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A K-ANALOGUE OF THE LAMBDA GAMMA FUNCTION AND ITS
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ABSTRACT. This paper establishes a k-analogue of the lambda gamma function and in-
troduces a k-Riemann zeta function and a k-lambda Riemann zeta function. In addition,
the paper establishes a relationship between the k-analogue of the lambda gamma function,
the k-Riemann zeta function and the k-lambda Riemann zeta function. Finally, the paper
establishes some properties of the k-analogue of the lambda gamma function similar to
existing properties satisfied by the classical gamma function, the k-analogue of the gamma
function and the lambda gamma function.

1. INTRODUCTION

The gamma function was first introduced and studied by Euler around (1729 — 1730).
Others such as Carl Friedrich and Karl Weierstrass further studied the gamma function.
The gamma function is defined as [1} p. 64]

o0
I(z) = / u® e du,
0
. m*m!
= lim .
m—oo x(x 4+ 1)(x+2)...(x+m)
Due to the usefulness of the gamma function in many areas of mathematics, researchers
have developed interest in generalizing the function. Some of the important generalizations
and of interest to this work are the k-analogue of the gamma function and the recent lambda

analogue of the gamma function.
The k-analogue of the gamma function is defined as [3]]

2020 Mathematics Subject Classification. 33B15, 26A48, 26A51, 37C30.

Key words and phrases. k-analogue of the gamma function; Lambda gamma function; k-analogue of the
lambda gamma function; k-Riemann zeta function; (\, k)-Riemann zeta function.

Received: May 10, 2025. Accepted: June 20, 2025. Published: June 30, 2025.

Copyright © 2025 by the Author(s). Licensee Techno Sky Publications. This article is an open-access
article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

*Corresponding author.

209


https://doi.org/10.62072/acm.2025.080206
https://www.technoskypub.com/journal/acm/

210 SUNDAY SANDOW, KWARA NANTOMAH AND MOHAMMED MUNIRU IDDRISU

[ee] ik
Fk(:(;):/ t*lem F dt, (1.1)
0
| .m £-1
_ iy MR (mE)ET (12)
m—0o (x)m’k

Nantomah and Ege introduced and studied a new generalization known as the lambda
gamma function. It is defined as [[0]

F,\(x):/ t* e M, (1.3)
0
= AT (2), (1.4)
oy | \—T
— lim mimiA . (1.5)

m—oo x(x + 1)(x +2)...(x +m)

Following the introduction of the lambda gamma function, other researchers have so far
established some new properties of the function as in [[7]], [4]].

Motivated by the k-analogue of the gamma function and the lambda gamma function,
this paper introduces a new generalization known as the k-analogue of the lambda gamma
function and its associated properties. This new generalization unifies the k-analogue of the
gamma function and the lambda gamma function. Indeed both functions can be obtained
as special cases of the new generalization.

2. PRELIMINARIES
The following are some lemmas that are used in establishing the results.

Lemma 2.1. [3]]. For k > 0 and m € N, the k-Pochhammer factorial, denoted by (),
is defined as

(@)mke =z(x+k)(x+2k)...(z+ (m—1)k). (2.1)
Lemma 2.2. [l p. 73]. For x > 0, the gamma function satisfies the identity
s
Mx)lra—-=x) = . 2.2
(@)T( 2 sin @2

Lemma 2.3. [1} p. 70]. For x > 0, the gamma function satisfies the identity

1
222711 ()T (x + 2) = /7l'(27). (2.3)
Lemma 2.4. [l p. 71]. For x > 0, the gamma function satisfies the product representation
1 = x o
e 1 7) —. 2.4
T@) El(+m ¢ 4

Lemma 2.5. [1, p. 94]. Fort > 0 and v > 0, the Frullani’s integral representation for

