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TRIBONACCI CORDIAL LABELING OF SOME SNAKE GRAPHS

MELAINE VIEVE S. GUDIN, ARIEL C. PEDRANO*

ABSTRACT. An injective function f : V(G) — {To,T1,T2,...,Tn}, where n =
[V(G)| — 1, is said to be a Tribonacci cordial labeling if the induced function f* :
E(G) — {0,1} defined by f*(uv) = (f(u) + f(v)) mod 2 satisfies the condition
lef(0) —ef(1)|] < 1 where ef(0) is the number of edges with label 0 and ey (1) is the
number of edges with label 1. A graph that admits a tribonacci cordial labeling is called
a Tribonacci cordial graph. In this paper, we determined the Tribonacci Cordial Labeling
of Triangular Snake Graph T'Sy,, Double Triangular Snake Graph D(T'Sy, ), Quadrilateral
Snake Graph Q.Sy,, Double Quadrilateral Snake Graph D(Q S ), and Cycle Quadrilateral
Snake Graph C(QSr).

1. INTRODUCTION

The earliest known reference for graph labeling is a 1967 paper by Alex Rosa [5]. In
this pioneering work, Rosa introduced concepts like “graceful labeling” and established
fundamental principles for assigning labels to graph vertices under specific constraints,
which would later influence much of the graph labeling theory. Graph labeling involves
assigning integers to vertices, edges, or both, under specific conditions. One of the ways
to label graphs is by using number sequences such as Tribonacci and Fibonacci numbers.
Fibonacci and Tribonacci numbers are special integer sequences that arise from simple
recurrence relations but carry deep mathematical properties. The Fibonacci sequence is
formed by adding the two preceding terms, while the Tribonacci sequence extends this
idea by summing the three preceding terms. These sequences, known for their natural
growth patterns, have found important applications beyond pure mathematics, particularly
in graph theory.

Numerous types of graph labeling exist, with cordial labeling being one example. The
concept of cordial labeling in graphs was introduced by Cabhit [2] in 1987. A graph is con-
sidered cordial if its vertices can be labeled with Os and 1s, such that labeling the edges
based on the differences between the endpoint labels results in a balance where the count
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of vertices (or edges) labeled with 1s and Os differs by no more than one [3]]. Several vari-
ants of cordial labeling exist such as Fibonacci Cordial Labeling [6], Topological Cordial
Labeling [7]], Legendre Cordial Labeling [1]] and others.

The study on cordial labeling of graphs using tribonacci numbers was conducted by
Mitra and Bhoumik [4]. An injective function f : V(G) — {Ty,T1,T>,...,T,} where
n = |V(G)| — 1 is said to be a tribonacci cordial labeling if the induced function f* :
E(G) — {0,1} defined by f*(uv) = (f(u) + f(v)) mod 2 satisfies the condition
lef(0) —ef(1)] < 1 where ef(0) is the number of edges with label 0 and e (1) is the
number of edges with label 1. A graph that admits a tribonacci cordial labeling is called a
Tribonacci cordial graph.

Tribonacci numbers play a significant role in graph labeling because they extend the
structure and complexity found in Fibonacci-based labelings. While Fibonacci numbers
follow a two-term recurrence relation, tribonacci numbers are generated using a three-term
recurrence, which produces faster growth and richer combinatorial patterns. This allows
researchers to design more flexible and varied labeling schemes for graphs, especially when
dealing with problems that require higher diversity in vertex or edge labels. Compared to
Fibonacci numbers, which are widely used in graceful, harmonious, or cordial labeling,
tribonacci numbers introduce an additional dimension that can help in constructing new
classes of graph labelings, broadening applications in network design, coding theory, and
mathematical modeling. In essence, Fibonacci labelings capture pairwise relationships,
while tribonacci labelings can better model more complex, three-way interdependencies
within graph structures as can be seen on the succeeding sections.

