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ON LOGARITHMIC CORDIAL LABELING OF SOME GRAPHS

JASON D. ANDOYO

ABSTRACT. Let η ≥ 3 be an integer with primitive root ϖ. For a simple connected graph
G of order n, a bijective function f : V (G) → {1, 2, . . . , n} is called a logarithmic
cordial labeling to the base ϖ modulo η if the induced function f∗

ϖ,η : E(G) → {0, 1},
defined by f∗

ϖ,η(ab) = 0 if indϖ,η(f(a)+f(b)) ≡ 0(mod 2) or gcd(f(a)+f(b), η) ̸=
1, and f∗

ϖ,η(ab) = 1 if indϖ,η(f(a) + f(b)) ≡ 1(mod 2), satisfies the condition
|ef∗

ϖ,η
(0)−ef∗

ϖ,η
(1)| ≤ 1 where ef∗

ϖ,η
(i) is the number of edges with label i(i = 0, 1).

In this paper, we study the logarithmic cordial labeling of various classes of graphs, includ-
ing path graphs, cycle graphs, star graphs, and complete graphs.

1. INTRODUCTION

A graph G = (V,E) has a vertex set V = V (G) and an edge set E = E(G). The
elements of V and E are called vertices and edges, respectively. If G has n vertices and m
edges, then G has order n and size m. Let v ∈ V (G). The degree of v, denoted by deg(v),
is the number of vertices in G that are adjacent to v. One notable property of graphs is the
Fundamental Theorem of Graph Theory, which states that the sum of the degrees of the
vertices of G is twice its size.

Graph labeling is a broad area of graph theory in which numbers or sets are assigned to
the vertices and edges of a graph subject to specific conditions, and it has found numerous
applications in diverse fields such as communication networks, coding theory, database de-
sign, and X-ray crystallography. Over the years, various types of graph labeling have been
introduced, each highlighting different structural properties of graphs. One important and
widely studied family is cordial labeling, first introduced by I. Cahit in 1987 [5]. A binary
labeling of the vertex set of a graph is called cordial if the numbers of vertices labeled
0 and 1 differ by at most one, and if the induced edge labeling—defined by assigning to
each edge the absolute difference of the labels of its endpoints modulo 2—also satisfies
the condition that the numbers of edges labeled 0 and 1 differ by at most one. This notion
has inspired many variants such as edge k-product cordial labeling [8], Tribonacci cordial
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labeling [7], and Euler cordial labeling [1]. For more information on graph labeling and
variants of cordial labeling, see [6].

In recent years, number-theoretic functions have been incorporated into the framework
of cordial labeling, giving rise to new variants that connect algebraic properties with com-
binatorial structures. For instance, the Möbius function, which is fundamental in multi-
plicative number theory, and the Legendre symbol, a classical quadratic residue charac-
ter, have been used to define novel labeling schemes. These extensions—referred to as
Möbius cordial labeling [3], Legendre cordial labeling [2], and Legendre product cordial
labeling [9]—illustrate how arithmetic functions can be applied to graph labeling, further
broadening the scope of cordial labeling and strengthening the connection between graph
theory and number theory.

These developments motivate the introduction of logarithmic cordial labeling, which
incorporates the discrete logarithm into the framework of cordial labeling. The discrete
logarithm has significant applications in computational number theory and modern cryp-
tography, serving as the foundation of protocols such as the Diffie–Hellman key exchange,
digital signatures, and various public-key cryptosystems. Its importance lies in its compu-
tational difficulty, as determining discrete logarithms for large primes is widely regarded
as an intractable problem. By linking this number-theoretic function to cordial labeling,
logarithmic cordial labeling not only broadens the scope of graph labeling but also estab-
lishes new connections between combinatorial structures and problems of cryptographic
relevance.

In this paper, we investigate the logarithmic cordial labeling of graphs such as path
graphs, cycle graphs, complete graphs, and additional classes of graphs.

2. BASIC CONCEPTS

2.1. Special Graphs.

Definition 2.1. A path graph Pn of order n and size n − 1 is a graph with vertex set
V (Pn) = {v1, v2, . . . , vn} and edge set E(Pn) = {v1v2, v2v3, . . . , vn−1vn}.

Definition 2.2. A complete graph Kn of order n and size n(n−1)
2 is a graph where every

two distinct vertices of Kn are adjacent.

2.2. Discrete Logarithm and Logarithmic Cordial Labeling.

Definition 2.3. [10] The Euler phi function ϕ(n) of a positive integer n is the number of
positive integers not exceeding n that are relatively prime to n.

