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A K-ANALOGUE OF THE LAMBDA GAMMA FUNCTION AND ITS
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SUNDAY SANDOW∗, KWARA NANTOMAH AND MOHAMMED MUNIRU IDDRISU

ABSTRACT. This paper establishes a k-analogue of the lambda gamma function and in-
troduces a k-Riemann zeta function and a k-lambda Riemann zeta function. In addition,
the paper establishes a relationship between the k-analogue of the lambda gamma function,
the k-Riemann zeta function and the k-lambda Riemann zeta function. Finally, the paper
establishes some properties of the k-analogue of the lambda gamma function similar to
existing properties satisfied by the classical gamma function, the k-analogue of the gamma
function and the lambda gamma function.

1. INTRODUCTION

The gamma function was first introduced and studied by Euler around (1729 − 1730).
Others such as Carl Friedrich and Karl Weierstrass further studied the gamma function.

The gamma function is defined as [1, p. 64]

Γ(x) =

∫ ∞

0

ux−1e−udu,

= lim
m→∞

mxm!

x(x+ 1)(x+ 2) . . . (x+m)
.

Due to the usefulness of the gamma function in many areas of mathematics, researchers
have developed interest in generalizing the function. Some of the important generalizations
and of interest to this work are the k-analogue of the gamma function and the recent lambda
analogue of the gamma function.

The k-analogue of the gamma function is defined as [3]
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Γk(x) =

∫ ∞

0

tx−1e−
tk

k dt, (1.1)

= lim
m→∞

m!km(mk)
x
k−1

(x)m,k
. (1.2)

Nantomah and Ege introduced and studied a new generalization known as the lambda
gamma function. It is defined as [6]

Γλ(x) =

∫ ∞

0

tx−1e−λtdt, (1.3)

= λ−xΓ(x), (1.4)

= lim
m→∞

mxm!λ−x

x(x+ 1)(x+ 2) . . . (x+m)
. (1.5)

Following the introduction of the lambda gamma function, other researchers have so far
established some new properties of the function as in [7], [4].

Motivated by the k-analogue of the gamma function and the lambda gamma function,
this paper introduces a new generalization known as the k-analogue of the lambda gamma
function and its associated properties. This new generalization unifies the k-analogue of the
gamma function and the lambda gamma function. Indeed both functions can be obtained
as special cases of the new generalization.

2. PRELIMINARIES

The following are some lemmas that are used in establishing the results.

Lemma 2.1. [3]. For k > 0 and m ∈ N, the k-Pochhammer factorial, denoted by (x)m,k

is defined as
(x)m,k = x(x+ k)(x+ 2k) . . . (x+ (m− 1)k). (2.1)

Lemma 2.2. [1, p. 73]. For x > 0, the gamma function satisfies the identity

Γ(x)Γ(1− x) =
π

sinπx
. (2.2)

Lemma 2.3. [1, p. 70]. For x > 0, the gamma function satisfies the identity

22x−1Γ(x)Γ

(
x+

1

2

)
=

√
πΓ(2x). (2.3)

Lemma 2.4. [1, p. 71]. For x > 0, the gamma function satisfies the product representation

1

Γ(x)
= xeγx

∞∏
m=1

(
1 +

x

m

)
e−

x
m . (2.4)

Lemma 2.5. [1, p. 94]. For t > 0 and u > 0, the Frullani’s integral representation for
ln t is given as

ln t =

∫ ∞

0

(
e−u

u
− e−ut

u

)
du. (2.5)

Lemma 2.6. [5]. Let f : I → R be convex. Then f satisfies the condition

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y), (2.6)

for all α ∈ (0, 1) and x, y ∈ I.
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Lemma 2.7. [8]. For x > 0 and k > 0, the k-digamma function satisfies the identity

ψk(x) =
ln k − γ

k
− 1

x
+

∞∑
m=1

x

mk(x+mk)
. (2.7)

Lemma 2.8. [2, p. 41]. A function f : I → R is said to be log-convex if

f
(u
a
+
v

b

)
≤ [f(u)]

1
a [f(v)]

1
b ,

for all u, v ∈ I , where a > 1, 1
a + 1

b = 1.

