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Abstract: Let𝐺 be a graph. An Edouard Product Cordial Labeling (EPCL) of a graph𝐺 with |𝑉 (𝐺)| = 𝑛 is an injective
function 𝑓 ∶ 𝑉 (𝐺) → {𝐸0, 𝐸1, 𝐸2, … , 𝐸𝑛−1} where 𝐸𝑖 is the 𝑖th Edouard number (𝑖 = 0, 1, 2, 3, … , 𝑛) that induces a
function 𝑓 ∗ defined by

𝑓
∗
(𝑢𝑣) = (𝑓 (𝑢)𝑓 (𝑣)) (mod 2)

for all edge 𝑒 = 𝑢𝑣 such that |𝑒∗𝑓 (0) − 𝑒∗𝑓 (1)| ≤ 1 where 𝑒∗𝑓 (0) is the number of vertices labeled with 0 and 𝑒∗𝑓 (1) is the
number of vertices labeled with 1. The graph that satisfies the condition of an edouard product cordial labeling is
called an edouard product cordial graph (EPCG).

Mathematics Subject Classification: 05C75,05C78.
Keywords: Edouard Number,; Edouard Product Cordial Labeling; Cordial Labeling.

1 Introduction

Euler’s Konigsberg Bridge Problem is considered as the birth of graph theory. Graph theory is a branch
of discrete mathematics with deals with the study of graphs and its characteristics. Graph Theory is
considered as the intensively researched area of mathematics. Graph Theory has different area of topic such
as graph domination, labeling, mathing, coloring, etc. Graph labeling refers to an assignment of integers
(or sometimes other symbols) to the vertices, edges, or both, of a graph under specific conditions. The
concept was first introduced by Rosa in 1967 through the study of graceful labeling, which initiated a wide
range of labeling schemes such as magic[11], harmonious [2], cordial [4], prime [3], and divisor labelings
[6]. Numerous types of labeling being discovered, codial labeling is one of them. Cordial Labeling is a
graph labeling in which the possible choices to be labeled is either 0 or 1 of the edges and vertices of a
certain graph. Cordial Labeling comes in many ways depending to the condition that must be considered.
This concept was introduced by Cahit in 1987 as a weaker version of harmonious and graceful graphs [2].
Several cordial labeling exist, see [1,5,7,9,10].
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As a reference of existing variants of cordial labeling, this study explore its new concept using the other
types of number sequence which is Edouard number.

2 Basic Concepts

Definition 1: A star graph 𝑆𝑛 = 𝐾1 + 𝐾𝑛 is a tree on 𝑛 nodes with one node having vertex degree 𝑛 − 1 and
the other 𝑛 − 1 having vertex degree 1.

Definition 2: [8]A generalized Edouard sequence {𝐸𝑛}𝑛≥0 = {𝐸𝑛(𝐸0, 𝐸1, 𝐸2)}𝑛≥0 is defined by the third-order
recurrence relation

𝑊𝑛 = 7𝐸𝑛−1 − 7𝐸𝑛−2 + 𝐸𝑛−3

with the initial values 𝐸0, 𝐸1, 𝐸2 not all being zero. If we take 𝐸0 = 0, 𝐸1 = 1, 𝐸2 = 7, then {𝐸𝑛} is the Edouard
sequence.

Definition 3: Let𝐺 be a graph. An Edouard Product Cordial Labeling (EPCL) of a graph𝐺with |𝑉 (𝐺)| = 𝑛 is
an injective function 𝑓 ∶ 𝑉 (𝐺) → {𝐸0, 𝐸1, 𝐸2, … , 𝐸𝑛−1}where 𝐸𝑖 is the 𝑖th Edouard number (𝑖 = 0, 1, 2, 3, … , 𝑛)
that induces a function 𝑓 ∗ defined by

𝑓
∗
(𝑢𝑣) = (𝑓 (𝑢)𝑓 (𝑣)) (mod 2)

for all edge 𝑒 = 𝑢𝑣 such that |𝑒∗
𝑓
(0) − 𝑒∗

𝑓
(1)| ≤ 1 where 𝑒∗

𝑓
(0) is the number of vertices labeled with 0 and

𝑒∗
𝑓
(1) is the number of vertices labeled with 1. The graph that satisfies the condition of an Edouard product

cordial labeling is called an Edouard product cordial graph (EPCG).

