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INFERIOR SEMIGROUPS AND IDEALS

G. MUHIUDDIN* AND YOUNG BAE JUN

ABSTRACT. Inferior semigroups, left (right) inferior ideals, and inferior quasi-ideals in
semigroups are introduced, and several properties are investigated. Characterizations of
inferior semigroups and ideals are considered, and relations between inferior semigroups,
inferior ideals and inferior quasi-ideals are discussed. Characteristic inferior mappings
and inferior products of inferior mappings are introduced. Using these notions, related
properties on inferior semigroups, left (right) inferior ideals and inferior quasi-ideals are
investigated. A regular semigroup is characterized by an inferior quasi-ideal.

A semigroup is an important algebraic structure consisting of a set together with an
associative binary operation. The name “semigroup” originates in the fact that a semigroup
generalizes a group by preserving only associativity and closure under the binary operation
from the axioms defining a group.

Fuzzy sets are sets whose elements have degrees of membership. Fuzzy sets were in-
troduced by Lotfi A. Zadeh [3] and D. Klaua [2] in 1965 as an extension of the classical
notion of set. A great variety of generalizations of fuzzy sets are considered by several
authors. There are many mathematical constructions similar to or more general than fuzzy
sets. Since fuzzy sets were introduced in 1965, a lot of new mathematical constructions
and theories treating imprecision, inexactness, ambiguity, and uncertainty have been devel-
oped. Some of these constructions and theories are extensions of fuzzy set theory, while
others try to mathematically model imprecision and uncertainty in a different way (Bur-
gin and Chunihin, 1997; Kerre, 2001; Deschrijver and Kerre, 2003). A fuzzy set is a pair
(U, u) where U is aset and p : U — [0, 1] is a mapping. Based on the fact that the image
of 1 is a totally ordered set under the usual order in R, Jun and Muhiuddin [1] tried to make
another generalization, called inferior mappings, of fuzzy sets by using partially ordered
sets.

The aim of this paper is to apply the notion of inferior mappings by Jun and Muhiuddin
to semigroup theory. We introduce inferior semigroups, left (right) inferior ideals and infe-
rior quasi-ideals in semigroups, and investigate several properties. We characterize inferior
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semigroups and ideals, and discuss relations between inferior semigroups, inferior ideals
and inferior quasi-ideals. We introduce characteristic inferior mappings and inferior prod-
ucts of inferior mappings. Using these notions, we discuss related properties on inferior
semigroups, left (right) inferior ideals and inferior quasi-ideals. We characterize a regular
semigroup by inferior quasi-ideals.

1. PRELIMINARIES

Let S be a semigroup. Let A and B be subsets of .S. Then the multiplication of A and
B is defined as follows:

AB={abe S|a€ Aandb € B}.

A semigroup S is said to be regular if for every x € S there exists and element @ € S
such that zaz = x.
A nonempty subset A of S is called
o a subsemigroup of S'if AA C A, thatis, ab € Aforalla,b e A,
o aleft (resp. right) ideal of S if SA C A (resp. AS C A) thatis, za € A (resp.
ar € A)forallz € Sanda € A.
e a two-sided ideal of S if it is both a left and a right ideal of S.
e a quasi-ideal of Sif ASNSA C A.
Note that a semigroup S is regular if and only if A = ASA for every quasi-ideal A of
S.
Let .S be a nonempty set and let U be a partially ordered set with the partial ordering =
and the last element §. Then the statement

a = bisread as “a precedes b”
In this context, we also write:

b 7~ a means a 3 b; and read “b succeeds a”.
a 3 bmeans a X band a # b; and read “a strictly precedes b”.
b 7~ a means a 3 b; and read “b strictly succeeds a”.

We consider a pair (f,S) on (U, X) where f : S — P(U) is a mapping and P(U) is

the power set of U. Define a mapping
= inf f(x) if Jinf f(x),
which is called the inferior mapping of .S related to the pair (f,S) on (U, 3).

