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COMPLETE APPROXIMATION BY SYMMETRIZED AND PERTURBED
HYPERBOLIC TANGENT ACTIVATED MULTIDIMENSIONAL
CONVOLUTIONS AS POSITIVE LINEAR OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. In this work are studied in detail the multivariate symmetrized and perturbed
hyperbolic tangent activated convolution type operators of three kinds. Here this is done
with the method of positive linear operators. Their alternative approximation properties
are established by the quantitative convergence to the unit operator using the modulus of
continuity. It is also studied the related multivariate simultaneous approximation, as well
as the multivariate iterated approximation.

1. INTRODUCTION

The author studied extensively the quantitative approximation of positive linear opera-
tors to the unit since 1985, see for example [[1]]-[3]], [S)]. He originated from the quantitative
weak convergence of finite positive measures to the unit Dirac measure, having as a method
the geometric moment theory, see [2]], and he produced best upper bounds, leading to at-
tained (i.e. sharp Jackson type inequalities), e.g. see [[L], [2]. These studies have been gone
to all possible directions, univariate and multivariate, though in this work we stay only on
the multivariate approach over an infinite domain.

Our multidimensional convolution operators here have a kernel based on the sym-
metrized and perturbed hyperbolic tangent activation function, which is used frequently
in the study of neural networks, and they can be interpreted as positive linear operators.

So here our proving methods come from the theory of positive linear operators.

Thus in Section 2, we discuss about the symmetrized and perturbed hyperbolic tangent
activation function in the multivariate setting. We also describe our activated multidimen-
sional convolution type operators with their properties, such as differentiation and iteration.

In Section 3, we derive some auxiliary results which are estimates to our operators,
when applied to basic functions and to be used into our main results.
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In Section 4, we present our main explicit results under the lens of positive linear op-
erators and we include their necessary related theory. We treat also the simultaneous and
iterated approximation cases under the same spirit.

We are greatly inspired by our earlier works [6], [[7].

Furthermore, general motivation comes from the great works [11]-[16].

2. BAsIcS

Initially we follow [4]], pp. 455-460.
Our perturbed hyperbolic tangent activation function is

e)xar: _ qe—/\w

Above ) is the parameter and q is the deformation coefficient.

For more read Chapter 18 of [4]]: ’¢q-deformed and A-Parametrized Hyperbolic Tangent
based Banach space Valued Ordinary and Fractional Neural Network Approximation”.

The Chapters 17 and 18 of [4] motivate our current work.

The proposed ”symmetrization method” aims to use half data feed to our multivariate
neural networks.

We will employ the following density function

g (z) == Ag>0, zeR. (1

1
Mg (2) == 1 (ggx (T +1) —gga(z —1)) >0, (2)
Ve € R;q, A > 0.
We have that
Mg (=) = M1\ (x), Vo €R; g, A >0, 3)
and
My (—=x) = My (z), Vo €R; ¢,A>0. (€))
Adding (3) and (@) we obtain
Mo (=) + M1\ (=2) = Mg () + M1 5 (2), 5)
a key to this work.
So that
Mg (x) + M 5 ()
O (z) = - >0, 6)

is an even function, symmetric with respect to the y-axis.
By (18.18) of [4]], we have
In tanh(A
Mg\ (T,\q) = 2( ! J
and (7

My, (-50) = =5 a0,

sharing the same maximum at symmetric points.
By Theorem 18.1, p. 458 of [4], we have that

Yo Mya(xz—i)=1, VzeR A\ g>0,

and (®)
Yo Miy(z—i)=1,VzeR \g>0.
. q°

1=—00
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Consequently, we derive that

o0
Y dr—i)=1,VzeR 9)
By Theorem 18.2, p. 459 of [4], we have that
f Mq )\ dQZ = 1
and (10)
fi)ooo Mly)\ (SC) d:r = 1,

so that -
/ D (x)dr =1, (11)
therefore ® is a density function.
Clearly, then
/ O (nx—u)du=1, VneNzeR. (12)
— 00

An essential property follows:
Proposition 2.1. ([6]) It holds (k € N)
tanh () (2 1) 2!