2. PRELIMINARIES

Definition 2.1. [4]] The sequence T, of Tribonacci numbers is defined by the third-order
linear recurrence relation (for n > 0):

Tn+3 =T, + Tn+1 + Tn+2; .
where the first 4 Tribonacci numbers are 7o =0, 77 =1, T, = 1713 =2 and Ty, = 4.
Definition 2.2. [4]] An injective function f : V(G) — {To,T1, T, ..., Tn—1} Where n =
|V (G)] is said to be a Tribonacci cordial labeling if the induced function f* : E(G) —
{0, 1} defined by f*(uv) = (f(u)+f(v)) mod 2 satisfies the condition |e;(0)—es(1)] <
1. A graph that admits a Tribonacci cordial labeling is called a Tribonacci cordial graph.

3. TRIBONACCI CORDIAL GRAPHS

This section present the results of tribonacci cordial labeling on some snake graphs.
Theorem 3.1. The Tribonnaci Sequence T;, is even if n = 3 (mod 4) or 0 (mod 4),
new.

Proof. To show that for all n € W, the tribonnaci number T, is even whenn = 3 (mod 4)
or 0 (mod 4), we use the recurrence relation for the Tribonnaci sequence in Definition 2.1
forn > 0. Case1: n =0 (mod 4)
Assume T}, is even when & = 0 (mod 4) for some k¥ € W. We need to show that the
assumption holds up to Tj44 where k + 4 = 0 (mod 4). Now,
Tita = Thg1 + Thyo + Tiys
=Tip1+Thyo+ T+ Thv1 + Thto
= 2Tk+1 + 2Tk+2 + Tk.
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Since T} is even by the inductive hypothesis and both 27}, ; and 27}, are even, Tjy4 is
also even. Thus, for k = 0 (mod 4), Tk.t4 remains even.

Case2: n =3 (mod 4)

Assume T}, is even when k& = 3 (mod 4) for some & € W. We need to show that the
assumption holds up to Tj14 where k + 4 = 3 (mod 4). Now,

Tira = Tey1 + T2 + This
=Tgp1 +Thpo + T + Thy1 + Thyo
= 2Ty 1 + 2Ty 2 + T
Since T} is even by the inductive hypothesis and both 27}, and 27}, are even, Tjy4 is
also even. Thus, for k = 3 (mod 4), Tj44 remains even.

Therefore, by Principle of Mathematical Induction, T, is even if n = 3 (mod 4) or 0
(mod 4). O

Theorem 3.2. The Tribonnaci Sequence 7;, is odd if » = 1 (mod 4) or 2 (mod 4),
neWw.

Proof. To show that for all n € W, the tribonnaci number T, is even whenn = 1 (mod 4)
or 2 (mod 4), we use the recurrence relation for the Tribonnaci sequence in Definition 2.1
forn > 0. Casel: n =1 (mod 4)

Assume T}, is odd when &k = 1 (mod 4) for some k& € W. We need to show that the
assumption holds up to Ty 4 where k + 4 = 1 (mod 4). Now,

Tita = Thg1 + Thyo + Tieys

=Thp1 + T2+ T + Thoy1 + Thoyo

= 2Tk+1 + 2Tk+2 + Tk.
Since T}, is odd by the inductive hypothesis and both 27}, and 2T} > are even, T} 4
odd. Thus, for k =1 (mod 4), Tj44 remains odd.
Case2: n =2 (mod 4)
Assume T}, is odd when & = 2 (mod 4) for some &k € W. We need to show that the
assumption holds up to Tj44 where k + 4 = 2 (mod 4). Now,

Tiya =Thy1 +Tpr2 + Thys
=Tgp1 +Thyo + Tk + Thy1 + Thyo
= 2T 1 + 2Ty 2 + T
Since T} is odd by the inductive hypothesis and both 27}, and 27} are even, Tjy4
odd. Thus, for k = 2 (mod 4), Tk 4 also odd.

Therefore, by Principle of Mathematical Induction, 7T, is odd if » = 1 (mod 4) or 2
(mod 4). O

Theorem 3.3. The Triangular Snake Graph 7'S,, admits Tribonacci Cordial Labeling if
n = 4m forallm € N.