Let f and g be inferior mappings of S related to pairs (f,.S) and (g, S), respectively, on
(U, 3). Then the union of (f,S) and (g, S) is defined to be the pair (f U g,S) on (U, 3)
which is given as follows:

fUg:S—=PU), x— f(z)Ug(z).
The intersection of (f,.S) and (g, .S) is defined to be the pair (f N g,.S) on (U, X) which
is given as follows:

fNng:S—PU), x— f(z)Ng(z).
The inferior mapping of S related to the pair (f U g,S) (resp. (f Ng,S)) on (U,3) is
called the union (resp. intersection) of fNand g and is denoted by f U g (resp. f N g ). The
inferior union of f and g is denoted by f U g and is defined by

fug:S—U, z— sup{f(z),j(z)}. (1.2)
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The inferior intersection of f and g is denoted by f M g and is defined as follows:
fAg:S—U z~ inf{f(z),§(z)}, (1.3)

where (frm §)(z) = 0 if inf{ f(x), §(x)} does not exist.
Let f be an inferior mapping of .S related to the pair (f,.5) on (U, 3). Forany a € U,
the set

S(f,a) :={x € S| f(z) succeeds a’}

is called the upper a-inferior set of f (see [IL]).

2. INFERIOR SEMIGROUPS AND IDEALS

Definition 2.1. Let S be a semigroup and let (f,.S) be a pair on (U, 3). If the inferior
mapping f of S related to the pair (f, S) on (U, 3) satisfies the following condition

(Vx,y € S) (f(xy) succeeds the infimum of f(z) and f(y)) , 2.1

then we say that f is an inferior semigroup of S.

Example 2.2. LetU = {1,2,3,---,9, 10} be ordered as pictured in Figure 1.
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Figure 1
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Let S = {0,1,2,3,4,5} be a semigroup with the Cayley table (see Table .

TABLE 1. Cayley table for the binary operation *-’

SO OO O oo
e =)
oA =N = O
= Ot = W= OlWw
> =N R = O
UL = W = = O]t

Tl W N~ O -




INFERIOR SEMIGROUPS AND IDEALS 353

(1) Let (f, S) be a pair on (U, 3) in which f is defined as follows:

{1,10} if z =0,
{2,3,10} ifz =1,
{3,4,5,8}  ifz =2,
{1,2,3,4,6} ifz =3,
{2,4,5,7,8} ifz =4,
{1,2,3,5}  ifz=5.

f:S—=PU), z—

Then the inferior mapping f of S related to the pair (f,S) on (U, <) is described as
follows:

1 ifz=0,

3 ifz=1,
f:8—=U z—{ 8 ifxe{24}

6 ifx=3,

5 ifx=5.

Then f is an inferior semigroup of S.
(2) Let (g, .S) be a pair on (U, X) in which ¢ is defined as follows:

{1,3,10} if o =0,

(2,3,10} ifo—1,

. (2,3,4,5,6)  ifz=2,
9:5 =P, x> 19 3 if 2 =3,
(3,5,6,9} if =4,

{1,2,3,4,6,9} ifz=5.
Then the inferior mapping g of S related to the pair (g, S) on (U, ) is described as follows:

3 ifze{0,1},
- 6 ifzx=2,
g:S—>U, xz— 4 ifz=3

9 ifx € {4,5}.

Then g is an inferior semigroup of .S.

Theorem 2.1. If f is an inferior semigroup of a semigroup S~ then the upper a-inferior
set S(f,a) of f is a subsemigroup of S for all o € U with S(f,a) # (.