Remark 1. [10] For each positive integer n ≥ 3, ϕ(n) is even.

Definition 2.4. [10] Suppose that gcd(ϖ, η) = 1 with ϖ ̸= 0 and η > 0. Then the order
of ϖ modulo η is ordη(ϖ) = x if x is the least positive integer such that ϖx ≡ 1(mod η).
If ordη(ϖ) = ϕ(η), then ϖ is a primitive root of η. In addition, suppose that η has a
primitive root, say ϖ. Let a be an integer relatively prime to η. Then the discrete logarithm
(or index) of a to the base ϖ modulo η is indϖ,η(a) = y where y is a unique integer with
1 ≤ y ≤ ϕ(η) and ϖy ≡ a(mod η).

Remark 2. [10] Let a and b be relatively prime to η, where η has a primitive root, say ϖ.
If a ≡ b(mod η), then indϖ,η(a) = indϖ,η(b).

Theorem 2.1. [10] A positive integer η has a primitive root if and only if η ∈ {2, 4, pk, 2pk}
where p is an odd prime and k is a positive integer.
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Theorem 2.2. [4] For an odd prime p and positive integer k, every primitive root of pk is
also a primitive root of p.

Definition 2.5. Suppose that η ≥ 3 is an integer with primitive root ϖ. For a simple
connected graph G of order n, a bijective function f : V (G) → {1, 2, . . . , n} is called
a logarithmic cordial labeling to the base ϖ modulo η if the induced function f∗

ϖ,η :
E(G) → {0, 1}, defined by

f∗
ϖ,η(ab) =

{
0 if indϖ,η(f(a) + f(b)) ≡ 0(mod 2) or gcd(f(a) + f(b), η) ̸= 1

1 if indϖ,η(f(a) + f(b)) ≡ 1(mod 2),

satisfies the condition |ef∗
ϖ,η

(0)−ef∗
ϖ,η

(1)| ≤ 1 where ef∗
ϖ,η

(i) is the number of edges with
label i (i = 0, 1). A graph that admits a logarithmic cordial labeling to the base ϖ modulo η
is called logarithmic cordial graph to the base ϖ modulo η. Also, if gcd(f(a)+f(b), η) =
1 for each ab ∈ E(G), then f is called pure logarithmic cordial labeling to the base ϖ
modulo η and a graph that admits this labeling is called pure logarithmic cordial graph to
the base ϖ modulo η.

Definition 2.6. Let η be a positive integer with a primitive root ϖ. A discrete logarithm
graph DLk

ϖ,η(f, n) of order n is a graph with edge set

E(DLk
ϖ,η(f, n)) = {ab : indϖ,η(f(a) + f(b)) ≡ k(mod 2)}

where f : V (DLk
ϖ,η(n)) → {1, 2, . . . , n} is a bijective function and k ∈ {0, 1}.

2.3. Legendre Symbol.

Definition 2.7. [4] Let p be an odd prime and a be an integer relatively prime to p. Then
the Legendre symbol (a/p) is defined by

(a/p) =

{
1 if x2 ≡ a(mod p) has a solution
−1 otherwise.

Theorem 2.3 (Euler’s Criterion). [4] If p is an odd prime and a is relatively prime to p,
then

a(p−1)/2 ≡ (a/p)(mod p).

Theorem 2.4. [10] Let p be an odd prime. Then

(2/p) =

{
1 if p ≡ ±1(mod 8)

−1 if p ≡ ±3(mod 8).

Theorem 2.5. [4] If p is an odd prime and a is relatively prime to p, then the congruence
x2 ≡ a(mod pk), k ≥ 1, has a solution if and only if (a/p) = 1.

3. PRELIMINARY RESULTS

Remark 3. Let η be a positive integer with primitive root ϖ. In addition, suppose that
φ(η) = {ξ : gcd(ξ, η) = 1, 0 < ξ < η}. Then

{indϖ,η(ξ) : ξ ∈ φ(η)} = {1, 2, . . . , ϕ(η)}.
So, if

A = {ξ ∈ φ(η) : indϖ,η(ξ) ≡ 1(mod 2)}
and

B = {ξ ∈ φ(η) : indϖ,η(ξ) ≡ 0(mod 2)},
then |A| = |B| = ϕ(η)

2 .
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Proof. Note that every ξ ∈ φ(η) can be written uniquely as ξ ≡ ϖk(mod η) where k is an
integer with 1 ≤ k ≤ ϕ(η). As a result, indϖ,η(ξ) = k for k = 1, 2, . . . , ϕ(η). Thus, the
conclusion follows. □

Lemma 3.1. Let p be an odd prime and k be a positive integer. If ϖ is a primitive root
of pk, then indϖ,pk(2) ≡ 0(mod 2) if and only if (2/p) = 1. Equivalently, indϖ,pk(2) ≡
1(mod 2) if and only if (2/p) = −1.

