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FUZZY WEAK-INTERIOR IDEALS OF SEMIRINGS

M. MURALI KRISHNA RAO

ABSTRACT. In this paper, we introduce the notion of a fuzzy weak interior ideal as a
generalization of a fuzzy ideal of a semiring. We characterize the regular semiring in terms
of fuzzy weak interior ideals of a semiring.

1. INTRODUCTION

The notion of a semiring was introduced by Vandiver [21] in 1934, but semirings had
appeared in earlier studies on the theory of ideals of rings. The theory of rings and theory
of semigroups have considerable impact on the development of theory of semirings. Semir-
ings play an important role in studying matrices and determinants. Semirings are useful in
the areas of theoretical computer science as well as in the solution of graph theory, opti-
mization theory, in particular for studying automata,coding theory and formal languages.
Semiring theory has many applications in other branches of mathematics. Ideals play an
important role in advance studies and uses of algebraic structures. Generalization of ideals
in algebraic structures is necessary for further study algebraic structures. Many mathe-
maticians proved important results and charecterization of algebraic structures by using
the concept and the properties of generalization of ideals in algebraic structures. Henrik-
sen [3] and Shabir et al. [19] studied ideals in semirings. We know that the notion of a
one sided ideal of any algebraic structure is a generalization of notion of an ideal. The
quasi ideals are generalization of left ideal and right ideal whereas the bi-ideals are gen-
eralization of quasi ideals.In 1952, the concept of bi-ideals was introduced by Good and
Hughes [2]for semigroups. The notion of bi-ideals in rings and semirings were introduced
by Lajos [5] and Szasz [11,12]. Bi-ideal is a special case of ( m-n) ideal. In 1956, Stein-
feld [20] first introduced the notion of quasi ideals for semigroups and then for rings. The
fuzzy set theory was developed by L. A. Zadeh [22] in 1965. Many papers on fuzzy sets
appeared showing the importance of the concept and its applications to logic, set theory,
group theory, ring theory, real analysis, topology, measure theory etc. The fuzzification
of algebraic structure was introduced by A. Rosenfeld [18] and he introduced the notion
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of fuzzy subgroups in 1971. N. Kuroki studied fuzzy semigroups D. Mandal [6] studied
fuzzy ideals and fuzzy interior ideals in an ordered semiring.

Marapureddy Murali Krishna Rao [7,8,9,10,11,12] introduced and studied the proper-
ties of bi quasi ideals, bi interior ideals, bi quasi interior ideals,quasi interior ideals, tri-
quasi ideals, and weak interior ideals of semirings and semigroups. Marapureddy Mara-
pureddy Murali Krishna Rao et.al [13,14,15,16,17] introduced the notions of fuzzy bi quasi
ideals, fuzzy bi interior ideals, fuzzy tri-quasi ideals, Fuzzy tri ideals of semirings and
semigroups and studied their properties. In this paper, we study the some of the properties
of fuzzy weak interior ideals of semirings.

2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

Definition 2.1 (1). A set S together with two associative binary operations called addition
and multiplication (denoted by + and · respectively) will be called semiring provided
(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the right.
(iii) there exists 0 ∈ S such that x+ 0 = x and x · 0 = 0 · x = 0 for all x ∈ S.

Definition 2.2 (10). Let M be the set of all natural numbers. Then (M,max,min) is a
semiring.

Definition 2.3 (10). Let M be a semiring. If there exists 1 ∈ M such that a ·1 = 1 ·a = a,
for all a ∈ M , is called an unity element of M then M is said to be semiring with unity.

Definition 2.4 (10). An element a of a semiring S is called a regular element if there exists
an element b of S such that a = aba.

Definition 2.5 (10). A semiring S is called a regular semiring if every element of S is a
regular element.

Definition 2.6 (10). An element a of a semiring S is called a multiplicatively idempotent
(an additively idempotent) element if aa = a(a+ a = a).

Definition 2.7 (10). An element b of a semiring M is called an inverse element of a of M
if ab = ba = 1.

