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REGULARITY BASED CHARACTERIZATIONS OF [e-I'-SEMIGROUPS
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ABSTRACT. This article provides an in-depth examination of (m,n,~y)-regular le-T'-
semigroups, focusing on the characterization and properties of various types of ideal el-
ements within these structures. Specifically, the discussion encompasses (m, n, y)-ideal
elements, (m, 0, y)-ideal elements, and (0, n,y)-ideal elements, highlighting their sig-
nificance and interrelationships. Furthermore, the article investigates the (m,n, «, 3)-
regularity associated with the set denoted as I, 1, o, 3), Which consists of all (m, n, &, B)-
ideal elements. In conjunction, the study explores the set Q (1, n, ., 8)» Which comprises all
(m, n, ar, B)-quasi-ideal elements of le-T"-semigroups, detailing the implications of these
classifications on the structure and behavior of the semigroups. Additionally, the research
delves into the concept of 0-minimality, particularly concerning (0, m, y)-ideal elements
in both poe-I"-semigroups and le-I"-semigroups. This aspect of the study aims to clarify
the foundational properties of ideal elements and their roles in the broader context of semi-
group theory. The findings presented in this article contribute to a deeper understanding of
the algebraic properties of le-I'-semigroups and their ideal elements, paving the way for
future research in this area.

1. INTRODUCTION

Concept of (m, n)-ideals in semigroups was introduced by S. Lajos [9] and, thereafter,
many other authors had studied (m,n)-ideals in various algebraic structures. In 1986,
Sen and Saha introduced the notion of a I'-semigroup as a generalization of the notion
of a semigroup and that of a ternary semigroup. Later on, in 1996, the notion of an or-
dered I'-semigroup was introduced by Kwon and Lee [8]]. In recent years, the study of
le-I"-semigroups has gained significant attention due to their applications in various math-
ematical contexts. Specifically, Hila has provided a comprehensive characterization of
regular le-I"-semigroups, elucidating their structural properties and implications for al-
gebraic systems [1]]. Further contributions include the exploration of specific classes of
these semigroups, where Hila offers new insights into their algebraic characteristics and
interrelations [2]]. Moreover, the investigation into generalized ideal elements within le-
I"-semigroups has been notably advanced through collaborative work by Hila and Pisha,
which addresses the complexities of these structures [3]. Notably, the groundwork laid by
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Kehayopulu has also been instrumental in this area, as the author introduces the concept of
generalized ideal elements within the broader context of poe-semigroups, asserting their
relevance to our current understanding of semigroup theory [4]. Furthermore, Kehayopulu
expands on le-I"-semigroups, contributing valuable findings that align with and enhance the
works of Hila [3]. Also, Kehayopulu [6], studied several properties of (m,n, a, §)-ideal
elements in le-I'-semigroups and also characterized (m, n, a, 8)-regular le-I'-semigroups
in terms of its (m,n, «, §)-ideal elements. In addition to Hila and Kehayopulu’s work,
Sen’s studies on I'-semigroups have further enriched the field, particularly through foun-
dational examinations of their algebraic structures and properties [14} [15]. Siripitukdet
and Iampan also contribute to this discourse by investigating the Green-Kehayopulu rela-
tions in [e-I'-semigroups, providing deeper insights into their ideal elements and related
frameworks [[16]. More concepts related to this study have been studied in [[LO} |11} 12} [13]].

In this paper, we first show that an le-T'-semigroup S is (m, n, v)-regular if and only if
aNq= gy ~ayqy for each (m,n,vy)-quasi-ideal element ¢ and for each ~y-ideal element a
of S and, then, prove that an le-I"-semigroup S is (m, n,y)-regular if and only if a A b =
a'ybly for each (m,0,)-ideal element a and for each (0, n,v)-ideal element b of S.
We also obtain some characterizations of (m,n, y)-regular le-I'-semigroups and discuss
(m, n, a, B)-regularity of the set I(,;, 5,.q,5) Of all (m,n, a, B)-ideal elements and the set
Q(m,n,a,p) of all (m, n, a, B)-quasi-ideal elements of le-I'-semigroups. Finally (0, m,)-
ideal elements and 0-minimal (0, m, 7)-ideal elements in poe-I"-semigroups as well as in
le-I"-semigroups are characterized.