Proof. Let r = indϖ,pk(2).
(⇒) Suppose that r ≡ 0(mod 2). So, r = 2s for some integer s. Also, note that

ϖr ≡ 2(mod pk), that is, (ϖs)2 ≡ ϖr ≡ 2(mod pk). Clearly, by Theorem 2.5, (2/p) = 1.
(⇐) Conversely, let (2/p) = 1 and assume to the contrary that r ≡ 1(mod 2). Because

ϖr ≡ 2(mod pk), we have ϖr ≡ 2(mod p) and so, in accordance with Theorem 2.3,

(ϖ(p−1)/2)r ≡ 2(p−1)/2 ≡ 1(mod p).

According to Theorem 2.2, ϖ is a primitive root of p. Consequently, ordp(ϖ) = p− 1 and
ϖp−1 ≡ 1(mod p). Thus,

(ϖ(p−1)/2)2 ≡ ϖp−1 ≡ 1(mod p).

It is immediate that ϖ(p−1)/2 ≡ −1(mod p) since the congruence ϖ(p−1)/2 ≡ 1(mod p)
contradicts the fact that ordp(ϖ) = p− 1. Since r ≡ 1(mod 2), we have

(ϖ(p−1)/2)r ≡ (−1)r ≡ −1(mod p).

This is a contradiction. Therefore, r ≡ 0(mod 2). □

Lemma 3.2. Suppose that DLk
ϖ,pz (f, pz) is a discrete logarithm graph of order pz where

p is an odd prime and z is a positive integer. If v ∈ V (DLk
ϖ,pz (f, pz)), then

deg(v) =


pz(1−p−1)

2 − 1 if indϖ,pz (2f(v)) ≡ k(mod 2)
pz(1−p−1)

2 if indϖ,pz (2f(v)) ≡ (1− k)(mod 2)

or gcd(2f(v), pz) ̸= 1.

(3.1)

Consequently, the size of DLk
ϖ,pz (f, pz) is pz(1−p−1)(pz−1)

4 .

Proof. Let k = 1 and n = pz . Assume that u, v ∈ V (DL1
ϖ,n(f, n)) with u ̸= v. Note that

uv ∈ E(DL1
ϖ,n(f, n)) if and only if indϖ,n(f(u) + f(v)) ≡ 1(mod 2). Define the set

Yv =
⋃

u∈V (DL1
ϖ,n(f,n))

u̸=v

{ξ : f(u) + f(v) ≡ ξ(mod n), 0 ≤ ξ < n}.

If f(u) ≡ θ(mod n) and 2f(v) ≡ σ(mod n), 0 ≤ θ, σ < n, then

Yv = {1 + θ, 2 + θ, . . . , n− 1, 0, 1, . . . , θ} − {σ} = {0} ∪ {1, 2, . . . , n} − {σ}.
Observe that indϖ,n(2f(v)) = indϖ,n(σ) since 2f(v) ≡ σ(mod n). Using Remark 3, v is
adjacent to ϕ(n)

2 − 1 vertices whenever indϖ,n(σ) ≡ 1(mod n); otherwise v is adjacent to
ϕ(n)
2 vertices. Since ϕ(pz) = pz(1− p−1), (3.1) follows immediately.
For the size of DL1

ϖ,n(f, n), consider the set

ϑ =
⋃

v∈V (DL1
ϖ,n(f,n))

{ξ : 2f(v) ≡ ξ(mod n), 0 < ξ < n}.



LOGARITHMIC CORDIAL LABELING 463

Clearly,
ϑ = {2, 4, . . . , n− 1, 1, 3, . . . , n− 2} = {1, 2, . . . , n− 1}.

Applying Remark 3, we obtain the following∑
v∈V (DL1

ϖ,n(f,n))

deg(v) =
∑

indϖ,n(2f(v))≡1(mod 2)

(
ϕ(n)

2
− 1

)

+
∑

indϖ,n(2f(v))≡0(mod 2)

ϕ(n)

2
+

∑
gcd(2f(v),n)̸=1

ϕ(n)

2

=
ϕ(n)

2

[
ϕ(n)

2
− 1

]
+

ϕ(n)

2

[
ϕ(n)

2

]
+ [n− ϕ(n)]

[
ϕ(n)

2

]
=

ϕ(n)2

2
− ϕ(n)

2
+

nϕ(n)

2
− ϕ(n)2

2

=
ϕ(n)(n− 1)

2
.