Lk
/_Oo\z| D (z2)dz < i+ D) + 2\ < 0. (13)

We mention

Definition 2.1. The modulus of continuity here is defined by
wi(f,0) = sup [f(z) = f(y). 6>0, (14)

z,y€ERN:
le—yll o <o

where f : RN — R bounded and continuous, denoted by f € Cp (RY), N € N. Sim-
ilarly wy is defined for f € Cy (RN ) (uniformly continuous functions). We have that
fecCy (RN), iff wy (f, 5) —0asd 0.

Denote ||z|| = max {|z1], ..., |zn|}, z € RV,

We make

Remark. We introduce
Z(x1,..an) = Z(2) = H(D (z3), x=(x1,..,zy) €RY, NeN. (15)
It has the properties:
(i) ~ B
Z(x) >0, Vz e RY; Z (—x) = Z (x),
(ii)

/ Z(m—k):/ / Z(xl—ul,...,xN—uN)dul...duN:
RN

H/ i —ug) duy @1, Ve e RY, (16)

hence
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(iii)
/ Z(nx—u)duzl, VzeRY: neN, 17
]RN
and
(iv) by (TT)
/ Z (z)dx =1, (18)
RN

that is Z is a multivariate density function.
We mention a useful related result.

Theorem 2.2. ([7]) It holds (k € N)

tanh (\) N (q + %) k!
(k+1) (2A)"

/RN |z)|%, Z () de < N* < 0. (19)

When k = 0, ({I9) is again valid.
We give

Definition 2.2. Let f € C (RY), N € N. We define the following activated symmetrized
and perturbed hyperbolic tangent multivariate convolution type operators:
The basic one

gn(f)(x)::/RNf(E>Z(nm—u)du, VxeRY, (20)

n

the activated Kantorovich type
utl

g;;(f)(l’) ;:nN/RN (/; m

Let now 0 = (61,...,0n) € NV, r = (ry,...,7n) € Zf, Wy = Wpypry. vy = 0, such
that

10 dt) Z (nz —u)du, VzeRY, (21)

61 D) 0N

0
Z’UJT - Z Z Z Wryry..ry = 1’ = RN,
r=0

r1=07r2=0 rny=0
and

DD I DRSS CIR N S B e § B
T1IT2...TN n nela n TL927 ’ n ’I’LQN )

r1=07r2=0 rn=0

where  := (” 72 ’—N)

9*1’ 02 g eeey ON .
We define the activated quadrature operators
50 () @)1= 5, fernsan) = [ 8. @ Z (o —w)du= @3
R

N

/_O; /:/_Z(sn (f) (uq, ..., un) <H<D(W_Ui)> duy...duy, Vo €RY.

i=1
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One can rewrite

S, () (a:):/o; /jo /C:f(tjff) <ﬁ¢’(nwi—ui)> duy...duy,

(24)
and
upn+1

uy+1 ug+1
[LN f(tl,...,tN)dt1...dtN>

§Z(f)(x)=nN/o;/o:o.../o; (/ﬂl %2,

N
<H O (nx; — ul)> duy...duy, (25)
i=1

3

neN,VzeRV. L -

In this work we study the approximation properties of the operators S,,, S;; and S,
expecially their convergence to the unit operator I, and being treated as positive linear
operators.

We notice that B _ R
S, (1)=5*"(1)=5(1) =1. (26)
From [7] we have that S,,, S*, S, map C (RY) into itself.
Differentiation of our operators follows:
Remark. ([[7]) Let i € N be fixed. Assume that f € C'*) (]RN), N € N. Here f,, denotes a
N
partial derivative of f, a := (aq,...,an), a; € Z4, j=1,...,N,and |a| :== > o =1,
j=1

wherel = 0,1, ...,1.
We write also f, := g;—{: and we say it is of order .
We assume that any partial f, € Cp (RN),for alla:|al=1,1=0,1,..,1i.
We have that

(3.(9) @)= / fu (2= 2) 2 () = @7)

Similarly, we have that

(S:(0) (@) = (5 () @), (28)

«
and

(Sn(h) @ = (Sa(f)) @), Yo eRY; (29)
foralla: o) =1,1=0,1,...,1.

