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Abstract: In this paper, we analyze a vector-host epidemic model with a piecewise-smooth treatment rate. The
use of piecewise-smooth treatment depicts the limited medical resource situation in the community. The treatment
increases linearly with infective population until the treatment capacity is reached, after which constant treatment(i.e
maximum treatment) is applied. The analysis indicates that there exists a critical value I, = z—: for the infective
human population level Iy at which the health care system reaches its capacity. We derive that when Iy, > I, the
dynamics of the model is completely determined by the basic reproduction number R,y. When Iy < I, the model
exhibits multiple endemic equilibria.
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1 Introduction

Vector-borne diseases constitue a significant risk to populations due to their widespread transmission
worldwide. An estimated of 80% of the world’s population is at risk of developing at least one vector-borne
disease [9]. These diseases can have detrimental, debilitating, and life-threatening impacts, with more
than 700, 000 deaths caused by vector-borne diseases each year worldwide [9]. According to the World
Health Organization (WHO), vector-borne diseases account for more than 17% of all infectious diseases.
Furthermore, the burden of these diseases is highest in tropical and subtropical areas, and they disproportionately
affect the poorest populations. Since 2014, major epidemics of dengue fever, malaria, chikungunya, yellow
fever, and Zika have affected populations, claimed lives, and overwhelmed health systems in many countries.
Changes at the environmental, demographic, and societal levels also contribute to the proliferation and
spread of vectors and, consequently, the diseases they carry and transmit. Pathogens are not limited by
national borders, and local and international movements of people can rapidly spread infections. Increasing
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urbanization results in large and dense populations, increasing the likelihood of transmission and occurrence
of infectious diseases. In addition, climate change can expand the habitats of some vectors to new regions,
thereby exposing new populations to the disease they transmit, and it can alter the patterns and intensity of
seasonal diseases. Detection, prevention, and response to infectious disease threats are therefore essential
to global health security. In addition to climate-related risk factors, vector-borne diseases tend to affect a
higher percentage of poor populations. These communities may have difficulty accessing clean water and
adequate sanitation, and may have poor infrastructure, which can contribute to favorable living conditions
for vectors and pathogens. The consequences of infection can, in turn, have economic repercussions,
as illness, disability, and death affect labor and productivity. The situation is thus characterized by a
circular relationship between disease burden and economic prosperity. As with many acute and chronic
diseases, vector-borne disease prevention methods have proven to be an effective method of disease control.
Prevention methods include vector control, vaccines and medications, early disease detection, protection
from bites, safe hygiene practices, and increased community cooperation. Mathematical models are useful
tools for understanding, predicting and controlling the spread of infections. Recently, a number of authors
have proposed mathematical models to explore the transmission dynamics of these vector-borne diseases.
Rosaire et al. [5] formulated a mathematical model to assess the theoretical effects of hospital ressources on
the propagation of a host vector disease. They derived a basic reproduction number and show the existence
of a bifurcation that indicates qualitative changes in the epidemic dynamics. In [7], Wang et al. proposed a
malaria model that incorporates spatial heterogeneity and treatment plan with ivemectin. They derived that
treatment plans with ivermectin have effects on the epidemic level. Zhao et al. [10] proposed a vector-borne
diseases model with two control strategies on bipartite network. The authors derived the basic reproduction
number, established stability result of the steady states and provided an optimal solution to reduce control
cost. In [1], Dumont et al. studied the effectiveness of the sterile insect technique in the disease control.
Treatment have a great impact in disease control. Classical epidemic models typically assume that the
treatment rate is linearly proportional to the number of infected individuals. This linear assumption
is appropriate when the number of infections is not significant, it becomes inadequate as the number
of infective individuals increases due to the low medical ressources such as the medical staff, hospital
beds, and medicine. For that reason, Wang [8] formulated the following piecewise-smooth treatment
function: 7 (I) = min(rI; rly), where r is a positive constant, I is the infective level at which the health
care system reaches its capacity. This functions indicates that the treatment rate increases linearly with the
number of infective individuals, up to the point at which the treatment capacity is saturated. When the
number of infective individuals is higher than the treatment capacity, the maximum capacity represented
by the constant value rlj is taken [4]. This reflects a potential scenario in which the number of patients
requiring hospitalization exceeds the available hospital bed capacity. In this work, we propose and analyse a
mathematical model that incorporates a treatment function T defined above. According to the individual’s
disease status, the populations are categorized into compartments. The human population is divided into
three compartments, namely susceptibles (Sy), infected (I,), and recovered (Rp,). The vectors population is
divided into two compartments, namely susceptible (S,) and infected (I,). We define I, as the infective
human population level at which the health care system reaches its capacity, so T(I) = min(rlh, thO).
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To investigate the combined impact of social behavior change and limited medical ressources on the
transmission dynamics of the host-vectors diseases, we consider the following model

dS

(T: = by — prSh — PL,Sh,

dlp :

i BLSy — (up + d + y)Ip — min(rlp,; rly),

dRy, .

