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ABSTRACT. With the advancement of scientific studies, problems involving uncertainty
have emerged. Classical mathematics needed to be more robust to model or make sense
of these uncertain problems. Due to this insufficiency, scientists have put forward new
theories. One of them is the soft set theory, which Molodtsov first studied. Then, many
researchers have done various studies in different fields using soft sets. In this study, bipo-
lar soft ideals of a gamma near-ring were defined. Some basic properties of this algebraic
structure have been analyzed. The bipolar soft coset set was determined with the help of
bipolar soft ideals, and this set was shown to be a gamma near-ring. Finally, a function was
defined with the help of bipolar soft ideals of a gamma near-ring, and this study concluded
by showing that this function is a gamma near-ring epimorphism.

1. INTRODUCTION

Mathematics has been needed since the history of humanity has existed. It is an in-
disputable fact that mathematics plays an important role in making sense of life. The
advancement of science requires interdisciplinary studies that are directly related to the
improvement of mathematical studies. While certain results were obtained, in which Aris-
totelian logic was at the forefront, with the development of human history, classical math-
ematics was insufficient in line with technological needs. Systems that cannot be solved
with classical logic and whose uncertainty situations cannot be modeled have introduced
concepts such as fuzzy set theory [27]], rough set theory [24], soft set theory [20].

A simple mechanism, radio, can be considered to understand Zadeh’s fuzzy set work.
In addition to the precise expressions of the sound ’off” and ’on’ in the radio, a range is
obtained in the decision-making mechanism when ’increase and decrease the volume’ is
added. This range is obtained by the range of real numbers [0,1]. Zadeh’s work presents
modeling that facilitates decision-making in imprecise statements to the scientific world
in real-life situations. The idea, which Zadeh calls a little simple and a little fun,” later
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became the first step in changing the perspective of the scientific world and humanizing the
machines in the world of technology. With his work, Zadeh has removed the sharpness of
classical logic and opened a new horizon in science. In 1970, fuzzy logic was first applied
to a steam engine by Prof. Ebrahim H. Hamdani at Queen Mary College, London. In
1980, it was used to control the kiln of a cement factory in Denmark. They analyzed that
the temperature of the chemicals used in the furnace needed to be more or less with fuzzy
logic. Thus, they led to precise measurements and prevention of errors.

Due to the difficulties in determining the membership function required for the op-
erations performed in the fuzzy set, scientists wanted to create an uncertainty without a
membership function. As a result of the studies, the soft set theory, which Molodstov ob-
tained without needing a membership function, was put forward. Molodstov has applied
soft set theory to many fields, such as game theory, probability theory, Riemann integral,
and measurement theory [20]. Molodstov’s work was followed in the world of science, and
Maji et al. [19] first defined the soft set operations by examining the algebraic structures
of the soft set.

Aktas and Cagman [3] defined a soft group and examined the relationship between
fuzzy and soft sets. This study carried soft sets over an algebraic structure for the first
time. Later, Acar et al. [2l] conducted a study on soft rings. Feng et al. [11 12} [13]
studied soft semirings and soft sets of fuzzy and rough sets. Cagman and Enginoglu [6]
redefined soft set operations and made them more functional. Later, algebraic structures of
soft intersection groups and rings were investigated by [7] and [S8]].

While studies continue in the scientific world, Shabir and Naz [26] defined bipolar soft
sets as a new perspective on soft sets. Naz and Shabir [22] studied the algebraic structure
of bipolar fuzzy soft sets. Karaaslan and Karatas [[16] redefined the bipolar soft set concept
and bipolar soft set operations from a different perspective. They also presented an applied
decision-making method by examining its basic features. Abdullah et al. [1] presented
bipolar fuzzy soft sets as a decision-making method. The structure of the fuzzy soft near-
gamma ring was investigated by Ersoy et al. [10]]. Karaaslan et al. [[17] defined the bipolar
soft group with their new approach. Karaaslan [[18] conducted studies on bipolar soft-
rough relations. Hayat and Mahmood [15] examined some algebraic structures of bipolar
soft sets. Hakim et al. [14] investigated the structure of fuzzy bipolar soft semiprime ideals
in ordered semigroups and examined some of their properties. On the other hand, Citak [9]
studied the bipolar soft ideal in near-rings. Mubarak et al. [21] investigated the roughness
of fuzzy bipolar soft sets with the help of soft binary relations.