We also need

Remark. ([7]) About iterated operators:
It holds

5. @)| < Wl [ ZEdz=flle

RN
|52 0] <171 (30)

So Sy, is a bounded positive linear operator.

i.e.
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Clearly it holds

sz =[S (S| = |5 )] < s (1)
And for k € N we obtain
[ssl|_ = |8 ol <320 < - < 1l (32)

so the contraction property valid and S¥ is a bounded linear operator.
Let r € N, we observe that

Suf —f= (S0 =S ) + (S = 8i72p) + (821 = 572

oot (827 = 5uf) + (Suf - f). (33)
Then
Suf —1f||_ < ||Ser =S|+ | = S|+ [ - S|
ot ||S2F = Sus]|_+ §nf—fHOO=
g1 <§nf—f)Hoo+ gr-2 (§nf—f) LO+...+ S, (§nf—f)Hoc+
Suf =1 _=r|Sur-1] -
Therefore
Suf =1 _=r|Sr-a]_- (34)

Let now mi,ms,...m. € N:m; <my < ... <m,, and §m1 as above.
S (S (s () — = =
Se (Smecs (++8m2) ) (S f = 1) + S, (S (+-8ms) ) (Smaf = £) + G39)
S (§m (§m)) (§m3f - f) 4ot S <§mr_1f ) I
Consequently it holds, as in [4]], Chapter 2,

oo (5 (5 (5e))) A= S o] o

The properties — are also valid for the iterations of operators §;§ and S”\n

Notation. We denote by K,, any of the operators S, g;; and S‘; VneN

3. AUXILIARY RESULTS

Here let 2o € RY, m,n € N. It follows:

Proposition 3.1. It holds that
Su (Il = 2ol %) (o) > 0, (37)

and
0<

S - = woll) @o)]|_ < (39)
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N [rann oy (a+3)
n™ | (m+1) 2 )™

(< +00) = 0, as n — +o0.

Proof. We have that

~ m u m
0< 8o (- = aoll2) e0) = [ % = 0] " Z (0 — ) =
RN T oo
1 -
— Inzo — ul|” Z (nzo — u) du = (39)
nm RN
1 m s o
= | el Z(z)de <
nm RN
N™ | tanh (A) (q i %) i (< 4+00) = 0,as n — +00
n™ | (m+1) )™ ’ ’
a
Proposition 3.2. It holds that
85 = xoll%) (o) >, (40)
and N
0 < || (1 =0l Z) (@o)| _ <
1) 20,1
2m-—1 tanh () (q + q) erme
1+N™ 0, .41
o + m D) N (< 400) = 0, asn — +oo. (41)

Proof. We have that

0< 52 =woll2) o) = | | (nN /[ e (= —%HZdt) 7 (nwvo —w) du <

u m _
I~ (Hﬁ - :E(]HOO + ||t||oo) dt) Z (nxo — u) du < (42)

/RN <nN/[o, I <‘ % _xOHOO + ;)mdt> Z (nxo — u) du =

U 1 m .
‘f—on —l—) Z (nxg —u) du =
n 0o n
1 o
e N(ano—u||oo—|—l) Z (nxg —u)du < (43)
R
2m—1 .
(/ (14 ||nzo — ul|2) Z (nxo — u) du) ©
nm RN

2m71 m

— {1+/ lnzo —ulls Z (nxo — u) du} =
n RN
2m71

[ el 2 | 2
nm RN
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1 A
ot [ (anny (a4 3)
nm (m+1) 2N)™

(< 400) = 0,a8 1 — +00.