g SVt min(rlpo; rIn) — pnRa, (1.1)
dS,

dtv =b, - ,UvSv - §Ith:

dl

7; = gIth - )uUIUa

where, pj, denotes the natural mortality rate of humans; by, is the recruitment rate of susceptible human
population; f§ represents the disease transmission rate from vectors to humans; d is the disease-induced
mortality rate of infected individuals; y is the recovery rate; b, represents the recruitment rate of the vector
population; y, denotes the natural mortality rate of vectors; and ¢ is the disease transmission rate from
humans to vectors.

The rest of the paper is structured as follows: in section 2, we derived some basic properties of the model
(1.1). We show that model (1.1) can be divided into two subsystems according to the piecewise smooth
nature of the processing function, called respectively the left subsystem and the right subsystem. Section 3
is devoted to the analysis of the global dynamics of the left subsystem. In section 4, we study the global
dynamics of the right subsystem. Finally, in section 5 the paper end with a conclusion.

2 Basic properties
In this section, we first show that the model (1.1) is biologically well-posed, that is all solutions remain

positive and bounded. We first state the following result.

Proposition 1: Let (S, I, Ry, Sy, I,) be any solution of system (1.1) with positive initial conditions. Then, the
solution remains positive for all t > 0 and satisfies the following bounds :

Lim (Sp(t) + In(t) + Ru(1)) < Zh and 1im(S,(t) + (1)) = ﬁ.
t—o00 h t—o00

v
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Proof: We easily find that within R3,

dS

dth‘sh—o =20,

(Zlﬁh:o = BL,S, >0,

dthh|R,,:0 = yIp + min(rlp,, rly) > 0, (2.1)
ds

d—t” oo™ b, >0,

% = S 20

Assuming that S;,(0), I,(0), R,(0), Sp(0), S,(0) and I,(0) are positive, it follows from equation (2.1) that the
vector field defined by (1.1) is directed toward the interior of R}. That is, the solution (S;,(t), I,(t), Ry(t), S, (1), I,(t))
remains in R3. Further, let N, = S, + I + R, and N, = S, + I,. Thus, from equation (1.1) we deduce that

dNp v
— < - = Oy = HoiNp.
ar = by — ppN,  and i by — N,
That is,
b b, v\ -
Ny < L (Nh(O) - bh)e_”ht and N,=—+ (NU(O) - b)e Hot
HEn Hh v v
@ and lim N, = @ ]

Therefore, lim N, <
t—o00 ,Uh t—o0 ,uv

Since the removed human population does not appear in the remaining equation of (1.1), it is sufficient to

consider the following system:

dsS
= bu— Sy = fLSh,
dIy )
It = BL,Sy — (up + d + y)Ip — min(rly; rip),
(2.2)
ds
dtv = bu - ,UUSU - {fIhSU,
dl
d—: = &0,S, — ol
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Moreover, Proposition 1 shows that it is sufficient to work in the following set

@ = { (510 1), S, 1) € RL i) + B(D < 2, 5,0+ (D < -2 )
Hh Hh

Now, we set

_ B Bl &S &
X = , Y= ,Z= , W=
ph+d+y pht+d+y pp+d+y ph+d+y

and 7 = (yu, + d + y)t. Thus, we obtain

dc__p s,
dt — pp+d+y dt

(bn — prSn — L, Sk).

T htd+y
By using (2.3), we get
d b
dx _ pbn _yhx_ﬂ(llh+d+)’)xw,
dt  pp+d+y £
that is
1 dx Bbn Hh
—_— = 5= X — =xw.
(n+d+y)dt  (gp+d+y) m+d+y &
b
Further, setting A; = Lz and m; = L, we get
(pn+d+7y) prn+d+y
dx
EZAl—mlx—Exw.
Further,
dy __ p dh
dt  pp+d+y dt
p .
= —(pL,Sy, — +d+y)I, — I 5 vl
yh+d+y(ﬁ n — (un I — min(rly,; rly))
i B .
= — LS, -l — —— I s rly),
up+d+y h =Pl yh+d+ymm(rh° rlh)
which gives us
1 dy _ ,Bva ﬁIh ﬁ

ph+d+ydt  pptd+y p+dty(uy+d+y)

min(rIp,; rIp).