3 Results and Discussion

Theorem 1: Let 𝐸𝑛 be the 𝑛th term of the Edouard sequence. Then for every 𝑛 ∈ N,

𝐸𝑛 =

{
odd, if 𝑛 ≡ 1 (mod 4) or 𝑛 ≡ 2 (mod 4)

even, if 𝑛 ≡ 0 (mod 4) or 𝑛 ≡ 3 (mod 4)
.

Proof: Let 𝐸𝑛 be the 𝑛th term of the Edouard sequence. To prove this, let us separate into cases.
Case 1: 𝑛 ≡ 1 (mod 4)

Assume that 𝐸𝑘 is odd whenever 𝑘 ≡ 1 (mod 4) for some 𝑘 ∈ W. We need to show that the assumption
holds up to 𝐸𝑘+4 where 𝑘 + 4 ≡ 1 (mod 4). Now,

𝐸𝑘+4 = 𝐸𝑘+3 + 𝐸𝑘+2 + 𝐸𝑘+1

= (7𝐸𝑘+2 − 7𝐸𝑘+1 + 𝐸𝑘) + 𝐸𝑘+2 + 𝐸𝑘+1

= 8𝐸𝑘+2 + 6𝐸𝑘+1 + 𝐸𝑘
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By inductive hypothesis, 𝐸𝑘 is odd. Also, 8𝐸𝑘+2 and 6𝐸𝑘+1 are both even. Implying that 𝐸𝑘+4 is odd whenever
𝑛 ≡ 1 (mod 4).

Case 2: 𝑛 ≡ 2 (mod 4)

Assume that 𝐸𝑘 is odd whenever 𝑘 ≡ 2 (mod 4) for some 𝑘 ∈ W. We need to show that the assumption
holds up to 𝐸𝑘+4 where 𝑘 + 4 ≡ 2 (mod 4). Now,

𝐸𝑘+4 = 𝐸𝑘+3 + 𝐸𝑘+2 + 𝐸𝑘+1

= (7𝐸𝑘+2 − 7𝐸𝑘+1 + 𝐸𝑘) + 𝐸𝑘+2 + 𝐸𝑘+1

= 8𝐸𝑘+2 + 6𝐸𝑘+1 + 𝐸𝑘

By inductive hypothesis, 𝐸𝑘 is odd. Also, 8𝐸𝑘+2 and 6𝐸𝑘+1 are both even. Implying that 𝐸𝑘+4 is odd whenever
𝑛 ≡ 0 (mod 4).

Case 3: 𝑛 ≡ 0 (mod 4).
Assume that 𝐸𝑘 is even whenever 𝑘 ≡ 0 (mod 4) for some 𝑘 ∈ W. We need to show that the assumption

holds up to 𝐸𝑘+4 where 𝑘 + 4 ≡ 0 (mod 4). Now,

𝐸𝑘+4 = 𝐸𝑘+3 + 𝐸𝑘+2 + 𝐸𝑘+1

= (7𝐸𝑘+2 − 7𝐸𝑘+1 + 𝐸𝑘) + 𝐸𝑘+2 + 𝐸𝑘+1

= 8𝐸𝑘+2 + 6𝐸𝑘+1 + 𝐸𝑘

By inductive hypothesis, 𝐸𝑘 is even. Also, 8𝐸𝑘+2 and 6𝐸𝑘+1 are both even. Implying that 𝐸𝑘+4 is even
whenever 𝑛 ≡ 0 (mod 4).