Int is given as
oo e—u e—ut
Int = S du. (2.5)
0 U U

Lemma 2.6. [5]. Let f : I — R be convex. Then f satisfies the condition

flaw + (1 —a)y) <af(z)+ (1 -a)f(y), (2.6)
foralla € (0,1) and z,y € I.
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Lemma 2.7. [8]. For x > 0 and k > 0, the k-digamma function satisfies the identity

o0

_ Ink -~ 1 x
n(e) = == = o+ D mk(z + mk)’ @7

m=1

Lemma 2.8. [2, p. 41]. A function f : I — R is said to be log-convex if
u v 1 1
212 < - 5
7(5+7) < U@EE),
forall u,v € I, where a > 1, % + % =1

Lemma 2.9. (7). For z > 1 and A\ > 0, the lambda analogue of the Riemann zeta function
is defined as

(oo} Az
Q@) =) = (2.8)
m=1
and satisfies the identity
On(z) = A¥((2). (2.9)

3. MAIN RESULTS

Definition 3.1. Letz > 0, kK > 0 and A > 0. Then the k—analogue of the lambda gamma
function is defined as

o0 k
Tan(z) = / o= le= % dt. (3.1)
0

Theorem 3.1. The k—analogue of the lambda gamma function satisfies the identities
mlk™(mk) & INTF

I'yk(z) = lim (3.2)
)\’k( ) m—oo (:E)m,k
=\ ¢ (2). (3.3)
Proof. 1t is observed that
) tk m
'y k(.’L’) = / t*=1 lim (1 — A) dt. (3.4
’ 0 m—oo mk

k 1 L1 14
By using (3-4) with the substitution s = 2 where t = (£2)*  dt = EE—5F (s and
k

the limits of integration are such thatatt =0 =—> s=0andat{ =00 =— s = 00.
Now, we have

x—1

1 (™ [(ks\ ® ki lgx-!
Cyi(z) = lim —/ (;) %(m—s)mds
0

= lim =Q(x).

Integrating Q(x) m—times by parts gives

Q) = -

mlkmHimEmm
(x4 k) (x+2k)...(z+ (m—1)k)(z +mk)’
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Thus,

r gy (T mlk™ i i mm
(o) = | Sy (a:(x +k)(@ +2k) . (@ + (m — k) (@ + mk)

lim mlk™(mk)F AT
m—oo x(x + k)(z + 2k) ... (z + (m — 1)k)(z + mk)
~ fim mlk™(mk)FTIATE
m—oo x(x + k)(z + 2k)... (z + (m — 1)k)
— fim mlk™(mk)k —INTR
N

which proves (3:2).
Next, by using identity (I.2) we have

)

mlk™(mk)E AR

F,\)k(l‘) = lim

m— o0 ('T)m,k
. k™ £t
S T Gl
m—ro0 (I)m“k
= A\ (),

which proves (323).

)

(3.5)

Theorem 3.2. For x > 0, A\ > 0 and k > 0, the k—analogue of the lambda gamma

function satisfies the identities

1
Cak(k) = iR
xr
Dag(@+k) = 3Tax(@),
X
= er(l’)

Proof. By substituting z = k into (3.3)), we obtain (3.6).
Next, by using (3.2)) and replacing = with = + k we have
1m £y—2 -1
Typ(z+ k) = W}gnoo mlk (imf)kl;ikk A
— lim mlE™(mk)FATEAT
m—oo (z + k)(x + 2k)(x + 3k) ... (x + mk)
lim om!k™ (mk)FATEAT!
m—oo z(x + k)(x + 2k)(x + 3k) ... (x + mk)

z

. mlk™ (mk)E-IA-E 2

= m—voo z(x + k)(z+2k)(x +3k)...(x + (m — 1)k)
(o

2 \m=oo () .k
= ;F)\’k(x).

Next, using identity (3:5) with (3.9), we obtain (3-8) which completes the proof.