Proof. Assume that f is an inferior semigroup of S. Let z,y € S( f,a). Then f (x)
and f(y) succeed a. It follows from @.I)) that f(xy) succeeds « and that zy € S(f, «).
Therefore S(f, a) is a subsemigroup of S. O

Theorem 2.2. Let f be an inferior mapping of a semigroup S related to the pair (f,S) on
(U, 3) such that there exists the infimum of f(x) and f(y) for all z,y € S. If the upper
a-inferior set S(f, o) of f is a subsemigroup of S for all o € U with S(f, a) # 0, then f

is an inferior semigroup of \S.

Proof. Let z,y € S and 3 € U be such that inf{f(z), f(y)} = B. Then f(x) and
f(y) succeed f3, that is, z,y € S(f B). Thus zy € S(f B), and so f(xy) §,~5

inf{f(z), f(y)}. Therefore f(zy) succeeds the infimum of f(x) and f(y), and so f is
inferior semigroup of S D

Theorem 2.3. If f and g are inferior semigroups of a semigroup S, then so is the intersec-
tion f N gof f and g.
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Proof. 1t is straightforward. (]

The following example shows that the union of two inferior semigroups of a semigroup
S may not be an inferior semigroup.

Example 2.3. Let f and § be inferior semigroups as in Example Then

(1,3,10} if 2 =0,

{2,3,10} ifr =1,

_ (2.3,4,5,6,8) if =2,
FUg:S=PWU) x93 1934 6) ifr =3,

{2,3,4,5,6,7,8,9} ifz =4,
{1,2,3,4,5,6,9}  ifz =5,

and so
3 ifze{0,1},
o 8 ifx =2,
fUg:S—-U, xz— ¢ 6 ifx=3,
10 ifx =4,
9 ifxz=05.

Note that J”/J/g(4~3) = m(S) = 9 does not succeed 6, which is the infimum of f/Lj/g(Zl)
and f U g(3). Hence f U g is not an inferior semigroup of S.

Definition 2.4. Let S be a semigroup and let (f,5) be a pair on (U, 3). If the inferior
mapping f of S related to the pair (f, S) on (U, 3) satisfies the following condition

(va,y € 8) (F(zy) succeeds f(y) resp. f(2))), 22)
then we say that f is a left (resp. right) inferior ideal of S.

If the inferior mapping f of S related to the pair (f,S) on (U, X) is both a left inferior
ideal and a right inferior ideal of .S, then we say that f is a two-sided inferior ideal of S.

Example 2.5. Let U = {1,2,3,---,8} be ordered as pictured in Figure 2.

6 .8\-7
S~
4 \/’
TN,

Figure 2

Let S = {a,b, ¢, d} be a semigroup with the Cayley table (see Table [2)).
Let (f, S) be a pair on (U, 3) in which f is defined as follows:

{7,8} ifr =a,
, {4,6,8)  ifz=0b,
F8=PU), T4 137456} ifa—c

{1,3,5,7} ifz =d.
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TABLE 2. Cayley table for the binary operation ‘-’

Q2 2 2|2
Q Q2 2
TR Q0
SR e 2

QL O o

Then the inferior mapping f of S related to the pair (f,S) on (U, <) is described as
follows: f(a) =7, f(b) =4, f(c) = 3, and f(d) = 1. It is routine to verify that f is an
inferior ideal of S.

Obviously, every left (resp. right) inferior ideal of S is an inferior semigroup of S. But
the converse is not true as seen in the following example. In fact, the inferior semigroup

f in Example 1) is not a left inferior ideal of S since f(3-5) = f(3) = 6 does not
succeeds 5 = f(5). Also, the inferior semigroup § in Example 2) is not a right inferior
ideal of .S since §(3 - 4) = §(2) = 6 does not succeeds 4 = g(3).

Theorem 2.4. If f is a left (right) inferior ideal of a semigroup S, then the upper a-inferior
set S(f, ) of f is aleft (right) ideal of S for all « € U with S(f,a) # 0.