Definition 2.8 (10). A semiring M is called a division semiring if for each non-zero ele-
ment of M has multiplication inverse.

Definition 2.9 (10). A semiring M is called a division semiring if for each non-zero ele-
ment of M has multiplication inverse.

Definition 2.10 (7,8,9,10,11,12). A non-empty subset A of a semiring M is called
(i) a subsemiring of M if (A,+) is a subsemigroup of (M,+) and AA ⊆ A.
(ii) a quasi ideal of M if A is a subsemiring of M and AM ∩MA ⊆ A.
(iii) a bi-ideal of M if A is a subsemiring of M and AMA ⊆ A.
(iv) an interior ideal of M if A is a subsemiring of M and MAM ⊆ A.
(v) a left (right) ideal of M if A is a subsemiring of M and MA ⊆ A(AM ⊆ A).
(vi) an ideal if A is a subsemiring of M,AM ⊆ A and MA ⊆ A.
(vii) a k-ideal if A is a subsemiring of M,AM ⊆ A,MA ⊆ A and x ∈ M,x + y ∈
A, y ∈ A then x ∈ A. (viii) a bi-interior ideal of M if A is a subsemiring of M and
MBM ∩BMB ⊆ B.
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(ix) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a subsemigroup of (M,+) and
MA ∩AMA ⊆ A(AM ∩AMA ⊆ A).
(x) a left quasi-interior ideal (right quasi-interior ideal) of M if A is a subsemiring of M
and MAMA ⊆ A(AMAM ⊆ A).
(xi) a bi-quasi-interior ideal of M if A is a subsemiring of M and BMBMB ⊆ B.
(xii) a left tri- ideal (right tri- ideal) of M if A is a subsemiring of M and AMAA ⊆
A(AAMA ⊆ A).
(xiii) a tri- ideal of M if A is a subsemiring of M and AMAA ⊆ A and AAMA ⊆ A.
(xiv) a left(right) weak-interior ideal of M if B is a subsemiring of M and MBB ⊆
B(BBM ⊆ B).
(xv) a weak-interior ideal of M if B is a subsemiring of M and B is a left weakinterior
ideal and a right weak-interior ideal of M .

Definition 2.11 (15). Let f be a fuzzy subset of a non-empty set M , for t ∈ [0, 1] the set
ft = {x ∈ M |f(x) ≥ t} is called a level subset of M with respect to f .

Definition 2.12 (15). Let M be a semiring. A fuzzy subset µ of M is said to be fuzzy
subsemiring of M if it satisfies the following conditions
(i)µ(x+ y) ≥ min{µ(x), µ(y)}
(ii)µ(xy) ≥ min{µ(x), µ(y)}, for all x, y ∈ M .

Definition 2.13 (15). A fuzzy subset µ of a semiring M is called a fuzzy left (right) ideal
of M if for all x, y ∈ M it satisfies the following conditions
(i)µ(x+ y) ≥ min{µ(x), µ(y)}
(ii)mu(xy) ≥ µ(y)(µ(x)), for all x, y ∈ M .

Definition 2.14 (15). A fuzzy subset µ of a semiring M is called a fuzzy ideal of M if it
satisfies the following conditions
(i)µ(x+ y) ≥ min{µ(x), µ(y)}
(ii)µ(xy) ≥ max{µ(x), µ(y)}, for all x, y ∈ M .

Definition 2.15. [15] For any two fuzzy subsets λ and µ of M,λ ⊆ µ means λ(x) ≤ µ(x)
for all x ∈ M .

Definition 2.16. [15] Let f and g be fuzzy subsets of a semiring M. Then f ◦ g, f + g, f ∪
g, f ∩ g, are defined by

f ◦ g(z) =

 sup
z=xy,

{min{f(x), g(y)}},

0 otherwise
f + g(z) =

 sup
z=x+y,

{min{f(x), g(y)}},

0 otherwise

f ∪ g(z) = max{f(z), g(z)}; f ∩ g(z) = minf{(z), g(z)}
x, y, z ∈ M.