(3.6)

3.7

(3.8)

(3.9)
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Theorem 3.3. The k—analogue of the lambda gamma function satisfies the identity
Ty n(z) = kE~IT, (%) (3.10)
Proof. Using (3.I) with the substitution u = % We have
(o]
Tap(z) = / (k) 57 e ()~ 57
0

= / (uk) T e Mgy
0

This completes the proof. (]

Theorem 3.4. Let x > 0, A\ > 0 and k > 0. Then the k—analogue of the lambda gamma
function satisfies the identity

kil sz
Dar(e) = "3 F(E). G.11)

Proof. Using (3.I) with the substitution s = 2L~ we obtain

kg_l > x
Dyr(z) = kT/ sk le%ds
A% 0
kRl sz
=7 T(5)

This completes the proof. O

Theorem 3.5. The k-analogue of the lambda gamma function satisfies the identity

k1w
Par(e + k) = S2p T (%) (3.12)

Proof. By substituting (3:11) into (3.7), we obtain (3:12), which completes the proof. [J

Theorem 3.6. Forx > 0, A\ > 0and k > 0, the k—anlogue of the lambda gamma function
has a product representation of the form
1

=g \Fk ket
k(@)

3

(1 n %) e (3.13)

m=1
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Proof. Using (3.11)) and (2:4)), we have
1 AR
I’,\,k(x) C kECID (%

m=1
TAF oy T x o
=Gt I (e ) e
— o FE e R ﬁ (1+i)e
] mk
This completes the proof. (]

Theorem 3.7. Let x > 0, k > 0 and A > 0. Then the k—analogue of the lambda gamma
function satisfies the identity
T

r Tyeltbk—2)= ———. .14
(@) DAk (k — ) N sin 22 (3.14)
Proof. Using (3.11)) and (2.2)), we proceed as
kEL oy kTRl (k-
Par(@)Dak(k —2) = 7 b (E) e r < A )
[ e k—x
S Y A T
A\ (k:) ( k )
1 x k—x
-1 (Hr
o ™
~ Aksin 727
which completes the proof. (]
Lemma 3.8. Forx > 0, A > 0and k > 0, the identity
Papr) = B (2 3.15
Ak (22) = = %) (3.15)

is valid.

Proof. Using (3.11)) with the substitution z — 2z, we obtain (3.13)), which completes the
proof. ]

Theorem 3.9. Let x > 0, A > 0 and k > 0. Then the k—analogue of the lambda gamma
function satisfies the identity

K\ 2% [rk
F)\7k(:6)]:‘)\7k (I + 2) = A TFA”CQI)' (3.16)
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Proof. Using (3.11), Lemma[3.15]and together with Lemma[2.3] we begin as
K\ kETD ey KTRCCL 2wtk
Ty x(2)T S)=51(7) T
r(@) o (‘"” 2) NO\R) \EE ( 2k )
SR i 2 + k
= %%F (E) T ZtE
DI 7o k 2k
k% 2k 2z + k
= (D) (5
A% N2 k 2k

S ()

k2 z

Col=% /AT (%f)

2z

22 AF
2= Tkikr)\yk(Z’t)

2x
F -l

>l > >

o N N N~

=y

Il
> E
r",;’ ?“Iﬂ
[\v]
N T N

This completes the proof. O

Theorem 3.10. Let x > 0, k > 0 and \ > 0. Then the k—analogue of the lambda gamma
function satisfies the identity
F)\)k(.’lj) _ F,\,}c(.’lﬁ + mk:)

3.17
Am (x)m,k ( )

Proof. Using (3:2), we have

x+mk

. omlE™(mk)TE AT
r k)= 1
)\,k(m +m ) mgnoo ($ ¥+ mk)m,k

mlE™(mk)E = (mk)mATEATT
lim

m—oo (a’: + mk)m’k

mIE™(mk)E “INTE (2) gk (ME)mAT™
m—o0 (l')m’k; (f + mk)m,k

. (@)mp(mE)mA—™
=T 1 :
)\,k(x) mgnoo (.’E + mk)m,k

(x)ch
am

xz+mk
k

= F)\7k(al‘)

Rearranging yields the relation

F)\,k(.’lt) _ FA’}C(.’E + mk:)
Am (x)m,k’ ’

which completes the proof. (]
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Theorem 3.11. Let x > k and k > 0. Then the k—Riemann zeta function is defined as