Proof. 1t is similar to the proof of Theorem [2.1] O

Theorem 2.5. Let f be an inferior mapping of a semigroup S related to the pair (f,S) on
(U, 2) such that there exists the infimum of f(x) and f(y) for all xz,y € S. If the upper
a-inferior set S(f, ) of f is a left (right) ideal of S for all o € U with S(f,a) # 0, then

f is a left (right) inferior ideal of S.
Proof. 1t is similar to the proof of Theorem[2.2] O
Let (U, %) be a poset with both the first element (k) and the last element (#). For a

nonempty subset A of a set .S, define a mapping x 4 as follows:

0 ifzxeA,

xa:S5— P(U)v T = { U otherwise.

Then the inferior mapping x 4 of a set .S related to the pair (x4, S) on (U, 3) is given as

follows:
0 ifxeA,

XAa:S = U, 2 .
XA X { K otherwise,

and is called the characteristic inferior mapping of A in S. The characteristic inferior
mapping X s of S in S is called the identity inferior mapping of S.

Let x 4 and x g be characteristic inferior mappings of A and B, respectively, in S where
A and B are nonempty subsets of S. Letx € S. If x € AN B, then

(Xa M x5)(z) = inf{Xa(z), x(x)} = 0 = Xanp(z)
Ifx ¢ ANB,thenx ¢ Aorax ¢ B. Thus

(Xa M Xp)(z) = inf{xa(z),XB(2)} = k£ = Xans(z).
Therefore we have

XAMXB = XAnB (2.3)
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Theorem 2.6. For any nonempty subset A of a semigroup S, the following are equivalent.

(1) Ais a left (resp. right) ideal of S.
(2) The characteristic inferior mapping x4 of A in S is a left (resp. right) inferior
ideal of S.

Proof. Assume that A is a left ideal of S. For any x,y € S, if y ¢ A then ya(zy)
succeeds kK = Xxa(y). If y € A, then xy € A since A is a left ideal of S. Hence
Xa(xy) = 0 = xa(y). Therefore X 4 is a left inferior ideal of S. Similarly, ¥ 4 is a right
inferior ideal of S when A is a right ideal of .S.

Conversely, suppose that X 4 is a left inferior ideal of S. Let x € S and y € A. Then
Xa(zy) succeeds x4 (y) = 6, and so x4 (xy) = 6. Thus zy € A and therefore A is a left
ideal of S. Similarly, we can show that if 4 is a right inferior ideal of .S, then A is a right
ideal of S. O

Let I M (S) denote the set of all inferior mappings of a semigroup S and define a relation
< on IM(S) as follows.

(Vf,g € IM(S)) (f<<§ & f(x) precedes g(z) for all = € S) .

Then < is an equivalence relation on I M (.S).
For any f,g € IM(S), the inferior product of f and g is written f ® ¢ and is defined
as follows:

_— sup inf{ f(y),g(z) ¢+ if 3y, z € S such that & = yz,
(fOI(x) =4 ==y { }

K otherwise.

Let x 4 and ¥ g be characteristic inferior mappings of A and B, respectively, in .S where
A and B are nonempty subsets of S. For any x € S, if © € AB then there exist a € A and
b € B such that x = ab. Thus

(Xa © x8)(x) = sup inf{Xa(y),XB(2)} T inf{Xa(a), xB(0)} =0,

T=yz

and so (x4 © XB)(x) = 0. Since x € AB, we have X ap(x) = 6. Suppose « ¢ AB. Then
x #abforanya € Aandb € B. If x = yz forsome y,z € S, theny ¢ Aorz ¢ B.
Hence

(Xa ©XB)(z) = sup, inf {Xa(y), Xx8(2)} = & = Xap(z).
If x # yz forall y, z € S, then
(Xa © xB)(x) = £ = XaB(2).
In any case, we have
XA O XB = XAB- (2.4)
Theorem 2.7. Let f be an inferior mapping of S related to a pair (f,S) on (U, 3). Then
f is an inferior semigroup of S if and only if f © f < f.

