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SMOOTH SYMMETRIZED AND PERTURBED HYPERBOLIC TANGENT
REAL AND COMPLEX, ORDINARY AND FRACTIONAL NEURAL
NETWORK APPROXIMATIONS OVER INFINITE DOMAINS

GEORGE A. ANASTASSIOU

ABSTRACT. In this article we study the univariate quantitative smooth approximation, real
and complex, ordinary and fractional under differentiation of functions. The approximators
here are neural network operators activated by the symmetrized and perturbed hyperbolic
tangent function. All domains used are of the whole real line. The neural network operators
here are of quasi-interpolation type: the basic ones, the Kantorovich type ones, and of the
quadrature type. We give pointwise and uniform approximations with rates. We finish with
interesting illustrations.

1. INTRODUCTION

The author in [1]] and [2]], see *Chapters 2-5° was the first to establish neural network
approximation to continuous functions with rates by very specific neural network operators
of Cardaliaguet-Euvrard and ”Squashing” types, by using the modulus of continuity of
the engaged function or its high order derivative, and producing very tight Jackson type
inequalities. He treats there both the univariate and multivariate cases. The defining these
operators “’bell-shaped” and ”squashing” activation functions are assumed to be of compact
support.

Again the author inspired by [[14], continued his studies on neural network approxima-
tion by introducing and using the proper quasi-interpolation operators of sigmoidal and
hyperbolic tangent types which resulted into [3] - [9], by treating both the univariate and
multivariate cases. The author also treated the corresponding fractional cases [10], [11].

The author here performs symmetrized and perturbed hyperbolic tangent activated neu-
ral network approximations to differentiated functions from R into R.

We present real and complex, ordinary and fractional quasi-interpolation quantitative
approximations. We derive very tight Jackson type inequalities.
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Real feed-forward neural networks (FNNs) with one hidden layer, the ones we use here,
are mathematically expressed by
Ny () =Y cjo((aj- ) +b;), z€R*, s €N,
j=0
where for 0 < j < n, b; € R are the thresholds, a; € R?® are the connection weights,
¢; € Rare the coefficients, (o - ) is the inner product of o; and z, and o is the activation
function of the network. For a detailed study in neural networks in general read [18], [[19],
[20].

2. BASICS

Initially we follow [12], pp. 455-460.
Our perturbed hyperbolic tangent activation function here to be used is

6)\9: _ qef)\w

= e T + qe—)\w ’
Here A is the parameter and ¢ is the deformation coefficient.

For more details read Chapter 18 of [12]]: ’¢-deformed and A-Parametrized Hyperbolic
Tangent based Banach space Valued Ordinary and Fractional Neural Network Approxima-
tion”.

"The Chapters 17 and 18’ of [12] motivate our current work.

The proposed ”symmetrization method” aims to use half data feed to our multivariate
neural networks.

We will employ the following density function

g () : Ag>0,zeR. (1)

1
Mg (z) := 1 (ggr (@ +1) = ggn (x — 1)) >0, 2
Vo € R; g, A > 0.
We have that
Mgy (=) = M1\ (x), Vo €R; ¢, A >0, 3)
and
M, (=x) = Mg (x), Vo €R; ¢g,A > 0. 4)
Adding (3)) and (@) we obtain
My (~) + My y (<) = My (2) + M3 (). 5)
a key to this work.
So that
Mg\ (2) + M1\ (2)
¢ (z) = 5 (6)

is an even function, symmetric with respect to the y-axis.
By (18.18) of [12], we have

Ing\ _ tanh(})
Mq,x (ﬁ) =3

and @)

My (-50) = =5 a0,

sharing the same maximum at symmetric points.
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By Theorem 18.1, p. 458 of [12]], we have that

o0
> Mgx(z—i)=1, VzeR A\ g>0,
i=—00
and
Z M1 sz—=i)=1, VzeR A\ qg>0.
1=—00

Consequently, we derive that

Y d(@-i)=1,VzeR

By Theorem 18.2, p. 459 of [12], we have that
f Mq )\ d:L' = ].

and
f_ M1 /\ x)de =1,
so that -
/ D (z)de =1,

therefore ® is a density function.
By Theorem 18.3, p. 459 of [4], we have:
Let0 < o < 1,andn € Nwithn!=® > 2; ¢, A > 0. Then

o0

1 —
Z M, 5 (nx — k) < 2max {q’ } 64’\6—2%"“ )
q
k=—
{5|”$"k|27ﬂ‘a

where T := 2 max {q, %} e,
Similarly, we get that
o0
Z My (nx—k) < Te= 2",
k=—o00
Consequently we obtain that
(1-a)

Z ® (nx — k) < Te 2" ,

k=—
:nw — k| > nlme

where T := 2 max {q, %} e,
An essential property follows:

Theorem 1. ([13]) Let0 < aa < 1, n € N:nl=% > 2. Then

@(nx—u)du<m, q,

{ueR:|nz—u|>nt—2}

_ Te_Q)\n(lfa)

) M
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In particular, by [13], we have that
1
d(z) < (q + ) e @Dy g > 1. (16)
q

We need,

Definition 2. In this article we study the smooth approximation properties of the following
interpolation neural network operators acting on f € Cp (R) (continuous and bounded
functions):

(i) the basic ones

B (fz)= > f(:)d)(m;—k),VxeRneN, (17)

k=—oc0

(ii) the Kantorovich type operators

k

Cy (f,x) = i (n/nf(t)dt><l>(nx—k‘), VeeR neN, (18)

k=—o0 n

0
(iii)let €N, w. >0, > w, =1,k €Z, and

r=0
0 k r
= -+ — 1
s (9):= 3wt (175 (19)
we consider also the quadrature type operators
Dy (f,x):= Y 6u(f)@(nz—k), Ve eR neN. (20)
k=—o00

We will be using the first modulus of continuity:

wi (f,6) = sup [f(z) = f(y)l, 6>0, 21)
z,yER:
le—y[<o

where f € C (R) which is bounded and or uniformly continuous.