2. PRELIMINARIES

Let S and I' be two non-empty sets. Then S is called a I'-semigroup if there exists a
mapping from .S x I" x S to S which maps (a, «, b) — aab and satisfy (ayb)uc = ay(buc)
for each a,b,c € S and v, u € T'. The triplet (S, T', <) is called a po-I"-semigroup if S is a
I-semigroup and (S, <) is a partially ordered set such that, for each a,b,c € Sandy € T,
a < b= ayc < bycand cya < cyb. A po-I'-semigroup with a greatest element “e” (i.e.
foreach a € S, a < e) is said to be a poe-I'-semigroup. A poe-I"-semigroup S is said to be
Ve-I'-semigroup if it is an upper semilattice under V and, for each a,b,c € S and v € T,
cy(aVb) = cya V eyband (a V b)ye = aye V bye. A Ve-T'-semigroup which is also a
lattice is said to be an le-I"-semigroup.

Let S be a poe-I'-semigroup and v € I'. An element a is called a y-subsemigroup
element if aya < a and a y-left (resp. ~y-right)-ideal element of S if eya < a (resp. aye <
a). It is called an ~y-ideal-element of S if it is both a ~y-left and a ~y-right-ideal element of
S. An element « is called a y-bi-ideal element if ayeya < a and a y-quasi-ideal element
if aye A eya exists and aye A eya < a. A poe-T"-semigroup S is called ~y-regular (y-left-
regular, y-right-regular) if a < ayevya (a < eyaya,a < ayaye) foreach a € S.

Let S be any le-I'-semigroup. Then it is easy to verify that under the order relation <
on S

a<bsaANb=aandaVb=1b

foreach a,b € S.

Remark. [6] Let S be a I'-semigroup, a € S, v € I and m € N. Throughout this paper,
we shall be using the following conventions without further mention:

(1) if m = 1, then we write a,ly =ay
(2) if m > 2, then we write a7’ = ayay...ya ((m — 1)-times vy and m-times a); and

(3) al'val = altm.
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Let S be a poe-I'-semigroup and m,n € N and o, € I'. An element a of S is
called an (m, n, a, B)-ideal element of S if ag'aefay < a. When o = f3, the element a
shall be called an (m, n, «)-ideal element. An element a of S is called an (m, 0, a)-ideal
[(0,m, «)-ideal] element if a'ce < a [eaa’ < a] while an element ¢ of S is called a
(m, n, a, B)-quasi-ideal element of S if ¢/J'ae A efBqj exists and ¢’ ae Aefqy < g. Again,
when « = f3, the element a shall be called a (m, n, «)-quasi-ideal element.

We denote, in the sequel, by (a), < @ >(m,0,0), < @ >(0,m,a) < & >(mn,a,p) and
(@) (m,n,a,p)- the y-ideal-element, the (m, 0, av)-ideal element, the (0, m, cv)-ideal element,
the (m, n, o, 8)-ideal element and the (m, n, a, 3)-quasi-ideal element of S generated by
the element a of S respectively; i.e. the least y-ideal-element, the least (m, 0, «)-ideal
element, the least (0, m, «)-ideal element, the least (m, n, «, 3)-ideal element and the least
(m,n, «, B)-quasi-ideal element of S greater than the element a respectively and given by
[l6] as follows:

(a) = aVeyaVayeVeyaye
<a>mmoa = aVajae
<a>ma = aVeaay

<@ >(mmap = aVagaefag
(@) (mmap = aV(agaeepag).

Thus, an element a of S is an ~y-ideal (resp. an (m, 0, a)-ideal, an (0, m, «)-ideal, an
(m,n, o, B)-ideal, an (m, n, a, B) quasi-ideal) element if (a), = a (resp. < a >(p,0,0)=
@, < @ >(0,m,0)= @< @ >(mma.f)= G (@) (mn,a.8 = @)

Lemma 2.1. [6] Let S be an le-I'-semigroup, m,n € N and a,b € S,y € I'. Then we
have

(1) (aValyb)Tve = allvye;
(2) ey(aVbya})s = eyal.