Lemma 2.9. [7]. For x > 1 and λ > 0, the lambda analogue of the Riemann zeta function
is defined as

ζλ(x) =

∞∑
m=1

λx

mx
(2.8)

and satisfies the identity
ζλ(x) = λxζ(x). (2.9)

3. MAIN RESULTS

Definition 3.1. Let x > 0, k > 0 and λ > 0. Then the k−analogue of the lambda gamma
function is defined as

Γλ,k(x) =

∫ ∞

0

tx−1e−
λtk

k dt. (3.1)

Theorem 3.1. The k−analogue of the lambda gamma function satisfies the identities

Γλ,k(x) = lim
m→∞

m!km(mk)
x
k−1λ−

x
k

(x)m,k
(3.2)

= λ−
x
kΓk(x). (3.3)

Proof. It is observed that

Γλ,k(x) =

∫ ∞

0

tx−1 lim
m→∞

(
1− λtk

mk

)m

dt. (3.4)

By using (3.4) with the substitution s = λtk

k , where t =
(
ks
λ

) 1
k , dt = k

1
k

−1s
1
k

−1

λ
1
k

ds and
the limits of integration are such that at t = 0 =⇒ s = 0 and at t = ∞ =⇒ s = ∞.
Now, we have

Γλ,k(x) = lim
m→∞

1

mm

∫ m

0

(
ks

λ

) x−1
k k

1
k−1s

1
k−1

λ
1
k

(m− s)mds

= lim
m→∞

1

mm

∫ m

0

s
x
k−1k

x
k−1

λ
x
k

(m− s)mds

= lim
m→∞

k
x
k−1

mmλ
x
k

∫ m

0

s
x
k−1(m− s)mds

= lim
m→∞

k
x
k−1

mmλ
x
k
Q(x).

Integrating Q(x)m−times by parts gives

Q(x) =
m!km+1m

x
kmm

x(x+ k)(x+ 2k) . . . (x+ (m− 1)k)(x+mk)
.
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Thus,

Γλ,k(x) = lim
m→∞

(
k

x
k−1

mmλ
x
k

)(
m!km+1m

x
kmm

x(x+ k)(x+ 2k) . . . (x+ (m− 1)k)(x+mk)

)
= lim

m→∞

m!km(mk)
x
k λ−

x
k

x(x+ k)(x+ 2k) . . . (x+ (m− 1)k)(x+mk)

= lim
m→∞

m!km(mk)
x
k−1λ−

x
k

x(x+ k)(x+ 2k) . . . (x+ (m− 1)k)

= lim
m→∞

m!km(mk)
x
k−1λ−

x
k

(x)m,k
,

which proves (3.2).
Next, by using identity (1.2) we have

Γλ,k(x) = lim
m→∞

m!km(mk)
x
k−1λ−

x
k

(x)m,k

= λ−
x
k lim

m→∞

m!km(mk)
x
k−1

(x)m,k

= λ−
x
kΓk(x), (3.5)

which proves (3.3). □

Theorem 3.2. For x > 0, λ > 0 and k > 0, the k−analogue of the lambda gamma
function satisfies the identities

Γλ,k(k) =
1

λ
, (3.6)

Γλ,k(x+ k) =
x

λ
Γλ,k(x), (3.7)

=
x

λ
x
k+1

Γk(x). (3.8)

Proof. By substituting x = k into (3.3), we obtain (3.6).
Next, by using (3.2) and replacing x with x+ k we have

Γλ,k(x+ k) = lim
m→∞

m!km(mk)
x
k λ−

x
k λ−1

(x+ k)m,k

= lim
m→∞

m!km(mk)
x
k λ−

x
k λ−1

(x+ k)(x+ 2k)(x+ 3k) . . . (x+mk)

= lim
m→∞

xm!km(mk)
x
k λ−

x
k λ−1

x(x+ k)(x+ 2k)(x+ 3k) . . . (x+mk)

= lim
m→∞

m!km(mk)
x
k−1λ−

x
k
x
λ

x(x+ k)(x+ 2k)(x+ 3k) . . . (x+ (m− 1)k)