Note that ϕ(pz) = pz(1 − p−1). By the Fundamental Theorem of Graph Theory, the size
of DL1

ϖ,pz (f, pz) is pz(1−p−1)(pz−1)
4 .

For k = 0, the proof is analogous. □

4. MAIN RESULTS

Theorem 4.1. The path graph P4k is a pure logarithmic cordial graph to the base 3 modulo
4 for k ≥ 1.

Proof. Let V (P4k) = {v1, v2, . . . , v4k} and let f : V (P4k) → {1, 2, . . . , 4k} be a bijec-
tive function defined by

f(v1+4(j−1)) = 1 + 4(j − 1)

f(v2+4(j−1)) = 4 + 4(j − 1)

f(v3+4(j−1)) = 3 + 4(j − 1)

f(v4+4(j−1)) = 2 + 4(j − 1)

for j = 1, 2, . . . , k.
For the edges of P4k,

f(v1+4(j−1)) + f(v2+4(j−1)) ≡ 1(mod 4)

f(v2+4(j−1)) + f(v3+4(j−1)) ≡ 3(mod 4)

f(v3+4(j−1)) + f(v4+4(j−1)) ≡ 1(mod 4)

f(v4+4(j−1)) + f(v1+4j) ≡ 3(mod 4) (j ̸= k)

for j = 1, 2, . . . , k. Since ind3,4(1) = 0 and ind3,4(3) = 1, we have

f∗
3,4(v1+4(j−1)v2+4(j−1)) = f∗

3,4(v3+4(j−1)v4+4(j−1)) = 0

f∗
3,4(v2+4(j−1)v3+4(j−1)) = 1

f∗
3,4(v4+4(j−1)v1+4j) = 1 (j ̸= k)

for j = 1, 2, . . . , k. Consequently,

ef∗
3,4

(0) = 2k and ef∗
3,4

(1) = 2k − 1
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and so |ef∗
3,4

(0)− ef∗
3,4

(1)| = 1. Therefore, P4k is a pure logarithmic cordial graph to the
base 3 modulo 4. □

Theorem 4.2. The path graph P6k is a pure logarithmic cordial graph to the base 5 modulo
6 for k ≥ 1.

Proof. Suppose that V (P6k) = {v1, v2, . . . , v6k} and define the bijective function f :
V (P6k) → {1, 2, . . . , 6k} as

f(v1+6(j−1)) = 1 + 6(j − 1)

f(v2+6(j−1)) = 4 + 6(j − 1)

f(v3+6(j−1)) = 3 + 6(j − 1)

f(v4+6(j−1)) = 2 + 6(j − 1)

f(v5+6(j−1)) = 5 + 6(j − 1)

f(v6+6(j−1)) = 6 + 6(j − 1)

for j = 1, 2, . . . , k.
For the edges of P6k, we have

f(v1+6(j−1)) + f(v2+6(j−1)) ≡ 5(mod 6)

f(v2+6(j−1)) + f(v3+6(j−1)) ≡ 1(mod 6)

f(v3+6(j−1)) + f(v4+6(j−1)) ≡ 5(mod 6)

f(v4+6(j−1)) + f(v5+6(j−1)) ≡ 1(mod 6)

f(v5+6(j−1)) + f(v6+6(j−1)) ≡ 5(mod 6)

f(v1+6(j−1)) + f(v2+6j) ≡ 1(mod 6) (j ̸= k)

for j = 1, 2, . . . , k. Because ind5,6(1) = 0 and ind5,6(5) = 1, we obtain

f∗
5,6(v1+6(j−1)v2+6(j−1)) = 1

f∗
5,6(v3+6(j−1)v4+6(j−1)) = f∗

5,6(v5+6(j−1)v6+6(j−1)) = 1

f∗
5,6(v2+6(j−1)v3+6(j−1)) = f∗

5,6(v4+6(j−1)v5+6(j−1)) = 0

f∗
5,6(v1+6(j−1)v2+6j) = 0 (j ̸= k)

for j = 1, 2, . . . , k. This means

ef∗
5,6

(0) = 3k and ef∗
5,6

(1) = 3k − 1.