Proof. Assume that f © f < fandlet 2,y € S. Then
flay) Z (f © flwy) Z nf{f(2), f(y)},

and so f is an inferior semigroup of S.
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Conversely, suppose that f is an inferior semigroup of S. Then f () succeeds the
infimum of f(y) and f(z) for all z € S with © = yz. Hence

F@) % swp inf { (). /(=) } = (F @ (@)

r=yz
for all z € S. Therefore f@ f < f O
Theorem 2.8. Let f be an inferior mapping of S related to a pair (f,S) on (U, 3). For
the identity inferior mapping X s of S, the following are equivalent.

1) f is a left inferior ideal of S.

@) xsoOf</f.

Proof. Assume that f is a left inferior ideal of S. Let z € S. If = yz for some y, z € S,
then

(s © N(@) = sup inf {Xs(y). J(2) |

r=yz

= sup inf {Q,f(yz)}

T=yz

= f().

If & # yz forall y, z € S, then (Ys © f)(z) = & 3 f(x). Therefore Ys ® f < f.
Conversely, suppose that the second assertion is valid. For any x,y € S, we have

Fley) % (s © Play) 2 inf {xs(@), Fn) } = inf{0, F)} = Fv).
Hence f is a left inferior ideal of S. (]
Similarly, we have the following theorem.

Theorem 2.9. Let f be an inferior mapping of S related to a pair (f,S) on (U,3). For
the identity inferior mapping xs of S, the following are equivalent.

€)) f:is a right inferior ideal of S.

@ foxs</f.
Corollary 2.10. Let f be an inferior mapping of S related to a pair (f,S)on (U,3). For
the identity inferior mapping x s of S, the following are equivalent.

(1) f is a two-sided inferior ideal of S.

2) Xs®f<< fandf@Xs <<f

Theorem 2.11. Let f and § be inferior mappings of S related to pairs (f,S) and (g,5),
respectively, on (U, 3). If f and § are inferior semigroups of S, then so is the inferior
intersection f M g of f and g.

Proof. For any z,y € S, we have
(f @ g)(xy) = mf{f(xy), g(zy)}
7 inf{inf{f(2), f(y)}, nt{g(2),3(y)} }
= inf{inf{f(2), (=)}, inf{f (), §(y)}}
= inf{(f M g)(z), (f M §)(y)}.

Therefore f @ § is an inferior semigroup of S. O
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By the similar way, we can prove the following theorem.
Theorem 2.12. Let f and § be inferior mappings of S related to pairs (f,S) and (g, S),
respectively, on (U, 3). If  and § are left (resp. right) inferior ideals of S, then so is the
inferior intersection f M g of f and §.
Corollary 2.13. Let f and § be inferior mappings of S related to pairs (f,S) and (g,S),
respectively, on (U, 3). If f and § are two-sided inferior ideals of S, then so is the inferior
intersection f M g of f and g.
Theorem 2.14. Let f and § be inferior mappings of S related to pairs (f,S) and (g,5),
respectively, on (U, 2). If f is a left inferior ideal of S, then so is the inferior product f ® §
of fand g.
Proof. Letx,y € S. If y = ab for some a,b € S, then zy = z(ab) = (za)b and

(F ©4)(y) = sup inf { f(a), 5(b) }
y=ab
2 sup inf{f(xa), (b)}

zy=(za)b

g
3 sup inf { 7(0), 5(0)}

ry=cb
= (f © §)(zy).
If y is not expressible as y = ab for a,b € S, then (f@ Iy =k (f@ J)(zy). Hence
f ©® g is a left inferior ideal of S. O

Similarly we have the following theorem.

Theorem 2.15. Let f and § be inferior mappings of S related to pairs (f,S) and (g,5),
respectively, on (U, 2). If f is a right inferior ideal of S, then so is the inferior product
fo©gof fandg.