3. MAIN RESULTS

Here we study the smooth approximation properties of neural network operators B,,,
C,,, D,, under differentiation.

Theorem 3. Here 0 < 3 < 1,n € N:n'"# > 2 N e N, f € CVN (R), with ) €
Cg(R),i=0,1,...,N;x € R. Then

(i)
N ) :
Bu () = £ (@) = 2 LB, (=) )] <
=1 r
wr (fN 3) AN (T e (e .
e ol U ) L
(i) assume all f9) () =0, j = 1,..., N, we have that
|Bn (f, o) — f(z)| < M7, (23)

at high speed n=P(N+1)
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(iii)
1
’f(]) 1 (qug) 24 1, —A(n'7P -1

- P A ' n S

| B, (f, |<Z nﬂi+nj Y 2e**jle ( ) + M?,

(24
and
(iv)

7) q—l—l .
1Bn (f) = flloo ZHf I [nﬁj +n ( /\jq)262’\j!e_>‘(" ‘*—1)]+MS. (25)

Proof. By Taylor’s theorem we have (z € R)

) ik By
ORI A CUAIOr
It follows

f()q><m—k>=§jfm(x)<b<m—k> (k—x>]+
= K
% ( t)N_l
& (nz — k) / (700 @) = 1 ) Sy
Hence

oo NG (o ;

By (fx)= > f(i)@(nx_k)zzf "( )Bn ((._x)ﬂ)(x)Jr 27)

k=—o00 J=0 I

- i k-1
kzooq’(m’k)/gc (£ () =7 (@) (T(LN i)l)! dt
Call
. E aN-1
R.— k;wq) na — / (f(N) (t) — £ (x)) (T(lNi)l)!dt. (28)
(D) Let | E— 2| < L. Then
i) case k>
. 5 E aN-1
IR| < kz (I)(n.%'—k)/x f(N) (t)—f(N) () (T(L]\ft)l)!dt (29)
{ : % —x‘ < n%
[e's) k T N
< kz ® (na — k) wn (f‘N% g) L Nl)
g
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We found that . .
Ny =y _ =~

(ii) case % < x: then

B X ween| [ (00— @) S
i n
(3D
< Y ewn [ M@ Mdt
T n

z— )Y
< Z D (nx — k) wy <f(N)’n16> %

1 1
(€ J I
=W (f ’nﬁ> NnSN-
Consequently, we have proved that

w1 (f(N)v #)
IR ‘|5_"“<f6 < T NAN (32)

Next, we see (% >x)

. . kNt
IR| < kz @(nm—k)/gc (f(N)(t)_f(N)(x)) (y(LN_)l)]dt
T
o . kNt
< kz ® (=) [ 7|7 - p <x>](’gN_)1)! dt
{ e —alz 5
= G-
SQHJC(N)HOO Z @(nsz)"T (33)
k=—-00 .
5l
2| (V) e
Ww Z @(nx—k)(kfnx)N.
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k
In case & <z, we get

/ z (1™ @) = 1 (@) (t(]‘vzl)!dt

n

IR| < > ® (nz — k)

k=—o0
: 5—96’2%

i z . E)Nq
< - (N) () — (V) ‘ (t—
< 3 bz k) [ |1 @)= 1 0 et
k= —00 "
|nz — k| >n'=5
() N (x—5)"
< 2Hf Hoo Z D (nx — k) i (34)
k= —o0
Inx — k| >n'=8
’nNN!‘OO Z ® (nz — k) (nz — k)™
k= —o0
:nx — k| > ntP
Consequently, it holds
2[lF M S N
|R||‘%7w|27%5 < TONNT Z O (Jnx — k|) |nx — k|7 . (35)

k=—00
Cnx — k| > nlP

Next, we treat

o0

> q>(|nx—k|)|nx—k|Nﬁ§°

k= —o0
e — k| > ntP

(1= <q+ 2) A)

M Z 672/\(|nz7k\71) |TLIC B klN _
k=—o0
e — k| > nlP
e Z e A=kl g BN =1 (%) (36)

k= —o00
s — k| > nlP
Notice that (set 7 := 2))

o (Ena—k[\*
Tne—k| Z 2

e 2z = N

Y

_ N
(“'”x_kl) 1 37)

A=0
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Therefore we have

ﬁ|nﬂ: — k| N Zlnz—k|
s <Nle 2, or

(#|nz — kDN < 2V N1 5 or

)

(38)

Elnz—k|

N 2N
nr—k|" < —<Nle 2
_N
I
Hence it holds

oo

() < L2V N 3 o~ Tilna—k|  Ena=tl
7]