5 of 23

(2.3)

(2.4)
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Then, d B B
y .
2 = Cxw—y— ————— min(rly,; rlj).
dt & (pn+d+y)

Let define the function 7 by

B .
T(y) = —————— min(rl,; rlp).
(un +d + y)’
Thus,
2 I I
T(y) = ny where n = Lz and yy = L
lyo—yl+n+y (pn+d+7y) pn+d+y
Hence
dy P
— =—xw—y-—-T(y).
By using equation (2.3), we obtain
& ds,
dt  pp+d+y dt
_ &by _ &Sy _ gthSv
Cwtd+y pmpd+y pptd+y
That is,
1 dz £by Ho ¢
—_— = 5 — z— =yz.
(pp+d+y)dt  (m+d+y) m+d+y p
Then,
dz _ &by 5 — o - éyz.
dt  (up+d+y) prntd+y I
By setting
gbv Ho
A = d =,
Tt dryr T v d+y
we obtain
dz
e =Ay—myz — Zyz.

The derivative of w with respect to the time ¢ is given by:

(2.5)

(2.6)
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dw__ & 4,
dt  pp+d+ydt
& £
= —NLS — —— I,
,uh+d+yh yh+d+y'u
That is,
1 d
1 dw b,
(pp+d+y)dt B up+d+y
Then,
dw
i Zyz — mow. (2.7)
Thus, from (2.4)-(2.7), we derive that system (2.2) becomes
dx
T A —myx — Exw,
dy _ B
2 L ew—y =T,
(2.8)
dz
i Ay —myz — Eyz,
dw _$ zZ—myw
Lar gt
o<y <y (i.eO <I SIhO),then
ny
T(y)=—.
(») "

Thus, the second equation of (2.8) becomes

dy P < n)
—=Zxw—|(1+—)y,
dt & w)”

that is,

dy _p

n
—xw—sy, where s=1+ —.

dt_f Yo
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Hence, system (2.8) can be rewritten as

(dx

E:Al mlx—fxw,
d

djt/—?xw—sy,

dz

E_Az mzz—gyz,
d—w—— z—m

\dt _ﬂy 2W.

Ann. Commun. Math. 9 (2026): 2

(2.9)

A A A
From equation (2.9), one can verify that 0 < x < o< y < min(l, y()), and 0 < w,z < 2. Thus,
my

the set

Ql = {(xay,Z,W)“)SXS A,Ogygm1n<./4l,y0
my

my

ms

is a positively invariant for system (2.9).

o<y <y (i.e I > Iho), then

Thus, system (2.8) becomes

T(y)=n.
dx
I A —mix — gxw,
dy B
1 érxw y—n,
dz
T Ay —myz — Byz,
dw

ms

A, Az
, 0z —,0<w< —
msy mo

(2.10)
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. A A
One can verify that 0 < x, y < “Lando <w,z< 7z Hence,
mq my

A A
Q) = {(X,y,Z,WHOSX,ySI,OSW,ZSZ}
my my

is a positively invariant set for system (2.10).

3 Dynamics of the left subsystem (2.9)

3.1 Existence of equilibrium points

By direct calculation, we show that system (2.9) admits a disease-free equilibrium

Further, following the idea of Driesche and Watmough ([6]), the basic reproduction number is given by

1 |AA
Ro = — ! 2.
mo Smq

We now determine the endemic equilibrium points that will provide information regarding long-term
behavior of the disease. We state the following result:

Proposition 2: IfR, > 1 the model (2.9) admits a unique positive endemic equilibrium £* = (x*, y*, z*, w*)
where

e myé Ay + misp . Bmimi(R3 — 1)
Aof + mimpé’ Ao+ mymyé
, Emumgs+ Apsp . Emimis(RE-1)
- EAL+mysp W= meé A + misf

Proof: Let (x, y, z, w) be an equilibrium equilibrium of model (2.9), thus the following equations holds:

Al —mix — ?xw =0, (3.1)
'?xw —-sy=0, (3.2)
Ay —myz — Zyz =0, (3.3)
éyz —myw = 0. (34)

p
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Summing (3.1) and (3.2) give us A; —myx — sy = 0, which yields

A, —
- 17’"1’(. (3.5)
s
From equation (3.1), we derive that
o SALTmx (3.6)
B x
By using equations (3.3) and (3.5) we establish that
Asfs (3.7)

© myfs+ E(AL —mix)’
Using equations (3.5), (3.6) and (3.7) to replace y, z and w into (3.4) gives us
Azfx —misp — myé Ay + ma€myx

(.Al - m1X) mzsﬁx n .f(_Al _ mlx) =0. (38)

myéAq + m%sﬁ

A A
Equation (3.8) has two solutions, namely, x; = L and x, = . The solution x = = gives
my

A2f + mzlmzf my
+
us the disease-free equilibrium £° defined above. For x, = M, we derive that
Azﬂ + m1m2§
. ﬂmlmg(k(z)_l) _ Emymys + Apsp _ §m1m§3<R3_1>

3 Z b} - .
Ao+ mimyé EAL + mysp W myé Ay + misf
Clearly y and w are positive whenever R, > 1. The proof is completed. []

3.2 Stability analysis of the disease-free equilibrium

In this part, we establish the local and global behavior of the disease-free equilibrium £°. We state the
following result:

Proposition 3: IfR < 1, the disease-free equilibrium £° = (Al, 0, ﬁ, 0) is locally asymptotically stable.
mq my

It is unstable if Ry > 1.

Proof: Let M, be the Jacobian matrix associated to the system (2.9) at the disease-free equilibrium point
0 Al AZ
E = —,0,—,0 ). Then,

mi ma
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w0 o _PA
fml
B A
0 —S 0 -—
&my
Mo =
& Ay
0 —=— -m 0
B m; 2
§A _
0 ﬂ s 0 mo

Further, the characteristic polynomial of the matrix M, is given by

Pp,(A) = (A +m)(A + mg)(/l2 +(my + s)A + mlmgs(l - Rg)).

By direct calculation, we easily find that the root of Py, are

Ay =-my, Ay =-my,
—(my + s) — \/(mg +5)° — dmim3s(1 - R2)
3= 5 ,
, —(my + ) + \/(m2+s)2—4m1m§s(1—7€(2)>
4= 5 .

If Ry < 1, all roots are strictly negative, that is £° is locally asymptotically stable. When R, > 1, the root
Ay is strictly positive, so £° becomes unstable. []

We now analyze the global behavior of the disease-free equilibrium £°. The following result holds.
Proposition 4: If R, < 1, the disease-free equilibrium E° is globally asymptotically stable,

Proof: The infected components satisfy

d
d—)t/ = ’?xw - sy,

(3.9)
dw &

— = >yz —myw.

dt p



12 of 23

ﬁm§>
LetZ =(y,w) and 0 = [ 1, Ry=—2 ).
(¥, w) < F 4,

Thus equation (3.9) gives us

az <(F+V)Z
dr — ’
where
) P
‘fml
F = and V=
fA
B mz

It is easy to verify that

p(=FV™) = p(=V"'F) = Ry

Further, we define the following Lyapunov candidate function:

V=-0V'Z
The time derivative of V is given by
dv dz
— =V
dt dt

Then, by using inequality (3.10) we obtain

% < -0V Y F+V)Z,
that is,
% <O(Ro—1)Z.
Since R, < 1, we obtain
2
dt —

Ann. Commun. Math. 9 (2026): 2

(3.10)

and OV7IF = R,0.

av
Moreover, if Ry < 1, the condition T 0 implies that §Z = 0. Since all components of 0 are positive, it

follows that y = w = 0. Therefore, when R, < 1, setting the right-hand side of system (2.9) to zero and

_ . A . .
substituting y and w by 0, we obtain x = 2L and z = Z2. Moreover, the largest invariant subset of

mi ma

ay
{(x, Y, W, z) € RZ'E = O} is reduced to the singleton {8 0 } Hence, by using LaSalle’s invariant principle
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(see [2], [3]), we claim that the disease-free equilibrium &£° is globally asymptotically stable within the
domain Q4. This ends the proof. []

3.3 Stability analysis of the endemic equilibrium

Here, we provide the local and global behavior of the endemic equilibrium £*. The following result holds.
Proposition 5: If R, > 1, then the endemic equilibrium E* is locally asymptotically stable.