So, |ef∗
5,6

(0)− ef∗
5,6

(1)| = 1. Hence, P6k is a pure logarithmic cordial graph to the base 5
modulo 6. □

Theorem 4.3. Let G be a connected graph of order n and size mϕ(η). If there is a bijective
function f : V (G) → {1, 2, . . . , n} with the following conditions:

i.

{h(ab) : ab ∈ E(G)} =

m−1⋃
i=0

{j + iη : j ∈ φ(η)}

where φ(η) = {ξ : gcd(ξ, η) = 1, 0 < ξ < η};
ii. h(uv) ̸= h(ab) for every uv ̸= ab,

where h(uv) = f(u) + f(v) for uv ∈ E(G), then G is a pure logarithmic cordial graph
to the base ϖ modulo η for any primitive root ϖ.
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Proof. It is obvious that gcd(f(a) + f(b), η) = 1 for all ab ∈ E(G). Let

ϑt = {j + tη : j ∈ φ(η)}
for t = 0, 1, . . . ,m− 1. Thus,

{h(ab) : ab ∈ E(G)} =

m−1⋃
t=0

ϑt.

Suppose that ϑt(mod η) = {ξ : ξ ≡ ρ(mod η), ρ ∈ ϑt, 0 < ξ < η}. Hence,

ϑt(mod η) = φ(η)

for t = 0, 1, . . . ,m − 1. The condition (ii) ensures that each edge label of G is unique
under h. Therefore, by Remark 3,

efϖ,η
(0) = efϖ,η

(1) = m

(
ϕ(η)

2

)
.

Hence, |efϖ,η (0)− efϖ,η (1)| = 0. Consequently, G is a pure logarithmic cordial graph to
the base ϖ modulo η for any primitive root ϖ. □

In the following results, let p denote an odd prime. In addition, suppose that φ(η) =
{ξ : gcd(ξ, η) = 1, 0 < ξ < η}. Note that ϕ(2p) = p − 1 and ϕ(pk) = pk(1 − p−1) for
any positive integer k. It is clear that

φ(2p) = {1, 3, . . . , p− 2} ∪ {p+ 2, p+ 4 . . . , 2p− 1}
and

φ(pk) = {1, 2, . . . , pk} − {p, 2p, . . . , pk}.
Furthermore, we denote ϖ as a primitive root of p, 2p, or pk.

Theorem 4.4. The following graphs are logarithmic cordial graphs to the base ϖ modulo
p.

i. Path graph Pp

ii. Cycle graph Cp

iii. Star graph Sp

iv. Bistar graph Bp,p

v. Fan graph Fp+1

In particular, (i) and (iii) are pure logarithmic cordial graphs to the base ϖ modulo p.

For the definitions of cycle, star, bistar, and fan graphs, refer to [2].

Proof. For each of the graphs listed, a corresponding bijective function is constructed in
[2]. Furthermore, Theorem 2.9 of [2], formulated in terms of the Legendre symbol, is
directly analogous to Remark 3 with η = p, noting that ϕ(p) = p − 1. It follows that
the proofs in [2] extend directly with the role of Theorem 2.9 in [2] is assumed here by
Remark 3. Accordingly, each of the listed graphs is a logarithmic cordial graph to the base
ϖ modulo p. Also, the bijective function constructed for Sp satisfies Theorem 4.3 (i) and
(ii) and so Sp is a pure logarithmic cordial graph to the base ϖ modulo p. □

Theorem 4.5. The path graph P2p−1 is a pure logarithmic cordial graph to the base ϖ
modulo 2p.
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Proof. Let V (P2p−1) = {v1, v2, . . . , v2p−1} and let f : V (P2p−1) → {1, 2, . . . , 2p − 1}
be a bijective function defined by

f(vi) =

{
i for i = 1, 2, . . . , p−1

2 , p+ p+1
2 , p+ p+3

2 , . . . , 2p− 1

2p− i for i = p+1
2 , p+3

2 , . . . , p+ p−1
2 .

For vivi+1 ∈ E(P2p−1),

f(vi) + f(vi+1) ≡



(2i+ 1)(mod 2p) for i = 1, 2, . . . , p−3
2

(2p− 1)(mod 2p) for i = p−1
2

(2p− 2i− 1)(mod 2p) for i = p+1
2 , p+3

2 , . . . , p− 1

(4p− 2i− 1)(mod 2p) for i = p, p+ 1, . . . , p+ p−3
2

1(mod 2p) for i = p+ p−1
2

(2i+ 1− 2p)(mod 2p) for i = p+ p+1
2 , p+ p+3

2 , . . . , 2p− 2.