Proposition 3.3. It holds that
Sn (Il- = zoll%) (z0) > 0,

and .
0 < || (I = wollZ) (wo)|_ <
2m-—1 tanh (\) (q + %) e m
v 1+N m+1) V" (< +00) = 0, asn — +oo. (44)

Proof. We have that

0
0 < Sy (|- = wollZ2) (o) :/RN (Z“’

/]RN <éwr (H% _onoo + HTZQHM)W) Z(nxo —u)du <

oo

E—&-L—on )Z(nxo—u)dug

1 ~
/ (Hu—on +> Z (nxog — u) du (45)
RN n [e’e) n
(the rest as in the proof of Proposition 3.2)
1) 201
mel tanh (\ (q + ) e 'm.
I ()Jr . (< +00) = 0,a8 n — +o00.
nm (m+1) (2X)
U
4. MAIN RESULTS
We need the following:

Theorem 4.1. Let (Ly,),,cy be a sequence of positive linear operators from C (RN ) into
itself, such that L, (1) = 1. Assume 0 < Ly, (||- — zo|| ) (®0) < +00.
Then

L (f) (x0) = f (w0)| < 2w1 (f, L (I = 2olloo) (w0)) < +o0. (46)
Given that 1ir+n L, (|- — zo]l ) (xo) = 0 and f is uniformly continuous, we get that
n—-—+0o0

Jm Ly (f) (o) = f (z0) -

Proof. Hereitiswi (f,h) < oo, h > 0.
By Lemma 7.1.1, p. 208, [2]], we get that

10 - 1@l <tz 5], @)

where [-] is the ceiling function.

But it holds It | It |
—T -
7 leo | 74 127 Plloo 48
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Thus we get

() = F @) i (f,h) [ut‘}f“w], . 49)
The last can be written also as

1f ()= f @) <wi(f,h) {1 + :”00} , over RV, (50)

Hence we derive

|Ln (f) (w0) = f (wo)| = [Ln (f () = f (20)) (w0)| <

L1 ) = £ ol o) L o (10 |14 2=l d 0

(choose h := Ly, (||- — xo| o) (x0) > 0)
= 2w1 (f, L (I = 2oll ) (z0)) -

[
We derive
Theorem 4.2. We have for K,, = §n, gj;, §; that
K (f) (o) = f (zo)| < 2w1 (f, Kn ([ = 2ol ) (20)) < 400, (52)
where xo € RN, f € Cp (RN) .
Given that EIJIrl K, (||- — w0l ) (x0) = 0 and [ is uniformly continuous, we get that
ngr}rlooKn (f) (o) = [ (20) .
Proof. By Theorem[.1] O

More specifically we derive:

Proposition 4.3. It holds that (f € Cp (RN ) )
- q+1)e
‘Sn (f) —fHOo < 2wy (f]:[ [tanhm + ( q> ]) <400, (53)

2 2A
If f is uniformly continuous, then S, (f) = f, uniformly as n — +o0.

Proof. By Proposition[3.1} and Theorem 4.2 O

Proposition 4.4. It holds that (f € Cp (RY))
1) .2x
= 1 tanh (\ atg)e
ISZ(f)—fH < 2wy (f,n [1+N ( an2( )+ ( 2‘;) )D < +oo. (54)

If f is uniformly continuous, then §,*L (f) = f, uniformly as n — +oc.

Proof. By Proposition[3.2] and Theorem 4.2} O

Proposition 4.5. Ir holds that (f € Cp (RY))

|Satn - 1| <2 (fi [1+N (tangm + ( +2‘1’A) e%)D < too. (55)
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If f is uniformly continuous, then 3’; (f) = [, uniformly as n — +oc.
Proof. By Proposition[3.3] and Theorem &.2} O
Next, we study our operators under convexity:

Theorem 4.6. Let (L,,),, . positive linear operators from Cg (R™) into itself : L, (1) =
L Let f € Cp (RYN) and the convex function | f (-) — f (zo)| over RN, g € RN . Assume
that 0 < Ly, (|- — zo| ) (z0) < +00.

Then
L (f) (o) = f (o) < wi (f, Ln (|| — moll) (x0)) - (56)
The last @) is attained by f (t) = ||t —xoll, Vt € RN, zg € RY, that is sharp.
Given that f is uniformly continuous and L, (|- — zol| ) (x0) — 0, as n — oo, then

Ly (f) (o) = f (x0), as n — oo.