Definition 2.17 (15). Let A be a non-empty subset of M . The characteristic function of A
is a fuzzy subset of M , defined by

χA(x) =

{
1 if x ∈ A,

0 if x ∈ A

3. FUZZY WEAK- INTERIOR IDEALS OF SEMIRINGS

In this section, we introduce the notion of a fuzzy right(left) weak- interior ideal as a
generalization of a fuzzy interiori-ideal of a semiring and study the properties of fuzzy
right(left) weak- interior ideals.
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Definition 3.1. A fuzzy subset µ of a semiring M is called a fuzzy right( left)weakinterior
ideal if,

• (i) µ(x+ y) ≥ min{µ(x), µ(y)} for all x, y ∈ M.
• (ii) µ ◦ µ ◦ χM ⊆ µ(χM ◦ µ ◦ µ ⊆ µ).

Definition 3.2. A fuzzy subset µ of a semiring M is called a fuzzy weak- interior ideal if
it is both left and right weak- interior ideal of M .

Example 3.3. Let Q be the set of all rational numbers, M =

{(
0 a
b c

)
| a, b, c ∈ Q

}
Then M is a semiring with respect to usual addition of matrices and ternary operation is

defined as the usual matrix multiplication. If A =

{(
a 0
0 b

)
| a, 0 ̸= b ∈ Q

}
then A is

a right weak interior ideal but not a bi-ideal of a semiring M . Define µ : M → [0, 1] such
that

µ(x) =

{
1, ifx ∈ A,

0 otherwise
Then µ is a fuzzy right weak- interior ideal of M .

Theorem 3.1. Every fuzzy right ideal of a semiring M is a fuzzy right weak- interior ideal
of M .

Proof. Let µ be a fuzzy right ideal of the semiring M and x ∈ M .

µ ◦ χM (x) = supx=abmin{µ(a), χM (b)}a, b ∈ M,

= supx=abµ(a)

≤ supx=abµ(ab)

= µ(x)

Therefore µ ◦ χM (x) ≤ µ(x)

Nowµ ◦ µ ◦ χM (x) = supx=uvsmin{µ(uv), µ ◦ χM (s)}
≤ supx=uvsmin{µ(uv), µ(s)}
= µ(x)

Hence µ is a fuzzy right weak- interior ideal of the semiring M . □

Corollary 3.2. Every fuzzy left ideal of a semiring M is a fuzzy left weak- interior ideal of
M .

Corollary 3.3. Every fuzzy ideal of a semiring M is a fuzzy weak- interior ideal of M .

Theorem 3.4. Let M be a semiring and µ be a non-empty fuzzy subset of M . A fuzzy
subset µ is a fuzzy left weak- interior ideal of a semiring M if and only if the level subset
µt of µ is a left weak- interior ideal of a semiring M for every t ∈ [0, 1], where µt ̸= ϕ.

Proof. Let M be a semiring and µ be a non-empty fuzzy subset of M . Suppose µ is a
fuzzy left weak- interior ideal of a semiring M,µt ̸= ϕ, t ∈ [0, 1] and a, b ∈ µt, Then

µ(a) ≥ t, µ(b) ≥ t

⇒ µ(a+ b) ≥ min{µ(a), µ(b)} ≥ t

⇒ a+ b ∈ µt.
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Let x ∈ Mµtµt. Then x = bad, where b ∈ M,a, c ∈ µt,Then

χM ◦ µ ◦ µ(x) ≥ t

⇒ µ(x) ≥ χM ◦ µ ◦ µ(x) ≥ t

Therefore x ∈ µt. Hence µt is a left weak- interior ideal of the semiring M.
Conversely suppose that µt is a left weak- interior ideal of the semiring M , for all t ∈
Im(µ).
Let x, y ∈ M,µ(x) = t1, µ(y) = t2 and t1 ≥ t2. Then x, y ∈ µt2 .