With this, let

ϑ1 =
⋃
i∈Γ

{ξ : f(vi) + f(vi+1) ≡ ξ(mod 2p), 0 ≤ ξ < 2p}

where Γ =
{
1, 2, . . . , p−1

2

}
∪
{
p+ p−1

2 , p+ p+1
2 , . . . , 2p− 2

}
and

ϑ2 =

p+ p−3
2⋃

i= p+1
2

{ξ : f(vi) + f(vi+1) ≡ ξ(mod 2p), 0 ≤ ξ < 2p}.

Thus,

ϑ1 =

{
2i+ 1 : i = 1, 2, . . . ,

p− 3

2

}
∪ {2p− 1} ∪ {1}

∪
{
2i+ 1− 2p : i = p+

p+ 1

2
, p+

p+ 3

2
, . . . , 2p− 2

}
= {3, 5, . . . , p− 2} ∪ {1} ∪ {2p− 1} ∪ {p+ 2, p+ 4, . . . , 2p− 3}
= {1, 3, . . . , p− 2} ∪ {p+ 2, p+ 4, . . . , 2p− 1}, and

ϑ2 =

{
2p− 2i− 1 : i =

p+ 1

2
,
p+ 3

2
, . . . , p− 1

}
∪
{
4p− 2i− 1 : i = p, p+ 1, . . . , p+

p− 3

2

}
= {p− 2, p− 4, . . . , 1} ∪ {2p− 1, 2p− 3, . . . , p+ 2}
= {1, 3, . . . , p− 2} ∪ {p+ 2, p+ 4, . . . , 2p− 1}.

Therefore, ϑ1 = ϑ2 = φ(2p) and by Remark 3,

ef∗
ϖ,2p

(0) = ef∗
ϖ,2p

(1) = 2(p− 1).

Consequently, |ef∗
ϖ,2p

(0)− ef∗
ϖ,2p

(1)| = 0 and it follows that P2p−1 is a pure logarithmic
cordial graph to the base ϖ modulo 2p. □

Theorem 4.6. The path graph Pp+1 is a logarithmic cordial graph to the base ϖ modulo
2p.

Proof. Let V (Pp+1) = {v1, v2, . . . , vp+1} and let f : V (Pp+1) → {1, 2, . . . , p+ 1} be a
bijective function defined by f(vi) = i for i = 1, 2, . . . , p+ 1.
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For vivi+1 ∈ E(Pp+1), we have

f(vi) + f(vi+1) ≡ (2i+ 1)(mod 2p)

for i = 1, 2, . . . , p− 1 and f(vpvp+1) ≡ 1(mod 2p). Define the set

ϑ =

p⋃
i=1

i ̸= p−1
2

{ξ : f(vi) + f(vi+1) ≡ ξ(mod 2p), 0 ≤ ξ < 2p}

and so

ϑ =

{
2i+ 1 : i = 1, 2, . . . ,

p− 3

2

}
∪
{
2i+ 1 : i =

p+ 1

2
,
p+ 3

2
, . . . , p

}
∪ {1}

= {3, 5, . . . , p− 2} ∪ {p+ 2, p+ 4, . . . , 2p− 1} ∪ {1}
= {1, 3, . . . , p− 2} ∪ {p+ 2, p+ 4, . . . , 2p− 1}.

Thus, ϑ = φ(2p). Also, since gcd(p, 2p) ̸= 1, f∗
ϖ,2p(v(p−1)/2v(p+1)/2) = 0. Using

Remark 3 together with the fact that f∗
ϖ,2p(v(p−1)/2v(p+1)/2) = 0, we obtain

ef∗
ϖ,2p

(0) =
p− 1

2
+ 1 and ef∗

ϖ,2p
(1) =

p− 1

2
.

So, |ef∗
ϖ,2p

(0) − ef∗
ϖ,2p

(1)| = 1 and it follows that Pp+1 is a logarithmic cordial graph to
the base ϖ modulo 2p. □

Theorem 4.7. The complete graph Kpz , z is a positive integer, is a logarithmic cordial
graph to the base ϖ modulo pz if and only if ϖ = 2, z = 1, and p = 3.