Proof. Based on Lemma 8.1.1, p. 243, [2]], we obtain:
Let (V,||-||) be a real normed vector space and f : V' — R such that | f (t) — f (x0)] is
convexint € V; xg € V. Then

70— £ o)l < LYV gy, vievinso 67
That is, it holds here
h
7O o) < P over Y, 58)

Then, the proof of (56) goes as in the proof of Theorem[.1]
Inequality is sharp, namely it is attained by f (t) = ||t — zo|,,Vt € RN, 29 €
N

RY.
We have
L (f,20) = f (z0)| = La (/|- — woll ) (o) - (59)
Next we observe
wi (f, Ly (|- = zoll o) (z0)) = w1 (| = @ollog » Ln ([l — ollo) (x0)) =
sup It = wolloe — llt2 = wolloo| < (60)
ti1,ts € RV :
{ Hltr = tallog < L (- = 2ol o) (0)
sup [t1 = t2ll oo = Ln (Il — 2ol ) (o) -
t1,ts € RV .
{ it = t2ll e < Ln (I = 2oll ) (20)
So that
w1 (f; Ln (- = @oll ) (#0)) = La (I = 20/l ) (20) -
Thus (56) it is attained. U

Consequently we obtain:
Theorem 4.7. Let f € Cp (R™) and the convex function |f (-) — f (zo)| over RY, zg €
RN,
Then
(K (f) (o) = f (o) < w1 (f, Kn (I = 2ol ) (w0)) < +oc. (61)

The last is attained by f (t) = ||t — zo|| ., Vt € RN, 2y € RY, that is sharp. Given
that f is uniformly continuous, we derive that K,, (f) (zo) — f (zo), as n — oo.
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Proof. By Theorem [4.6] O

More specifically we derive:

Proposition 4.8. Let f € C (RY) such that |f (-) — f (o)| is convex over RN, z( €

RN,
Then
1) .2x
~ N [ tanh (A qt+g)e
S (1) (o) = f (wo)| <o [ £, Y Gt Ll I,
n 2 2

If f is uniformly continuous, then S, (f) (zo) — f (20), as n — oc.
Proof. By Proposition[3.1] and Theorem 4.7} O

Proposition 4.9. Let f be as in Proposition#.8| It holds that

1 tanh () (q + l) e
Si(f) @) = f @o)| Swi | £ [14N TR < +oo.
n 2 2
_ (63)
If f is uniformly continuous, then S} (f) (o) — f (z0), as n — oc.
Proof. By Proposition[3.2] and Theorem 4.7} O
Proposition 4.10. Let f be as in Proposition It holds that
1) .2x
—~ 1 tanh (A (‘1 + *) €
5o () (o) — ()| < [ £, 14 (BB AT < oo
n 2 2
(64)
If f is uniformly continuous, then Sy, (f) (o) — f (z0), as n — oo.
Proof. By Proposition[3.3] and Theorem 4.7} O
We make
Remark. We consider (RY ||| ) and (RN )j denote the j-fold product space RN x ... x
RY endowed with the max-norm |zl gavys == max. 2kl o, where x := (21,...,7;) €
<k<j

(]RN )j. Then the space Lj := L; ((RN )j ;R) of all real valued multilinear continuous
functions g : (RN )j — R is a Banach space with norm

@) )

lgll = llgll ., := sup lg ()| = sup —————.
b [ENE

”‘T”(RN)j =1
Let xy € RY be fixed, and f : RN — R be a continuous and bounded function whose

Fréchet derivatives ‘
FORN 5L =L ((RN)j ;R)
exist and are continuous andlboundedfor alll < j <m, m e N. Call (x— xo)j =
(x — 20, ..,w —z0) € (RN)? =RV x .. x RV,
—_———
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Then, by Taylor’s formula, see [10], p. 124 and [9]], we get

Z 1 (o) ( _xO) + Run (,20), allz € RV, (66)
where
1 _ m—1
Ry, (z,20) := / (1(mu)1)' (f(m) (zo + u(x — x0)) — (xo)) (x — z0)" du.
0 —1)!
(67)

