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ABSTRACT. Avian influenza is known as one of the respiratory diseases that causes high
morbidity and mortality rate predominately among the immunodeficiency persons world-
wide. Treatment and vaccination remain the optimal strategies in curbing the spread of
avian infuenza infection.In this work, a mathematical model of the dynamics of influenza
infection is formulated and was computed analytically and numerically. The analytic com-
putation of the model is given in terms of the basic reproduction number, equilibria points
and their stabilities. Thus, the disease dies out whenever the basic reproduction number
is less than one. The disease free equilibrium (DFE) is locally asymptotically stable pro-
vided Rp < 1 and unstable if otherwise. The endemic equilibrium only occurs whenever
the disease threshold is greater than a unit. The endemic equilibrium, is locally, globally
asymptotically stable under certain conditions. Numerical solution shows that vaccination
and treatment of the susceptible and the infected individuals respectively have high impact
for eradicating the disease. The non-linear incidence as a force of infection with param-
eter, 0,¥1, uy and ug have great impact for reducing the pandemic of influenza disease.
In conclusion, vaccination of susceptible individuals, isolation of exposed individuals and
treatment of infected individuals are imperative for curbing the spread of an avian influenza
infection. Modelling style or structure especially, the type of force of infection adopted for
modelling an avian influenza disease depends on whether the disease, can easily be put
under control.

1. INTRODUCTION

Avian influenza (Al) is a highly contagious viral disease affecting several species of
food producing birds (chickens, turkeys, quails, guinea fowl to mention a few) as well as
pet birds and wild birds. Occasionally mammals including humans may contract avian
influenza (WAOH, 2020) [26].

The case and circulation of avian influenza (AI) virus is not a new phenomenon. There
are many descriptions of historical outbreaks of avian influenza disseminating within do-
mestic poultry flocks in the literatures (CDC, 2017 [4]]; CDC, 2023 [5] WHO, 2018 [24];
WAOH, 2020 [26]]; WHO, 2023 [25]). Avian Influenza (AI) occurs worldwide and differ-
ent strains are more prevalent in certain areas of the world than others (WAOH, 2020)[26].
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It is less frequent in mammalian species, including rats, mice, weasels, ferrets, pigs, cats,
tigers, dogs and horses, as well as humans. Al of the flu is a common respiratory disease
caused by influenza virus (Cox and Subbarao, 1999 [6]; Shek and Lee, 2003 [22]]; Wang et
al., 2015 [23])).

Avian influenza A virus can spread from infected birds to susceptible humans and re-
ports from such transmission are documented in the Centers for Disease Control and Pre-
vention’s website. Humans infected by avian influenza infection exhibit symptoms such as
fever, cough, sore throat, acute respiratory distress and sometimes respiratory failure. The
most destructive outbreak of influenza in history happened in 1918-1919. Avian influenza
is considered as one of the most severe endemic outbreaks the world has ever witnessed and
encountered. The epidemic is believed to have resulted in over 50 million to 100 million
deaths globally. In Nigeria, a high pathogenic outbreak of avian influenza (HPAI) H5N1
in 30 poultry farms in seven states. The affected states include Kano, Plateau, Bauchi,
Gombe, Nasarawa, Kaduna and Niger state.

The outbreak of Al has become a major concern. Various health bodies and organiza-
tions throughout the world continue to seek for solutions that could bring the pandemic
under control. Modnak (2017) [[15] accounts for the nonlinear incidence rate as our force
of infection in inhibiting the disease transmission. The control measures are built into the
model to help develop strategies for the control of the disease. In this study, the trans-
mission dynamics and control of Al was done by modifying the model of Modnak (2017)
[15].

It has become possible and imperative to mathematically model the progress of infec-
tious diseases to uncover the likely outcome of an epidemic or to help manage them by
different control programmes. In the early 20th century, mathematical models were intro-
duced for epidemiology by Ross (1916)[21]] and others (Chong and Tchuenche, 2014[6l;
Hancioglu, 2007 [9]; Henaux et al., 2013 [10]; Liu et al., 2015 [14]; Mohler et al., 2015
[[16]]; Taubenberger and Morens, 2006, 2008 [[19,20] Parvin et al., 2019 [17]). Even though
the actual data needed for the models might not be accurate or ever available (Aid et al.,
2015 [11), modelling is vital in investigating how changes in the various assumptions and
parameter values affect the course of the epidemic. In order to gain more insight into the
dynamics of an avian influenza disease, we shall review related models that have been
studied by many authors as discussed below.