Corollary 2.16. Let f and g be inferior mappings of S related to pairs (f, S) and (g, 5),
respectively, on (U, 3). If f is a two-sided inferior ideal of S, then so is the inferior product
fO®gof fandg.

Theorem 2.17. Let f and § be inferior mappings of S related to pairs (f,S) and (g, S),
respectively, on (U, 3). If f is a right inferior ideal of S and § is a left inferior ideal of S,
then f©§ < f Mg

Proof. Letx € S. If x is not expressible as x = ab for a, b € S, then
(fo§)() =r 3 (fMg) ().

If there exist a, b € S such that z = ab, then

(f ©3)(@) = sup inf { f(a), 5(0) }
{

r=ab

A
2}
=

ke
=)
=

Therefore f@ g<& frm g. g
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If we strength the condition of the semigroup .S, then the reverse relation in Theorem
217 can be induced as follows.

Theorem 2.18. Let f and § be inferior mappings of S related to pairs (f,S) and (g,5),
respectively, on (U,2). If S is a regular semigroup and f is a right inferior ideal of S,
then fng < fo4.

Proof. For any x € S, there exists a € S such that zaz = x since S is regular. Hence
(Fo3)@) = swp inf { 7),5() |
On the other hand, we get |
(f 0 9)(@) = inf { f(@), 5(@) } 3 inf { f(za), g(x)}
since f is a right inferior ideal of S. Since xax = x, we have

inf { f(za),3(0) } 5 sup inf { F(9),3(:) } = (F © 9)(@).

r=yz
Therefore (f M §)(z) precedes (f ® §)(z), thatis, fM§ < f © §. O
The similar way show the following theorem.

Theorem 2.19. Let f and § be inferior mappings of S related to pairs (f,S) and (g,5),
respectively, on (U, 3). If S is a regular semigroup and § is a left inferior ideal of S, then
fAg< foq

Combining Theorems and [2.T8]induces the following theorem.

Theorem 2.20. Let f and g be inferior mappings of a regular semigroup S related to pairs
(f,S) and (g, S), respectively, on (U, 3). Then f @ g = f © g when [ is a right inferior
ideal of S and § is a left inferior ideal of S.

Definition 2.6. An inferior mapping f of S related to a pair (f, S) on (U, =) is called an
inferior quasi-ideal of S if
(foxs)n(xsof) < f (2.5)

Obviously, every left (right) inferior ideal is an inferior quasi-ideal of .S, but the converse
does not hold in general as seen in the following example.

Example 2.7. Let S = {0, a, b, c} be a semigroup with the Cayley table (see Table [3).

TABLE 3. Cayley table for the binary operation ‘-’

o o8 O

o O O oo
o O 8 OR
o O ot ol
S O OO0

Given aset U = {0,0.1,0.2,0.3,0.4,0.5,0.6, 1} with the partial order “3” as pictured
in Figure 3
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0.5 0.6
0.1 0.2
0

Figure 3

consider a pair (f,.S) on (U, 3) as follows:

{0.2,0.3.,0.6,1} ifz € {0,a},

f:S52PU), 2z { {0.1,0.2,0.4.,0.5} ifz € {b,c}.

Then the inferior mapping f of S related to (f, S) on (U, <) is described as follows:
= v [ 02 ifxe{0,a},
@)= { 0 ifze{bcl,

and it is an inferior quasi-ideal of S. But it is not a left (right) inferior ideal of S.

Theorem 2.21. For a nonempty subset A of S, the characteristic inferior mapping X A of
Ain S is an inferior quasi-ideal of S if and only if A is a quasi-ideal of S.