2 =
k=—oc0
:nx — k| > ntP

oo

LN NI 3
I
k= —o0
{ s nx — k| >ntFP
2N ( / e—‘z‘wdx> _
H ni=f—1
B2, moN | > _Eg BT\ wi=E)
j:Q@ 27V N e 2%d— = (39)
wop nl-86—-1 2
© oN+2 Ji pr) o e VYdy ) = K oN+2 0 7| e_y|n1—6_1 _
a1 \Js Y _ﬁNH ! o =

e (q+1) .
%HQN-W@MN!G*’E(’# fo1) = N 4 5 2a A (nt A1)

e_%‘nw_kl

fi T
Thus we have

o0 q+ l B
3 @ (jnz — k|) |nz — kN < (>\1\,[1)2€2>‘N!e_)‘("1 °=1). (40)
k=—o00
{ :nx — k| > ntP
And, it is
2| F(V) g+ 3 o
Bl a)2 2, < < HzJ;'nzv"m) ( szq)?e”N!eA(" N @
4 Hf(N)Hoo 1 2X _—A(n'7FP -1
= W <q+ q) e“‘e ( )
We proved that

4™, 1 (i
|R| ||Tk;,gc|27%ﬁ < TNV <q + q) e 1) (42)
Finally, we derive that

nB

1Bl < |BI])5 gty +BIljx g0 < 43)
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(P00, 2) Al (1Y aei
nfNN! niN AN e q ’
Finally we estimate

’Bn ((—x)j) (w)’ < i @(nx—k)‘k -z

J

n
k=—o00
[e’e} k J
Z S (nx—k)|——=z| +
n
k= —o0
o= &l <5
Z O (nx—k)|——xz <
n
k= —o0
Ho—gl2 5
1 1 = ;
5t Z ® (Inz — k|) Inz — k) < (44
k=—o0

The theorem is proved. O

Next comes
Theorem 4. Here 0 < 3 < 1,n e N:n'"# > 2 N e N, f € CN (R), with f) €
Cg(R),:=0,1,...,N;x € R. Then

(i)

N rG) (g _
Cu )~ f) -3 L0, (- ap) @) <
= r

J
N
11\ (3+:5)
(N) =4 = \An ' nf)
w1 <f ’n+nﬁ) N! +
N [ (04 ) sy e
NN eQMI,ﬂJr N 2e2A N1 ) = U, (45)
(ii) assume all f9) (x) =0, j=1,..., N, then

C (fyz) = f(2)] < W7, (46)

at high speed n= PN+
(iii)

N |G (g
Cr (f, ) — f (2)] < Zw
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and
(iv)
N )
@) -
=1
. _ 1
11y 27! T (Q+5) 211 —A(n' 7P -1 s

Proof. One can write

Co(fiz)= Y (n/of t+:)dt>G(mc—k). (49)

k=—o0

Letnow f € CV (R) with ¥ € Cz (R),i=0,1,...,N € N.

We have that N ,
() j
f<t+:)zzofjﬂ(x) (t—l—:—x) + (50)
J:
+& t+kE_g N-1
[ (0= ) ( e 1))! ds,
d
" o YD (@) [ J
n/o f(t+>dt=z(:) i) (t+n—x) dt+
j:

n/oyll (/:rﬁ’ (f(N) (s) — fOV) (x)) Wd8> dt. Gb

Hence . s
Cn(fvx):k_z_oo<n/0 f(t—l—)dt)(l)(nx—k):
Z f(J;|($) Cn (( )J) (x) + (52)
§=0
S ot (nf ([ - r) A0 )

Therefore we can write

Y FO) () .
Cp (f,2) — f(2) — Z 7 Cn (( - x)ﬂ) () = R, (53)
where
oo % t+% (t+ % 7S)N71
R:= k;m@(nx —k) (n/o (/ﬂg (f(N) (s) — fIV) (x)) (N—l)'d8> dt) .
(54)
Call

k

% t+a kE _ S N=1
A= | ( [ (™ - 1™ @) mds> a, (55)
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where k € Z.
DLet|2 —z| < L 0<pB <.
i)ift + £ > =, then

1 t+ & k N-1
g ") ) o] B =)
A <n | (/ £ () = £ )| S s | at
L E_ N
Sn/ (wl (f(N),’t+k_x>w) dt (56)
B\ O+ 5 —a)™
< n/o w1 (f<N>,|t + ‘n —zD et
11\ B+ )"
T s
(i) if t + £ < =, then
W (75—i-k—s)]\’71
' (N) (N) n
A <n [ /Hk(f ()= 1 (@) S|

= _i_ kN

gn/ w1 (f(N),<x—k—t>) udt (57)
0 n N!
1 Kk N

Sn/ w1 (f(N), T +|t|> (|'r n|+‘t|) dt

N
< <f<N>71 N 1) Grtu)

1

nb>

1 4 1\N
A (k)| < wy (f(N), 1 + 1) M. (58)

nf n

Therefore, when ‘% — :L'| <

Clearly now it holds

11\ A+ )Y
Bl o)< 2y S w1 (f<N>, ~+ nﬁ> % (59)
I Let |£ — 2| > L.
Dift+ £ >z, then
1 N
- t—|—E—
<2 _a [ )
oo 0 .
(o N
(i R ld)
<ofso0) w [ a
<2 N