=
x

λ

(
lim

m→∞

m!km(mk)
x
k−1λ−

x
k

(x)m,k

)
=
x

λ
Γλ,k(x). (3.9)

Next, using identity (3.5) with (3.9), we obtain (3.8) which completes the proof. □
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Theorem 3.3. The k−analogue of the lambda gamma function satisfies the identity

Γλ,k(x) = k
x
k−1Γλ

(x
k

)
. (3.10)

Proof. Using (3.1) with the substitution u = tk

k . We have

Γλ,k(x) =

∫ ∞

0

(uk)
x−1
k e−λu(uk)−

k−1
k du

=

∫ ∞

0

(uk)
x−1
k − k−1

k e−λudu

=

∫ ∞

0

(uk)
x
k−1e−λudu

=

∫ ∞

0

u
x
k−1k

x
k−1e−λudu

= k
x
k−1

∫ ∞

0

u
x
k−1e−λudu

= k
x
k−1Γλ

(x
k

)
.

This completes the proof. □

Theorem 3.4. Let x > 0, λ > 0 and k > 0. Then the k−analogue of the lambda gamma
function satisfies the identity

Γλ,k(x) =
k

x
k−1

λ
x
k

Γ
(x
k

)
. (3.11)

Proof. Using (3.1) with the substitution s = λtk

k , we obtain

Γλ,k(x) =
k

x
k−1

λ
x
k

∫ ∞

0

s
x
k−1e−sds

=
k

x
k−1

λ
x
k

Γ
(x
k

)
.

This completes the proof. □

Theorem 3.5. The k-analogue of the lambda gamma function satisfies the identity

Γλ,k(x+ k) =
xk

x
k−1

λ
x
k+1

Γ
(x
k

)
. (3.12)

Proof. By substituting (3.11) into (3.7), we obtain (3.12), which completes the proof. □

Theorem 3.6. For x > 0, λ > 0 and k > 0, the k−anlogue of the lambda gamma function
has a product representation of the form

1

Γλ,k(x)
= xλ

x
k k−

x
k e

x
k γ

∞∏
m=1

(
1 +

x

mk

)
e−

x
mk . (3.13)
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Proof. Using (3.11) and (2.4), we have

1

Γλ,k(x)
=

λ
x
k

k
x
k−1Γ

(
x
k

)
=

(
λ

x
k

k
x
k−1

)(
x

k
e

xγ
k

∞∏
m=1

[
1 +

x

mk

]
e−

x
mk

)

=
xλ

x
k

k
x
k
e

xγ
k

∞∏
m=1

(
1 +

x

mk

)
e−

x
mk

= xλ
x
k k−

x
k e

xγ
k

∞∏
m=1

(
1 +

x

mk

)
e−

x
mk .

This completes the proof. □

Theorem 3.7. Let x > 0, k > 0 and λ > 0. Then the k−analogue of the lambda gamma
function satisfies the identity

Γλ,k(x)Γλ,k(k − x) =
π

λk sin πx
k

. (3.14)

Proof. Using (3.11) and (2.2), we proceed as

Γλ,k(x)Γλ,k(k − x) =
k

x
k−1

λ
x
k

Γ
(x
k

) k k−x
k −1

λ
k−x
k

Γ

(
k − x

k

)
=
k

x
k−1

λ
x
k

k
k−x
k −1

λ
k−x
k

Γ
(x
k

)
Γ

(
k − x

k

)
=

1

λk
Γ
(x
k

)
Γ

(
k − x

k

)
=

π

λk sin πx
k

,

which completes the proof. □

Lemma 3.8. For x > 0, λ > 0 and k > 0, the identity

Γλ,k(2x) =
k

2x
k −1

λ
2x
k

Γ

(
2x

k

)
. (3.15)

is valid.