⇒ x+ y ∈ µt2 and xy ∈ µt2

⇒ µ(x+ y) ≥ t2 = min{t1, t2} = min{µ(x), µ(y)}
Therefore µ(x+ y) ≥ t2 = min{µ(x), µ(y)}.
We have Mµlµl ⊆ µt, for all l ∈ Im(µ).
Suppose t = min{Im(µ)}. Then Mµtµt ⊆ µt. Therefore χM ◦ µ ◦ µ ⊆ µ. Hence µ is a
fuzzy left weak- interior ideal of the semiring M . □

Corollary 3.5. Let M be a semiring and µ be a non-empty fuzzy subset of M . A fuzzy
subset µ is a fuzzy right weak- interior ideal ideal of a semiring if and only if the level
subset µt of µ is a right weak- interior ideal ideal of a semiring M for every t ∈ [0, 1],
where µt ̸= ϕ.

Theorem 3.6. Let I be a non-empty subset of a semiring M and χI be the characteristic
function of I . Then I is a right weak- interior ideal ideal of a semiring M if and only if χI

is a fuzzy right weak- interior ideal of a semiring M .

Proof. Let I be a non-empty subset of a semiring M and χI be the characteristic function
of I . Suppose I is a right weak- interior ideal of the semiring M . Obviously χI is a fuzzy
subsemiring of M . We have IIM ⊆ I . Then

χI ◦ χI ◦ χM = χIIM = χIIM ⊆ χI

. Therefore χI is a fuzzy right weak- interior ideal of the semiring M . Conversely suppose
that χI is a fuzzy right weak- interior ideal of M . Then I is a subsemiring of M . We have

χI ◦ χI ◦ χM ⊆ χI

⇒ χIIM ⊆ χI

Therefore IIM ⊆ I .
Hence I is a right weak- interior ideal of the semiring M . □

Theorem 3.7. If µ and λ are fuzzy left weak- interior ideals of a semiring M, then µ ∩ λ
is a fuzzy left weak- interior ideal of a semiring M .
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Proof. Let µ and λ be fuzzy left weak- interior ideals of the semiring M and x, y ∈ M.
Then

µ ∩ λ(x+ y) = min{µ(x+ y), λ(x+ y)}
≥ min{min{µ(x), µ(y)},min{λ(x), λ(y)}}
= min{min{µ(x), λ(x)},min{µ(y), λ(y)}}
= min{µ ∩ λ(x), µ ∩ λ(y)}

χM ◦ µ ∩ λ(x) = supx=abmin{χM (a), µ ∩ λ(b)}
= supx=abmin{χM (a),min{µ(b), λ(b)}}
= supx=abmin{min{χM (a), µ(b)},min{χM (a), λ(b)}}
= min{supx=abmin{χM (a), µ(b)}, supx=abmin{χM (a), λ(b)}}
= min{χM ◦ µ(x).χM ◦ λ(x)}
= χM ◦ µ ∩ χM ◦ λ(x)

Therefore χM ◦ µ ∩ λ ◦ µ ∩ λ = χM ◦ µ ◦ µ ∩ χM ◦ λ ◦ λ
Hence χM ◦ µ ∩ λ ◦ µ ∩ λ = χM ◦ µ ◦ µ ∩ χM ◦ λ ◦ λ ⊆ µ ∩ λ.
Hence µ ∩ λ is a left fuzzy weak- interior ideal of M . Hence the theorem. □

Corollary 3.8. If µ and λ are fuzzy right weak- interior ideals of semiring M then µ ∩ λ
is a fuzzy right weak- interior ideal of semiring M .

Corollary 3.9. Let µ and λ be fuzzy right ideal and fuzzy left ideal of a semiring M
respectively. Then µ ∩ λ is a fuzzy weak- interior ideal of a semiring M .

Corollary 3.10. Let µ and λ be fuzzy right ideal and fuzzy left ideal of semiring M re-
spectively. Then µ ∩ λ is a right fuzzy weak- interior ideal of semiring M .

Proof of the following theorems are similar to theorems in [14 ]. So we omit the proofs.

Theorem 3.11. If µ is a fuzzy tri-ideal of regular semiring M then µ is a fuzzy ideal of M .

