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ABSTRACT. This paper introduces a novel approach to the study of filters in BL-algebras
by leveraging the principles of bipolar fuzzy set theory and investigating some of their
properties. Filters are essential in the structural analysis of BL-algebras, affecting their
properties and applications across various fields. Moreover, Bipolar-valued fuzzy filters
generated by a fuzzy set are discussed. By integrating bipolar fuzzy set concepts, we
provide a new framework that enhances the representation of uncertainty and vagueness
inherent in filter operations. We explore the foundational aspects of bipolar fuzzy sets and
demonstrate their applicability in defining and characterizing filters within BL-algebras.
Our findings highlight the potential of bipolar fuzzy set theory to enrich the understanding
of filters in BL-algebras.

1. INTRODUCTION

BL-algebras come from the field of Mathematical Logic; they were created by Hajek
[6] to study “Basic Logic” (or BL for short) and he widely studied many types of filters.
This logic is based on continuous triangular norms (t-norms), which are important in fuzzy
set theory. These algebras are similar to Lindenbaum algebras used in classical logic. The
main example of a BL-algebra is the interval [0,1], which has a special structure based
on a continuous t-norm. One of the pivotal concepts being examined is the classification
and construction of various types of filters in BL-algebras. Filter theory facilitates the
understanding of substructures within algebras, and the integration of bipolar fuzzy logic
presents an exciting methodology to analyze these filters. Liu and Li [15] significantly
contributed to the field by discussing fuzzy filters of BL-algebras. Moreover, their explo-
ration of fuzzy Boolean and positive implicative filters further highlights the importance
of fuzzy frameworks in this context [16]. The concept of BL-algebras has also been exam-
ined in local BL-algebras [25], in the Boolean deductive systems of BL-algebras [26] and
in (Fuzzy) filters of Sheffer stroke BL-algebras [22].

Fuzzy sets, which were introduced by Zadeh [27], deal with possibilistic uncertainty,
connected with imprecision of states, perceptions and preferences. After the introduction
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of fuzzy sets by Zadeh, fuzzy set theory has become an active area of research in vari-
ous fields. These are widely scattered over many disciplines such as artificial intelligence,
computer science, control engineering, expert systems, management science, operations
research, pattern recognition, robotics, and others. The foundation for this work is built
upon a variety of previous studies in the realm of fuzzy structures. For instance, the ex-
ploration of doubt N-ideals in BCK-algebras by Al-masarwah et al. [3] provides essential
insights into the interplay between algebraic structures and fuzzy logic. Moreover, the
work of Al-roqi et al. [4] on normal unisoft filters in R0-algebras establishes a critical
framework for understanding filter properties in broader algebraic contexts. The contri-
butions of Ejegwa and Otuwe [5] on fuzzy subgroups further enrich our understanding
of fuzzy structures in algebra. In this paper, we also build upon Muhiuddin and Shum’s
identification of new types of fuzzy subalgebras [19] and their exploration of fuzzy ideals
[20]. Furthermore, prior studies, including those by Muhiuddin and Al-roqi [21], along
with the analysis of fuzzy set operations in [23, 24], highlight the diverse applicability of
fuzzy concepts across different algebraic systems.

As a generalization of traditional fuzzy sets, Zhang [28] first introduced the bipolar
fuzzy sets concept. Bipolar-valued fuzzy sets have membership degrees that represent
the degree of satisfaction to the property corresponding to a fuzzy set and its counter-
property. In a bipolar-valued fuzzy set, the membership degree 0 means that elements are
irrelevant to the corresponding property, the membership degrees on (0, 1] indicate that
elements somewhat satisfy the property, and the membership degrees on [−1, 0) indicate
that elements somewhat satisfy the implicit counter-property (see [13, 14]). Bipolar fuzzy
set theory allows for a more unique representation of complexity compared to traditional
fuzzy set theory. Recent studies have expanded on this notion, including the work of Al-
Kadi and Muhiuddin on bipolar fuzzy BCI-implicative ideals [1] and Al-Masarwah et al.
on the properties of bipolar fuzzy H-ideals [2]. The research on hemirings [7], regular
ordered semigroups [8], (∈,∈ ∨q)-Bipolar fuzzy BCK/BCI-algebras [9], Bipolar fuzzy
hyper BCK-ideals in hyper BCK-algebras [10], Bipolar fuzzy UP-algebras [11], Bipolar
fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI-algebras [12], Bipolar-valued
fuzzy soft hyper BCK algebras [17], and bipolar fuzzy KU-subalgebras [18] indicates the
depth of connectivity between bipolar fuzzy logic and classical algebraic concepts, pushing
the boundaries of our understanding of these systems.