Proof: Let M” be the Jacobian matrix evaluated at the endemic equilibrium £*. Thus,

* ﬂ *
-m;— —w 0 0 —=Xx
boe 3
éw* —-s 0 Ex*
£ £
M* =
£ . ¢ .
0 =z —my—=y 0
p © B
£ . .
0 =z =y -m
p p i
So, the characteristic equation is given by
(A +mp) (X + b1A2 + bod + b3) = 0, (3.11)
where
b, =m1+m2+s+§w*+§y* >0,
by = <m1 + §W*> (s +my + gf) + 2smy + sgy* >0,

by = <m1 + ?w*> <sm2 + s/é;y*> + smymy > 0.

Clearly, —m, is a solution of equation (3.11) and the remaining solution solve equation

A+ b A% + byl + by = 0. (3.12)
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Furthermore, we derived that

(m1 +my+ s+ ?w* + gf)((ml + =w)(s+my + By*)
+2smy + séy*) - ((m1 + ?w*)(smg + sé ") + sm1m2>
= sm?+mimy+ Zsml'[;w* + 2m1m2’§w* +2myy*w* + s('?w*)z
+ mg(gw*)2 + ?y’k(w*)2 +ms® + szgw* + smggw* +mym}
£ £

+ 2m1m2§y* +meowt + 2w ()2 + mi(S Y + 25y w4 2myytw?

B e B p
& £ s

+ 2smymy + ZSmZ'ijw* + 252 my + 2sm3 + 23mzﬁy* + Zsmlﬁy

+ szﬁy* + szg e+ s(éy*> > 0.

Thus, by using Routh-Hurwitz criterion, we claim that all solution of (3.12) have a negative real part, so the
endemic equilibrium is locally asymptotically stable. [J

p

xi

&

bl bz - b3

Proposition 6: For Ry > 1 the endemic equilibrium £ is globally asymptotically stable.

Proof: Let us define the function h(x) = x — 1 —In x which is positive for all x > 0 with a global minimum
at x = 1. At the endemic equilibrium £* = (x*, y*, z*, w*), the following relationships hold:

A =mix™ + ?x*w*, (3.13)

s = ?xy«:v , (3.14)
Ay =myz”™ + Z *z", (3.15)
my = éywi . (3.16)

We define the Lyapunov function

4
L(x,y,z,w) = Z kili(x,y,z, w),

i=1

where
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£1(X,y,Z,W):h(%), ‘CZ(xsyaZ,W):h<Ji/*>

£3(X,y,Z,W)=h(;)’ £4(x:y’z’w):h(%),

and
E e G LEOUE B B
k1—ﬁJ/Z, kz_ﬂ pranl k3—§zw k4_§(w),

L is non-negative and strictly minimized at the equilibrium £*. To avoid long expression, the derivative of
L;,i=1,--,4 will be calculate separately and combine to get that of L. The derivative of £; with respect to
the time is given by:

ﬁ_i( X>@
dt  x* x*/ dt

1
= —(1 - x,)(Al —mx — ﬁxw).
x* x* £
Using equation (3.13), we obtain

dE’l 1 X * ﬁ * % ﬁ
— = (1——) mx + =x"w —mx—=xw
dt  x* x* £ £

_ ml<z_ X ) + gw*(_h(xfg*) _h(’j) +h(;;)). (3.17)

The derivative of £, with respect to the time ¢ is given by:

ac, 1 < y ) dy
e - 1— 2122
dt  y* y* ) dt

_ 1 _ X 'wa—s
() ()

By using (3.14) to substitute s, we get
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Il
[N
R*
‘<}e <
*
7N
—
X* =
T | =
*
—
|
=
7N
‘<*‘k<
N~
|
=
7\
XX_ 2
sx- <
k< *
N~
N~

Differentiating L3 with respect to the time ¢ gives us

dks _ 1(1 Z)k
z* /) dt

dt ~ z*
1 z
= g (1 - ;) (Az —Mmyz — ’gyz)
Using equation (3.15), we obtain

() (e e o)
-2 2) (- 5)

:mz(z_z_Z)ﬁy*(l_ vz _z M)
¢z B y*z* oz y*

28 (o)) o)
z z B y*z z y

Differentiating £, with respect to the time ¢ yields

dbs _ 1 (1 W)Lw

dt — wt w*/ dt
1 w <§ >

:—*(1——*) =yz—myw |.
w w B

Using equation (3.16), we get

%:L(1_1> & &y
dt w* w* ﬁy B w*
=§y*z* - yzw* LyE v
pow

Ann. Commun. Math. 9 (2026): 2

(3.18)