. 2Hf<N>HOOW



412 GEORGE A. ANASTASSIOU

ii)if t + £ < z, then

L x k N-1
" V) () — 1) (] B (7))
|A<k>|§n/0 </+ FO0 (@) = 0 )] s )
1 N
Foto k)
L Y A @0
1 N N
([ =2+ 1) (% —=[+3)
R A e i W o
Hencewhen‘%fﬂzn%,then
2| (V)
A ()] < WX’ (Ina — k| + 1)" (62)
M(l+nw—kN>7 VEkeZ.
Clearly, then .
BI5 g5, < > © (na — k) IN(F)| | <
k= —o00
e — k| > ntP
9N f(N) o]
‘T‘LNNIHOO 3 <I>(|nx—k|)(1+|m:—k;|N) -
k=—00
S nw — k| >nth
oN f(N) 0
JJLNN!||OO Z P (Jnz — k|) +
k= —o00
s — k| > nlP
> @ (Inz —k|) nz — k)N || < (63)
k= —o0
sz — k| > nlP
(by (14), E0D)
ON || £(N) q+: .
Hf Hoo 62>3:1_/3 + ( )\Nq>262)\N!e—>\(n1 B_l)

nNN!
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We have found that

ol ] O I N ) I
S N | e w26 N ( ). 64

|R||
k 1
|5 2>

Therefore, it holds

Bl < IBIl)5 gty +BIjx g0, <
N
1 1) (3+:5)
(M) Z 4 — ) in ' nf)
wi (f ,n+nﬁ) By (65)
N || f(N l)
2l DN Cht ) FP VA
nNVN! e2An=# AN
Finally we estimate
. s W k J
Cn<-— J) ‘< D (nx —k / t+——z| dt ]| <
’ (-—x) (x)_z (nz )no +n x <

k=—o0
1

k_il@(mk) <n/0 <‘zz
S @ k) (‘i—x

j
+ t|> dt | <

> k 1)’
S(nx—k)||-—z|+—-) < (66)
n n

k=—00

o =2l =5
LR 3 ® k kl+1) <
St Tt > (Inz — k) (Inz — k| + 1)" <

k=—00
Cnz — k| > ntP

11\ 2! S j
(nﬁ+n) + 3 <I>(|mc—k|)(1+|nx—k:|)

nz — k| >ntFh

{ k=—o0

W e T

. . 1
11\ 2t T a+g -
( ) T ( .q>262)‘j!e_)‘("1 SOl 67
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That is
o j < 1 1Yy’
(- ) @) < (4 5) +
_ 1
pr [ 1 (048
ni | e2xn'=? i 26 jle XM (68)
The theorem is proved. (]
It follows

Theorem 5. Here 0 < 3 < 1, n € N:n'"# > 2 N € N, f € OV (R), with fV) ¢
Cg(R),i=0,1,...,N;x € R. Then

(i)
N .
f9 (z ;
Dah0) - 1@ - D, (- a7) ()] <
j=1 7
11\ (A4 )Y
w1 (f“V),n + nﬁ) %Jr (69)
N || (M) qg+1 L
J,’Lljf\l/'N|Hoo 62)3:17/3 ()\ q>2€2>\N'67)\( [71) = \I/S,
(ii) assume all f9) (x) =0, j =1,..., N, then
|Dy (fyz) = f(2)] < W%, (70)
at high speed n~ PN+
(iii)
N 1
|f(a) (x)|
) < -
D (f,2) = £ (@)] g i
: . 1
11\ 2t T a+y -
(Nw) LRl PR . qu)%”j!e*(" SOl an
(iv)

J
R

1

11\ 2! ( *) -
(n+nﬂ> P e e o L] [ R ARG

Proof. We have that

ki = f9 ) (ki 7
f(n“rm)—jz::oj!(n-i-m—l‘) + (73)
Ttz ki _ Nt

[T - w) S
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and

" @ (& ; J
wif<n n’) Zf. Z -<5+n’r—x)+ (74)

=1
, N—1
() gy = @ (5t —1)
wz/ —f (a:)) =1 dt.
Furthermore it holds
N FO) () .
Do (f) = f () = 3 =D (= 0)') () = R (@), (75)
=
where
[e’e] r £+L k i N-1
_ _ mTRT N oy p(N) G+t
R (z) _k;oo‘b(m: k) (Mwl/z (f (t) - f (x)) I
(76)
Call
T by i k 4+ L - N-1
v (k) = wi / (£ @) = ™ (@) & o 1)), dt. (77)
1=1 z
I)Let| —1:| 1
i)if%—kﬁ >z, then
- i\ (% —2[+)
k)|£;wiwl (f(N)7 = +nr> N
11\ (&)Y
<w; (f(N)7nﬁ+n) (nB N!n) ) (78)
ii) if £ 4+ £ <, then
< 3w [ (000 g ) B0,
T ) (N=1)!
, i \WN-1
e (N) (N) (t—(+a))
< ;w/+ (199 @) = 1 )|
: SPEAVCHEES)
. (N) _ - n " nr
<;wlw1 <f | n’+nr> N!
11 ()Y
wi (f(N)’nﬁ+n> % (79)
Therefore, when ‘% - x| < -4, then
11 (F+Y"
Iy (k)] < w1 (f(N),MJrn) N (80)

Clearly now it holds

N
1 1 (l_A'_L)
(N) Z 4 =\ \n " nf)
|R|||%_C”|<T%ﬂ S (f ’n+n5> N! ' (81)
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I Let | — 2| > 5.
)if £ + L > g, then

k) < - ol p(v) (%—i_nir_x)]v
s $waly] Gt

<] LS

.o . k ’L
i) if * + .- <, then

h@ﬁiw/

ki

n ' nr

(kL iVt
’f(N) (z) — f(N) (t)’ (t ((7;V+_n1r)>!> dt

)N

r _k i
=1 ’