This paper presents a novel approach to studying filters in BL-algebras through bipolar
fuzzy set theory. Filters play a crucial role in the structural analysis of BL-algebras, in-
fluencing their properties and diverse applications. We specifically discuss bipolar-valued
fuzzy filters generated by fuzzy sets, introducing a framework that improves the repre-
sentation of uncertainty and vagueness in filter operations. Additionally, we examine the
foundational aspects of bipolar fuzzy sets and illustrate their relevance in characterizing
filters in BL-algebras.

2. PRELIMINARIES

2.1. Basic results on BL-algebras.

Definition 2.1. [6] A BL-algebra is a structure (Ω,∧,∨,⊙,→, 0, 1) with four binary op-
erations ∧,∨,⊙,→ and two constants 0, 1 such that

(i) (Ω,∧,∨,⊙, 0, 1) is a bounded lattice,
(ii) (Ω,⊙, 1) is an abelian monoid, i.e., ⊙ is commutative, associative and ϑ ⊙ 1 =

1⊙ ϑ = ϑ, for all ϑ ∈ Ω
(iii) the following conditions hold for all ϑ, κ, ℏ ∈ Ω :
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(B1) ϑ⊙ κ ≤ ℏ if and only if ϑ ≤ κ → ℏ (residuation),
(B2) ϑ ∧ κ = ϑ⊙ (ϑ → κ) (divisibility),
(B3) (ϑ → κ) ∨ (κ → ϑ) = 1 (prelinearity).

Proposition 2.1. [6] Let Ω be a BL-algebra. The following properties hold for all ϑ, κ, ℏ ∈
Ω :

(a1) ϑ ≤ κ if and only if ϑ → κ = 1,
(a2) ϑ → (κ → ℏ) = (ϑ⊙ κ) → ℏ,
(a3) ϑ⊙ κ ≤ ϑ ∧ κ,
(a4) (ϑ → κ)⊙ (κ → ℏ) ≤ ϑ → ℏ,
(a5) ϑ ∨ κ = ((ϑ → κ) → κ) ∧ ((κ → ϑ) → ϑ),
(a6) ϑ → (κ → ℏ) = κ → (ϑ → ℏ),
(a7) ϑ → κ ≤ (ℏ → ϑ) → (ℏ → κ).

Definition 2.2. [6] A nonempty subset F̃ of Ω is called a filter of Ω if it satisfies

(i) ϑ, κ ∈ F̃ , =⇒ ϑ⊙ κ ∈ F̃
(ii) ϑ ∈ F̃ and ϑ ≤ κ ∈ F̃ =⇒ κ ∈ F̃ .

Definition 2.3. [16] A nonempty subset F̃ of Ω is called a deductive system of Ω if it
satisfies

(i) 1 ∈ F̃ ,

(ii) ϑ ∈ F̃ and ϑ → κ ∈ F̃ =⇒ κ ∈ F̃ .

Proposition 2.2. [26] A non-empty subset F̃ of BL-algebra is a deductive system if and
only if F̃ is a filter.

Definition 2.4. [16] Let µ be a fuzzy set in Ω. Then µ is called a fuzzy filter of Ω if the
following assertions are valid for all ϑ, κ ∈ Ω:

(i) µ(1) ≥ µ(ϑ),
(ii) µ(κ) ≥ min{µ(ϑ), µ(ϑ → κ)}.