In algebra, Nobusawa [23] studied rings, and then Barnes [4] studied Nobusawa’s gamma
rings. Booth [3]] studied gamma near-rings.

In this study, bipolar soft ideals of gamma near-rings are discussed. First, bipolar soft
sets, bipolar soft groups, and bipolar soft ideals are investigated. Next, the bipolar soft
ideal of a gamma near-ring is defined, and some of its basic properties are examined. With
the help of bipolar soft ideals, the bipolar soft coset set is constructed, and it is shown that
this set is a gamma near-ring. By defining the bipolar soft set with the help of coset set, it
has been proved that this set is a bipolar soft ideal. The study is concluded by defining a
mapping using the bipolar soft ideal of gamma near-ring and showing that this mapping is
a gamma near-ring epimorphism.
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2. PRELIMINARY

Definition 2.1. [25] Let (X, +) be a group (not necessarily abelian) and I" be a nonempty
set. Then, XN is said to be a I'-near-ring (Gamma near-ring) if there exists a mapping
N x I' x X — N the following requirements:

° (n1 + ng)tng = nltng + ngtng,

o (nitng)kns = nit(ngkns)
forall ny,n9,n3 € Nandt,k € T

Definition 2.2. [25] Let X be a I"-near-ring and I be a normal subgroup of X. Then, for all
n,ne €N, tel,iel

e [issaid to be a left ideal if nyt(ng + i) — nytng € T

e [ is said to be aright ideal if itn; € 1

e [ is said to be ideal if it is both a left ideal and a right ideal.

Definition 2.3. [20] Let E be a parameter set, S C F, and U be an initial set, P(U) be a
power set of U. Then, a mapping F' : S — P(U) is said to be a soft set over U. A soft set
over U can be represented by Fg = {(m, F'(m))|Vm € S}.

Definition 2.4. [18|] Let F be a parameter set, S C F and & : S — FE be an injective
function. Then, S U (S) is said to be an extended parameter set of S and denoted by 5.

Definition 2.5. [18] Let £ be a parameter set, S C F, U be an initial set and & : S — &g
be an injective function such that S U $(S) = 6. If &y : S — P(U) and S : S(S) —
P(U) are two mappings such that 1 (m) N S2(S(m)) = 0, then (S, ) is said to be a
bipolar soft set over U. A bipolar soft set over U can be represented by

Ss = (31, 32) = {(m, S1(m), S2(S(m))) |Vm € E,F1(m) N 2 (S(m)) = 0}

Remark. [18] Henceforward, we will denote the sets 31 and S5 with %;C and g, respec-
tively and these sets will be called positive and negative soft sets of a bipolar soft set g,
respectively. A bipolar soft set over U can be represented by

Ss = (35, 95) = {(m. I§(m), S5 (m))[¥ym € E,3§(m) N g (m)) = 0}

Definition 2.6. [16] Let S5 = (S%,S5) and S = (S5, 37) be two bipolar soft sets
over U. Then,
e S is said to be a null bipolar soft set if % (m) = 0 and Sg(m) = U, and,
denoted by (0, U)
e S is said to be a absolute bipolar soft set if I (m) = U and Sg(m) = 0, and,
denoted by (U, ()
e S is said to be a bipolar soft subset of S if I (m) C IF(m) and g (m) C
37 (m), and, denoted by g C S
e Jgis said to be an equal bipolar soft set if 3 C 7 and S C g, and denoted
by S5 =
e Union of \ss and S, denoted by Ss L S = Ssur, is defined as & ,.(m) =
AU ) nd 35 () = 35 ) U 3 1)

o Intersection of Sg and S, denoted by SN = S, is defined as \’ng( )=
3§ (m) N 7(m) and g (m) = g (m) N %E( m)
forall m € E.