Proof. Using (3.11) with the substitution x → 2x, we obtain (3.15), which completes the
proof. □

Theorem 3.9. Let x > 0, λ > 0 and k > 0. Then the k−analogue of the lambda gamma
function satisfies the identity

Γλ,k(x)Γλ,k

(
x+

k

2

)
=

21−
2x
k

k

√
πk

λ
Γλ,k(2x). (3.16)
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Proof. Using (3.11), Lemma 3.15 and together with Lemma 2.3, we begin as

Γλ,k(x)Γλ,k

(
x+

k

2

)
=
k

x
k−1

λ
x
k

Γ
(x
k

) k 2x+k
2k −1

λ
2x+k
2k

Γ

(
2x+ k

2k

)
=
k

x
k−1

λ
x
k

k
2x+k
2k −1

λ
2x+k
2k

Γ
(x
k

)
Γ

(
2x+ k

2k

)
=
k

2x
k −2k

1
2

λ
2x
k λ

1
2

Γ
(x
k

)
Γ

(
2x+ k

2k

)
=
k

2x
k −2

λ
2x
k

(
k

λ

) 1
2

Γ
(x
k

)
Γ

(
2x+ k

2k

)
=
k

2x
k −2

λ
2x
k

(
k

λ

) 1
2

21−
2x
k
√
πΓ

(
2x

k

)
=
k

2x
k −2

λ
2x
k

(
k

λ

) 1
2

21−
2x
k
√
π
λ

2x
k

k
2x
k −1

Γλ,k(2x)

=

(
k

λ

) 1
2 21−

2x
k

k

√
πΓλ,k(2x)

=
21−

2x
k

k

√
πk

λ
Γλ,k(2x).

This completes the proof. □

Theorem 3.10. Let x > 0, k > 0 and λ > 0. Then the k−analogue of the lambda gamma
function satisfies the identity

Γλ,k(x)

λm
=

Γλ,k(x+mk)

(x)m,k
. (3.17)

Proof. Using (3.2), we have

Γλ,k(x+mk) = lim
m→∞

m!km(mk)
x+mk

k −1λ−
x+mk

k

(x+mk)m,k

= lim
m→∞

m!km(mk)
x
k−1(mk)mλ−

x
k λ−m

(x+mk)m,k

= lim
m→∞

m!km(mk)
x
k−1λ−

x
k

(x)m,k

(x)m,k(mk)
mλ−m

(x+mk)m,k

= Γλ,k(x) lim
m→∞

(x)m,k(mk)
mλ−m

(x+mk)m,k

= Γλ,k(x)
(x)m,k

λm
.

Rearranging yields the relation
Γλ,k(x)

λm
=

Γλ,k(x+mk)

(x)m,k
,

which completes the proof. □
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Theorem 3.11. Let x > k and k > 0. Then the k−Riemann zeta function is defined as

ζk(x) =

∞∑
m=1

1

m
x
k
. (3.18)

and satisfies the integral identities

ζk(x) =
1

Γk(x)

∫ ∞

0

ξx−1

e
ξk

k − 1
dξ, (3.19)

=
k

x
k−1

Γk(x)

∫ ∞

0

s
x
k−1

es − 1
ds. (3.20)

Proof. By using (1.1) with the substitution tk = mξk where tk−1dt = mξk−1dξ, we have

Γk(x) =

∫ ∞

0

m
x
k ξx−1e−

mξk

k dξ. (3.21)

Now rearranging (3.21) gives
1

m
x
k
=

1

Γk(x)

∫ ∞

0

ξx−1e−
mξk

k dξ. (3.22)

By summing (3.22) from m = 1 to ∞, we obtained
∞∑

m=1

1

m
x
k
=

1

Γk(x)

∫ ∞

0

ξx−1
∞∑

m=1

e−
mξk

k dξ. (3.23)

By considering
∞∑

m=1

e−
mξk

k = e−
ξk

k + e−
2ξk

k + e−
3ξk

k + . . . , (3.24)

we obtained
∞∑

m=1

e−
mξk

k =
1

e
ξk

k − 1
. (3.25)

Substituting (3.25) into (3.22) gives (3.19) which completes the proof.
Next, let s = ξk

k in (3.19). Then ξ = (ks)
1
k and dξ = 1

(ks)
1
k
ds implies that

ζk(x) =
1

Γk(x)

∫ ∞

0

(ks)
x−1
k

es − 1

1

(ks)
k−1
k

ds

=
1

Γk(x)