S

So, in general we obtain

[y (k)] < QHf(N)HOOW

N!
_ 2 (ne =R+ DY
nN N! -
2N || F(N)
M@ (1+|nx—k\N), VkeZ
Clearly, then
R[5 _pfsa; < > @ (na = k) [y ()] | <
k= —o0
s nx — k| >ntFh
oN f(N) 0
M 3 ® (|nz — k|) (1+|nsz|N)

k= —o00
s — k| > nlFP
< (as earlier)
N || p(N L
il o N (.8 ) PPN

M
— nN N 82)\n1*5 AN

Therefore, it holds
[B ()] < |R (@)[ ]|« 1+ R @) s g

<
717I|<n76

1
nB

(82)

(83)

(84)

(85)

(86)
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1 1 1, 1\
w1y (f(N)’n+n5) %_f_ &7)
N[ e (a+d) o
nNN! e2An1—# + N 2e2A N1 1)

Next, we estimate

‘Dn((-—l‘)J)(x)‘Si (ne =k (sz(‘

2))-

c=—00
- k 1\’ ,
E O (ne—k)||——x|+—| < (asearlier) (88)
n n
1 v (ot3)
q 22 ;1A (nt 7P -1
()2 e i
The theorem is proved. O

We need,

Definition 6. A function f : R — R is absolutely continuous over R, iff f|, ) is absolutely
continuous, for every [a,b] C R. We write f € AC™ (R), iff f("~1) € AC (R) (absolutely
continuous functions over R), n € N.

Definition 7. Let v > 0, n = [v] ([-] is the ceiling of the number), f € AC™ (R). The
left Caputo fractional derivative ([17), [21], [15], pp. 49-52) of the function f is defined by
1 @ i

DY = — )" M @) at 89
W@ = s | @ T 0 (59)
YV € [a,0), a € R, where T is the gamma function.

Notice D%, f € L1 ([a,b]) and DY, f exists a.e. on |a,b], ¥ [a,b] C R.

We set D, f (z) = f (z), V x € [a, 00).

We need

Lemma 8. (see also [4]) Letv > 0, v ¢ N, n = [v], f € C" ' (R) and f™ € L, (R).
Then DY, f (a) = 0 for any a € R.

Definition 9. (see also [3L[16,[17]) Let f € AC™ (R), m = [a], a > 0. The right Caputo
fractional derivative of order o« > 0 is given by

J— m b
Dy f(zx)= I‘Eml)—oz)/ (z— )" ) (2) dz, (90)

V€ (—00,b], b€ R Weset Dy f(z)=f(z).
Notice Dy f € Ly ([a,b]) and Dj'_f exists a.e. on [a,b], ¥ [a,b] C R.

Lemma 10. (see also [4]) Let f € C™ " (R), f(™ € Lo, (R), m = [a], a > 0. Then
D¢ f(b) =0, foranyb € R.

Convention 11. We assume that
D2, f(x) =0, forx < x,

*To

and ©n
Dg _f(x) =0, for x > x.
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‘We mention

Proposition 12. (see also [4]) Let f € C" (R), n = [v], v > 0. Then D%, f (x) is
continuous in x € [a,0), a € R.

Also we have

Proposition 13. (see also [4]) Let f € C™ (R), m = [a], a > 0. Then Dy f (z) is
continuous in v € (—oo,b], b € R.

We further mention

Proposition 14. (see also [4]) Let f € C™~ 1 (R), f™ € Lo, (R), m = [a], a > 0 and

letx,x9 € R: x> xo. Then DS, f () is continuous in xg.

Proposition 15. (see also [4]) Let f € C™ 1 (R), f™) € L, (R), m = [a], a > 0 and
letx,10 € R:x < x0. Then DY _ f () is continuous in xo.

Proposition 16. (see also [4]) Let f € C™ (R), m = [a], @ > 0; z,290 € R. Then
D2, f(x), D2 _f (x) are jointly continuous functions in (x, xo) from R* — R.
Fractional results follow.
Theorem 17. Leta > 0, N = [a], a ¢ N, f € ACN (R), fM) € Lo (R),0< 3 < 1,
z € R ne€N:n'=8 >3 Assume also that both sup | D2, f| . , sup ||Dg‘_f||oO < o0,
z€R R

S
Then

()
NZL 4(5) )
Bu () = £ @)= 30 2, (o)) ()| <
Jj=1 ’
1 L L1 o1
e [ () e () )
1 <q + %) 2) —A(nt=F-1 o el s
TaT D w2 e ( ) [HDm_fHOO,(_OO,x] + ||D*zf\\oo7[x7oo)} = 07,
92)
(II) given f9) (x) = 0,5 =1,..., N — 1, we have
By, (f2) = f ()] < 6%, (93)
(1)
N=1 | £()
Butfn) - 1@l Y 120
j=1
1 1 (a+3 - .
W*m(”q)%mﬂe”(” DR (94)
and

(1V) adding Hf(j)HOO <00, j7=1,.... N — 1, we get

N-1 i 1
1B~ Sl < 3 0N IR (A IRV

— 5! nbi  ni N
j:
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1 (02055) o (05 55), |+
———— |supw ,— supw ot —=
naﬁr‘(a—i—l) .’cE% ! T (—00,2] xeg ! np [z,00)
+l) .
1 (q q 262,\N!6—,\(n —F-1)
nel (a+1) AN
{Sup D8 Fll o ooy SUP ||D$xfoo,[x,oo>] : 95)
zER ’ ’ zER
1

N—
Above, when N = 1, the sum >, - = 0.
j=1

As we see here we obtain fractional pointwise and uniform convergence with rates of
B,, — I the unit operator, as n — 0.