Lemma 2.2. [6] Let S be an le-T'-semigroup, m,n € N and a,b € S,«a, € I'. Then we
have

(1) (aVayaeBaf)yae = ay'ae;
(2) eB(aV aglaeﬁag)g = efaj.

Lemma 2.3. [7] Let S be an le-I'-semigroup, m,n € Nand a,b € S, € I'. Then

(1) (aV (aitae Aefaf))yae < ap'ae;

(2) eBlaV (agae AeBag))i < efaj.

3. (M,N,v)-REGULAR SEMIGROUPS

Definition 3.1. Let .S be a poe-I'-semigroup m,n € N and o, € I'. An element a of
S is said to be an (m, n, «, B)-regular element if a < ag'aefaj. Further S is said to be
(m,n, a, §)-regular if each element of S is (m, n, o, §)-regular. For o = (3, we shall call
S as (m,n, a)-regular.

It is clear from above definition that, for all m,n € N and «, 8 € T, each (m,n, «, 5)-
regular poe-I'-semigroup is (r, s, a, 3)-regular poe-I'-semigroup (r < m, s < n). In par-
ticular, for all m,n € N and « € T, each (m, n, «)-regular poe-I'-semigroup is a-regular.
Indeed a < a’aeaal < aaeaa. On the other hand, for any m € N, (m, 0, o)-regular
poe-I'-semigroups need not be a-regular poe-I'-semigroups.
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Example 3.2. Let S = {z,y,z} andT" = {7}. Define S x I' x S — S and “<” on S as
follows:

<= {(x7 1'), (yv y)7 (Z7 2)7 (Z7 .’L'), (2177 y)a (Z7 y)}
Clearly S is a poe-I"-semigroup with greatest element e = y. As (z, xyyyzx) ¢<, S is not
~-regular. But, as foreach a € S, a < ave, Sis (1,0, v)-regular.

Theorem 3.1. Let S be an le-T'-semigroup, m,n € N and v € T. Then S is (m,n,v)-
regular if and only if a \ ¢ = q'yayqy for each (m,n,v)-quasi-ideal element q and for
each y-ideal element a of S.

Proof. Let S be an (m, n, y)-regular le-T'-semigroup. Now take any (m, n, v)-quasi-ideal
element ¢ and any ~-ideal element a of S. Since ¢\'vayqy < ¢)'ve and ¢J'vayq) <

evqy. Therefore ¢'vayqy < ¢'ve A eygl. As qis (m,n,7)-quasi-ideal element of
S, qy'e Nevgy < q. So ¢'vayqy < q. Since a is y-ideal-element of S, ¢7'vayq) <
eyaye < aye < a. Therefore ¢)'yayq) < g A a. As Sis (m, n,v)-regular, we have
(anq)
< (aAq)Jvey(aNq)y
< (ang)vex((anq)y)yver((ana)y)y
=(ang)Fvev(aNgiv(ang)yy...v(ang)vey(aAg)iv(ang)y,...v(aAgq)]

m-times n-times

< qyyeyalyay...alyeyajyal . ..ayyqy

m-times n—1-times

= qT'ye’ya’ya"71’y ayyay...ayyeyayal ...ayyqy

m—1-times n—1-times

< qﬁ'ye'ycw(a"_lfy ayyay...ayyeyalyal ...al)yqy

m—1-times n—1-times
< gy yevaveyqy
< ¢y vavgy
Hence a A ¢ = ¢y'vavqy.
Conversely assume that a A ¢ = ¢7'yayqy for each (m, n,~y)-quasi-ideal element g and

for each y-ideal-element a of S. For any b € S, as (b) and (b) are (m, n, y)-quasi-
ideal and v-ideal element of S respectively, we have

)y A () mny) = ((0) amna) )5 V(03 Y (B) (mn ) )5
< ((b)(m,n,'y))7767((6)("%"(0)Tyl
= (bV (b3 ve A eybl)) T vey(bV (b5 ve A eybl))y
< byey(bV (b ye A eyby))™ (by Lemma 1.4)
< b'yeybl (by Lemma 1.4).