Case 4: 𝑛 ≡ 3 (mod 4).
Assume that 𝐸𝑘 is even whenever 𝑘 ≡ 3 (mod 4) for some 𝑘 ∈ W. We need to show that the assumption

holds up to 𝐸𝑘+4 where 𝑘 + 4 ≡ 3 (mod 4). Now,

𝐸𝑘+4 = 𝐸𝑘+3 + 𝐸𝑘+2 + 𝐸𝑘+1

= (7𝐸𝑘+2 − 7𝐸𝑘+1 + 𝐸𝑘) + 𝐸𝑘+2 + 𝐸𝑘+1

= 8𝐸𝑘+2 + 6𝐸𝑘+1 + 𝐸𝑘

By inductive hypothesis, 𝐸𝑘 is even. Also, 8𝐸𝑘+2 and 6𝐸𝑘+1 are both even. Implying that 𝐸𝑘+4 is even
whenever 𝑛 ≡ 3 (mod 4).

By Principle of Mathematical Induction, we show that 𝐸𝑛 is odd whenever 𝑛 ≡ 1 (mod 4) or 𝑛 ≡ 2

(mod 4) and 𝐸𝑛 is even whenever 𝑛 ≡ 0 (mod 4) or 𝑛 ≡ 3 (mod 4).
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Theorem 2: The Path Graph 𝑃𝑛 is an Edouard Cordial Graph except when 𝑛 = 4𝑘 + 1 for 𝑛 ∈ N.

Proof: Suppose 𝑉 (𝑃𝑛) = {𝑣𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝑃𝑛) = {𝑣𝑖𝑣𝑖+1 ∶ 1 ≤ 𝑖 ≤ 𝑛 − 1}. The order and size of the
Path Graph are |𝑉 (𝑃𝑛)| = 𝑛 and |𝐸(𝑃𝑛)| = 𝑛 − 1, respectively. To prove this theorem, consider the following
cases.
Case 1: 𝑛 = 4𝑘 for some 𝑘 ∈ N.
Define the function 𝑓 ∶ 𝑉 (𝑃𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛−1} by

𝑓 (𝑣2𝑖−1) = 𝐸4𝑖−3, 1 ≤ 𝑖 ≤
𝑛

4

𝑓 (𝑣2𝑖) = 𝐸4𝑖−2, 1 ≤ 𝑖 ≤
𝑛

4

𝑓 (𝑣(2𝑖−1+ 𝑛
2
)) = 𝐸4𝑖−4, 1 ≤ 𝑖 ≤

𝑛

4

𝑓 (𝑣(2𝑖+ 𝑛
2
)) = 𝐸4𝑖−1, 1 ≤ 𝑖 ≤

𝑛

4

Then the induced edge labels are

𝑓
∗
(𝑣2𝑖−1𝑣2𝑖) = 1, 1 ≤ 𝑖 ≤

𝑛

4

𝑓
∗
(𝑣2𝑖𝑣2𝑖+1) = 1, 1 ≤ 𝑖 ≤

𝑛 − 4

4

𝑓
∗
(𝑣( 𝑛

4
+2𝑖+1)𝑣( 𝑛

4
+2𝑖+2)) = 0, 1 ≤ 𝑖 ≤

𝑛

4

𝑓
∗
(𝑣( 𝑛

4
+2𝑖+2)𝑣( 𝑛

4
+2𝑖+3)) = 0, 1 ≤ 𝑖 ≤

𝑛

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛
4
+ 𝑛

4
) − (𝑛

4
+ 𝑛−4

4
)| = |𝑛

2
− (𝑛−2

2
)| = 1 ≤ 1. Hence, the Path Graph 𝑃𝑛 is

an Edouard Product Cordial Graph when 𝑛 = 4𝑘 for some 𝑘 ∈ N.
Case 2: 𝑛 = 4𝑘 + 2 for some 𝑘 ∈ N.
Define the function 𝑓 ∶ 𝑉 (𝑃𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛−1} by