Proof. Letx € R. We have that D¢_ f () = D¢, f () = 0.
From [15], p. 54, we get the left Caputo fractional Taylor’s formula that

©)-E5 )

, (96)
= I n
L/; - a_l(Da (J) = D& f () dJ
OYARN S
for all z < % < 0.
Also from [3]], using the right Caputo fractional Taylor’s formula we get
N—1 ,(; j
k (@) k J
f()zzw<—x> i ©7)
n ; J! n
7=0
L/z 7B ey - Do f @) s
I'(a) Je n v = ¥ ’
for all —oo < % <ux.
Hence it holds
k O (2) k j
f(n)Q)(nx—k):jz_:O i @(nx—k)<n—az> + (98)
O(nx—k) [ [k ot
nr — n
R (R-a) o) pas @)
forall 2z < £ < o0, iff [na] < k < oo,
and N1 ‘
k — fU) (x) k J
f(n)‘@(mc—k:):jzo A O (nz — k) i + (99)

®(nx—k) [* NN, N
F(a)/k <J— n) (De_f(J) = Dg_f (x)) dJ,
forall —oo < £ < z,iff —0o < k < [nz].

We have that [nz] < |nz| + 1.
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Therefore it holds
& k D (@) & koY
S (s n-E0 5 son(t o
k=|nz|+1 j=0 k=|nz|+1
[ee]
b (nx—k)
k=|nz|+1 ™

S|

T (a) /T ( —J>a_1(waf(J)—Dfxf(x))dJ,

and

% f( > NZO ' (=) % q)(nx—k)(f;—x)j—i— (101)

k=—o0 k=—o0

Lnz]
> @ (nx—k)

T a—1
k=—o0 k
J—— D J)— D2 ddJ.
o [ ( n) (D2_f ()~ DE_f (@)
Adding the last two equalities @ @) we obtain

(J) .
B, (f Z f B, ((-=2)’) (@) = Ra (@), (102)
where
R, (z) := R1, (z) + Ray (x), (103)
with
>, P(mx—-k) o1
Ran )= L [T (5 ) 0mp () - D @)
’ (104)
and
[na]
> P(nx—k)

Rgn (LL') = i

I'(a) /: (‘] - :)a—l (Dg_f(J)—Dg_f(x))dJ. (105)

Furthermore, let

o= [ (E-0) oo pnsenan o

I (a)
fork = |nz| +1,..., 00,
and
Son () = 1 /m J— k o (De_f(J)=DS_f(x))dJ (107)
2n T F(Oé) % n T— z— )
for k = —o0, Ln;vj
Let |£ — x| , we derive that

1

— 108
f.00) ML (@4 1) (109

1
o @)l < (D55 )

k= |nz]+1,..., 00,
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and . .
d2n < Dy f,— , 109
@l < (D20 0) (109
k= —o0,.., |nx|.
Also we obtain that
feY (% _x)a
1010 ()] < 1D2 Flloo, 009 INCESIE k=|nz|]+1,..,00, (110)
and
5 < ||pe (2= 8)" 4o 11
|02 ()] < || a:—f”om(,oo’w] m, = —00, ..., |nz]. (111)
Therefore, it holds
R <2 (D5 f. 7). 112
Ban @t < BT @) (2
k=|nz]+1,..., 00,
and ( . )
wi (D2 f, 2
T nP J(—o0,x]
. , <
| Bon (@) ||p—£)< 2 < DTt (113)
k= —o0,..., |nz|.
Next, we estimate
[Bin (@) [, x)> 1 <
D%l [2,00) > k «
oY 700, [,%0) P AN B <
I'la+1) Z (ne )<n x) -
= |nz] +1
R
(by N = [a])
1%l oo = .
—_— (0] —k -k < 114
wT (o 1) > (Inz — K} [nz — k[N < (114)
k=—00
:nx — k| > n'F
D fll oo .00 1 >
e (o) > e g — k™ < (as carler)
k=—-00
:nx — k| > niFh
1
102 oy ) (74 2)
< 00,1700 22X Nl ("7 =1). 115
_< nol (a+ 1) A ¢ (11>
Hence, it holds
[Ban (@) k)52, < (116)
o 1
||D*TfHOO,[x,oo) (q+ q) 2€2>\N!ef)\(n1_ﬁfl).
nel (a+ 1) AN
Furthermore, we get that
(Ron () [}y 2, <
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(127 N ) NG
F(a—i—)(l) - 2 2 (na =) (z) =

n
{ k= —o0
:’ ‘77#3

121 | > o
nar(:’jrs’” 3 O (|nz — k|) [nz — k|° <
k=—o00
sz — k| > nlP
[ | >
< T (ai 1)’ D) Z & (|nz — k|) [nz — k|™ < (as earlier)
k= —o0
s nx — k| >nth
(117)
o 1
< (HDSCfHOO,(—oo,JL])) (q + q) 262>\N'67)\(n1—/371)
- nol (a+ 1) AN ' '
That is
[ Ron (@)l x]> 2, <
Do _f ( l) an
(H naruzisx > 2N, (118)
We have proved that
R ()] < e e f e, f, £ 9)
T x = T3 1N w —Js 3 * )
' nofT (a+1) | P\ s (_Oo,m] £ np (2,00
L (o+3)
q 22 p7y,—A(nt P -1) a
As earlier, we have that
1
. 1 1 (q + *) _
B, (- 0)) @) € =5 + S 2eie 0 a20)
n n