Theorem 3.12. A semiring M is a regular if and only if λ ◦ µ = λ∩ µ, for any fuzzy right
ideal λ and fuzzy left ideal µ of M.

Theorem 3.13. Let M be a regular semiring. Then µ is a fuzzy left weak- interior ideal of
M if and only if µ is a fuzzyideal of M .

Proof. Let µ be a fuzzy left weak- interior ideal of the semiring M and x ∈ M . Then
χM ◦ µ ◦ χM ◦ µ ⊆ µ
Suppose χM ◦ µ(x) > µ(x) and µ ◦ χM (x) > µ(x)
Since M is a regular, there exist y ∈ M such that x = xyx.

µ ◦ χM (x) = supx=xyxmin{µ(x), χM (yx)}
= supx=xyxmin{µ(x), 1}
= supx=xyxµ(x)

> µ(x).

µ ◦ χM ◦ µ ◦ χM (x) = supx=xyxmin{µ ◦ χM (x), µ ◦ χM (yx)}
> supx=xyxmin{µ(x), µ(yx)}
= µ(x)
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Which is a contradiction. Hence µ is a fuzzyideal of M . By Theorem [4.15], converse is
true □

Corollary 3.14. Let M be a regular semiring. Then µ is a fuzzy right weakinterior ideal
of M if and only if µ is a fuzzyideal of M .

Theorem 3.15. Let M be a semiring. Then M is a regular if and only if µ = χM ◦ µ ◦ µ,
for any fuzzy left weak-interior ideal µ of a semiring M .

Proof. Let µ be a fuzzy left weak-interior ideal of the regular semiring M and x, y ∈ M .
Then χM ◦ µ ◦ µ ⊆ µ.

χM ◦ µ ◦ µ(x) = supx=xyx}min{χM ◦ µ(x), µ(yx)}}
≥ supx=xyx}min{µ(x), µ(yx)}}
= µ(x).

Therefore µ ⊆ χM ◦ µ ◦ µ. Hence χM ◦ µ ◦ µ = µ.
Conversely suppose that µ = χM ◦ µ ◦ µ, for any fuzzy weak- interior ideal ideal µ of the
-semiring M . Let B be a weak- interior ideal of the semiring M .
Then by Theorem 3.8, χB be a fuzzy weak- interior ideal of the semiring M .

ThereforeχB = χM ◦ χB ◦ χB

= χMBB

B = MBB

Hence M is a regular semiring □

4. CONCLUSIONS

As a further generalization of ideals, Marapureddy Murali Krishna Rao0 introduced
the notions of bi quasi ideals, quasi interior ideals,bi interior ideals, tri-quasi ideals, tri
ideals and weak interior ideals of semirings and semigroups as a generalization of an ideal
,a(right) ideal, a quasi ideal, a bi ideal and an interior ideal and studied some of their
properties. In this paper, we introduced fuzzy weak interior ideals of a semiring and studied
some of their properties. In continuity of this paper, we study the properties of fuzzy prime
weak interior ideals, fuzzy maximal weak interior ideals and fuzzy soft weak interior ideals
of algebraic structures.

5. ACKNOWLEDGEMENTS

The authors are thankful to the referee for useful comments and suggestions which have
definitely improved the paper.

REFERENCES

[1] P. J. Allen. A fundamental theorem of homomorphism for semirings. Proc. Amer. Math. Sco., 21, 412-416,
1969.

[2] R. A. Good and D. R. Hughes. Associated groups for a semigroup Bull. Amer. Math. Soc., 58, 624-625,
1952.

[3] M. Henriksen, Ideals in semirings with commutative addition. Amer. Math. Soc. Notices, 5, 321, 1958.
[4] K. Iseki, Quasi-ideals in semirings without zero. Proc. Japan Acad., 34, 79-84, 1958.
[5] S. Lajos and F. A. Szasz, On the bi-ideals in associative ring. Proc. Japan Acad., 46, 505-507, 1970.
[6] D. Mandal. Fuzzy ideals and fuzzy interior ideals in ordered semirings. Fuzzy info. and Engg., 6, 101-114,

2014.