Proof. Assume that the characteristic inferior mapping x4 of A in S is an inferior quasi-
ideal of S. Let a be any element AS N SA. Then there exist b,c € A and z,y € S such
that a = bx = yc. Hence

(Xa © Xs)(a) = sup inf {Xa(p), Xs(¢)}

Z inf {xa(b),Xs(z)}
= 9’
and so (Y4 © Xs)(a) = 6. Similarly, we get (s ® x4)(a) = 6. It follows from (2.3)) that
Xa(a) Z (Xxa ©Xs) M (Xs © Xa)) (a)
= inf{(xa © Xs)(a), (Xs © Xa)(a)} (2.6)
=0.
Thus a € A and so ASN SA C A. Therefore A is a quasi-ideal of S.

Conversely, suppose that A is a quasi-ideal of S. Let a be any element of S. If a € A,
then ya(a) = 6 Z ((Xa © Xs) M (Xs ©Xa)) (a). If a ¢ A, then Ya(a) = k. On the
other hand, suppose that ((Y4 ©® Xs) M (Xs ©® X4)) (a) = 6. Then

sup inf {X(p), Xs(¢9)} = (Xa © Xs)(a) =0

a=pq
and

sup inf {xs(p), Xa(q9)} = (Xs © Xa)(a) = 0.

a=pq
This implies that there exist b, ¢, d, e € S such that a = bc = de, xa(b) = 0 and xa(e) =
0. Hence we have

a=bc=dec ASNSAC A.

This is a contradiction, and so (X4 ® Xs) M (Ys ® Xa) < Xa. Therefore ¥ 4 is an inferior
quasi-ideal of S. ]
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Theorem 2.22. The inferior intersection f Mg of a right inferior ideal f and a left inferior
ideal g in S is an inferior quasi-ideal of S.

Proof. Let f be a right inferior ideal of S and § a left inferior ideal of S. Then
(fmg)oxs)m(xs o (fng) < (foxs)M(Xs©g) < fmg.
Therefore f M g is an inferior quasi-ideal of S. g
Theorem 2.23. A semigroup S is regular if and only if f = f OXs©® f for every inferior

quasi-ideal f of S.

Proof. Assume that S is regular and let @ € S. Then a = aza for some z € S. For every
inferior quasi-ideal f of S, we have

(Foxs©F) (@) = sup inf {(f© X)) fv) |

a=uv

zinf {(f © Xs)(a), f(a) }

= iut { ((sup int {7(0). w5t} ) )}
=mf{aiurzdf )

(a),

and so f < f OXs® f . Since f is an inferior quasi-ideal of S, we have
foxsof<(foxs)n(xsof) < f.
Hencef:fQ)ZSQf. L B B
Conversely, suppose that f = f ® xs ® f for every inferior quasi-ideal f of S. Let A
be a quasi-ideal of S. Then ASA C ASNSA C Aand x4 is an inferior quasi-ideal of S.
For any a € A, we get
sup inf {(Xa © Xs)(), Xa(2)} = (Xa © Xs) © Xa)(a) = Xa(a) =0,

a=yz

which implies that there exist elements b and ¢ in S such that ¢ = bc and (Y4 © Xs)(b) =
0 = xa(c). Then

0 =(Xxa©Xs)(b) = Sup inf {xa(p), xs(q)},
=pq

and so b = st and xa(s) = 0 = xs(t) for some s,¢ € S. It follows that ¢,s € A and
t € Ssothata = bc = (st)c € ASA. Hence A C ASA, and thus A = ASA. Therefore,
S is regular. O

CONCLUSION

In this work, the concepts of inferior semigroups, left (right) inferior ideals, and infe-
rior quasi-ideals have been introduced and systematically explored. Various characteriza-
tions of inferior semigroups and their related structures have been established, highlighting
the intrinsic connections between inferior semigroups, inferior ideals, and inferior quasi-
ideals. Furthermore, the study of characteristic inferior mappings and their products has
provided deeper insight into the algebraic behaviour of these structures. Notably, the role
of inferior quasi-ideals in characterizing regular semigroups underscores their significance
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within semigroup theory. Overall, these investigations enrich the understanding of semi-
group structures and lay a foundation for further research in this direction.
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