [

Theorem 6: Let (X, G) be a G-metric space and let T : X — X be an (m, «) G-path-averaged contraction
for somem > 2 and a € (0,1). Assume that T has a fixed point x* € X. Then for every x € X the Picard orbit
T"x G-converges to x*, and one has the quantitative bound

m—1
G(T"x, x*, x") < a" Z G(TFx, x*, x¥) (n>0). (3.6)
k=0
Consequently,
m—1
do(T"x,x") < 3a" Z G(Tkx, x*, x*) (n>0).

k=0

Proof: Fix x € X and define

m—1
E,:= Y, G(T™x, x*, x)  (n>0).
k=0

Apply the G-PA inequality with n = m to the triple (T"x, x*, x*). Since T*x* = x* for all k, we obtain

m—1 m—1
Z G(T™ 1 x, x*, x) < a Z G(T™*x, x*, x*),
k=0 k=0

ie. E;y1 < aE,. Hence E, < a"Ey, and since G(T"x, x*, x*) is a term of E,, we get (3.6). This implies
G(T"x,x*,x*) > 0,1e. T"x S, x*.

Finally, by Lemma 6 (with (x, y) = (T"x, x*)), dg(T"x, x*) < 3 G(T"x, x*, x*), and the displayed metric
bound follows. []

Theorem 7: Let (X, G) be a complete G-metric space. Let T,S : X — X be G-continuous self-maps such
that each of T and S is an (m, @) G-path-averaged contraction (possibly with different parameters), so that
each has a unique fixed point (by Corollary 1). If, in addition, T and S commute (i.e. TS = ST), then they have
the same fixed point. In particular, T and S have a unique common fixed point in X.
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Proof: Let p be the unique fixed point of T and g the unique fixed point of S. Since Tp = p and TS = ST,
we have

T(Sp) = S(Tp) = Sp,

so Sp is a fixed point of T. By uniqueness of the fixed point of T, it follows that Sp = p, hence p is a fixed
point of S, so p = q by uniqueness of the fixed point of S. [J

Proposition 3: Let (X, d) be a metric space and let G be the induced G-metric

G(x, y,z) = max{d(x, y), d(y, z), d(z, x)}.

IfT : X — X is an (m, a) path-averaged contraction on (X,d) and a € (0, %), then T is an (m,3a)
G-path-averaged contraction on (X, G).

Proof: Fix x,y,z € X and n > m. For each k,
G(TkHX, Tk+1y, Tk+lz) — max{d( Tk+1x, Tk+1y), d(Tk+1y, TkHZ), d(Tk+1Z, Tk+1x)}

S d(Tka, Tk+1y) + d(Tk+1y, Tk+lz) + d(Tk+1Z, Tk+1x).

Summing over k = 0,..., n — 1 and applying the (m, «) PA inequality (in d) to each of the pairs (x, y), (y, z)
and (z, x) gives

n—1 n—1
Z G(TF 1 x, Ty, TH2) < a Z(d(Tkx, T*y) + d(T*y, TF2) + d(T*z, Tkx)).
k=0 k=0

For each k, the sum of the three pairwise distances is bounded by 3 times their maximum, i.e.

d(T*x, T*y) + d(T*y, T*2) + d(T*z, T*x) < 3 G(T*x, Ty, T*2).

Hence,

n—1 n—1

Z G(TF ', Tk“y, TF12) < 3¢ Z G(TFx, Tky, T*2).
k=0 k=0

Since a < % we have 3a € (0,1), so T is an (m, 3a) G-PA contraction. [J

Theorem 8: Let (X, G) be a complete G-metric space and let T : X — X be G-continuous. Assume that T
is an (m, @) G-path-averaged contraction for some m > 2 and a € (0,1), and let x* € X be its (unique) fixed
point. Let {y,} C X be any sequence (an inexact Picard iteration) satisfying

Yn+1 = Ty, + e, inthe sensethat 6, := G(¥n+1, Tyn, Tyn) =0 (n>0).
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Then for every n > 0,

m—1 n—1
Glym x", x") < a” Y G(TEyo,x",x") + ), a" 7 5,
k=0 Jj=0

(o] G *
and in particular, if §, — 0 (or Y,y 8n < ), then y, — x*.

Proof: Define E, := Y.{=y G(T"*yy, x*, x*) as in Theorem 6. Since x* is a fixed point, the G-PA inequality
with n = m applied to (T"yy, x*, x*) yields E,+1; < @E,, hence E, < a"E,.
For the inexact orbit, use the rectangle inequality (G5) with a = Ty,:

G(yn+1, x*aX*) S G(Yrﬁ—l, Tyrl’ T)/n) + G(TYn, X*s x*) = 571 + G(TJ/n, x*’ x*)-

By Theorem 6 applied to the exact Picard orbit starting at y,,

m—1
G(Tyn x*,x") = G(T' yn.x", x) < & Y, G(T yn, x*, x*).
k=0

Iterating this estimate along n and unrolling the resulting recursion gives

m—1 n—1
Gy, x",x™) < a" Z G(Tkyo,x*,x*) + Z a1 dj.
k=0 j=0

If §, — 0, then the convolution term tends to 0; if ). §, < oo, it also tends to 0. Hence G(yy, x*, x*) — 0, i.e.
G
yp— x*. O

Theorem 9: Let (X, G) be a complete G-metric space and let T,S : X — X be G-continuous. Assume that
both T and S are (m, ) G-path-averaged contractions for the same parametersm > 2 and a € (0, 1), and let
x* and y* be their unique fixed points, respectively. Suppose there exists ¢ > 0 such that

G(Tx,Sx,Sx)< ¢ forallx € X.

Then

3¢
1—a

G(x",y*,y) < % and do(x™,y") <
-«
Proof: Using (G5) with a = Sx™ and the assumption,

G(x™,y",y") = G(Tx",Sy",Sy*) < G(Tx", Sx*, Sx™) + G(Sx™, Sy*, Sy*) < ¢ + G(Sx™, Sy*, Sy”).
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Now apply Theorem 6 to the map S with fixed point y* and starting point x*:

m—1
G(S"x*,y", y") < a" Y, G(SFx", y*, y7).
k=0

In particular, setting n = 1 and estimating the sum by its first block recursion as in Theorem 1 yields a
linear inequality of the form

G(Sx", y", y") < a G(x", ¥, y").
Combining with the previous bound gives
G(x",y",y") < e+ aG(x", y", y"),

hence (1 — a)G(x*, y*,y*) < &, ie. G(x*,y*,y") < ¢/(1 — ). Finally, Lemma 6 gives dg(x*,y*) <
3G(x*, y*, ") <3¢/(1— ). O
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