∫ ∞

0

k
x
k−1s

x
k−1

es − 1
ds

=
k

x
k−1

Γk(x)

∫ ∞

0

s
x
k−1

es − 1
ds,

which gives identity (3.20). □
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Theorem 3.12. For x > k and λ > 0, the k−analogue of the lambda gamma function
satisfies the identities

Γλ,k(x) =
1

ζk(x)

∫ ∞

0

ux−1

e
λuk

k − 1
du, (3.26)

=
k

x
k−1

ζk(x)

∫ ∞

0

r
x
k−1

eλr − 1
dr, (3.27)

=
λ−

x
k k

x
k−1

ζk(x)

∫ ∞

0

s
x
k−1

es − 1
ds, (3.28)

=
λ−

x
k k

x
k−1(xk − 1)

ζk(x)

∫ ∞

0

ln (w + 1)

w(w + 1)
dw. (3.29)

Proof. By using (3.1) with the substitution, tk = muk where m ∈ N, we have

Γλ,k(x) =

∫ ∞

0

(m
1
k u)x−1e−

λmuk

k
muk−1

(m
1
k u)k−1

du

=

∫ ∞

0

m
x−1
k ux−1e−

λmuk

k
m

m
k−1
k

du

=

∫ ∞

0

m
x
k ux−1e−

λmuk

k du

= m
x
k

∫ ∞

0

ux−1e−
λmuk

k du

Rearranging gives
1

m
x
k
=

1

Γλ,k(x)

∫ ∞

0

ux−1e−
λmuk

k du, (3.30)

and summing (3.30), we obtain
∞∑

m=1

1

m
x
k
=

1

Γλ,k(x)

∫ ∞

0

ux−1
∞∑

m=1

e−
λmuk

k du (3.31)

Now,
∞∑

m=1

e−
λmuk

k = e−
muk

k + e−
2muk

k + e−
3muk

k + . . . (3.32)

=
e−

λuk

k

1− e−
λuk

k

=
1

e
λuk

k − 1
. (3.33)

By substituting (3.33) into (3.31) gives (3.26).
Next, Using (3.26) with the substitution, r = uk

k , we have

Γλ,k(x) =
1

ζk(x)

∫ ∞

0

(r
1
k k

1
k )x−1

(eλr − 1)(r
1
k k

1
k )k−1

dr,

=
1

ζk(x)

∫ ∞

0

r
x
k−1k

x
k−1

eλr − 1
dr,

=
k

x
k−1

ζk(x)

∫ ∞

0

r
x
k−1

eλr − 1
dr,
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which gives (3.27).
Next, by using (3.27) and substituting s = λr, we have

Γλ,k(x) =
k

x
k−1

ζk(x)

∫ ∞

0

(
s
k

) x
k−1

λ(es − 1)
ds

=
k

x
k−1

ζk(x)

∫ ∞

0

s
x
k−1

λ
x
k (es − 1)

ds

=
λ−

x
k k

x
k−1

ζk(x)

∫ ∞

0

s
x
k−1

(es − 1)
ds,

which yields (3.28).
Finally, let w = es − 1. Then

Γλ,k(x) =
λ−

x
k k

x
k−1

ζk(x)

∫ ∞

0

ln[w + 1]
x
k−1

weln (w+1)
dw

=
λ−

x
k k

x
k−1

ζk(x)

∫ ∞

0

ln[w + 1]
x
k−1

w(w + 1)
dw

=
λ−

x
k k

x
k−1

ζk(x)

∫ ∞

0

(
x
k − 1

)
ln (w + 1)

w(w + 1)
dw

=
λ−

x
k k

x
k−1

(
x
k − 1

)
ζk(x)

∫ ∞

0

ln (w + 1)

w(w + 1)
dw,

gives (3.29), which completes the proof. □

Definition 3.2. Let x > k and λ > 0. Then the (λ, k)−Riemann zeta function is defined
as

ζλ,k(x) =

∞∑
m=1

λ
x
k

m
x
k
, (3.34)

Theorem 3.13. The (λ, k)− Riemann zeta function satisfies the identity

ζλ,k(x) = λ
x
k ζk(x). (3.35)

Proof. The proof of (3.35) follows directly from (3.34). □

Remark. By substituting k = 1 into (3.35), we obtain the results of Lemma 2.9.