Proof. LetV(T'S,) = {v;|1 <i<n}U{u;|l <i<n-—1}and E(TS,) = {vvi11]1 <

i <n—1}U{vus,vi01u|1 < i < n—1} be the vertex set and edge set of the Triangular

Snake Graph T'S,,, respectively. Hence, the order and the size is [V (T'S,,)| = 2n — 1 and

|E(TS,,)| = 3n — 3, respectively. To prove the theorem, we consider the following cases.

Case1: n = 4.

The order and the size of the Triangular Snake Graph T'Sy is |V (T'S4)| = 7and |E(T'S4)| =
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9, respectively. Let f : V(T'Sy) — {To, Th, 1>, T3, T4, T5, T } be the function defined by:

f(vr1) =To flur) =T

flv2) =14 fluz) =T

f(vs) =15 f(uz) =T

f(va) =Ts

From the established labeling, the induced edge labels are:

[H(vive) =1 fr(viug) =0 [ (vaur) =1
[ (v2v3) =0 [ (vauz) =1 [ (vzug) =1
[*(v3v4) =0 f*(vsuz) =0 [*(vaus) =0

Note that ef(0) = 5 and ef(1) = 4. Thus, |ef(0) —er(1)] =[5 —4| = 1] =1 < 1.
Therefore, the Triangular Snake Graph 7'S, is a Tribonacci Cordial Graph.

Case 2: n = 4m for all m > 2.

Let f: V(T'S,) — {To,T1,Ts, ..., Tan—_2} be the function defined by:

To, ifi=1
F(03) Ta;i—3, ifiiseven, 2<i< %
Vi) = [P .
Toi—4, ifiisodd, 3<i<% 41
T57L_,L‘7 lf ) +2 < Z S
2
T, ifiiseven, 2<i<2
fug) = § Toita, ifiisodd, 1<i<2-1
Ty, if 24+1<i<n-1

From the established labeling, the induced edge labels are:

0, if 2<i<§+1 or
iiseven, 2 +4+2<i<n-—2
* . — ] 2 iy —
fF(vivig) L0 oi=1 or
tisodd, §+3<i<n-—1
0, if =1,5+1 or
. jiseven, 2 +2<i<n-—2
f(UiUi)Z . 2n
1, if 2<i< %5 or
tisodd, §+3<i<n-—1
N 0, if $+1<i<n-1
V; U; ) =
J*(iraw) {1, it 1<i<?
Note thatep(0) = 2+ 272 +1+1+ 272 42 -1 =32 1andef()_1+n—4 n_
L+ 272 4 5 =3 — 2 Thus, [ef(0) —ef(1)| = |(t = 1) = (= 2)| =1 =1< 1.

Therefore the Triangular Snake Graph T'S,, is a Trlbonacm Cord1a1 Graph if n = 4m for
allm > 2.

Based on the above cases, it follows that the Triangular Snake Graph T'S,, is a Tri-
bonacci Cordial Graph if n = 4m for all m € N. O
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Theorem 3.4. The Double Triangular Snake Graph D(T'S,,) admits Tribonacci Cordial
Labeling for all n > 2.

Proof. Let V(D(T'S,)) = {vi|l <i<n}U{ujw;]l <i<n-—1}and E(D(TS,)) =
{vivig1]|1 < i < n—1}U{viu;, vi41u, v;w;, vip1w;|1 < 4 < n—1}% be the vertex set and
edge set of the Double Triangular Snake Graph D(T'S,,), respectively. Hence, the order
and the size of the Double Triangular Snake Graph D(T'S,,) is |V (D(T'Sy,))| = 3n—2 and
|[E(D(T'Sy))| = 5n — 5, respectively. To prove the theorem, we consider the following
cases:
Case 1: n is even.

Subcase 1.1: n = 2.

Let V(D(TSQ)) = {Ul, V2, U1, wl} and E(D(TSQ)) = {’Ulvz, ViU, V22U, V1 W1, U2wl}.
The order and the size is |V(D(T'S2))| = 4 and |E(D(T'S2))| = b, respectively. Let
f:V(D(TS2)) — {Tv, Ty, T2, T5, Ty} be the function defined by:

f(v) =To flur) =Ty
fv2) =T fwr) =T
Hence, the induced edge labels are:
[r(oive) =1 fr(viwy) =0
fr(viur) =1 [ (vaur) =0
[ (vown) =
Note that e (0) = 2 and e¢(1) = 3. Thus, |ef(0) —ef(1)| =|2—-3|=|—-1|=1< 1.