(m;nyy)

As b < (b)y A (D) (m,n,y)> We have b < bI'yeyb. Hence S is (m, n,y)-regular. O
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Theorem 3.2. Let S be an le-T'-semigroup, m,n € N and v € T. Then S is (m,n,v)-
regular if and only if a N'b = aZ'ybY for each (m,0,~)-ideal element a and for each
(0,m,v)-ideal element b of S.

Proof. Let a be any (m,0,~)-ideal element and b be any (0, n,)-ideal element of S.
Therefore aZ'yb < al've < a and al'yb7 < eyb] < b. So al'yb} < aAb. As Sis
(m, n,~y)-regular, we have

(aAb) < (aAb)Tvey(and)]
< alyeyby
< altyenbl =y (b yeybl)
< a;"vevbf;_17b;”_17(b;"767b2)767b:
< altyenbl bl bl Ty (b yeyblt ) yey bl yey bl
< a;"'ye'ybz_l b:l_l'ybfy"_l e b;"_l(b;"ve’be) eyblyeby ... eybl

n—1-times n—1-times

n—1

= a;’“yewbz_l'y(bf/”_l)v b eybl ety ... eyl

n-times

= a?’ye’ybzflvb?"*mfnﬂ'ybfy"'y eybiyeyby ... evby

n-times
m

= al'y(eyb " ye)ybly eyblyeby . .. eybl

n—1-times

= a'yeybly eybiveyby ... evby

n—1-times
< aly(ent)n
< afynvbﬁ;.
Therefore a A b = aZ'b7.
Conversely assume that a A b = al'ybl) for each (m, 0, y)-ideal element a and for each

(0,7m,7)-ideal element b of S. For any a € S, as < a >(s.0,) i (M, 0,)-ideal element
and e is a (0, n, y)-ideal element of .S, we have

<A >(m0,) T A > (m0,) N = (<A >0m04)5 7Y
< (< @ >(n,0,))y ve = alve (by Lemma 1.2).

Similarly < a >(g )< eyal. As al've is an (m,0,~)-ideal element and eyay is a
(0, n,y)-ideal element of .S, by hypothesis

0 << A >(m0) N <0 >0, S afve N evay
= (ay've)Ty(eyaX)l (by hypothesis)
< ay'vyeyal.

Hence S is (m, n, y)-regular. O

Corollary 3.3. Let S be an le-T'-semigroup, m,n € Nand~ € T. If S is (m,n, y)-regular,
then m?y =z, y?y =yand xvYy € Q(m ) forallx € Iy o) andy € Igp ).
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Proof. Since x € I(1m.0,),Y € Lio,n,)> 57 < @, eyyy < y. As Sis (m,n, y)-regular,
we have

m n __,.m n—1
T STy YeYT, = T VeV, YT
m n—1 m n m m
< alyeyxl Tymyyeywy < xliyeyxy e

2
ol

<zyr==z

and
2

x;, < altyeyaiyallyeyry < xilve < w.
Therefore x% = . Similarly y?y =y. As (zAy)yeney(zAy)l < altveAevyl < zAy,
x Ay is a(m,n,)-quasi-ideal. Therefore, by Theorem 2.3, 21'vyZ € Qmn,q)- AS
2 _ 2 _
z3, =z and y3 = y, we have 7Y € Q(1mn,v)- g
Theorem 3.4. Let S be an le-TI'-semigroup, m,n € N such that either m > 2 orn > 2
and v € I'. Then the following are equivalent:

(1) Each (m,n,~)-ideal element of S is a y-idempotent;

(2) For each (m,n,)-ideal elements a, b of S, a Nb < aZ'ybl;

(3) <a >(mon,y) N < b > (mny) < (<a >(m’n17));”’y(< b >(m’n,7))z (Va,b € S);
(4) <a>mny< (< a>mn))Y (< a >mny )y (Ya €5);

(5) Sis (m,n,~y)-regular.

Proof. (1) = (2) Assume that each (m,n,~)-ideal element of S is y-idempotent. Now,
take any (m,n,y)-ideal elements @ and b of S. As a A bis an (m, n,y)-ideal element, we
have

(and) = (a/\b)%z (a/\b)f’y:...z (a Ab)IH™
= b)Y v(aAb)y < allyb",

as required.
(2) = (3) and (3) = (4). Obvious.
(4) = (5). Take any a € S. Then, by (4), we have

<@ >(m,n,y)

< (< a >(m,n,7)>;n7<< a ><m7n>>2

-1
< (< a >(m,n,'y));n’7(< a >(m,n,’y)): ’Y(< a ><m,n>)rryn'7(< a >(m,n,’y)):
S n

(< a>mny)iver(< a>cmns)?
ayeyal (by Lemma 1.3).