(3.19)

(3.20)
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Combining equations (3.17)-(3.20) and multiplying by the appropriate coefficient, we derive that
E * *
ac _ klml(z— X x) + kl’Bw*(—h( xv ) —h<x> +h(w)>
dt x* x £ x*w* x w*
Jrkzéxw h( XW)_h DAY L)
§ y‘k X*W* y‘k x‘kw*y
i 2= i (0(05) 4(5) ()
z¢ oz B y*z* z y*
+k4éxw h( XW)_h ¥ _h xwy ‘
g y* x*W* y* x*w*y

By replacing ki, ky, k3 and k4 and with their respective expressions and after a bit of algebra, we obtain

That is,
&
dt =

dr
Moreover, we observe that — = 0 if and only if (x, y, z, w) = (x*, y*, 2", w*). Hence, by using LaSalle’s

invariant principle (see [2], [3]), we deduce that £* is globally asymptotically stable within the domain ;.
This concludes the proof. [J

4 Dynamics of the right subsystem (2.10)

Let £ = (x™, ™, 2", w™) be an equilibrium point of (2.10). Thus,

A1 = mix™ + éx**w**, (4.1)
'Bx**w** =y +n, (4.2)
3
A, = ek g *k Kk

0 =mpz™ + ﬁy ", (4.3)

gy**z** = myw™™. (4.4)



18 of 23 Ann. Commun. Math. 9 (2026): 2

That is,

y** — A] _ mlx*-k —n,
ok 5(-’41 - mlx**)
w S
ﬁx**
o A2 fx™ —maé( Ay — myx™)

mzﬁx**

where x™* is a solution of the following quadratic equation:

(—mlAgﬁ — m?mzsf)xz + ((A1 —n)(Azf + mmyé) + mmyE A + mlmgg)x +
Aimy[E(n— A1) —myf] = 0. (4.5)
Let define the function g by:
glx) = px2 +qx+r,

where

pP= —mLB.Az - m%m2§ <0,
q = (A1 — n)(Asf + mymyé) + mymyEA; + m1m§§ >0,

r= mzAl('f(” - Ay) - mzﬁ) <0.

Therefore, any positive root x** of g gives us an endemic equilibrium

ET = (x™, y™, 2", w*™). Further, we note that the function g admits a global maximum at x, = —% equal

A
to —ﬁ where Ay = ¢* — 4pr. Thus, the following result holds.

Proposition 7: Consider system (2.10), then
i) if Ag < 0, there is no endemic equilibrium;
it) if Ag = 0, there is one endemic equilibrium;
iit) if Ao > 0, there is two endemic equilibria.

We now derive the result about the stability of the endemic equilibrium £**. Assume that Ag > 0, and
that £ = (x™, y*, 2", w*) is an endemic equilibrium of (2.10). The linearization of system (2.10) at the
equilibrium £** give us the following Jacobian matrix:
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—-my — ?w** 0 0 —’?x**
?w** -1 0 ?x**
M** —
0 _gz** —my — gy** 0
0 EZ** gy‘k* _m2

The characteristic equation of the matrix M™ is given by:
A+ DA+ A’ + c2d+¢3) =0,

where

p

c1=1+m1+m2+—w**+§ e

2 g
& B
s =m1+m2+éw**+£ s <m1+ﬁ> (mz—ké{ **) —-xz",

y
£ p £ B

ﬂ) ( g ‘k*) kk _k*k

g=m+=Z ) m+3y7 | —mxTz
( 3 p
Clearly, A = —1 < 0 is a solution of above characteristic equation. Using equations (4.1)- (4.4), we derive
that A A A A A A A
G = I+ *-1)< + Ti’ €= *-1k + *i *i *i _x**Z**, 3= *1 *i - mlx**z**'
x z x z x**z x**z
et A A A A
Rl: **; i*z and R2: *:22**2'
(x**)"(z**) my(x**)"(z**)

IfR{>1thus Ry >1,¢; >0and c3 > 0, so

2 2
10y — 3 = Al + AZ + <A1> + <A2> + AIAZ +m1x**z*-}< +A12**(R1 _ 1)

x*‘k Z‘k‘k x*‘k Z‘k* x**k Z**
+ Azx*(Rl - 1) > 0.