Here we assume that f9) (zo) =0, j = 1,...,m, then

P -1 = [ (109 (g e 20) 1 20) (2 20)"
=) o) 0 0 0 0 .
(68)
Consider
W= wi (f(m), h) = sup Hf(m) () — f™ @), h>o0. (69)
{ z,y € RY
e =yl <h

Notice that w < +00.
We obtain that

H <f(m) (w0 +u (2 — x0)) — f™) (mo)) (z — 20)™
Hf(m) (o +u(zx—x0)) — Fm) (mo)H 2 — ao|™ < 70

m [z = o]
=" [

by Lemma 7.1.1, p. 208, [2l].
Therefore for all z € RV :

1 ulle =z 7um71
F@) = e Swlo—ao” [ [l [ Eotma an

<

= w®p, (|l — 2ol &) ,
by a change of variable, where

1t g o
®, (1) | M('t(_)l ds=— S -g-wp), o

Jj=0

t € Ry (z), = max{z,0}.
For a full list of properties of the spline function ®,,, see Remark 7.1.3 of [2], p. 210.
By (7.1.18) of [2Il, p. 210, we have

(I) - |x‘7n+1 |x|m h|$|m_1 v R 73
m@ S\ G om t am Ty ) VEER (73)

Consequently it holds (xz € RY)

lz — o™t |z — || h|xzo||m1>

7 (=) = f (@)l < wr (f(m)’h)< O Tl T Smo1)!
(74)
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So that
m—+1 m m—1
(m) |- = oll5 |- —2ollse | Pl — o5
FC) = F o)l < (f ”‘)<<m+1)|h+ T e
(75)
over RV,

Let (Ly,),, ey be a sequence of positive linear operators from Cp (RN) into itself such
that L, (1) =1, Vn eN.

By [f < [f. iff = |fI < f <|f]. then =Ly (If]) < Ln (f) < Lo (|f]), and | Ly, (f)] <
Ln (I£1)-

Hence

L (F ) = £ (@) @0)] < Lu (1 () = £ (@)} () 2w (7,0)

L (= 20ll2") o) (= al2) (o) | P (I = 20ll2") (o)
(m+1)h + 277(1)! =+ 8(m—1)! =:(£)-
(76)

We need the following Holder’s type inequality for positive linear operators.
Theorem 4.11. ([8]]) Let L be a positive linear operator from Cpg (RN ) into itself and
f.9 € Cp (RY), furthermore let p,q > 1 : % + % = 1. Assume that L ((|f (-)|")) (s4),
L((lg()|M) (s«) > 0 for some s, € RN. Then

L(f () g O (50) < LS OF) ()7 (L (g (1)) ()7 an
We continue with
Remark. Let g =1and L,, : L,, (1) = 1, then by we get:
L (- = 0ll2) 20) < (Lo (I = a0l o)) ™. 73)
and »
Lo (I = 2027 a0) < (£ (1 =20l @) 570 a9
where m € N and L/,é)” — xg Hmﬂ) (x0) > 0.
Continuing from
— 2| (=
(© < (17.0) {Ln b o +||1)!h>( 5 (#0)
(Lo (1=l ) 0) ™ 1 (1= 2ol @)
2ml * 8(m—1)!
(assume h = (Ln (|| 0||m+1) (xo))ﬁ >0)
= (70, (L (1 = 20l 2) o)) ™)
ot ] o
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=wy (f(m)a (Ln (||' - QJOH?OH) (580))"11“)

(£ (I = 2ol (w0)) ™ {(mil), to S(ml_l),} RN 9)

We have proved that

Theorem 4.12. Let f € Cp (RN ) xo € RN, Fréchet derivatives fU) continuous and
bounded with f9) (zo) =0, j = 1,...,m. Then

L () o) = £ ol < n (7, (Lo (1 =2 ) ™) 89

(Ln <|| - $o||;no+1> (flﬂo))#%1 [(ml—l—l)' + ZLm' + 8(ml—1)'] , VneN.

Here Ly, (1) = 1, L, positive linear operators from Cpg (RN) into itself under the as-
sumption Ly, (|| — :c0||m+1> (xg) > 0.

o

Let L, (||. - x0||m+1) (z0) = 0, asn — +00, then lim Ly, (f) (o) = f (20).

o n—-+4oo

Next we apply Theorem [4.12]to the operators I,.