𝑓 (𝑣2𝑖−1) = 𝐸4𝑖−3, 1 ≤ 𝑖 ≤
𝑛 + 2

4

𝑓 (𝑣2𝑖) = 𝐸4𝑖−2, 1 ≤ 𝑖 ≤
𝑛 − 2

4

𝑓 (𝑣(2𝑖−1+ 𝑛
2
)) = 𝐸4𝑖−4, 1 ≤ 𝑖 ≤

𝑛 + 2

4

𝑓 (𝑣(2𝑖+ 𝑛
2
)) = 𝐸4𝑖−1, 1 ≤ 𝑖 ≤

𝑛 − 2

4
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Then the induced edge labels are

𝑓
∗
(𝑣2𝑖−1𝑣2𝑖) = 1, 1 ≤ 𝑖 ≤

𝑛 − 2

4

𝑓
∗
(𝑣2𝑖𝑣2𝑖+1) = 1, 1 ≤ 𝑖 ≤

𝑛 − 2

4

𝑓
∗
(𝑣( 𝑛+2

4
+2𝑖)𝑣( 𝑛+2

4
+2𝑖+1)) = 0, 1 ≤ 𝑖 ≤

𝑛 + 2

4

𝑓
∗
(𝑣( 𝑛+2

4
+2𝑖+1)𝑣( 𝑛+2

4
+2𝑖+2)) = 0, 1 ≤ 𝑖 ≤

𝑛 − 2

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛+2
4

+ 𝑛−2
4
) − (𝑛−2

4
+ 𝑛−2

4
)| = |𝑛

2
− (𝑛−2

2
)| = 1 ≤ 1. Hence, the Path Graph

𝑃𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 + 2 for some 𝑘 ∈ N.
Case 3: 𝑛 = 4𝑘 + 3 for some 𝑘 ∈ N.
Define the function 𝑓 ∶ 𝑉 (𝑃𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛−1} by

𝑓 (𝑣2𝑖−1) = 𝐸4𝑖−3, 1 ≤ 𝑖 ≤
𝑛 + 1

4

𝑓 (𝑣2𝑖) = 𝐸4𝑖−2, 1 ≤ 𝑖 ≤
𝑛 + 1

4

𝑓 (𝑣(2𝑖−1+ 𝑛+1
2
)) = 𝐸4𝑖−4, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓 (𝑣(2𝑖+ 𝑛+1
2
)) = 𝐸4𝑖−1, 1 ≤ 𝑖 ≤

𝑛 − 3

4

Then the induced edge labels are

𝑓
∗
(𝑣2𝑖−1𝑣2𝑖) = 1, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓
∗
(𝑣2𝑖𝑣2𝑖+1) = 1, 1 ≤ 𝑖 ≤

𝑛 − 3

4

𝑓
∗
(𝑣( 𝑛+1

4
+2𝑖+1)𝑣( 𝑛+1

4
+2𝑖+2)) = 0, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓
∗
(𝑣( 𝑛+1

4
+2𝑖+2)𝑣( 𝑛+1

4
+2𝑖+3)) = 0, 1 ≤ 𝑖 ≤

𝑛 − 3

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛+1
4

+ 𝑛−3
4
) − (𝑛+1

4
+ 𝑛−3

4
)| = |𝑛

2
− (𝑛

2
)| = 0 ≤ 1. Hence, the Path Graph

𝑃𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 + 3 for some 𝑘 ∈ N.
Considering the cases above, this proves that the Path Graph 𝑃𝑛 is an Edouard Product Cordial Graph

except when 𝑛 = 4𝑘 + 1 for 𝑘 ∈ N.