Therefore, the Double Triangular Snake Graph D(T'Ss) is a Tribonacci Cordial Graph.
Subcase 1.2: n > 4.
Let f : V(D(TS,)) = {Tv,T1, Tz, . .., T5n—3} be the function defined by:
flv1) =To
fiy1) =T3i-1, 1<i<n-—1
f(ui) =T5i—2, 1<i<n-—1
flw)) =Tz, 1<i<n-—1.

From the established labeling, the induced edge labels are:
0, ifiiseven,2<i<n—2

[ (vsts) = {1’ fiisoun2<i<n
fflow) =1, 1<i<n-1

£ ) 0, ifiisodd,1<i:<n-—1
Vig1U;) =
T 1, ifiiseven,2 <t <n—2

f*(viwi):(), 1§i§n—1

0, ifiiseven,2<i<n—2
1, ifiisodd, 1 <i<n-—1

fr(ip1w;) = {

Notethates(0) = 252+ 2 +n—1+252 =32 —3andes(1) = Z2+n—1+252+ 2 =
5% — 2. Thus, |ef(0) — ep(1)] = |(3 — 3) — (3 — 2)| = | — 1| = 1 < 1. Therefore, the
Double Triangular Snake Graph D(T'S,,) is a Tribonacci Cordial Graph for all n > 4 and

n is even.
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Case 2: nis odd, n > 3.
Let f : V(D(TS,)) = {Tv,T1, Tz, . .., T5n—3} be the function defined by:

fo1) =T
fvigr) =Tz, 1<i<n-—1
flu)) =T5i2, 1<i<n-—1
flw)) =Tz, 1<i<n-—1.
From the established labeling, the induced edge labels are:
0, ifiiseven,2<i<n-—1

*(vivg =
S i) {1 ifiisodd, 1 <i<n—2
flow) =1,  1<i<n-1

)

0, ifiisodd,1<i<n-—2

[ (vip1w;) = {1

f*(viwi):(), 1§i§n—1

ifiiseven,2 <i<n-—1

)

0, ifiiseven,2<i<n-—1
1, ifiisodd, 1 <i<n-—2

fr(vip1w;) = {

Note that ef(0) = 251 + 25 +n — 1+ 270 = 225 and ep(l) = 251 +n —
L4 nzh 4o nod = 58 Thus, Jes(0) = es(1)] = |(252) = (2%52)| = 0] = 0 < 1.
Therefore, the Double Triangular Snake Graph D(T'S,,) is a Tribonacci Cordial Graph for
all n > 3 and n is odd.

Based on the above cases, it follows that the Double Triangular Snake Graph D(T'S,,)

is a Tribonacci Cordial Graph for all n > 2. ]

)

Theorem 3.5. The Quadrilateral Snake Graph ().S,, admits Tribonacci Cordial Labeling
for all n > 2.

Proof. Let V(QSy,) = {vi|l < i < n}U{u;,w;|l < i < n—1} and E(QS,) =
{viviz1|l < i < n — 1} U {vug, vipws, wyw; |1 < ¢ < n — 1} be the vertex set and
edge set of the Quadrilateral Snake Graph @.5,, respectively. The order and the size is
[V(QS,)| = 3n — 2 and |E(QS,,)| = 4n — 4, respectively. To prove the theorem, we
consider the following cases:

Case 1: nisevenand n > 2.
Let f: V(Qn) = {Tv,T1, T3, . .., T3,—3} be the function defined by:

flo) =T33, 1<i<n
flwi)) =Ts-0, 1<i<n-—1

flw)) =T3-1, 1<i<n-1.
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From the established labeling, the induced edge labels are:
£ ) 0, ifiisodd,1<i<n-—1
ViV = o .