Theorem 3.14. For x > k and λ > 0, the (λ, k)− Riemann zeta function satisfies the
identities

ζλ,k(x) =
1

Γλ,k(x)

∫ ∞

0

ux−1

e
uk

k − 1
du, (3.36)

=
k

x
k−1

Γλ,k(x)

∫ ∞

0

sx−1

es − 1
ds, (3.37)

=

(
x
k − 1

)
k

x
k−1

Γλ,k(x)

∫ ∞

0

ln (w + 1)

w(w + 1)
dw. (3.38)
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Proof. By using (3.1) with the substitution λtk = muk for m ∈ N, we have

Γλ,k(x) =

∫ ∞

0

(
m

1
k u

λ
1
k

)x−1

e−
muk

k
muk−1

λ

(
m

1
k u

λ
1
k

)k−1
du

=

∫ ∞

0

m
x−1
k ux−1mλ

k−1
k

λ
x−1
k λm

k−1
k

e−
muk

k du

=

∫ ∞

0

m
x
k ux−1λ−

x
k e−

muk

k du

=
m

x
k

λ
x
k

∫ ∞

0

ux−1e−
muk

k du.

By rearranging, we obtain

λ
x
k

m
x
k
=

1

Γλ,k(x)

∫ ∞

0

ux−1e−
muk

k du (3.39)

By summing both sides of (3.39) from m = 1 to m = ∞, we have
∞∑

m=1

λ
x
k

m
x
k
=

1

Γλ,k(x)

∫ ∞

0

ux−1
∞∑

m=1

e−
muk

k du (3.40)

Now,
∞∑

m=1

e−
muk

k = e−
uk

k + e−
2uk

k + e−
3uk

k + . . . (3.41)

=
e−

uk

k

1− e−
uk

k

=
1

e
uk

k − 1
, (3.42)

and by substituting (3.42) into (3.40) gives

ζλ,k(x) =
1

Γλ,k(x)

∫ ∞

0

ux−1

e
uk

k − 1
du,

which proves (3.36).
Next, by substituting s = uk

k in (3.36), we have

ζλ,k(x) =
1

Γλ,k(x)

∫ ∞

0

(s
1
k k

1
k )x−1

(es − 1)(s
1
k k

1
k )k−1

ds

=
1

Γλ,k(x)

∫ ∞

0

s
x−1
k k

x−1
k

(es − 1)s
k−1
k k

k−1
k

ds

=
1

Γλ,k(x)

∫ ∞

0

s
x
k−1k

x
k−1

es − 1
ds

=
k

x
k−1

Γλ,k(x)

∫ ∞

0

s
x
k−1

es − 1
ds,
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which proves (3.37).
Next, we let w = es − 1 in (3.27) and proceed as

ζλ,k(x) =
k

x
k−1

Γλ,k(x)

∫ ∞

0

ln (w + 1)
x
k−1

w(w + 1)
dw

=
k

x
k−1

Γλ,k(x)

∫ ∞

0

(
x
k − 1

)
ln (w + 1)

w(w + 1)
dw

=
k

x
k−1

(
x
k − 1

)
Γλ,k(x)

∫ ∞

0

ln (w + 1)

w(w + 1)
dw,

which yields (3.38). This completes the proof. □

Lemma 3.15. For x > 0, λ > 0 and k > 0, the identity∫ ∞

0

tx−1e−λ(1+ ku
λ ) tk

k dt =
Γλ,k(x)

(1 + ku
λ )

x
k

(3.43)

is valid.