2.2. Basic results on bipolar valued fuzzy sets. In the definition of bipolar-valued fuzzy
sets, there are two kinds of representations, so called canonical representation and reduced
representation. In this paper, we use the canonical representation of a bipolar-valued fuzzy
sets.

Let X be the universe of discourse. A bipolar-valued fuzzy set Ũ in X is an object
having the form

Ũ = {(ϑ, Ũp(ϑ), Ũn(ϑ) | ϑ ∈ X}
where Ũp : X → [0, 1] and Ũn : X → [−1, 0] are mappings. The positive membership
degree Ũp(ϑ) denoted the satisfaction degree of an element x to the property corresponding
to a bipolar-valued fuzzy set Ũ = (Ω; Ũp, Ũn), and the negative membership degree Ũn(x)

denotes the satisfaction degree of x to some implicit counter-property of Ũ = (Ω; Ũp, Ũn).

If Ũp(x) ̸= 0 and Ũn(x) = 0, it is the situation that ϑ is regarded as having only positive
satisfaction for Ũ = (Ω; Ũp, Ũn). If Ũp(ϑ) = 0 and Ũn(ϑ) ̸= 0, it is the situation that
ϑ does not satisfy the property of Ũ = (Ω; Ũp, Ũn) but somewhat satisfies the counter-
property of Ũ = (Ω; Ũp, Ũn). It is possible for an element ϑ to be Ũp(ϑ) ̸= 0 and Ũn(ϑ) ̸=
0 when the membership function of the property overlaps that of its counter-property over
some portion of the domain (see [14]). For the sake of simplicity, we shall use the symbol
Ũ = (Ω; Ũp, Ũn) for the bipolar-valued fuzzy set Ũ = {(ϑ, Ũp(ϑ), Ũn(ϑ) | ϑ ∈ X}, and
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use the notion of bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets. For
two bipolar fuzzy sets Ũ = (Ω; Ũp, Ũn) and W̃ = (Ω; W̃p, W̃n) in X, we define the union
of Ũ = (Ω; Ũp, Ũn) and W̃ = (Ω; W̃p, W̃n) as follows:

Ũ ∪ W̃ = (X;µP
Ũ∪W̃ , µN

Ũ∪W̃) (2.1)

where

µP
Ũ∪W̃

: X → [0, 1], ϑ 7→ µP
Ũ∪W̃

(ϑ) = max{Ũp(ϑ), W̃p(ϑ)},

µN
Ũ∪W̃

: X → [−1, 0], ϑ 7→ µN
Ũ∪W̃

(ϑ) = min{Ũn(ϑ), W̃n(ϑ)}.

3. BIPOLAR-VALUED FUZZY FILTERS

In the following discussion, we will use Ω to represent a BL-algebra unless indicated
otherwise.

Definition 3.1. Let Ũ = (Ω; Ũp, Ũn) be a bipolar-valued fuzzy set in Ω. Then
Ũ = (Ω; Ũp, Ũn) is called a bipolar-valued fuzzy filter of Ω if the following assertions
are valid for all ϑ, κ ∈ Ω:

Ũp(1) ≥ Ũp(ϑ) & Ũn(1) ≤ Ũn(ϑ), (3.1)

and
Ũp(κ) ≥ min{Ũp(ϑ), Ũp(ϑ → κ)},

Ũn(κ) ≤ max{Ũn(ϑ), Ũn(ϑ → κ)}.
(3.2)

Example 3.2. Let Ω = {0, ı, ȷ, 1} be a set with the following Cayley tables and Hasse
diagram:

⊙ 0 ı ȷ 1
0 0 0 0 0
ı 0 0 ı ı
ȷ 0 ı ȷ ȷ
1 0 ı ȷ 1

→ 0 ı ȷ 1
0 1 1 1 1
ı ı 1 1 1
ȷ 0 ı 1 1
1 0 ı ȷ 1

rrrr
0

ı

ȷ

1

For all ϑ, κ ∈ Ω, we define ϑ ∧ κ = min{ϑ, κ} and ϑ ∨ κ = max{ϑ, κ}. Then
(Ω,∧,∨,⊙,→, 0, 1) is a BL-algebra (see [25]). Define a bipolar-valued fuzzy set
Ũ = (Ω; Ũp, Ũn) in Ω by

Ũp(1) = 0.8, Ũp(0) = Ũp(ı) = 0.3, Ũp(ȷ) = 0.6,

Ũn(1) = −0.3, Ũn(0) = Ũn(ı) = −0.9, Ũn(ȷ) = −0.5.

It is easily verified that Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter of Ω.

Theorem 3.1. A bipolar-valued fuzzy set Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter
of Ω if and only if it satisfies the following assertions:

Ũp(ℏ) ≥ min{Ũp(ϑ), Ũp(κ)},

Ũn(ℏ) ≤ max{Ũn(ϑ), Ũn(κ)}
(3.3)

for all ϑ, κ, ℏ ∈ Ω with ϑ → (κ → ℏ) = 1.
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Proof. Suppose that Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter of Ω. Let ϑ, κ, ℏ ∈ Ω
be such that x → (κ → ℏ) = 1. Then

Ũp(ℏ) ≥ min{Ũp(κ), Ũp(κ → ℏ)}

≥ min{Ũp(κ),min{Ũp(ϑ), Ũp(ϑ → (κ → ℏ))}}

= min{Ũp(κ),min{Ũp(ϑ), Ũp(1)}}

= min{Ũp(ϑ), Ũp(κ)}

(3.4)

and
Ũn(ℏ) ≤ max{Ũn(κ), Ũn(κ → ℏ)}

≥ max{Ũn(κ),max{Ũn(ϑ), Ũn(ϑ → (κ → ℏ))}}

= max{Ũn(κ),max{Ũn(ϑ), Ũn(1)}}

= max{Ũn(ϑ), Ũn(κ)}.

(3.5)

Conversely, assume that (3.3) is valid. Since ϑ → (ϑ → 1) = 1 for all ϑ ∈ Ω, we have

Ũp(1) ≥ min{Ũp(ϑ), Ũp(ϑ)} = Ũp(ϑ),

Ũn(1) ≤ max{Ũn(ϑ), Ũn(ϑ)} = Ũn(ϑ)
(3.6)

for all ϑ ∈ Ω. Note that (ϑ → κ) → (ϑ → κ) = 1 for all ϑ, κ ∈ Ω, Using (3.3) implies
that

Ũp(κ) ≥ min{Ũp(ϑ → κ), Ũp(ϑ)},

Ũn(κ) ≤ max{Ũn(ϑ → κ), Ũn(ϑ)}
(3.7)

for all ϑ, κ ∈ Ω. Hence Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter of Ω. □

Combining (a2) and Theorem 3.1, we have the following corollary.

Corollary 3.2. A bipolar-valued fuzzy set Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter
of Ω if and only if it satisfies the following assertions:

Ũp(ℏ) ≥ min{Ũp(ϑ), Ũp(κ)},

Ũn(ℏ) ≤ max{Ũn(ϑ), Ũn(κ)}
for all ϑ, κ, ℏ ∈ Ω with ϑ⊙ κ ≤ ℏ.

Theorem 3.3. Let Ũ = (Ω; Ũp, Ũn) be a bipolar-valued fuzzy set in Ω. Then Ũ = (Ω; Ũp, Ũn)
is a bipolar-valued fuzzy filter of Ω if and only if it satisfies the following assertions:

(i) (∀ϑ, κ ∈ Ω) (ϑ ≤ κ ⇒ Ũp(ϑ) ≤ Ũp(κ) & Ũn(ϑ) ≥ Ũn(κ)),

(ii) (∀ϑ, κ ∈ Ω) (Ũp(ϑ⊙ κ) ≥ min{Ũp(ϑ), Ũp(κ)}),
(iii) (∀ϑ, κ ∈ Ω) (Ũn(ϑ⊙ κ) ≤ max{Ũn(ϑ), Ũn(κ)}).