Theorem 3: The Cycle Graph 𝐶𝑛, 𝑛 ≥ 3, is an Edouard Cordial Graph when 𝑛 = 4𝑘 + 3 for 𝑛 ∈ N.
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Proof: Suppose the vertex set 𝑉 (𝐶𝑛) = {𝑣𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑛} and the edge set 𝐸(𝐶𝑛) = {𝑣𝑖𝑣𝑖+1, 𝑣1𝑣𝑛+1 ∶ 1 ≤

𝑖 ≤ 𝑛 − 1}. The order and size of are |𝑉 (𝐶𝑛)| = 𝑛 and |𝐸(𝐶𝑛)| = 𝑛, respectively. Define the function
𝑓 ∶ 𝑉 (𝐶𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛−1} by

𝑓 (𝑣2𝑖−1) = 𝐸4𝑖−3, 1 ≤ 𝑖 ≤
𝑛 + 1

4

𝑓 (𝑣2𝑖) = 𝐸4𝑖−2, 1 ≤ 𝑖 ≤
𝑛 + 1

4

𝑓 (𝑣(2𝑖−1+ 𝑛+1
2
)) = 𝐸4𝑖−4, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓 (𝑣(2𝑖+ 𝑛+1
2
)) = 𝐸4𝑖−1, 1 ≤ 𝑖 ≤

𝑛 − 3

4

Then the induced edge labels are

𝑓
∗
(𝑣1, 𝑣𝑛) = 0,

𝑓
∗
(𝑣2𝑖−1𝑣2𝑖) = 1, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓
∗
(𝑣2𝑖𝑣2𝑖+1) = 1, 1 ≤ 𝑖 ≤

𝑛 − 3

4

𝑓
∗
(𝑣( 𝑛+1

4
+2𝑖+1)𝑣( 𝑛+1

4
+2𝑖+2)) = 0, 1 ≤ 𝑖 ≤

𝑛 + 1

4

𝑓
∗
(𝑣( 𝑛+1

4
+2𝑖+2)𝑣( 𝑛+1

4
+2𝑖+3)) = 0, 1 ≤ 𝑖 ≤

𝑛 − 3

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛+1
4

+ 𝑛−3
4

+ 1) − (𝑛+1
4

+ 𝑛−3
4
)| = |𝑛+2

2
− (𝑛

2
)| = 1 ≤ 1. Hence, the Cycle

Graph 𝐶𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 + 3 for some 𝑘 ∈ N.

Theorem 4: The Star Graph 𝑆𝑛 ≅ 𝐾1 + 𝐾𝑛 is an Edouard Product Cordial Graph except when 𝑛 = 4𝑘 + 1 for
𝑘 ∈ W.

Proof: Suppose 𝑉 (𝑆𝑛) = {𝑢1, 𝑣𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝑆𝑛) = {𝑢1𝑣𝑖, ∶ 1 ≤ 𝑖 ≤ 𝑛} be the vertex set and edge set
of Star Graph. The order and size are |𝑉 (𝑆𝑛)| = 𝑛 + 1 and |𝐸(𝑆𝑛)| = 𝑛, respectively. To prove this theorem,
consider the following cases.
Case 1: 𝑛 = 4𝑘 for some 𝑘 ∈ W.
Define the function 𝑓 ∶ 𝑉 (𝑆𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛} by

𝑓 (𝑢1) = 𝐸1, 𝑓 (𝑣1) = 𝐸0, 𝑓 (𝑣𝑖) = 𝐸𝑖, 2 ≤ 𝑖 ≤ 𝑛
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Then the induced edge labels are

𝑓
∗
(𝑢1𝑣1) = 1,

𝑓
∗
(𝑢1𝑣2) = 0,

𝑓
∗
(𝑢1𝑣4𝑗−1) = 0, 1 ≤ 𝑗 ≤

𝑛

4

𝑓
∗
(𝑢1𝑣4𝑗 ) = 0, 1 ≤ 𝑗 ≤

𝑛 − 4

4

𝑓
∗
(𝑢1𝑣4𝑗+1) = 1, 1 ≤ 𝑗 ≤

𝑛 − 4

4

𝑓
∗
(𝑢1𝑣4𝑗+2) = 1, 1 ≤ 𝑗 ≤

𝑛 − 4

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛
4
+ 𝑛−4

4
+ 1) − (𝑛−4

4
+ 𝑛−4

4
+ 1)| = |(𝑛−2

2
+ 1) − (𝑛−4

2
+ 1)| = 1 ≤ 1. Hence, the

Star Graph 𝑆𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 for some 𝑘 ∈ N.
Case 2: 𝑛 = 4𝑘 + 2 for some 𝑘 ∈ W.
Define the function 𝑓 ∶ 𝑉 (𝑆𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛} by