Asa << a >(mny), @ < allyeyal. Hence S is (m,n, y)-regular.
(5) = (1). Take any (m, n,~)-ideal element a of S. As S is (m,n,y)-regular and a is an
(m,n,~)-ideal element, a = al'yeya’;. Now

a3 = (afyeyay)y(afyeyal) < (afyeray) = a
and
a = ajvyeyay = (a)yeyal)"yeyal

(afyeyal)y ... (afveval) yeyal

m-times

< (ayveyal)y(ayyeyay) = ava.
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Therefore a = a?{. Hence each (m, n, v)-ideal element of S is a y-idempotent, as required.
(]

Lemma 3.5. Let S be an le-T'-semigroup, m,n € N and v € T. Then S is (m,0,7)-
regular ((0,n,v)-regular) if and only if I(y, 0.~) (I(0,n,y)), the set of all (m,0,)-ideal
elements of S (the set of all (0,n,~y)-ideal elements of S), is (m,0,~)-regular ((0,n,~)-
regular).

Proof. Let a € I(y,0,). Then al've < a. As S'is (m,0,v)-regular, a < al've. Thus
a = allye. Since € € I(;0,4), @ is (m,0,)-regular element of I(,,, 0 ). Hence I(;,, 0, +)
is (m, 0, y)-regular.

Conversely assume that I(,,, g ) is (m,0,~)-regular. Now take any a € S. As <
@ > (,0,9)€ L(m,0,7) and I, 0.4 is (m,0,y)-regular, there exists b € I(,, ¢ ) such that
<0 >(mo)= (< @ >moy)" 70 < (< @ >m04))"ve. So, by Lemma 1.2, (<
a >(mony)"vE = ay'ye. As a << a >(m0.), We have a < al've. Hence S is
(m, 0, ~)-regular. a

Lemma 3.6. Let S be an le-I'-semigroup, m,n € Nand o, B € . Then S is (m,n, «, 5)-
regular if and only if I, 1 o), the set of all (m, n, o, 3)-ideal elements of S is (m,n, , 3)-
regular.

Proof. Let a € I n,a,p)- Therefore ag'aeBajy < a. As Sis (m,n,«, B)-regular, a <
ag'aefaj. Thus a = ag'aefaf. Ase € Iy ap), ais (m,n, «, §)-regular element of
Iimna,p)- Hence Iy, 4 o ) is (M, n, o, B)-regular.

Conversely assume that I(,, , o) is (m, n, a, B)-regularand a € S. As < a >(p, n,a,8)
isin Iy na,p) and L(y 0,8 18 (M, 1, a, B)-regular, there exists b € I(,, . «,5) such that

<a>mmap = (<a>@mmnap))adB(<a>(mnas)s

(< a >(m7n,(,75))g016ﬁ(< a >(m,n,a,[3))g
= a, aefaj (by Lemma 1.3).

IN

Asa << a >(mmap)», @ < agaeBaj. This implies that a is an (m, n, o, 3)-regular
element of S. Hence S is (m, n, a, §)-regular. O

Lemma 3.7. Let S be an le-T'-semigroup, m,n € Nand o, 8 € T. Then S'is (m,n, a, 3)-
regular if and only if Q (p.n,a,p), the set of all (m,n, a, 3)-quasi-ideal elements of S, is
(m,n, «, B)-regular.

Proof. Take any a € Q(mn,a,p)- Then aj'aefay < ap'ae A e,Bag < a. As Sis
(m,n, o, B)-regular, a < ag'aeBaj. Thus a = ag'aeBaj. Since e € Q(mn.a.p), @18
(m, n, a, B)-regular element of Q ,, . o). Hence Q.. p) is (M, n, a, B)-regular.