Putri et al. (2016) [18] studied a mathematical model of influenza dynamics and com-
pared the incubation period and control in Thailand. The data from the annual number of
cases reported by the Division of Epidemiology, Ministry of Public Health during the pe-
riod 1997 — 2013 were analyzed. They presented two models using the system of nonlinear
differential equations for the two models. The standard dynamical modeling methods are
applied to determine the behaviours of solutions to each model. The conditions required
of the parameters for the disease free and endemic equilibrium state to be local asymptot-
ically stable is obtained. Their numerical simulations are seen to support the theoretical
predictions.

Jagan and Kartheek (2016) [[11] carried out research on the epidemic analysis and math-
ematical modeling of HIN1 (A) with vaccination. They consider the infected individuals
using rate coefficients such as transmission, progression, recovery and vaccination. The
fact that the dynamics analysis is completely determined by the basic reproduction number
is established. More specifically, local and global stabilities of the disease free equilibrium
and the endemic equilibrium are proved under certain parameter values when the basic
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reproduction number is below or above unity. The numerical simulations review that vac-
cination is one of the best effective strategies or solutions that is to be adopted so as to have
the spread or if possible, avoid poultry farms, contact with animals in live poultry markets,
entering areas where poultry may be slaughtered, and contact with any surfaces that ap-
pear to be contaminated with feaces from poultry or other animals. Good food safety and
food hygiene practices e.g. hands washing with soap and water should be followed. Trav-
ellers returning from affected regions should report to local health services if respiratory
symptoms suspecting zoonotic influenza virus infection.

Caroline et al. (2019) [13] studied mathematical analysis of influenza A dynamics in
the emergence of drug resistance. The qualitative analysis of the model is given in terms
of the control reproduction number, R.. The model equilibria are computed and stability
analysis was carried out. The model is found to exhibit backward bifurcation prompting
the need to lower R, to a critical value R, for effective disease control. Sensitivity analysis
results reveal that vaccine efficacy is the parameter with the most control over the spread of
influenza. Numerical simulations reveal that despite vaccination reducing the reproduction
number below unity, influenza still persists in the population. Hence, it is essential, in
addition to vaccination, to apply other strategies to curb the spread of influenza.

Khan et al. (2019)[12] modelled the transmission dynamics of avian influenza with
saturation and psychological effect. They show that the birds only model is stable both
locally and globally. The stability results for disease free equilibrium is obtain when the
disease threshold parameter, Ry < 1. They also proved that Ry > 1. The analysis of
their full model shows that the disease free case (locally and globally) when Ry < 1.
More so, when Ry > 1, it was proved that the endemic equilibrium of the model is stable
locally and globally. Their numerical analysis review that the transmission dynamics of
the avian influenza is determined by the force of infection in birds. It is observed that the
parameter «, m and (3,,, which represent the saturation effect, the psychological effect and
the contact between infective birds to susceptible humans do not change the stability of
the equilibria and so that the outbreaks as the infected humans and can help to control the
disease. Also, reducing new recruitment, newborns of domestic birds, reducing contact
between susceptible and infective birds, and shortening the lifetime would be used as an
optimal control strategy.

The organisation of this paper is as follows. The model is formulated in Section 2. The
analyses of the formulated model and its numerical simulations are carried out in Section
3 and Section 4 respectively. Discussion and conclusion are presented in Section 5.

2. MODEL FORMULATION

A simplified dynamical model of immune response to uncomplicated influenza virus
infection is presented which put into consideration on the control of the infection. Most
influenza disease mathematical model follow SV E'T R model for human disease transmis-
sion. On the other hand, the carrier (bird) population has SIR model dynamics. It should
be noted that influenza model sometimes capture human population only without explicitly
show the carrier model (Modnak, 2017)[15].