Theorem 2.1. [16] Let Ss = (S%,S5), St = (S5,97) and St = (S5, Sg) be
bipolar soft sets over U. Then,
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(0,U) E Sgand Ss C (U, D)

SSH(Q,U) :%SandSSI_I(V),U) =0

Sg U (U,@) = (U,@) and Sg M (U,@ = (U, %S)
g USg =

Sg and g Mg = g

S U =S USg and Sg M S = Sr M Sg

SsU(SrUSK) = (SsUST)USK and S M (ST MSk) = (SsMNS7) NSk
g L (%THSK) = (%S U%T)l_l (%SI_ISK) and Sg 1M (%Tl—l%K) = (%SI‘I
ST)U(QSH%K)

3. BIPOLAR SOFT IDEALS OF GAMMA NEAR-RINGS

Definition 3.1. Let X be a I'-near-ring and Sy = (%:, Q) be a bipolar soft set over U.
Then, Sx = (S, Sy ) is said to be a I-bipolar soft left ideal over U if

o S (n —ny) 2 S (1) NS (n2), S5 (m — nz) € S5 (m1) U S (o)

° %K(ng +ny—ng) 2D %K(nl), Qx (N2 + 11 —ng) C S5 (n1)

° %;{(nlt(ng + 77/3) — nltng) D) %;{(ng), %g(nlt(ng + 713) - nltng) - %§(n3)
for all ny,no,n3 € Nandt € I'. Then, Sy = (%K, Sy ) is called a I'-bipolar soft
right ideal over U if
%;{(nltng) D %K(nl), Qg (nitng) C Sy (n1)
forall nyj,ng,n3 € Nandt €T

Remark. If Sy is both a U'-bipolar soft left ideal and a T'-bipolar soft right ideal, then Sy
is said to be a I'-bipolar soft ideal over U.

Proposition 3.1. Let Sy = (3%, Sy ) be a T-bipolar soft ideal over U.
AR

o S (en) 2 I (n), Iy (en) € Sy (n)

* S (n) =% (—n), Sy (n) = I (-n)
foralln € N,
Proof.

e Foralln € N,
S (ex) = S (n—n) 2 3 (n) NS (n) = ST (n)

Thus, Sif (ex) 2 St (n). Similarly, it is shown that 3 (ex) C Sy (n).
e Foralln € N

% (ex) NS (—n) = SF (—n)

~—

= Qi (—n) is obtained. Similarly, it

O

Definition 3.2. Let Sy = (S5, S ) be a I-bipolar soft ideal over U and n; € S. Then,
n1+ Sy is said to be a ['-bipolar soft coset of Sy defined by (nq +%§)(n2) = %;{ (ng—ny)

and (n1 + Sg)(ﬂg) = %; (n2 — nl) for all ny € .

Proposition 3.2. Let Sy = (33}, Sy ) be a T-bipolar soft ideal over U. Then,
o In(ng —ne) = Snlen) iff n1 + Sx = ng + Ox
° SN(TLl) = %N ’I”LQ) if?’Ll —+ %N = N2 +%N
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o QSn(ng +n2) = Sn(ne +nq)

forall ny,ne € N

Proof. For all ny,ne € N,
o Let Sn(ny — ng) = QSx(ex). Forall ng € X
(n1 +S%) (n3) = S (ng — 1) = S (en)
and
(n2 + %) (n3) = 3 (n3 — n2) = 35 (ex)
Thus, (n1 + S (n3) = (n2 + ) (ns). It follows that ny + S = na + .
Similarly, it is shown that ny + S, = ng + Sy . Therefore, ny + Sx = 12 + Sn.
On the other hand, let n1 + Sy = nao + Sx. Forall ng € N

(n1 4+ S%) (14) = (n2 + ) (14)

%K(m; — nl) = %K(m; — ng)
By choosing n4 = nj, it follows that
S (en) =
Similarly, it is shown that 3§ (ex)
SN (GN).
o Let Sx(n1) = Sx(ng). Forallng € N,
(n1 + %) (n3) = (n2 + ) (n3)

%;:(’ng, - nl) = %;;(’Ilg, — ng).

Q‘(nl —ng).

&0

Qg (n1 — ng). Therefore, Sn(ng — ng) =

Choosing n3 = ey, it follows that

S (ex —ny) = SK(@N —ng)
3% (—n1) = S{ (—n2)
Similarly, it is shown that S (n1) = S (n2). Thus, it is obtained that Sy (ny) =

%N(ng) if ny + Qx = no + .
e Forallng € N,

SK(@N) = S;f(nl +ny—ng—ny) = S;{(nl +ng — (ng +ny)).