Conversely assume that @y, n,,8) is (m,n, a, B)-regular and let a be any element of
S. Then (a)(m,n,a,8) € @(m,n,a,8)- Therefore there exists b € Q(;,,n,q,) Such that

(a’)(m,n,a,ﬁ) = ((a’)(m,n,a,,@))glabﬁ((a)(m,n,a,ﬁ))g
< ((a)(m,n,a,ﬁ))Zbaeﬁ((a)(m,n,a,ﬂ))g
= ay aefay (by Lemma 1.4).
As a < (a)(mn,a,6), @ < ag'aefaj. Therefore a is (m,n, a, 3)-regular and, hence, S is
(m,n, a, §)-regular. a
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4. MINIMALITY OF (0,M,7)-IDEAL ELEMENTS

Lemma 4.1. Let S be an le-T'-semigroup, m € N,~ € I' and a be a ~y-subsemigroup
element of S. Then ais an (1, m,~y)-ideal element of S if and only if there exists a (0, m,y)-
ideal element ¢ and a ~y-right-ideal element b of S such that byc' < a < bAc.

Proof. Letabe an (1,m,y)-ideal element of S. Then a V eyal' and a V aye are (0,m,)-
ideal element and ~-right-ideal element of S respectively. Let b = a V avye and ¢ =
aV eyai'. Then

byel = (a Vv aye)y(aVeya™)

m
5

ay(aVea™)T Vayey(aVeyal')
= a,zy Vayeyay')y(a V 67&;”);771 V ayeyal' (by Lemma 1.2)
< (a® Va)y(aV e’ya;”’);”_l V a (since ayeyal' < a)

= Uy
<avy(aV 676117);”71 Va (as a,QY < a)

<ay(aVeyal)] —mTD g
=ay(aVeyal)Va

= (ai\/a’ye’ya;”) Va
:(a?/\/a)\/a
=aVa

= aq.

Asa < b/\c,wehaveb’yczT <a<bAec

Conversely assume that b is a ~y-right-ideal element and ¢ is a (0, m, -y)-ideal element of S
such that b’yczT <a<bAc. Asa < bAc,bis ay-right-ideal element and bvc@1 < a,
we have ayeyall' < (bAc)yey(bA )l < byeyel' < byc' < a. Therefore ais (1,m, )
ideal element of S. O

Definition 4.1. Let S be a poe-I'-semigroup, v € I" and let a be any ~-left-ideal (y-right-
ideal) element of S. Then a is said to be a minimal ~y-left-ideal (v-right-ideal) element of
S if for every v-left-ideal (y-right-ideal) element b of S, b < a implies b = a. Further any
non-zero y-left-ideal (v-right-ideal) element a of a poe-I"-semigroup S with 0 is said to be
0-minimal if for each ~v-left-ideal (y-right-ideal) element b of S, b < a implies b = 0 or
b=a.

Similarly we may define a minimal and a 0-minimal (m, n, )-ideal element for each
m,n € N.

Lemma 4.2. Let S be a poe-T'-semigroup with 0, m € N,~ € I" and a be a 0-minimal ~-
left-ideal element of S. Then a ~y-subsemigroup element b of S is a (0, m, v)-ideal element
of S smaller than a if and only if either b' = 0 or b = a.

Proof. Let S be a poe-T'-semigroup with 0 and let b be a y-subsemigroup element and an
(0, m, 7)-ideal element of S smaller than a 0-minimal y-left-ideal element a of S. As ey b
is a y-left-ideal element of S and eyb" < b < a, so by minimality of the O-minimal ~-left-
ideal element a of .S, either eyb]' = 0 or eyb' = a. If eyb]' = a, then a = eyb]" < b.
Therefore b = a. In the other case when eyb" = 0, as eyb]" = 0 < b7, b7 is y-left-ideal
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element of S smaller then a (as b is a y-subsemigroup element, so b:”b < b). Now, by
minimality of the 0-minimal ~-left-ideal element a of S, either b7 = 0 or b = a. Since
b is a y-subsemigroup element, b7" < b. Therefore a = bzl < b, as required.

Converse is obvious. ([l

Lemma 4.3. Let S be a poe-I'-semigroup with 0, m € N,~ € I and let a be any ~-
subsemigroup element of S. If a is a 0-minimal (0, m,~)-ideal element of S, then either

a’' = 0 or a is a 0-minimal ~y-left-ideal element of S.