We have that

D)) = 7= | TN N (ar, s2a) (2D)
and
D)) = 57— / (=" M @dt, s<w) (122)

Vz,seR.
Therefore it holds

(D20 )] < g

] e e

~a TN—atp P

s>,
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and
[F M @=™ _ f™ N
Dy < = = =2 — ¢ 124
(DN OIS TRy N—a ~TWoazp©® ™ ® —+ 02
s < x.
Thus, it is reasonable to assume that sup || D2, f|| . , sup HDgffHoo < 00.
z€R T€R
Consequently it holds
1 1
Supwy (D;‘_f, 5) , SuUpwi (Df‘xf, B) < 0. (125)
z€R n (—o0,z] =€ER n [z,00)
The theorem now it is proved. (]

4. TLLUSTRATIONS FOR N =1

We obtain the following results:

Corollary 18. Here0 < < 1,n € N:n'=8 > 2, f € OV (R), with f, f' € Cp (R);
z € R. Then

1)
|Bn (f.x) — f(z) = f'(2) Bn (. — @) ()| < (126)
o (£ 35) AP (1 ana(u Aty s
e M (1) e 0 g,
1) assume f' (x) = 0, we have that
at high speed n=28
1)
q+; -
|Bo (f,2) = f (@) < |f' ()] nlﬁ+i(kq)2e”ek(” U A, a2)
1V)
1 1(etg -
1B () = Flloe < Il | —5 + n( S q> 2 e M ) LM (129)
Proof. By Theorem[3|for N = 1. O

Corollary 19. Here 0 < f < 1,n € N:n'=8 > 2, f € OV (R), with f, f' € Cp (R);
x € R. Then
1)
{ 1Cn (f,2) = f (2) = f' (2) Cn ((- — 2)) (2)],

(
1 1 1
wi ( f=+ = +— |+ (130)
n nb np
1
200 [ 7 08) o s ] e

n 62)\”1713 A -/ %1
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1) assume f' (x) = 0, we have that
|Cn (f,2) — [ (2)], } .
{ |Dy (f,2) — f ()] <, (131)
at high speed n=28

1)
|Dy (fy2) = f(2)] [~
g+ .
S (iﬂjﬁ) = | ( X Dynesory 5 (132)
and
V)

1Co (1) = Flloe
{ 1D () — £l }<

1
11 1 T (‘H*) a(n =
(F <n+>+ + 1/ 9622 e=A(n 7= | X4 e (133)

nb n | e2n'=? A

Proof. By Theorems ] [5|for N = 1. O
Corollary 20. Let 0 < a < 1, f € AC'(R), f' € Lo (R), 0 < B < 1, 7 € R,

v flloo s SUPHD_?_fHOO < 00. Then
xz€R
1)
|Bn (f,2) = f(2)] <
: <D"‘ f > - <D"‘f 1) +
’7 w xxdr 3
nT(a+1) (@ +1) (—o00,a] 1 “nf [x,00)
1 ( ) 2= R | a
TR ESY D D2l oy + 1D )
(134)
and
1)
[1Bn (f) = fllo <
1 (Da s 1) N (Daf 1) .
CoBT (4 1y |SUPW s T g3 supw sxds —7
PTGt T) [aek ) e %) 2.00)
1
1 (quE) 2X ,—A(n' 7P -1) o
a2 103 e 500 DT )|
(135)
Proof. By Theorem[17]for N = 1. O

Next, it is the case of @ = %
Corollary 21. Let f € AC*'(R), f' € Lo ((R),0< B <L,z €R,neN:n=% >3

1
’ ,supHDjffH < 0. Then

1
Assume that sup HD,?,C f
oo zeR

z€R
1)

|Bn (f,x) = f(2)] <
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2 1 1 1 1
Z wi (D f, —5 +wi | D, —5
n?ﬁ n (—o0,z] n [z,00)

L (‘”3)46% A(mio-1) {HDQ 1.

+

]+ HDEx

, (136)

™ A —o00,

oo,[m,oo):|

1Bn (f) = flloo <
2 1 1 1 1
- supw; <D§_f, ﬁ> + supwy (szf, 5)
ni\/?r z€ER n (—o0,7] zeR n [x,00)

geP A (77 -1) [supHD2 fH +supHD
z€R 00,1] rzeR

+

oo,[x,oo):| ’

(137)

Proof. By Corollary 20} O

5. COMPLEX NEURAL NETWORK APPROXIMATION
We make

Remark 22. Let f : R — C, with real and imaginary parts f1,fo : f = f1 + ifo,
i = /—=1. Clearly f is continuous iff f1 and f5 are continuous.
Also it holds ' 4
F9 (@) = 117 (@) +ifs" (), (138)
forallj =1,...,N, given that f, fo € CV (R), N € N.
Here define
B, (fvx) =B, (fhx) +1iB;, (fg,fﬂ),
Cn(fa ) Cn(flv )+ZCn (.f%x)a (139)
D, (f7 ) =D, (fla ) +1Dy, (anx)'

We observe here that

|Bn (f,2) — f(2)] < [Bn (fi,2) — f1 (@) + [Bn (f2,2) — f2 (2)], (140)

and
HBn (f) - f”oo < ”Bn (fl) - f1||oo + ||Bn (f2) - f2||oo§ (141)
Cn (f,2) = f (@) < |Cn (fr,2) = f1 (@) + [Cr (f2,2) — f2 (z)], (142)
1Cn (f) = flloe S 1Cn (f1) = filloo + ICn (f2) = foll oo s (143)

and
Dy (fy2) = f(2)] < |Dn (f1,2) = f1 (2)| + [Dn (f2, 2) — f2 (2)], (144)
[Dn (f) = flloo < 1D (f1) = filloo + [1Dn (f2) = follo (145)