Hence, using Routh-Hurwitz criteria, we conclude that all eigenvalues of the of the matrix M** have
negative real part. Therefore, we state the following result:
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Proposition 8: IfR; > 1, the endemic equilibrium £** is locally asymptotically stable.
We now present the global stability result of system (2.10). We define the following Lyapunov function:

60) = ah( )+ ash( 2 )+ o )+ aun( )

where a4, ay, as and ay are strictly positive constants and 4 is defined in Section 3.3. To avoid long expression,

dh dh dh dh

the derivatives —( X ), @y , —( id ), —( hid ) will be calculate separately and combine to get
dt \x** /) dt \ y* ) dt \z** /) dt \ w**

dg

dt’

dh ¢ x 1 x SN p
—( )= (1——) mx 4+ ZxXTw —mx — Zxw
dt x** x** x** g g

_ ml(z_ X ) . ?w**(—h(xjx*J h() +h(w~;)). (6)

Further,
dh 1
(2)- 2o
dt \'y y y &
1 y ﬁ ﬁ *% *k **)
=—\1-— TXW—Yy—Zx " w’  +y
AU
1
) (B (2 e (- 2)
y y & X w y
B ﬁx**w**( xw B 3 xwy** y**> + (2_ y** B y )
§ y** x*'k W*‘k x'k‘k W**y y y y**
:éx w ( xw )_ xwy wn(?
§ y*'k x‘k* W** x**k W*k‘ky y
+<2—y - y) (4.7)
y oy

dh
The derivative Ir (i) is given by:

Z'k*
@(2)_ 1(1—2) mz**+§**z**—mz—§z
di \ z¥% ] gxx i 2 ﬁy 2 ﬁy

:m2<2— £ —Z**>+§y**(—h< yz )—h(z**>+h< 4 >> (4.8)
Z*k‘k Z ﬁ y‘k*kz*k‘k Z y‘k*
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Moreover,

Z};(WY*):Wi*(l—WY*>(§yZ g = )
5 () G
B w Yz w

Using equations (4.6)-(4.10), we obtain
dg x X B W xw x w
dfwm<2 _x)+m§ <%Q );<x)+4wg)
soig e (1) (305 ) (5)) -
X Wy
) =(2) ()
z y

) —h(w”j*)) (4.9)

Z Z** § *%
+a3mz( o Z>+a By < h(y e
ra b h( xv )—h Y\ xwy”
5 y‘k'k x**w** y** x*‘kw‘k y

Setting

we get after a simplification,

dg x** < x x** )
—~ =m 2—— - -
dt y-k* x*-k x

Ew**h
&
1 i 1
NN
2 y‘k*z*‘kw 2§ *% Z

y *% Z
*% 1 * *%
(- 22555 ) (.10
y yJ\2 & vy
Clearly,
2 o, 2L Y o, 2 2 E <
x** x *% y Z** Z
If
o > (4.11)
& 2xYw

d d
then ¢ < 0. In addition, we easily verify that ¢ = 0 if and only if (x, y, z, w) = (x™, y™*, 2**, w*™).
Hence, by LaSalle’s invariance principle [2], [3], the endemic equilibrium is globally asymptotically stable.
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Thus, the following result holds:

Proposition 9: If condition (4.11) hold, thus any endemic equilibrium of the system (2.10) is globally
asymptotically stable.

5 Conclusion

In this paper, we formulated and analyzed a deterministic model with a monotonic incidence rate and a
piecewise-defined treatment function, in order to investigate its role in the control and elimination of a
vector-host disease. The piecewise defined treatment function allows the simplified system to be divided
into two subsystems. We first examined the global dynamics of the left subsystem, which corresponds to
the case where the number of infected individuals remains below the treatment capacity. The analysis of the
existence and stability of equilibria shows that the dynamics of this subsystem is completely determined by
the basic reproduction number R. We established that when R < 1, the disease free state £° is globally
asymptotically stable. Conversely, when R, > 1, an endemic equilibrium £" emerges which is globally
asymptotically stable. The analysis of the dynamics of the right subsystem, which corresponds to the case
of maximum treatment when the number of infected individuals exceeds the treatment capacity. Using the
Lyapunov method, we derived the global stability of the different equilibrium points. The results show that
by increasing hospital resources and then reducing the contact rate, we can better control the epidemic.
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