Proof. Let f : V (Kn) → {1, 2, . . . , pz} be an arbitrary bijective function. Suppose
that DLk

ϖ,pz (f, pz) is a discrete logarithm graph of order pz with V (DLk
ϖ,pz (f, pz)) =

V (Kpz ). Obviously, DL0
ϖ,pz (f, pz) and DL1

ϖ,pz (f, pz) are subgraphs of Kpz . Let G be
a subgraph of Kpz with vertex set V (G) = V (Kpz ) and edge set

E(G) = E(Kpz )− [E(DL0
ϖ,pz (f, pz)) ∪ E(DL1

ϖ,pz (f, pz))].

It is clear that for any ab ∈ E(G), we have gcd(f(a) + f(b), pz) ̸= 1 and so any edge
of G has label 0 under f∗

ϖ,pz . Also, it is clear that all edges of E(DL0
ϖ,pz (f, pz)) and

E(DL1
ϖ,pz (f, pz)) are labeled by 0 and 1, respectively, under f∗

ϖ,pz . Hence,

ef∗
ϖ,pz

(0) = |E(DL0
ϖ,pz (f, pz))|+ |E(G)|

= |E(DL0
ϖ,pz (f, pz))|+ |E(Kpz )|

− [|E(DL0
ϖ,pz (f, pz))|+ |E(DL1

ϖ,pz (f, pz))|]
= |E(Kpz )| − |E(DL1

ϖ,pz (f, pz))|

and ef∗
ϖ,pz

(1) = |E(DL1
ϖ,pz (f, pz))|. Thus, by Lemma 3.2,

ef∗
ϖ,pz

(0)− ef∗
ϖ,pz

(1) = |E(Kpz )| − 2|E(DL1
ϖ,pz (f, pz))|

=
pz(pz − 1)

2
− 2

[
pz(1− p−1)(pz − 1)

4

]
=

pz(pz − 1)(1− 1 + p−1)

2

=
pz−1(pz − 1)

2
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for all bijective function f .
If Kpz is a logarithmic cordial graph, then

|ef∗
ϖ,pz

(0)− ef∗
ϖ,pz

(1)| ≤ 1

pz−1(pz − 1)

2
≤ 1

pz−1(pz − 1) ≤ 2.

If z = 1, then p ≤ 3 and so p = 3. Also, if z ≥ 2 and p ≥ 3, then

pz−1(pz − 1) ≥ 3(32 − 1) = 24.

This is not possible.
Since the only primitive root of 3 is 2, ϖ = 2. Therefore, z = 1, p = 3, and ϖ = 2.
The converse is trivial. □

Theorem 4.8. Let G be a graph with vertex set V (G) = {v1, v2, . . . , vpk} and edge set

E(G) = {vivpk : i = 1, 2, . . . , pk − 1} ∪ {vmpvpk−mp+2 : m = 1, 2, . . . , pk−1}.

If p ≡ ±3(mod 8), then G is a logarithmic cordial graph to the base ϖ modulo pk.

Proof. Since p ≡ ±3(mod 8), by Theorem 2.4 and Lemma 3.1, indϖ,pk(2) ≡ 1(mod 2).
Let f : V (G) → {1, 2, . . . , pk} be a bijective function defined by f(vi) = i for i =
1, 2, . . . , pk.

For the edges of the form vivpk , we have

f(vi) + f(vpk) ≡ i(mod pk)

for i = 1, 2, . . . , pk − 1. Clearly, for i = jp, f∗
ϖ,pk(vjpvpk) = 0 since gcd(jp, pk) ̸= 1 for

j = 1, 2, . . . , pk−1. In addition, let

ϑ =

pk−1⋃
i=1

gcd(i,pk)=1

{ξ : f(vi) + f(vpk) ≡ ξ(mod pk), 0 ≤ ξ < pk}.

Thus,

ϑ =
{
i : i = 1, 2, . . . , pk − 1 and gcd(i, pk) = 1

}
= {1, 2, . . . , pk} − {p, 2p, . . . , pk}

and evidently, ϑ = φ(pk).
For the edges of the form vmpvpk−mp+2,

f(vmp) + f(vpk−mp+2) ≡ 2(mod pk)

which means f∗
ϖ,pk(vmpvpk−mp+2) = 1 for m = 1, 2, . . . , pk−1.

Combining all arguments above and apply Remark 3, we conclude that

ef∗
ϖ,pk

(0) = ef∗
ϖ,pk

(1) =
pk(1− p−1)

2
+ pk−1.

It follows that |ef∗
ϖ,pk

(0) − ef∗
ϖ,pk

(1)| = 0. Therefore, G is a pure logarithmic cordial

graph to the base ϖ modulo pk. □
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Theorem 4.9. Let G be a graph with vertex set V (G) = {v1, v2, . . . , vp2+p−1} and edge
set

E(G) =

p⋃
m=1

p−1⋃
i=1

{v(m−1)p+ivmp, vmpvp2+i}.