1
Cr(z) = - (3.18)
mk
m=1
and satisfies the integral identities
1 e} §3:—1
o) = s [ de, (3.19)
Fk(x) 0 e% -1
k%_l o] 8%—1
= ds. 3.20
Fk(x)/o o (3:20)

Proof. By using (I.T) with the substitution tF = mék where tF=1dt = méF—1d¢, we have

o0 xZ m k
Ty(z) = / m¥er e~ . (3.21)
0
Now rearranging (3.21) gives
1 1 ° 1 m{k
T = TTreT TR dE. 3.22
] (322
By summing (3:22)) from m = 1 to oo, we obtained
=1 1 /°° IR mek
=55/ & e Fdg. (3.23)
Lt Tn@h
By considering
> mek k k k
Yoot me T e e L, (3.24)
m=1
we obtained
o0
_meh 1
d e = . (3.25)
m=1 er —1

Substituting (3.23) into (3:22) gives (3.19) which completes the proof.

Next, let s = % in (3.19). Then ¢ = (ks)* and d¢ = (kl)l ds implies that
S)k

z—1

R S S (5 il U
C’“(I)_Fk:(w)/o es—1 (/gs)"%d
1
(

e} k%—l z—1
_ / ETlsk ds
Tr(z) Jo es—1

which gives identity (3:20). O
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Theorem 3.12. For x > k and A\ > 0, the k—analogue of the lambda gamma function
satisfies the identities

Ty i(2) = — /oo e (3.26)
z) = , u, .
e Ce(®) Jo ¥ —1
ki—l [ pi-l
= d 3.27
Ck(fﬂ)/ 1 (3.27)
AEERTL o0 gkl
= d 3.28
ren A 29
ARG - D) /°° In(w+1) (3.29)
() o ww+1)
Proof. By using (3.I)) with the substitution, t* = mu* where m € N, we have
= o k-1
Ty k() z/ (m%u)m*le*A k mluidu
0 (mgu)kfl

o0
=1 1 _2amukF m
:/ mE u ek kidu

c—1
_Amu
/ mEutle du
x
mk

_)\muk
/ ulem TE du
0

k
1 1 o -
— = 7/ uF e MR du, (3.30)
mk Tar(®) Jo

and summing (3:30), we obtain

Rearranging gives

> ]. ]. 1 > )nnu
= _— u®" d 3.31
ZamE T Dol / Z < " ©-31)
Now,
i muk 7nuk muk’ TYL’ll/k
ST e b e T e (3.32)
m=1
Auk
e~k
B 1—e" Mlik
1
=— . (3.33)
e r —1

By substituting (3:33) into (B.31) gives (3.26).

Next, Using (3.26) with the substitution, r = %", we have
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which gives (3.27).
Next, by using (3:27) and substituting s = Ar, we have

kit (!
D) = gos [ s

kr—L [ sk
= / = ds
C(x) Jo AR(es—1)

A kkr—1 /°° skl
= ds,
Glz) Jo (eo—1)

which yields (3:28).

Finally, let w = e® — 1. Then

A"FkETL % In[w 4+ 1]F 71
r = d
)\,k(‘r) Ck(x) /O weln (w+1) w
A TkERT! /°° Infw +1]% 71
G(z)  Jo  wlw+1)
AN FEE-L oo (2 1)1 1
_ ATERR / (#=1)In(w+ )dw
G(z)  Jo w(w +1)
AEEETL(Z -1 e
_ Ekk k )/ ln(w—ﬁ—l)dw7
Cr(2) o w(w+1)
gives (3:29), which completes the proof. O

Definition 3.2. Let x > k and A > 0. Then the (A, k) —Riemann zeta function is defined
as

18

[

Ourl(r) = A (3.34)

m

8

m=1

Theorem 3.13. The (\, k)— Riemann zeta function satisfies the identity
Oan(@) = Ak G(2). (3.35)

Proof. The proof of (3.35) follows directly from (3.34). O

Remark. By substituting k = 1 into (3:33)), we obtain the results of Lemma[2.9}

Theorem 3.14. For x > k and A > 0, the (A, k)— Riemann zeta function satisfies the
identities