Proof. By using the left hand side integral of (3.43) with the substitution, sk = tk(1+ ku
λ ),

we have∫ ∞

0

tx−1e−λ(1+ ku
λ ) tk

k dt =

∫ ∞

0

sx−1

(1 + ku
λ )

x−1
k

e
−λsk

k
sk−1(

s

(1+ ku
λ )

1
k

)k−1

(1 + ku
λ )

ds

=

∫ ∞

0

sx−1 (1 + ku
λ )

k−1
k

(1 + ku
λ )

x−1
k +1

e−
λsk

k ds

=

∫ ∞

0

sx−1

(
(1 +

ku

λ

)− x
k

e−
λsk

k ds

=
1(

1 + ku
λ

) x
k

∫ ∞

0

sx−1e−
λsk

k ds

=
Γλ,k(x)(
1 + ku

λ

) x
k
,

which completes the proof. □

Definition 3.3. Let x > 0, λ > 0 and k > 0. The (λ, k)−digamma function denoted by
ψλ,k(x), is define as

ψλ,k(x) =
d

dx
ln Γλ,k(x) =

Γ′
λ,k(x)

Γλ,k(x)
. (3.44)
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Theorem 3.16. The (λ, k)−digamma function satisfies the identities

ψλ,k(x) =
ln k − lnλ− γ

k
− 1

x
+

∞∑
m=1

x

mk(x+mk)
, (3.45)

= − lnλ

k
+ ψk(x), (3.46)

=
1

k
ln

(
k

λ

)
+ ψ

(x
k

)
, (3.47)

=

∫ ∞

0

(
e−

λz
k − (1 + z)−

x
k

) dz
kz
, (3.48)

=

∫ ∞

0

(
−e

λz
k

z
− e−z( x

k−1)

ez − 1

)
dz

k
, x > k, (3.49)

=

∫ ∞

0

(
e−

λz
k

z
− e−

zx
k

1− e−z

)
dz

k
, (3.50)

=

∫ 1

0

(
e−

λ(1−z)
kz

z
− z

x
k

z

)
dz

k(1− z)
. (3.51)

Proof. Using (3.2), we have

ln Γλ,k(x) = lim
m→∞

ln
m!km(mk)

x
k−1λ−

x
k

x(x+ k)(x+ 2k)(x+ 3k) . . . (x+ (m− 1)k)

= lnm!km(mk)
x
k−1λ−

x
k − lnx(x+ k)(x+ 2k)(x+ 3k) . . . (x+ (m− 1)k)

= lim
m→∞

lnm!km +
(x
k
− 1
)

lim
m→∞

ln (mk)− x

k
lnλ− lim

m→∞
[lnx+ · · ·+ ln (x+ (m− 1)k)]

Now, differentiating with respect to x gives

Γ′
λ,k(x)

Γλ,k(x)
=

ln k

k
+

lnm

k
− lnλ

k
−

∞∑
m=0

1

x+mk
, (3.52)

which implies that

ψλ,k(x) =
ln k

k
+

lnm

k
− lnλ

k
−

∞∑
m=0

1

x+mk

=
ln k

k
+

lnm

k
+

∞∑
m=1

1

mk
−

∞∑
m=1

1

mk
− 1

x
− lnλ

k
−

∞∑
m=1

1

x+mk

=
ln k

k
−

( ∞∑
m=1

1

mk
− lnm

k

)
− lnλ

k
− 1

x
−

∞∑
m=1

(
1

x+mk
−

∞∑
m=1

1

mk

)

= − lnλ

k
+

ln k − γ

k
− 1

x
+

∞∑
m=1

x

mk(x+mk)
,

which proves (3.45).
Next, by using (3.45) with (2.7) proves (3.46)
Finally, by using (3.11), we have

ln Γλ,k(x) =
(x
k
− 1
)
ln k − x

k
lnλ+ lnΓ

(x
k

)
. (3.53)
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and by differentiating (3.53), we obtain