Then G is a pure logarithmic cordial graph to the base ϖ modulo p2.

Proof. Define the bijective function f : V (G) → {1, 2, . . . , p2} as f(vi) = i for i =
1, 2, . . . , p2 + p− 1. For the edges of the form v(m−1)p+ivmp, we have

f(v(m−1)p+i) + f(vmp) ≡

{
(2mp+ i− p)(mod p2) for m = 1, 2, . . . , p−1

2

(2mp+ i− p− p2)(mod p2) for m = p+1
2 , p+3

2 , . . . , p

for i = 1, 2, . . . , p− 1. Set

ϑ1 =

p−1⋃
i=1

p⋃
m=1

{ξ : f(v(m−1)p+i) + f(vmp) ≡ ξ(mod p2), 0 ≤ ξ < p2}.

So,

ϑ1 =

 p−1
2⋃

m=1

{2mp+ i− p : i = 1, 2, . . . , p− 1}


∪

 p⋃
m= p+1

2

{2mp+ i− p− p2 : i = 1, 2, . . . , p− 1}


= {p+ 1, p+ 2, . . . , 2p− 1} ∪ {3p+ 1, 3p+ 2, . . . , 4p− 1} ∪ · · ·

∪ {(p− 2)p+ 1, (p− 2)p+ 2, . . . , (p− 1)p− 1}
∪ {1, 2, . . . , p− 1} ∪ {2p+ 1, 2p+ 2, . . . , 3p− 1} ∪ · · ·
∪ {(p− 1)p+ 1, (p− 1)p+ 2, . . . , p2 − 1}

= {1, 2, . . . , p2} − {p, 2p, . . . , p2}.

Clearly, ϑ1 = φ(p2).
For the edges of the form vmpvp2+i, observe that

f(vmp) + f(vp2+i) ≡

{
(mp+ i)(mod p2) for m = 1, 2, . . . , p− 1

(mp+ i− p2)(mod p2) for m = p

for i = 1, 2, . . . , p− 1. Assume that

ϑ2 =

p−1⋃
i=1

p⋃
m=1

{ξ : f(vmp) + f(vp2+i) ≡ ξ(mod p2), 0 ≤ ξ < p2}.

Hence,

ϑ2 =

[
p−1⋃
m=1

{mp+ i : i = 1, 2, . . . , p− 1}

]
∪ {i : i = 1, 2, . . . , p− 1}

= {1, 2, . . . , p− 1} ∪ {p+ 1, p+ 2, . . . , 2p− 1} ∪ · · ·
∪ {(p− 1)p+ 1, (p− 1)p+ 2, . . . , p2 − 1}

= {1, 2, . . . , p2} − {p, 2p, . . . , p2}
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and it follows that ϑ2 = φ(p2).
By Remark 3,

ef∗
ϖ,p2

(0) = ef∗
ϖ,p2

(1) = 2

[
p2(1− p−1)

2

]
= p2(1− p−1).

Thus, |ef∗
ϖ,p2

(0)− ef∗
ϖ,p2

(1)| = 0 and it follows that G is a pure logarithmic cordial graph

to the base ϖ modulo p2. □

5. CONCLUSION

This paper has extended the study of cordial labeling by introducing logarithmic cordial
labeling and examining its behavior on several fundamental graph classes, including path
graphs, cycle graphs, and complete graphs. By incorporating discrete logarithms into the
labeling process, this work highlights a novel intersection among number theory, cryptog-
raphy, and graph labeling theory, thereby enriching the existing family of cordial labelings.
Beyond the results obtained for basic graph classes, this framework opens several promi-
sing directions for future research. One natural extension is to investigate the behavior
of logarithmic cordial labeling under graph operations such as graph union, join, Cartesian
product, corona product, lexicographic product, tensor product, and strong product. Under-
standing whether logarithmic cordiality is preserved or transformed under these operations
could lead to broader structural characterizations. Additionally, further study may focus
on extending logarithmic cordial labeling to other graph families, including trees, bipartite
graphs, planar graphs, and Eulerian graphs, as well as exploring necessary and sufficient
conditions for the existence of such labelings. Another potential avenue is the interaction
between logarithmic cordial labeling and other labeling schemes, such as Legendre cordial
labeling, Legendre product cordial labeling, and Euler cordial labeling, which may yield
generalized labeling concepts.
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