Theorem 4.13. Let f € Cp (]RN), zo € RN, Fréchet derivatives f(j) continuous and
bounded with ) (x9) = 0,j = 1,...,m. Then

1

8 () o) = £ ol < (7, (8 (1=l 7) 00)) 7)o

(Kn (H - x0||2+1> (xo))# [(ml—FI)' + QLm' + 8(m1—1)'] )

VneN.
We have that lim K, (f) (zo) = f (z0) .

n—-+oo
Proof. Here K,, any of §n, §:; and 3”;

By Theorem [4.12} and Propositions 3.3| we get K, (|| - x0||22+1) (zg) — 0, as
n — —+o0o. U

More specifically we derive:

Proposition 4.14. All as in Theorem[.13| m € N. Denote by

N | tanh()) (q + g) el

Y (m) = 2 G D) 2" 85)
Then _ )
S (1) (20) = f (@o)| S wr (S, (o (m + 1)) 757)
_m_ 1 1 1
(Y1n (m 4 1)) ™7 [(an + ol + 8(TTL—1)':| ) (86)
VnelN.

We have that nll)rfoogn (f) (xo) = f (z0) -

Proof. By Theorem [4.13]and Proposition [3.1] O
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Proposition 4.15. All as in Theorem[d.13| m € N. Denote by

_gm-l . [ tanh () (q + %) e m!
Then
Sy () (zo) — f (wo) 1
' < (m)’ Pan +1))m+t
a0 e [ U G0
)Nl [P N 88
(Y2n (m +1)) [(m+1)!+2m!+8(m1)!]’ (88)
VneN. _ -
We have that nEI-lI—looS:L (f) (zo) = nEI—EooSn (f) (zo) = f (z0) -
Proof. By Theorem4.13|and Propositions 3.2} [3.3] O

Next we do simultaneous approximation.
Theorem 4.16. Let i € N be fixed and f € C) (RN). Here f,, denotes a partial de-

N
rivative of f, a := (oq,...,an), a; € Zy, j = 1,...,N, and |a| := Y a; = I, where
j=1
1=0,1,...,i. We assume that f, € Cp (RN),foralla dal =1,1=0,1,...,i; 29 € RV,
Then

|(n () (z0) = fa (20)] < 2w1 (fa, Kn (I — 20|l ) (z0)) < +00.  (89)

Given that liIE K, (|- — zoll.) (xo) = 0 and fo is uniformly continuous, we get
n—-—+0o0
that T (K, (), (x0) = 1 (z0).
Proof. By Remark[2]and Theorem [4.2] O

Proposition 4.17. All as in Theoremd.16] Then

1
tanh (\) N (q + E) e
2 2\

N
< 2wy foug < +4o0. (90)

|(3.(D) —fa

If fo is uniformly continuous, then (gn (f))a — foo uniformly as n — +oo.
Proof. By Remark[2and Proposition [4.3] O
Proposition 4.18. All as in Theoremd.16] Then

|(8:0) ~t

_— oo 5 < 2w fo”l 1+N tanh (A) + (Q‘F%) - < +o0.
H (Sn (f)) — fa n 2 2X
T 1)
If fo is uniformly continuous, then (g,j (f))a = fo (g'; (f))a — fa, uniformly as
n — +00.
Proof. By Remark 2] and Propositions [4.4] 3] O

Next, we do simultaneous convexity approximation.
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Theorem 4.19. The notation is as in Theorem with a particular o : |a| =1 €

{0,1,....3}, fo € Cp (RN) and |fo (-) = fa (z0)] is convex over RN, zy € RN . Then
(K (f))a (20) = fa (@0)] < wi (fo, Kn (I = moll o) (w0)) < +00. (92)

Given that f. is uniformly continuous, we derive that (K, (f)),, (x0) = fa (20), asn —
0.