2.1. Formulation of Existing Model. In this section, we shall present the model by Mod-
nak (2017) [15] by putting into consideration the assumptions, variables and parameters
of the model
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2.2. Assumptions of the existing model. The following assumptions were made by Mod-
nak (2017) [15] for formulating avian influenza virus model.

e Influenza Avian virus can spread from infected birds to susceptible humans;

e Recovered or vaccinated class(es) of humans may lose immunity over time and
re-enter the susceptible population and become re-infected individuals;

e Individuals are born and die at an average rate, y;

e Susceptible individuals are vaccinated.

The variables and parameters of the existing model are given in Table 1 while the flow
diagram of the model is presented in Figure 1.

TABLE 1. Description and Interpretation of Variables of the Existing

Model Equations

Variable Interpretation

S(t) Number of susceptible human at time t

V(t) Number of vaccinated human at time t

E(t) Number of exposed human at time t

I(t) Number of infected human at time t

R(t) Number of recovered human at time t

uN Birth and death rate of the population

o) Disease induced death rate

1(t) Vaccination rate of the susceptible individual

o= (1—¢&) Degree of protection, where, £ is the vaccine efficacy
d2(t) Treatment of the infected individual rate

5y Natural recovery rate of the infected individuals

k Progression rate from exposed to infectious

) Rate at which recovered individual loss immunity and

become susceptible
1+ 6I(t) Inhibition effect from the behavioural increase
A(t) The force of infection which represent the transmission

rate of the disease

2.3. Equations of the existing model. The equations of the existing model is given by

Equations (1) - (5)

@
dt
av
dt
dE
dt
ﬂ
dt
dj
dt

== BIS(t) = (2 (t) + p)S(t) + SR(t),

= Yu()S(t) — aBI)V(E) — uV (1),
=oBIOV(t) + BI(t)S(t) — kE(t) — pE(?),
= kE(t) = (a4 p 47+ 12()1(1),

= Ya(O)1(t) +I(t) — pR(t) — SR(1).

6]
2
3)
“4)
®)
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FIGURE 1. Flow Diagram of the Existing Model (Modnak, 2017) [15]]

where 11 (t) and )2 (t) are function of ¢, representing non-uniform and time dependent
controls.

2.4. The Modified Model Equations. We modified the model by Modnak (2017) [15]
by converting the model from autonomous version to a non-autonomous version. We also
considered the force of infection to be incidence rate. Lastly, we employed the use of
constant recruitment rate into the population.

2.5. Assumptions of the modified model. In addition to the assumptions of the existing
model, we make the following assumptions:

H, The recruitment into the susceptible is considered for a varying population;

Hs The force of infection follows saturated rate due to the disease inhibition;

Hs A non-autonomous model is considered due to the time dependence of each state
variable;

H, Two controls which represent the reduction of force of infection and the isolation
of some exposed individuals that had contact with the infected individuals respec-
tively are introduced;

Hs Parameters used in the model are not time dependent as opposed to the existing
model.

The variables and parameters of the modified model are given in Table 2. While the
schematic diagram for the modified model is represented by Figure 2.
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TABLE 2. Description and Interpretation of Variables of the Model Equations

Variable Interpretation

S(t) Number of susceptible human at time t

V(t) Number of vaccinated human at time t

E(t) Number of exposed human at time t

I(t) Number of infected human at time t

R(t) Number of recovered human at time t

A Recruitment rate of human population

W Natural death rate

U1, U Infection control parameters

) Disease induced death rate

U Vaccination rate of the susceptible individual

o= (1-¢&) Degree of protection where ¢ is the vaccine efficacy

Yo Treatment of the infected individual

y Natural recovery rate of the infected individuals

k Progression rate from exposed to infectious

6 Rate at which recovered individual loss immunity and become susceptible

1+ 61(t) Inhibition effect from the behavioural increase

A(t) The force of infection which represent the transmission rate of the disease
?
v

AN(t)

\H afll

A)(1-w)

K(1-u,)

=

o+ U

FIGURE 2. Flow Diagram of the Modified Model
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2.6. Governing equations of the modified model. Putting into consideration the vari-
ables, parameters and the assumptions stated above we arrived at our modified model as
seen in Equations (6) — (11) below.