+ 1, ifziseven,2 <¢t<n—2

0, ifiiseven,2<i<n—2
1, ifiisodd,1<i<n-—1
0, ifiiseven,2<i<n—2
ifzisodd, 1 <:<n-—1
0, ifiisodd,1<i<n-—1
1, ifiiseven,2<t<n—2

Notethatef(O) =24 ”52+n§2 o4
n—2 __ 4n-—

4 =2n—2andes(l) = 224+ 24+ 24
es(0) — e (D] = |(2n—2) — (20— 2)| = 0] =0 < 1.
Therefore the Quadrllateral Snake Graph @).S,, is a Tribonacci Cordial Graph for all n > 2
and n is even.

Case2: nisoddandn > 3.

Let f : V(Qn) — {To,T1, T, . .., T3,—2} be the function defined by:

fvi) =T33, 1<i<n

fu)) =Ts-2, 1<i<n-—1

flw;)) =T5-1, 1<i<n-—1.
From the established labeling, the induced edge labels are:

I (vivig1) = {

0, if7isodd,1<i<n—2

1, ifziseven,2 <¢<n-—1

0, ifiziseven,2<i<n-—1
1, ifiisodd,1<i<n—2

0, ifiiseven,2<i<n-—1

1, ifiisodd,1<i<n—2
N 0, ifiisodd,1<i<n—2
I (ugw;) = ip e .
1, ifiiseven,2<i<n-—1
Note that ey (0) = 251424 ity nl — dnod — op_2andep(1) = 27 4251+

nolp sl — 12t = 9p -2 Thus, ey (0 > F(U)] = [(2n-2)—(2n-2)| = 0] =0 < 1.
Therefore, the Quadrilateral Snake Graph QS’n is a Tribonacci Cordial Graph for alln > 3
and n is odd.

Based on the above cases, it follows that the Quadrilateral Snake Graph @,, is a Tri-
bonacci Cordial Graph for all n > 2. (|

Theorem 3.6. The Cycle Quadrilateral Snake Graph C'(Q).S,,) admits Tribonacci Cordial
Labeling for all n > 3.

Proof. LetV(C(QS,,)) = {vi, ui, w;|1 <i <n}and E(C(QSy)) = {vivit1, vip1w;i|l <
i <n—1}U{viv, } U{viw,} U{u;w;,vu;|1 < i < n} be the vertex set and edge set of
the Cycle Quadrilateral Snake Graph C(QS,,), respectively. Hence, the order and the size
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is |[V(C(QSy))| = 3n and |E(C(QS,))| = 4n, respectively. To prove the theorem, we
consider the following cases:
Case 1: nisevenand n > 4.

Subcase 1.1: n = 4m where m € N

Let f : V(C(QS,)) — {Tv, Th, Tz, . .., T5n—1} be the function defined by:

f(vi) =T33
fui) = Tsi2
flwi) =T34

where 1 < ¢ < n. From the established labeling, the induced edge labels are:

[r(vivig1) = {

0 ifiisodd, 1 <i<n-—1
1 ifziseven,2<i<n—2

[ (oiv,) =1
. 0 ifiiseven,2<i<n
f(Uz‘uz‘)Z g .
1 ifzisodd, 1 <i<n-—1
£ ) 0 if7iseven,2<i<n-—2
Vi+1W;) =
! 1 ifiisodd,1<i<n-—1
f(vwy) =0
. 0 ifiisodd,1<i<n-—1
1 ifziseven, 2 <i<n.

Note that e (0) = 24+24+2524+1+2 =22 —2pandes(1) = 252 +14+24+2+2 =
40 = 2n. Thus, |ef(0) — ef(1)] = |2n — 2n| = |0] = 0 < 1. Therefore, the Cycle
Quadrilateral Snake Graph C(Q.S,,) is a Tribonacci Cordial Graph for all n = 4m where
m € N.

Subcase 1.2: n = 4m + 2 where m € N.