Moreover, n; + ny + %K =ng+ny+ C\‘yg And, it is found that %:{(nl +ng) =
S (n2 + nq). Similarly, it is shown that S (n1 + n2) = Sy (n2 + n1). Hence,
it is seen to be Sn(n1 + n2) = Sx(ng + nq).

d

Remark. Let Sy = (%g, Q) be a T-bipolar soft ideal over U. The set of all soft cosets
is denoted by R /Sy = {n1 + Sx : np € R},

Theorem 3.3. Let Sy = (S, Sy) be a T-bipolar soft ideal over U. R/Sy is a I'-
near-ring with respect to the '+' and 't operations where (n1 + Sx) + (n2 + Sy) =
(n1+n2) + Sw and (n1 + Sn)t(ne + Sx) = (n1tne) + Se forallny,ng € Nandt € T.

Proof. Firstly, we will investigate that '+’ is well defined. Let ny + Sy = n3 + Sy and
ng+Jn = ng+ S for all ng + Sy, no+ S, g + Sy, g +Sx € N/ From Proposition
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| it is obtained that Sif (n1 — n3) = S (n2 — n4) = S (ex). Then,

SK((M +n2) = (nz+n4)) = SF((nz+mna) — (n1 +n2))
= 3% ((n3 +na) — (na +n1) + (ng +n1) — (g +n2))
= %K((n3+n4—n4—n1+n4+n1—nl—ng))
= S¥((n3 —n1) + (ng — n2))
D %K(ng — nl) %;{(m —ng)
=S¥ (ex) NS (ex)
= (e

Also, it is followed that i (ex) 2 %;{((

+ ng) — (n3 + ny)) from Proposition
Therefore, S ((n1+n2) — (n3+n4)) = S (ex). Thus, (n1+n2)+S7E = (ng+n4)+35,
and it is obtained that (n1 + S) + (n2 + N) = (ng + %) + (na + Sy). Similarly, it is
shown that (n1 + Sy ) + (n2 + Sy ) = (n3 + Sy) + (14 + Iy ). Now, we will investigate
that ‘¢’ is well defined. Let (n1 + Sx) = (n3 + Sx) and (ng + Sp) = (ng + Sy) for all
ny + Sn, no + Sx, g + Sx, g + Sx € N/SN andt € I'. Then,

/\)_‘

SK (nltng — 713t’fl4) = SK (ngtn4 — nltng)

= %K(ngtn4 — nitng + nitng — nitng)
= %Q_((’I’Lg — nl)tn4 + nlt(ng + ( no + ’I’L4) — nltng))
= SK((ng —nyp)tng — (—nit(ng + (—ng + ng) + —nytng)))
D S ((ns —na)tng) NSE (—nat(ng + (—n2 + n4)) + natng)
= %K((ng — nl)tn4) n %;{(nlt(ng + (—TLQ + n4)) — nltng)
2 %K(ng Tll) N %;{(—nz + TL4)
= Sy (ex) NIF(en)
= 3(en)

Also, it is followed that Sif (ex) 2 St (n1tng — ngtn4) from Proposition Therefore,

S (natng — natng) = \S;:(BN) Thus, (nitns) + S \SN = (natna) + S, and it is obtained

that (ny + SY)t(n2 + ) = (ns + SY)t(na + ). Similarly, it is shown that (ng +
S )t(ne + 3y) = (n3 + %g)t(m; + Sy )- Hence, ’Jr’ and 't are well defined.
For all ny + Sz, ng + Sy, ng + Sz € X/Spand ¢,k € T,
[(n1 +ST) + (n2 + STt (ns + SY) ((n1 4 n2) + %g)t(ng +3%)
ny + no)tng +
nltng —+ ngtng) + C\+
nitng + ) + (ngtng + %;{)
ny + %;f)t(ng, + %) + (n2 + St (ns +
It is obtained that [(m + Q%) + (n2 + SHEns + SE) = (m + SHtns + ) +
(n2 + St (ns + ) Slmllarly, it is shown that [(n1 + Sy ) + (n2 + Sy )|t (ns + Q) =
(n1 + ‘\‘SN) (ns + \SN) + (n2 + Sy )t(ns + Sy). Also,
[(n1 + S92 + SOk +SY) = (natng + ) k(ns + SY)