Proof. By Remark 2]and Theorem 4.7 O

More specifically we obtain:

Proposition 4.20. All as in Theorem[{d.19) Then

1) 2x
~ N | tanh ()) (q + 5) €
_ < -
(50(9)_(@0) = fa ()| Swn [ fa | =52 + 55 < 400
(93)
If fo is uniformly continuous, then <§n (f)) (x0) = fa (%0), as n — +o0.
Proof. By Remark 2] Proposition 4.8]and Theorem 4.19] O
Proposition 4.21. All as in Theorem 9 Then
$:(1) (@0) = fa (w0)
S () (@0) = fu (0)
1 tanh (\ q Ty
wi | fo, = 14N ( an q> < +oo. (94)
n 2\
If fo is uniformly continuous, then S’ (x0) = fa (x0), (3“\ (f)) (20) = fa (z0),
asn — +oo. “
Proof. By Remark [2]and Propositions [4.9] f.10]and Theorem d.19 O

We continue with iterated approximations:

Remark. Here f e Cp (]RN);T e N my,...m. € N:mi < mo < ... < my;

= S’n,S,*L,S
As in (34) we get that
15 () = flloe < 7 11En (F) = fllo » (95)
and as in ([36) we obtain that
[ K, (K, By (Ko —fll < Z [ K, () = flloo (96)
Clearly then follows:
Proposition 4.22. Let f € Cp (RN) ire€Nyandmy,...m. EN:mqg <mgp < .. <
m,.. Then
1)

=] =]

n-f|_< 7
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1) 23
tanh () N (q + 6) e’
2 2\

N
2rwy | f, — < +00,
n

and the speed of convergence of S";; to the unit I is not worse than the speed of convergence
of Sp to I,
2)

[0 (St (-8 (8o ) =7 < E 3 (D=1 = 9

1 2X
a N | tanh ()) (quE)e

2> w Lo SRR <

i=1

1
tanh (\) N (q + E) e??
2 2\

N
2rwy | f, o < 4o00. (99)
1

Again, the speed of convergence of the iterated operator to I is not worse than the speed
of convergence of Sy, to I.

Proof. By (93), (96) and Proposition[d.3] O

Similarly we have:

Proposition 4.23. Let f € Cp (]RN) ire€Nyandmy,...m, EN:mqg <mg < .. <

m,.. Then
1)
TR N W B EAC R R oo
[P I T W YO R N
tanh (\) (q + %) e

1
2rwy | f,— |1+ N < +00,
n

~ —T
and the speed of convergence of S;", Sy, to I is not worse than the speed of convergence
of S}, Sy to I,

2)
I8, (8 s (B (S D)) =1\ =[S =1
1S (S (8 (S (0))) =1 _ [ S St =1|_ [~
(101)
T 1 2\
2> S [N a0 (q+2qA)e ) )
2rwy Jﬂmi1 1+ N tang()\) (q+2(11)\) - ><+oo. (102)

Again, the speed of convergence of the iterated operator to I is not worse than the speed

of convergence of S, , Sm, to I.

Proof. By (©3)), (96) and Propositions {.4] 3] O
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We finish our work with multivariate simultaneous iterations.

Remark. Let i € N be fixed. Assume that f € c® (RN), with f, € Cp (RN), with
a:lal=101=0,1,..,i; r € N. Then, by , we obtain

H§7:(fa)_fa <r gn(foc)_foc - (103)
By (27) and inductively, we obtain
(52) ~fa <o || (80t0), — 1| (104)
Similarly, we derive that
|57 ) =t _<r[[(Ban), —sa . (105)
and
|57 0), = a7 (San) = £ (106)

Let now my,ma, ...,my € N:my < my < ... < m,. Then, based on ([36), we find that

[ (B (-5 (3000)))),, = e = 2 (B (9), = 2] a0m

Similarly, we get that -

(5 (S (50 (52u0))). < 2 [ (B )~ 1] a0
and -

(5o (5 (-5 (5mn)))), = el = 22 (5 ), = 2] - oo

All the above inequalities ([I03)-(I09) prove that our implied multivariate iterated si-
multaneous approximations do not have a speed worse than our basic simultanous approx-
imations by the activated convolution operators.
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