Proof. Let S be a poe-I'-semigroup with 0 and let a be any ~y-subsemigroup 0-minimal
(0,m,)-ideal element of S. Therefore a}' < a and ey(al')™ = eyal'yal'y...a} <
N————’

m-times
aalyaly...al < ayay...a = al, it follows that a”} is (0, m,)-ideal element of S.
—_—

m—1-times m-times
As a}' < a, by minimality of the 0-minimal (0, m, v)-ideal element a of S, aZ' = 0 or
al' = a. Suppose a;' = a. Now eya = eyal’ < a implies a is a ~y-left-ideal element
of S. To show next that a is 0-minimal ~y-left-ideal element of .S. So, take any ~y-left-ideal
element b of S such that b < a. As bis a (0, m,y)-ideal element of S, a is a 0-minimal
(0,m,y)-ideal element of S and b < a, we have that either b = 0 or b = a. Hence a is a

0-minimal ~-left-ideal element of S. O

Lemma 4.4. Let S be an le-T'-semigroup, m € N,~ € T" and let a be any ~y-subsemigroup
element of S. Then a is a (0, m,y)-ideal element of S if and only if bya < a for some
(0, m-1,v)-ideal element b (a < b) of S.

Proof. Suppose aisa (0,m, v)-ideal element of S. Then, by Lemma 1.2, ey(aVeyal'~)7
eya' ' Thus ey(a V eya' 1)1 < aVeyal'ie aVeyal ! is (0,m-1, y)-ideal
element of S. Letb =a Vv e'yaz%l. Then, as a is a y-subsemigroup and a (0, m, 7y)-ideal
element of S, bya = (a V eyal' ')ya = a2 V eyal' < a2 V a = a, as required.
Conversely assume that b is a (0, m—1, v)-ideal element of .S and let a be any element
of S such that bya < a with a < b. Now eval,” < e’ybﬁ_lva < bya < a. Therefore a is
a (0, m, ~y)-ideal element of S. a

Lemma 4.5. Let S be a poe-I'-semigroup and let a be any element of S. Then a is a
minimal (m, m-1,7)-ideal element of S (m € N,m > 2) if and only if a is a minimal
~-bi-ideal element of S.

Proof. Let S be a poe-I'-semigroup and let a be a minimal (m, m-1,y)-ideal element of
S. As, by definition, aZ’yeyal'~' < a, we have (aZ'yeyal' ™) yey
(al'yeyaZ =)=t < al'veyal~'. Therefore aZ'veya' " is a (m, m-1,y)-ideal ele-

ment of S such that a?vewaﬁf‘l < a. So, by minimality of (m, m-1,~)-ideal element a

of S, aT’ye’yazl’l = a. Now
_.m m—1 m m—1 m m—1
ayeya = a, yeya,  yeyay yeya, < ayveyay <a.

So a is a ~y-bi-ideal element of S. Next we show that a is a minimal -bi-ideal element
of S. So take any ~-bi-ideal element b of .S such that b < a. As bffnyevbﬁyn_l < b, bis
(m, m-1,)-ideal element of S. Since a is a minimal (m,m-1,~)-ideal element of S,
b = a. Hence a is a minimal ~y-bi-ideal element of S.

Conversely assume that ¢ is a minimal v-bi-ideal element of S. Therefore a is a
(m, m—-1,y)-ideal element of S. To show that a is a minimal (m, m—1, v)-ideal element

mfl)mfl _
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of S, let b be any (m, m-1, v)-ideal element of S such that b < a. As
m m—1 m m—1 m m—1
(b5 ey by ™" )yey (b yenby' ™) < byt yeybi™,

bﬁfnyewb;”_l is a y-bi-ideal element of S. Since a is a minimal ~y-bi-ideal element of .S and

bl yeyb ! < a, we have b'yeyb "t = a. As b'yend?' ! < b, a < b. Therefore
b = a. Hence q is a minimal (m, m—1,y)-ideal element of S. O

Proposition 4.6. Let S be a poe-I'-semigroup, m,n € N,~v € I and let a be any -
subsemigroup 0-minimal (m,n,~)-ideal element of S. If (1,2y % 0, then a is a 0-minimal
~-bi-ideal element of S.