= (nltng)kng —+ 3§ C\+

= mnit(ngkng) +

= (m+ %i)t(nzkng +3%)

= + St + k(s + )]
Itis obtained that [(n1 +S)t(na+ Sk (ns+S%) = (01 +S8)t(ne+S%) k(ns +S7%)].
Similarly, it is shown that [(n1 + Sy)t(ne + Sx)]k(ns + Q) = (n1 + Sy)t[(ne +
Qg )k(n3 + Sy )]. Finally, 8 /Sy is a ['-near-ring. O

(
(
(
(

30
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Theorem 3.4. Let Sy = (%K, Sy ) be a T-bipolar soft ideal over U. Let (25, =

(.Q;rﬁ#, (Z;/C\,) be a bipolar soft set over U defined by Q;/C\Jr (n1 + %) = ST (m)
Sr Sr Sr

and Q;/g, (n1 4+ Sy) = Sy (n1) forall ny € N, Then, g5, = (25, ,, 027, ) is

N R/STTTIR/SS
T'-bipolar soft ideal over U.

Proof. Firstly, we will investigate that {2y, is well defined. Let ny + Sy = n2 + Sy
for all ny + Sy, ne + Sy € R/Sy. From Proposition it is obtained that %K(nl) =
S (n2). Thus, it follows that 27 . (ng + SF) = 2 (n2 + Q). Similarly, it is

R/ R/
shown that Q;/%; (n1+Qy) = QQ/S; (n2 + Sy ). Now, we will prove that 2y /g, =
(.Q;{/C\Jr, Q;/@_) is a ['-bipolar soft ideal over U. For all ny + Sy, ng + Sx,ng + Sx €
Sr Sy

N/QSyand ¢ €T,

= S:{(nl + ng)
3% (n1 — (—n2))

3% (n1) NS (n2)

Qg (11 +97) + (n2+ 37))

v

Similarly, it is shown that _Q;/(\, ((n1+Syx)+(m+3y)) € _Q;/(\, (n1+Sx)N
S Sy
[ ]
08 5 (2 + S0 + (M + ) = (2 + ) = 20 (na+m1—ny+3Y)

N N
= %;&'(nngnl 7712)
; %;5_(711) N
_ x

Similarly, it is shown that Q;/S;((ng +3%) + (n1 +Qy) — (ne +3y)) €

Qg (1 4 S92+ 37) + (03 + 9Y) = (m + 30 tn2 + 9Y))

— Q:/SJr((nl + gx)t((nz +n3) + %:;) — (1 + %;{)t(ng i %:))
= 123 o (mt(nz + m3) + ) — (natng + )

N
- QK/%K((nlt(n2 +n3) — nitng) + )

= 3% (nt(ng + n3) — (n1tny))
2 Q;r/%j{ (ns +SY).
Similarly, it is shown that _Q;/g): ((n1 +S)t((n2 +3%) + (N3 +3y)) — (n1 +
St + 57)) € 25 (ns + 55,

In this way, {2y /s, is a I'-bipolar soft left ideal over U.
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Q;;/S+((n1 + St +SY)) = Q}j/cﬁ (nitns + )
N n

= %I(nltng)

2 3y (m)

.Q;_/g;(’lh + 3;;'_)

Similarly, it is shown that Q;/g, ((n1 4+ SR)t(n2 +Sy)) C Q;/g, (n1 + SR)-
In this way, {2y /g, is a I‘—bipola}; soft right ideal over U. )
Last of all, {25, is a I'-bipolar soft ideal over U. O

Definition 3.3. Let X; and N, be I'-near-rings. The function 6 : X; — N is said to be a I'-
near-ring homomorphism if 8(n; +ns) = 0(n1) +0(n2) and 6(nitns) = 0(ny)td(ns) for
all ny,ne € Ny, ¢t € I'. Moreover, if 6 is one-to-one, then 6 is said to be a monomorphism.
If 6 is surjective, then 6 is said to be an epimorphism.

Proposition 3.5. Let Sy = (S, Sy ) be a T-bipolar soft ideal over U. The set N,
{neN: 3 (n) =S (ex) and Sy (n) = Sy (ex)}} is an ideal of T-near-ring N.