ψλ,k(x) =
1

k
ln k − 1

k
lnλ+ ψ

(x
k

)
,

=
1

k
ln
(x
λ

)
+ ψ

(x
k

)
,

which completes the proof.
Next, by using (3.1), (2.5) and (3.43), we begin with

Γ′
λ,k(x) =

∫ ∞

0

tx−1 ln te−
λtk

k dt

=
1

k

∫ ∞

0

tx−1 ln tke−
λtk

k dt

=
1

k

∫ ∞

0

tx−1

∫ ∞

0

e−u − e−utk

u
e−

λtk

k dudt

=
1

k

∫ ∞

0

tx−1e−
λtk

k

(∫ ∞

0

e−u

u
du−

∫ ∞

0

e−utk

u
du

)
dt

=
1

k

∫ ∞

0

[
e−u

∫ ∞

0

tx−1e−
λtk

k dt−
∫ ∞

0

tx−1e−(1+ ku
λ )λtk

k dt

]
du

u

=
1

k

∫ ∞

0

[
e−uΓλ,k(x)−

∫ ∞

0

tx−1e−(1+ ku
λ )λtk

k dt

]
du

u

=
1

k

∫ ∞

0

(
e−uΓλ,k(x)−

Γλ,k(x)(
1 + ku

λ

) x
k

)
du

u

Now, rearranging gives

Γ′
λ,k(x)

Γλ,k(x)
= ψλ,k(x) =

∫ ∞

0

(
e−u −

(
1 +

ku

λ

)− x
k

)
du

ku
,

and by substituting z = ku
λ yields (3.48).

Next, we split (3.48) as

ψλ,k(x) =

∫ ∞

0

e
λz
k

zk
dz −

∫ ∞

0

dz

zk(1 + z)
x
k

and substitute 1 + z = eu, in the second integral to obtain∫ ∞

0

dz

zk(1 + z)
x
k
=

∫ ∞

0

eudu

(eu − 1)e
ux
k

=

∫ ∞

0

e−u( x
k−1)

k(eu − 1)
du.

Now, substituting (3.54) into (3.48) gives (3.49) and (3.50).
Next, by substituting u = 1

1+z in (3.48), we have

ψλ,k(x) = −1

k

∫ 0

1

(
e

λ(1−u)
ku − u

x
k

) du

u(1− u)
(3.54)

=

∫ 1

0

(
e

−λ(1−u)
ku

u
− u

x
k

u

)
du

k(1− u)
, (3.55)
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which gives (3.51). This completes the proof. □

Theorem 3.17. The (λ, k)−digamma function satisfy the identities

ψλ,k(x+ k) =
1

x
+ ψλ,k(x), (3.56)

=
1

x
− lnλ

k
+ ψk(x). (3.57)

Proof. By using (3.7), we obtain

ln Γλ,k(x+ k) = ln
x

k
+ lnΓλ,k(x) (3.58)

Now, differentiating (3.58) with respect to x gives
Γ′
λ,k(x+ k)

Γλ,k(x)
=

1

x
+

Γ′
λ,k(x)

Γλ,k(x)
,

which implies that

ψλ,k(x+ k) =
1

x
+ ψλ,k(x).

This proves (3.56).
Next, by using (3.8), we obtain

ln Γλ,k(x+ k) = ln
x

k
− x

k
lnλ+ lnΓλ,k(x) (3.59)

Differentiating (3.59) gives

ψλ,k(x+ k) =
1

x
− lnλ

k
+ ψk(x), (3.60)

which completes the proof. □

Remark. The results of (3.56) indicates that the k−analogue of the lambda gamma func-
tion is increasing on (0,∞).

Theorem 3.18. The (λ, k)−digamma function satisfies the identity

ψλ,k(x+ k) =

∫ ∞

0

(
e−

λz
k

z
− e−

zx
k

ez − 1

)
dz

k
. (3.61)

Proof. By using (3.48) and replacing x with x+ k, we obtain (3.61). □

Theorem 3.19. The k-analogue of the lambda gamma function is logarithmically convex.

Proof. By Lemma 2.8, we have

Γλ,k

(u
a
+
v

b

)
=

∫ ∞

0

t
u
a+ v

b −1e−
λtk

k dt

=

∫ ∞

0

t
u
a t

v
b t−

1
a t−

1
b e−

λtk

ak e−
λtk

bk dt

=

∫ ∞

0

(
tu−1e−

λtk

k

) 1
a
(
tv−1e−

λtk

k

) 1
b

dt

≤
(∫ ∞

0

tu−1e−
λtk

k dt

) 1
a
(∫ ∞

0

tv−1e−
λtk

k dt

) 1
b

= Γ
1
a

λ,k(u)Γ
1
b

λ,k(v)

This completes the proof. □
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