𝑓 (𝑢1) = 𝐸1, 𝑓 (𝑣1) = 𝐸0, 𝑓 (𝑣𝑖) = 𝐸𝑖, 2 ≤ 𝑖 ≤ 𝑛

Then the induced edge labels are

𝑓
∗
(𝑢1𝑣1) = 1,

𝑓
∗
(𝑢1𝑣2) = 0,

𝑓
∗
(𝑢1𝑣4𝑗−1) = 0, 1 ≤ 𝑗 ≤

𝑛 − 2

4

𝑓
∗
(𝑢1𝑣4𝑗 ) = 0, 1 ≤ 𝑗 ≤

𝑛 − 2

4

𝑓
∗
(𝑢1𝑣4𝑗+1) = 1, 1 ≤ 𝑗 ≤

𝑛 − 2

4

𝑓
∗
(𝑢1𝑣4𝑗+2) = 1, 1 ≤ 𝑗 ≤

𝑛 − 6

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛−2
4

+ 𝑛−2
4

+ 1) − (𝑛−2
4

+ 𝑛−6
4

+ 1)| = |(𝑛−2
2

+ 1) − (𝑛−4
2

+ 1)| = 1 ≤ 1. Hence,
the Star Graph 𝑆𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 + 2 for some 𝑘 ∈ N.
Case 3: 𝑛 = 4𝑘 + 3 for some 𝑘 ∈ W.
Define the function 𝑓 ∶ 𝑉 (𝑆𝑛) → {𝐸0, 𝐸1, … , 𝐸𝑛} by

𝑓 (𝑢1) = 𝐸1, 𝑓 (𝑣1) = 𝐸0, 𝑓 (𝑣𝑖) = 𝐸𝑖, 2 ≤ 𝑖 ≤ 𝑛
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Then the induced edge labels are

𝑓
∗
(𝑢1𝑣1) = 1,

𝑓
∗
(𝑢1𝑣2) = 0,

𝑓
∗
(𝑢1𝑣4𝑗−1) = 0, 1 ≤ 𝑗 ≤

𝑛 − 3

4

𝑓
∗
(𝑢1𝑣4𝑗 ) = 0, 1 ≤ 𝑗 ≤

𝑛 − 3

4

𝑓
∗
(𝑢1𝑣4𝑗+1) = 1, 1 ≤ 𝑗 ≤

𝑛 − 3

4

𝑓
∗
(𝑢1𝑣4𝑗+2) = 1, 1 ≤ 𝑗 ≤

𝑛 − 3

4

Observe that |𝑒𝑓 (0) − 𝑒𝑓 (1)| = |(𝑛−3
4

+ 𝑛−3
4

+ 1) − (𝑛−3
4

+ 𝑛−3
4

+ 1)| = |𝑛−1
2

− 𝑛−1
2
| = 0 ≤ 1. Hence, the Star

Graph 𝑆𝑛 is an Edouard Product Cordial Graph when 𝑛 = 4𝑘 + 3 for some 𝑘 ∈ N.
Considering the cases above, this concludes that the Star Graph 𝑆𝑛 ≅ 𝐾1 + 𝑃𝑛 is an Edouard Cordial

Graph except when 𝑛 = 4𝑘 + 3. for 𝑘 ∈ N.

4 Conclusions

This paper determine its necessary or sufficient condition of the graphs considered to admit Edouard
Product Cordial Labeling. This result would apply in real world particularly in network design, chemistry,
electronics engineering, etc.
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