Let f : V(C(QSy)) — {Tv,T1, Tz, . .., T5n—1} be the function defined by:

f(vi) =T33
flui) = Tai—2
f(wz) =131,

where 1 < ¢ < n. From the established labeling, the induced edge labels are:
[T (Wivig) = {

fr(vivn) =0

0, ifiisodd, 1 <i<n-—1
1, ifiiseven,2 <t<n—2
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. 0, ifiiseven,2<i<n
[ (i) = . .
1, if7zisodd, 1 <i<n-—1
0, ifiiseven,2<i<n—2
1, if7risodd, 1 <i<n-—1

. 0, ifiisodd,1<i<n-—1
I (uw;) = g .
1, ifziseven, 2 <1 < n.

Note that e (0) = %—4—1—1—%4—"7_24-% = 47” =2nande;(1) = NT—2+%+g+1+% —

40 = 2n. Thus, |ef(0) — ef(1)] = [2n — 2n| = |0] = 0 < 1. Therefore, the Cycle
Quadrilateral Snake Graph C(Q5S,,) is a Tribonacci Cordial Graph for all n = 4m + 2
where m € N.
Case2: nisoddandn > 3

Subcase 2.1: n = 4m — 1 where m € N

Let f: V(C(QS,)) = {Tv, Th, Tz, . .., T5n—1} be the function defined by:

f(Uz) =133
fug) =T3i—2
flwi) =Ty

where 1 < ¢ < n. From the established labeling, the induced edge labels are:

[H(vivigr) = {

0, ifiisodd,1<i<n—2
1, ifiiseven,2<i<n-—1

[r(on) =1
. 0, ifiiseven,2<i<n-—1
[ (viug) = . .
1, ifiisodd,1 << n
£( ) 0, ifiiseven,2<i<n-—1
Vi+1W;) =
i 1, ifiisodd,1<i<mn—2
[ (viw,) =0
N 0, ifiisodd,1<i<n
I (uiw;) = . .
1, ifiiseven,2<i<n-—1

Note that ef(0) = 21 4 22t ool b1 ol — 40— 9pand ep(1) = 251 +
14 ol pnod g nol — 40— 9. Thus, [ef(0) — ep(1)] = 2n —2n[ = 0] =0 < L.
Therefore, the Cycle Quadrilateral Snake Graph C'(Q.S,,) is a Tribonacci Cordial Graph
foralln = 4m — 1 where m € N.

Subcase 2.2: n = 4m + 1 where m € N

Let f : V(C(QSy,)) — {Tov, Th, Tz, . .., T5n—1} be the function defined by:

f(vi) =T33
flui) = Tai—2
flw;) =T33
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where 1 < ¢ < n. From the established labeling, the induced edge labels are:

0, if7isodd,1<i<n—2

1, ifiiseven,2<i:<n-—1

[ (vivig1) = {

f*(vlvn):()
" 0, ifiiseven,2<i<n-—1
[ (viug) = . ‘
1, ifiisodd,1 << n
£ ) 0, iftziseven,2<i<n-—1
Vi41W;) = P .
i 1, ifiisodd,1 <i<n—2
f*(vlwn):
. 0, ifiisodd, 1 <i<n
I (uw;) = AP .
1, ifiiseven,2<i<n—1.

Note that ef(0) = 251 + 1+ 2L 4 ool g ndbl — 40— 9p and (1) = 251 +
ol ool g4 ool = 40 = 2 Thus, |ef(0) — ef(1)] = [2n —2n| = (0] = 0 < 1.
Therefore, the Cycle Quadrilateral Snake Graph C(Q5S,,) is a Tribonacci Cordial Graph
for all n = 4m + 1 where m € N.

Based on the above cases, it follows that the Cycle Quadrilateral Snake Graph C(Q.5S,,)

is a Tribonacci Cordial Graph for all n > 3. O

Theorem 3.7. The Double Quadrilateral Snake Graph D(QS,) admits
Tribonacci Cordial Labeling for all n > 2.