1 oo uw—l
Ovelx) = / du, (3.36)
A k( ) F)\,k(x) 0 e% -1
k,%—l [e'e] Sz—l
—= dS’ 3.37
F>\7k(x) /0 es—1 ( )

L (F-D kT > In(w+1)
= /O w(erl)dw. (3.38)

)
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Proof. By using (3.1)) with the substitution \t* = mu* for m € N, we have
* k—1
mu du

1 rz—1
[ mru muk
F xTr) = T -
»i (@) /0 ( A% )

mku
@
d

/ mEutTINTE
k

x

E — _mu "
:)\5/ u* e T du.

k

By rearranging, we obtain
A* 1 > muk
A 7/ w e ™ du (3.39)
mi  Tyi(z) Jo
By summing both sides of (3.39) from m = 1 to m = oo, we have
- )‘Z 1 / u®" 1
g o T (3.40)
Lawemwl Y
Now,
> muk uk 2uF 3uk
Ze =e F +e k 4+e F + (3.41)
m=1
uk
e Kk
1—e %
1
- (3.42)
er —1
and by substituting (3:42) into (3.40) gives
1 oo uw—l
Cak / du,
( ) F)\ k( ) e% —1
which proves (3:36).
Next, by substituting s = % in (3:36), we have
1 > s kw)e1
Ouk(z) = / ( ;) T 48
Cak(@) Jo o (65 —1)(swkw)k-1
z—1  z—1
1 o0 s F k&
/ k—1 k—1 dS
Cak(@) Jo o (es—1)s* kv
1 /OO sfflkxflds
F)\’k(l') 0 es—1
21
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which proves (3.37).
Next, we let w = e* — 1 in (3:27) and proceed as

kF=t [ In(w+1)%F1
= d
RS vl ST
RE-1 o (2 1)1 1
=M / (- Do+ )dw
ak(@) Jo w(w +1)
k=t (% —1) [
_ (£ -1) / In (w + l)dw,
I k(@) o w(w+1)
which yields (3:38). This completes the proof. O

Lemma 3.15. Forx > 0, A > 0 and k > 0, the identity

R T VL PWAC))
0 A

is valid.

Proof. By using the left hand side integral of (3:43) with the substitution, s* = ¢ (14 &%),
we have

/Oo T AR B g /OO il e s ds
0 o (1455 o
s o) 0+
(1+5)% A
oo 14 ku - ok
_/ x—1 ( A 2_1 €7Ak dS
0 (14 EuyS+1

(1+5)°
Ty k()
(145"
which completes the proof. (]

|
—_
Bl
S—
8
VA
3
|
—
3]
|
>
i
QL
VA

Definition 3.3. Let x > 0, A > 0 and & > 0. The (), k)—digamma function denoted by
¥ k(), is define as

d I
k() = —InTy\x(z) = ==——

e (3.44)
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Theorem 3.16. The (\, k)—digamma function satisfies the identities

_Ink-InA—v 1 = T
e =T = 0 D oy 343
In A
= ==+ (@), (3.46)
1 k T
U a _z\ dz
:/0 (e F (14 2) k)ﬁ (3.48)
o 2z —z(%—l) d
e e z
_/0 <_ — - ) Toak, (3.49)
ey
0 z 1—e*

k
ViewT™w=" 2% dz
:/0 ( P z> k(1—2z) 631

Proof. Using (3.2), we have

) mlk™(mk)* AR
InT =1 1
nlk(z) = lim 2@+ k) (@ + 2k)(z + 3k). .. (z + (m — D)k)

= Inm!E™(mk)* "IN —Inz(z + k) (x + 2k)(z + 3k) ... (z + (m — 1)k)