Proof. Suppose there exists a y-bi-ideal element b # 0 of S such that b < a. As bis a -
bi-ideal element, b is an (m, n, )-ideal element. So, by minimality of the (m, n, y)-ideal
element a of S, we have b = a. Therefore a is a y-bi-ideal element which is 0-minimal
~-bi-ideal element.

Now consider the case when there does not exists any ~y-bi-ideal element b # 0 of S
such that b < a. As a is an (m,n,y)-ideal element, a2 is an (m, n,~y)-ideal element.
Since 0 # a2 < a and a is a O-minimal (m,n,~)-ideal element, a? = a. Therefore
ayeya = ay'yeyay < aimplies a is a y-bi-ideal element of S. ]
Theorem 4.7. Let S be a poe-T'-semigroup with 0, m,n € N,y € T. If S is (m,n,y)-
regular, x is a 0-minimal (m,0,~)-ideal element and y is a (0,n,~)-ideal element of S
such that x N y exists and xvy < x Ay, then either xyy = 0 or xyy is a 0-minimal
(m,n,y)-ideal element of S.

Proof. Let x be a 0-minimal (m, 0, y)-ideal element and y be a (0, n, y)-ideal element of
S such that z A y exists and vy < x A y. Suppose that zyy # 0. Then we show that
x7yy is a 0-minimal (m, n,y)-ideal element of S. For this, we first show that z7yy is an
(m, n,~y)-ideal element of S. Now

(xyy)yvev(@yy)y < (zAy)yvey(x Ay)y (since zyy < x Ay)
< afvevyy
ryyYy (as z5've < x)
= ayy (by Corollary 2.5).

So zyyis an (m, n, y)-ideal element of S. Next we show that 2y is a O-minimal (m, n, y)-
ideal element of S. Let z be any (m,n, v)-ideal element of S such that 0 < z < zvyy.
Then z < z and 2 < y. Since z < z['yeyzl, we have 2['"ve # 0 and ezl # 0. As
z'yve < xl'ye < z, so by minimality of (1, 0,)-ideal element , we have 21'ye = z.
Similarly eyzl = y. Therefore z < xyy = zl'yeyeyzy < zJ'veyzl < z. So z = ayy.
Hence z+yy is a 0-minimal (m, n, v)-ideal element of S. O

Theorem 4.8. Let S be a poe-I'-semigroup with 0 and m,n € N,~v € I'. Ifx is a 0O-minimal
(m,0,~)-ideal element and y is a (0,n,~)-ideal element of S such that x N\ y exists and
x Ay # 0, then x Ay is a O-minimal (m,n,y)-ideal element of S.

Proof. Let x be a 0-minimal (m, 0, ~y)-ideal element and y be a (0, n, y)-ideal element of
S such that = A y exists and x A y # 0. Then

(x Ay)Tyey(z Ay)l < alyeyyy < allyyl < al've < w.
Similarly (z A y)T'vey(z A y)y < y. Therefore (x A y)yey(x Ay)l < x Ay implies
x Ay is an (m,n,)-ideal element of S. The rest of the proof is similar to the proof of
Theorem 3.7. g
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5. CONCLUSIONS

In conclusion, this study provides a comprehensive examination of (m,n,~y)-regular
le-I"-semigroups through the lens of various types of ideal elements. The relationships be-
tween (m, n, v)-ideal elements, (m, 0, y)-ideal elements, and (0, n, v)-ideal elements are
clarified, contributing to a deeper understanding of their structures. The exploration of the
(m,n, «, 8)-regularity of the sets I (m,n,a,8) A0d Q (1 n.q,p) €lucidates the characteristics
of (m, n, a, B)-ideal and quasi-ideal elements, highlighting their significance in the theory
of le-I'-semigroups. Furthermore, the investigation into the 0-minimality of (0, m,~)-
ideal elements in both poe-I'-semigroups and le-I'-semigroups reveals important insights
into their foundational properties. Overall, these findings pave the way for further research
in the area of semigroup theory, offering potential avenues for exploring their applications
in various mathematical contexts.
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