FUZZY WEAK-INTERIOR IDEALS OF SEMIRINGS 195

[7] M. Murali Krishna Rao. bi-interior Ideals in semirings. Discussiones Mathematicae General Algebra and
Applications, 38(2), 239-254, 2018. doi:10.7151/dmgaa.1284

[8] Marapureddy Murali Krishna Rao. A study of generalization of bi- ideal, quasi- ideal and interior ideal of
semigroup. Mathematica Morovica, Vol.22(2), 103-115, 2018.

[9] Marapureddy Murali Krishna Rao. A study of bi-quasi-interior ideal as a new generalization of ideal of
generalization of semiring. Bull. Int. Math. Virtual Inst , Vol. 8, 519-535, 2018.

[10] Marapureddy Murali Krishna Rao. A study of quasi-interior ideal of semiring. Bull. Int. Math. Virtual Inst ,
Vol. 2, 287-300, 2019

[11] M. Murali Krishna Rao, Left bi-quasi ideals of semirings. Bull. Int. Math. Virtual Inst, Vol. 8, 45-53 (2018),
DIO:10.7251/BIMVI1801045R

[12] M. Murali Krishna Rao. Weak-interior ideals. Bull. Int. Math. Virtual Inst., 12(2), 273-285, 2022, DOI:
10.7251/BIMVI2201273R

[13] Marapureddy Murali Krishna Rao, Rajendra Kumar Kona, Noorbhasha Rafi, Venkateswarlu Bolineni. Tri-
quasi Ideals and Fuzzy Tri-quasi Ideals of Semigroups. Annals of Communications in Mathematics, 7(3),
281-295, 2024 https://doi.org/10.62072/acm.2024.070307

[14] Marapureddy Murali Krishna Rao, Arsham Borumand Saeid, and Rajendra Kumar Kona.
Fuzzy Soft Tri-quasi Ideals of Regular Semirings. New Mathematics and Natural Computation,
https://doi.org/10.1142/S1793005725500358

[15] Marapureddy Murali Krishna Rao, Rajendra Kumar Kona. Fuzzy tri-ideals and fuzzy soft tri-
ideals over semirings. Annals of Fuzzy Mathematics and Informatics, 24(3), pp. 315-329, 2022,
https://doi.org/10.30948/afmi.2022.24.3.315

[16] M. Murali Krishna Rao and Noorbhasha Rafi. A Study of fuzzy ideals of Regular and Simple Ordered
Semirings. Analele Universitatii Oradea Fasc. Matematica, Tom XXXII(1), 23-38, 2025

[17] Marapureddy Murali Krishna Rao. Fuzzy left and right bi-quasi Ideals of semirings. Bull. Int. Math. Virtual
Inst, Vol. 8, 449-460, 2018 DOI: 10.7251/BIMVI1803449R

[18] A. Rosenfeld. Fuzzy groups. J. Math.Anal.Appl. 35, 512-517, 1971.
[19] A. M. Shabir , A Batod. A note on quasi ideal in semirings. Southeast Asian Bull. Math. 7, 923-928, 2004.
[20] O. Steinfeld. Uher die quasi idealsVon halbgruppend. Publ. Math., Debrecen, 4, 262-275, 1956
[21] H. S. Vandiver. Note on a simple type of algebra in which cancellation law of addition does not hold. Bull.

Amer. Math. Soc.(N.S.), 40 914-920, 1934.
[22] L. A. Zadeh. Fuzzy sets. Information and control, 8, 338-353, 1965.

M. MURALI KRISHNA RAO

DEPARTMENT OF MATHEMATICS,, SANKETHIKA INSTITUTE OF TECH. AND MANAGEMENT,, VISAKHAPATNAM-
530 041, ANDHRA PRADESH, INDIA.
ORCID: 0000-0003-4798-1259

Email address: mmarapureddy@gmail.com

https://orcid.org/0000-0003-4798-1259

	1. Introduction
	2. Preliminaries
	3.  Fuzzy weak- interior ideals of Semirings
	4. Conclusions 
	5. Acknowledgements
	References