T x
lim Inm!k™ + (k‘ 1) mh—I>I<1>o In (mk) k InA— lim lnz+---+In(x+ (m—1)k)]

m—o0 m—ro0

Now, differentiating with respect to x gives

M) Ink  Inm  In) Z 1

R A - 3.52
Tax(x) R k — @ +mk’ (3-52)
which implies that
Ink Inm In) 1
e N S Fer:
Ink Inm = 1 11 Inh &S 1
R R D Dl D Dl i S Dy
m=1 m=1 m=1
Ink =1 Inm hA 1 < 1 =1
—k‘<¥m‘k>‘k‘x‘§<x+mk‘;m>
InA Ink—v 1 & T
B TR S o}

which proves (3:43).
Next, by using (3:43) with 2.7) proves (3.46)

Finally, by using (3-11)), we have
X X X
In T p(z) = (E . 1) Ink— LA+ T (E) (3.53)
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and by differentiating (3.33), we obtain

Uap(@) = Tk %mwﬂp (%)

k
1 T T
ORI

PR GVARAV:
which completes the proof.
Next, by using (3-1)), (2.3) and (3:43)), we begin with

o ok
T\ k() = / o Unte™ 5 dt
0

1 o tk
= f/ 1L in the= 2 gt
k Jo

|
S—
3
~
5
|
—
S—
3
)
|
g
IS
|
g
)
|
x‘k
=%
<
QU
=

N N -l I

c\go\c\k
—

[e—“/ tx_le_%kdt—/ tm—le—<1+’“§L)Aril°dt} du
0 0 u
o0 o0
|:€_ur)\‘k($) —/ tg”_le_(“rk;)kikdt] du
0

u
Cok(z) \ du
(14 5F)

e “T'y k(m) —

)

Now, rearranging gives

k(@) > ku\ " *\ du
AR - —u_ (428 el
ph v = [ (e (1) )
and by substituting z = £ yields (3.48).
Next, we split (3.48) as
Az

©eF i dz
¥a(@) /0 & /0 zk(1+ z)*

and substitute 1 + z = e, in the second integral to obtain

/°° dz _/°° edu
o zk(1+2)F  Jy (ev—1)e%

0o —u(£-1)
e K
= —du.
/0 k(e — 1)
Now, substituting (3:34) into (3.48) gives (3:49) and (3:50).

Next, by substituting u = 1 in (3.48), we have

I AN d
Yap(z) = —%/1 (ei(ku b ) u(iu (3.54)

1—w)
—A(1—w)
o

Vie=ha—  uk du
:/O (u _ u) et (3.55)

<
8

ka5
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which gives (3.3T). This completes the proof. O
Theorem 3.17. The (A, k)—digamma function satisfy the identities
1
Uak(z+ k) = ot Y k(T), (3.56)
1 InA
=— - — . 3.57
ST T Vi () (3.57)

Proof. By using (3.7), we obtain

x
k
Now, differentiating (3:38)) with respect to x gives

Dup@+k) 1 Tyu)

].—‘)\yk(x) o ; I‘)\Qk(x)’

InTyx(x+k)=In> +InT) x(z) (3.58)

which implies that
1
Uak(z+k) = ~ + k().

This proves (3:36).

Next, by using (3-8)), we obtain

InTx s (z + k) zln% - %ln)\—i—lnf‘x’k(x) (3.59)
Differentiating (3:39) gives
1 InA
Uak(@+ k) = T E T Ui(z), (3.60)
which completes the proof. (]

Remark. The results of (3.56) indicates that the k—analogue of the lambda gamma func-
tion is increasing on (0, 00).

Theorem 3.18. The (\, k)—digamma function satisfies the identity

Az zxT
e % e"® \ dz
k) = — —. 3.61
Urnle + k) /0 (Z ez_1>k (3.61)

Proof. By using (3:48) and replacing = with = + k, we obtain (3.61). O

Theorem 3.19. The k-analogue of the lambda gamma function is logarithmically convex.

Proof. By Lemma 2.8 we have
o0
Dok (5 +7) :/ pa 1o gy
’ a b 0
© u e 11 Atk Atk
:/ tatvt"at"be” ok e bk dt
0

o0 Atk % Atk %
/ (t“*le*T) (t”*le*T) dt
0
o0 Atk % o Atk b
< / t“lekdt) </ t”lekdt)
0 0

This completes the proof. (]
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