Proof. Let V(D(QS,)) = {wi|l < i < n} U {uj,w,z;,yll < i < n-—1} and
E(D(QSy)) = {vivit1]l < i <n—1}FU{viu, vigawi, wiwi, vidi, Vig1Yi, Tiyil < i <
n—1} be the vertex set and edge set of the Double Quadrilateral Snake Graph D(Q5S,,), re-
spectively. Hence, the order and the size of the Double Quadrilateral Snake Graph D(Q5S,,)
is |[V(QSy)| = bn — 4 and E(QS,,)| = Tn — 7, respectively. To prove the theorem, we
consider the following cases:

Case 1: nisevenand n > 2

Let f: V(D(QS,)) — {To, T1,Ts, ..., Tsn—5} be the function defined by:
fvi) =T5i-5, 1<i<n

=T5-4, 1<i<n-—1

) =T5i-3, 1<i<n-—1

=152, 1<i<n-1

fyi) =Ts5i—1, 1<i<n-1
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From the established labeling, the induced edge labels are:

I (vivig1) = {

0, ifsiseven,2<i<n—2
1, if7risodd, 1 <i<n-—1

. 0, ifiiseven,2<i<n—2
[ (viwg) = s .
1, ifiisodd, 1 <i<n-—1
£( ) 0, ifiisodd,1<i:<n-—1
Vi+1W;) =
i 1, ifiiseven,2 <i<m—2
N 0, ifiisodd,1<i<n-—1
I (ugw;) = e .
1, ifiiseven,2 <t <n—2
. 0, ifiisodd,1<i<n-—1
f(UiSﬂz'): g e .
1, ifiiseven,2 <t <n—2
£ ) 0, ifiiseven,2<i<n—2
U5 i) —
Y 1, ifiisodd,1<i<n-—1
£ ) 0, ifiisodd,1 <i<n-—1
TiYi) =
i 1, ifiiseven,2<:<n—2

Note thate(0) = 252+ 224 24 242 n-24 0 — O apdep(l) = 24242524
npynziygynst = Ing ler(0)—e (1) = I( ) (B8 = =1<1.
Therefore, the Double Quadrllateral Snake Graph D(QSy) i 1s a Tribonacci Cordial Graph
for all n > 2 and n is even.

Case2: nisoddandn > 3
Let f: V(D(QS,)) — {To, T1,Ts, ..., Tsn—5} be the function defined by:
fw)=T5-5 1<i<n
flui) =T5i—4, 1<i<n-—1
f(wz) TSl 3 1S’L§’ﬂ—1
f(xv) Tsi—2, 1<i<n-—-1
fyi) =Ts5i—1, 1<i<n-—1
From the established labeling, the induced edge labels are:

fr(vivig1) = {

0, ifiiseven,2<i<n-—1
1, ifiisodd, 1 <i<n-—2

N 0, ifziseven,2<i<n-—1
[ (viug) = e ‘
1, iftrisodd, 1 <i:<n—2

0, ifiisodd,1<:<n—2
ifriseven,2 <i<n-—1
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. 0, ifdisodd,1<i<mn-—2
[ (uw;) = . .

1, ifiiseven,2<i1<n-—1

. 0, ifiisodd,1<i<n-—2
[ (i) = e .

1, ifiiseven,2<i<n-—1

£ ) 0, ifziseven,2<i<n-—1

Vi+1Yi) =

WA, fiisodd, 1< <n—2

N 0, ifzisodd,1 <i<n-—2
f(ivz'yi): [P .

1, ifiiseven,2<t1<n—1

Note that e;(0) = 251 4 25t 4 ool gonodl g ol oy ol g nol — Tne? gng
ef(l) — nT—l_’_ ngl -‘r%_l-l- "51 4 ngl _’_%—1_’_ ngl _ % Thus, |6f(0) _ef(l)l —
(Tn=T) — (™%=T)| = |0| = 0 < 1. Therefore, the Double Quadrilateral Snake Graph
D(Q®S,,) is a Tribonacci Cordial Graph for all n > 3 and n is odd.

Based on the above cases, it follows that the Double Quadrilateral Snake Graph D(Q.S,,)

is a Tribonacci Cordial Graph for all n > 2.

O

4. CONCLUSION

The study shows that Tribonacci cordial labeling effectively extends sequence-based
graph labeling to snake graphs, enriching the theory beyond Fibonacci-based approaches.
Future work may apply this method to broader graph families, compare with other number
sequence labelings, and explore algorithmic and practical applications in areas such as
network design and coding theory.
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