N
Proof. Letni,ng € Ng,. Then, S‘y;{(nl) = E‘s;f(ex) and S;;(ng) = S‘y;{(en). And,

%;— (Tll — TLQ)

v

Moreover, it is known that S (ex) 2 it (n1 — n2). Thus, it is obtained 37} (n1 — no) =
%X (ex). Similarly, it is shown that I (n1 — n2) = 3§ (ex). Then, n; — ny € Ng, and
Ng,, is a subgroup of I'-near-ring N.
Let ny € Ng, and ny € N. Since n; € Vg, then S} (n1) = i (ex) and Iy (n1) =
i (ex). Hence,

%;ﬁ'(ng +n1+(—n2)) 2 Sg(nl) = Qi (ex)
Also, it is known that S (ex) 2 33 (n2 + n1 + (—n2)). Consequently, S (no + nq +
(—n2)) = S (ex). Similarly, Sy (na + n1 + (—n2)) = Iy (ex). Thence, it is followed
that ny + nq + (—ng2) € Ng,. Thus, Rg,, is a normal subgroup of I'-near-ring X.
Letni,ne € N, ¢ € I'and n € Ng,,. Then,

%;{(nlt(ng +n) —nitng) 2 %;{(n) = %g(eﬁ)

Also, it known that i (ex) 2 St (n1t(n2 +n) — nitns). As aresult S (n1t(no +n) —
nitng) = S (ex). Similarly, Sy (n1t(n2+n) —nitng) = Sy (ex). Thence, it is followed
that n1t(ng + n) — nitny € Ng,,. Thus, Ng,, is a left ideal of I'-near-ring .

Letn; € N, ¢ € I'and n € Ng,,. Then,

S (ntng) 2 S (n) = S (ex
Also, it known that 37} (ex) 2 St (ntnq). As aresult S (ntng) = S (ex). Similarly,
Qg (ntng) = S (ex). Thence, it is followed that ntn; € Ng,.. Thus, Rg,, is a right ideal
of I'-near-ring N.
Consequently, g, is an ideal of I'-near-ring N. O

Theorem 3.6. Let Sy = (S}, Sy ) be a T-bipolar soft ideal over U. Define the function
0 : X — N/ where 0(n) = n + 3 and 0(n) = n + Sy forall n € R. 0, which Ry, is
kernel, is a T'-near-ring epimorphism. Moreover, R /Sy and X /Rg,, are isomorphic.
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Proof. Forallny,no € Nandt € I’
O(ny + le) = (’I’Ll +na) + %;r =(n1 + %:{) + (ng + (\\S;{'—) = 9(%1) + 9(712)
and
0(n1 +n2) = (n1 4 n2) + Sy = (n1 + I3) + (n2 + Sy) = 0(n1) +0(n2)
Also,
9(’111t7l2) = (nltng) + (\};E = (n1 + 3'§)t(n2 + %:) = H(nl)te(ng)
and
B(nitng) = (nitng) + g = (n1 + SR)t(ne + Vy) = 6(n1)t0(n2)
Also, it is clear that 6 is a surjective. Thus, 6 is a I'-near-ring epimorphism. Now,
kerd = {neR[0(n)=ex/q,}
= {neRn+3f =ex+ S andn+ Sy = ex + Sy }
{n € NS (n) = 3 (e) and S (n) = S (en)}
{n e R|S{n) = Shen)}
= {neNneRX/K}

= Ng&

Moreover, it is easily shown that X /Sy and X /Ng,, are isomorphic. O

4. CONCLUSIONS

In this study, bipolar soft ideals of the gamma near-ring were defined. With the help of
bipolar soft ideals, a bipolar soft coset was created and it was shown that this set is a gamma
near-ring. A bipolar soft set was defined and proved that it is a bipolar soft ideal. Finally,
by defining a mapping with the bipolar soft ideal of the gamma near-ring, the kernel of
this mapping was shown, and it was shown that it is a gamma near-ring epimorphism.
Using the results obtained from the study, bipolar soft bi-ideal, bipolar soft interior ideals
and bipolar soft quasi-ideals of the gamma near-ring can be defined. Moreover, various
algebraic properties of these structures can be examined.
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