We denote by Cp (R, C) the space of continuous and bounded functions f : R — C.
Clearly f is bounded, iff both f7, f> are bounded from R into R, where f = f1 + ifs.
We give

Theorem 23. Let f : R — C, such that f = f1 +ifs. Assume f1, fo € CN (R), N € R,
with fl(’),fz(l) €Cp(R),i=0,1,..,N;z2 €R Here0 < <1, n € N:n' 8 > 2
Then
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(1)

L1
[1 + 1.((1.(])262>\j!6_>\(n15_1)] + (146)

[@1 (A7 55) +en (#735))

nPN NI +

WL L))t )

nNA\N

(Il) given that fl(j) (x) = fQ(j) () =0,5=1,...., N, we have

o (1 ) o (29.2)

|Bn (fv ZC) - f($)| < |: BN N1 + (147)

Ll )t )

NN

(11l)
f (4)

f(] ‘OO>

-1 =3, s

-Q\H

[nﬁj T ( 2} jle ™ + (148)

[( (fl“”v #) v (10.3))

BN N +

Ll ] (o 5) e

nN AN

Proof. By Theorem 3] O
We continue with

Theorem 24. All as in Theorem 23] Then
(1)

(iegaro ) i(\f” \ \f“ )

Jj=1

: . 1
1 1\ 2t| T (‘Ha) NS
{(n+nﬂ> M [e2knlﬂ+ N2 5 Ut
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1, 1\

(™ =1 (o+ %zw )

nN NI e2Ant—# +

, (149)

(11) given that fl(j) (z) = fQ(j) (£)=0,5=1,..., N, we have
{1Ge it <>|,}<
1Dy (f,2) = f(z)| |~

N
M1l M1l o1 1y L
(wl (fl( )’n+nﬁ>+w1 (fz( )7n+nﬁ>> %‘F (150)

N (|| %) () .
(R T (2
nN NI e2 nl=8 AV € '€ )
(1) |
v (A
{ 1Cn () = Flloo }<Z (] + =]
1D, (1) =11 § = 2 7
j ; 1
11\’ 2! T (q+a) o o
— R 1, —A(n —1
(n+nﬂ> + ni | e2xni=8 + N 2e™jle ( b+
1 1\N
m L1 v L1V Gitan)
{( (fl ) nﬂ>+w1 (fz ’n+nﬂ N +
(U], 1
(Hfl i °°> - <q+ q)ze%N:e*A(n““l) (151)
nNN| 62)\111*13 )\N :
Proof. By Theorems 4} [5] O

We finish with the following fractional result.

Theorem 25. Let f : R — C, such that f = f1 + ifs. Assume f1, f» € ACN (R),
M N e Lo (R, NeN Herea >0, N=1[al,a¢ NO0<fB<1uzeR,

neN:nl=# >3 SupposealsothatsupHD f1||oo,supHD ngoo,supHDo‘ leOO’
bupHD;‘_ngOO < 0. Then
z€R

! ©) (9)
= flj f2] ()
Balfor)— @] < S { '.,‘ )
j=1 J:
q+l 1-8
nlﬁj—’_’ri]( qu)262>\j!6)\(n e 1) I (152)
1 1 . 1
nefT (a+ 1) | (D“’fl’ ﬁ)( OM]WI (Dmf% ﬁ)(_oo,mﬁ
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1 1
w1y (D*amf17 5) +wp <waf27 ﬁ>
"/ [2,00) " [2,00)

+ l) .
1 (q q 262,\N!6—,\(n —F-1)
nel (a+1) AN

1211l oy + 1P ol g + 1D il ) + D2 ol
(1) given f1 (x) = f2(]) ()=0,7=1,...,N — 1, we have
|Bn (f,2) = [ (2)] < (153)
1

1 1
- - Do il D il
naBT (Oé n 1) 1 ( mffh nﬁ)(ooyx] +wi ( I7f27 nﬁ)(oo’x] +

1 1
w1 <D*amf1aﬁ) +UJ1 <Dng2a,3>
"/ w,00) "/ w,00)

1
), -5
2022 N1 —A(n'P-1)
nel (a+1) AN ¢ ¢

|:||D-(;—f1“oo7(—oo,w] + HD?—fQHOQ(—OOJ] + ”D fl” ;[z,00) + HD f2H [x,00)

and
(1)

_|_

+

1B (f) = flloo <

(4) (4) 1
UL L) (13 6, ),
I A S VAR

j=1
L Do f, + Do fy, +
—— | SUpw — supw —
nefT (a + 1) CEG% ' T n’ (—o0,z] xe% ' e n’ (—o0,x]
Supwi D*a:fla 75 + Supwi D*:pf27 73 +
zER n [#,00) T€R n [z,00)
1
N G), -
2 2)\N! —)\(n —1) 154
nel (a+1) AN ‘ ‘ (154)
102l D2 Rl
TER ’ ’
5 D% il oy + 500 Dol |
Proof. By Theorem|[I7] O

Conclusion: Here we presented univariate neural network approximation over infinite
domains under differentiation of functions. The activation function was the symmetrized
and perturbed hyperbolic tangent function. The rates of convergence were higher and the
data needed to feed the neural network were half due to symmetry.

Conflict of interest: None.

Data use: None, it is a theoretical article.
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