Proof. Let Ũ = (Ω; Ũp, Ũn) be a bipolar-valued fuzzy filter of Ω and let ϑ, κ ∈ Ω. If
ϑ ≤ κ, then ϑ⊙ ϑ ≤ ϑ ≤ κ. It follows from the Corollary 3.2 that

Ũp(κ) ≥ min{Ũp(ϑ), Ũp(ϑ)} = Ũp(ϑ),

Ũn(κ) ≤ max{Ũn(ϑ), Ũn(ϑ)} = Ũn(ϑ).
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Since ϑ⊙ κ ≤ ϑ⊙ κ, we have

Ũp(ϑ⊙ κ) ≥ min{Ũp(ϑ), Ũp(κ)},

Ũn(ϑ⊙ κ) ≤ max{Ũn(ϑ), Ũn(κ)}

by Corollary 3.2. Conversely, let Ũ = (Ω; Ũp, Ũn) be a bipolar-valued fuzzy set in Ω which
satisfies (i), (ii) and (iii). Let ϑ, κ, ℏ ∈ Ω be such that ϑ⊙ κ ≤ ℏ. Then

Ũp(ℏ) ≥ Ũp(ϑ⊙ κ) ≥ min{Ũp(ϑ), Ũp(κ)},

Ũn(ℏ) ≤ Ũn(ϑ⊙ κ) ≤ max{Ũn(ϑ), Ũn(κ)}.

Using Corollary 3.2, we know that Ũ = (Ω; Ũp, Ũn) is a bipolar-valued fuzzy filter of Ω.
This completes the proof. □

4. CONCLUSIONS

In conclusion, this paper presents a significant advancement in the exploration of filters
within BL-algebras through the innovative application of bipolar fuzzy set theory. By ex-
amining the properties of filters and introducing bipolar-valued fuzzy filters generated by
fuzzy sets, we have established a new analytical framework that effectively addresses the
complexities of uncertainty and vagueness associated with filter operations. The integra-
tion of bipolar fuzzy concepts not only enhances the theoretical understanding of filters but
also opens new avenues for their application across various domains. Our research under-
scores the importance of leveraging advanced mathematical tools to deepen the insights
into the structural characteristics of BL-algebras, ultimately contributing to the broader
field of fuzzy logic and its practical implementations. The findings encourage further in-
vestigation into the interplay between fuzzy set theory and algebraic structures, paving the
way for future studies that may yield additional theoretical and practical advancements.

5. ACKNOWLEDGEMENTS

The authors would like to express their sincere thanks to the anonymous referees for
their valuable comments and several useful suggestions.

REFERENCES

[1] D. Al-Kadi and G. Muhiuddin, Bipolar fuzzy BCI-implicative ideals of BCI-algebras, Annals of Communi-
cations in Mathematics, Vol. 3, No.1 (2020), 88–96.

[2] A. Al-Masarwah and A.G. Ahmad, On some properties of doubt bipolar fuzzy H-ideals in BCK/BCI-
algebras, Eur. J. Pure Appl. Math. 11 (2018), 652-670.

[3] Anas Al-masarwah, Abd Ghafur Ahmad and G. Muhiuddin, Doubt N-ideals theory in BCK-algebras based
on N-structures, Annals of Communications in Mathematics, Vol. 3, No.1 (2020), 54–62.

[4] A.M. Al-roqi, G. Muhiuddin, and S. Aldhafeeri, Normal Unisoft Filters in R0-algebras. Cogent Math.
2017, 4, 1383006.

[5] P. A. Ejegwa and J. A. Otuwe, Frattini fuzzy subgroups of fuzzy groups Annals of Communication in
Mathematics, Vol. 2 (1) (2019), 24-31
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