%f = AN(t) = M(t)(1 — un)S(t) — (1 + p)S(t) + OR(), (6)
O = wS() — oSBTV () — uV (1) )
% = oIV (t) + A(t)(1 —u1)S(t) — k(1 —u2) E(t) — nE(t), ®)
% = k(1 —up) E(t) — (v + p 4+~ + ) (1), ©)
U waI(t) 4 910) ~ (5 + ) RO, (10)
where
)\(t):L@ N(t):S(t)+V(t)+E(t)+I(t)+R(t) (11
(1+60I(t)) '

3. MODEL ANALYSIS

3.1. Positive invariant region. In this sub-section, we show the positive invariant of the
five state variables in model Equations (6) — (10).
dN(t dS(t av(t dE(t) dI(t) dR(t
() _dst) V()  dE() , dI(t) | dR(Y)
dt dt dt dt dt dt (12)
=A—uN(t)— al(t)

When the disease no longer kills. Thus, djggt) <A—puN(t)fora=0
At aN() _ 0, we have

dt
A—uN(@) <0 (13)
therefore,
A
N(t) < —
W
Proposition 1: The solution of the model (6) — (10) is feasible for all ¢ > 0 if they enter

the invariant region.

D = {(S(t), V), E(t), (), R(t)) € R° : S(t) > 0,V (t) > 0, E(t) > 0,1(t) > 0, R(t) > O|N(¢)

(14)

Theorem 3.1. The closed set D = {(S(t), V(t), E(t),I(t), R(t)) € R} : N(t) < %} is
positively invariant and attract all positive solutions of the model equations.

Remark 1. In the theorem, we think of the solution space as having five dimensions, so
that at any point in time ¢, we have a vector of solutions with five elements (standing for
the state variables) real and positive solutions, hence the plus sign in R°*. We therefore
prove Theorem (6 — 10). Generally, it implies thus:

Proof: IN
ar =A—puN(t) —al(t), 15)

==
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By a standard comparison theorem [Lakshmikantham ez al.,1989], we see that

dN
E:A_MN(t)v (16)

which yields (by the method of integrating factor)
A
N(t) < N(0)e ™ + —(1 —eH). (17)
I

To be specific, if N(0) < %, then N(t) < % Hence, D is positively invariant and an
attractor so that no solution path leaves through any boundary of D.

3.2. Disease Free Equilibrium (DFE) Analysis. Under this sub-section, we carry out
the equilibrium state of our model Equations (6) — (10) when there is no disease in the
population of interest. To investigate this, we simply substitute F(t) = I(t) = R(t) = 0

and % =4 = dB _ dl _ dR _ ( in model Equations (6) — (10) and obtain

A= (1 +p)S(t) =0, (18)
P18(t) — pV (t) = 0. (19)

Solving Equations (18) and (19) simultaneously, we have

A
S(t) = , 20
0= 5= 20)
and A

V)= —— 21
2 n(r + p) @b

Thus, the DFE of the model (6) — (10) is given by
Ey = (S(1)% V@), E(t)" 1), R(t)"),

22
A oA (22)

- ¢1+M’M(¢1+M)7070’0)'

3.3. Analysis of Basic Reproduction Number (Ry). To calculate the basic reproduction
number, we divide model Equations (6) — (10) into appearance of infection and transfer
of infection as matrix F;(z) and V;(x) (Driessche and Watmough, 2002)[8] where F;(z)
be the rate of appearance of new infections in compartment ¢ and V;(x) be the difference
between the transfer rate of individuals out of compartment ¢ by all other means. Thus,
the F;(x) and V;(x) of model Equations (6) — (10) is shown below: Let xo be the DFE of
model Equations (6) — (10). Thus, we have the following partitioned derivatives,

DF(z) = (ﬁ 3) ,

DV (2,) = (}fg })4) |

where F' and V' are M x N matrices defined by

= (s2s). o

and

v= () @4
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So that

_ 1 v,
Vo= : 25
determinant <‘9“’J‘(r°)> ’ (25)

1<1,5<m.
Here,the partial derivatives of F; and V; are with respect to the infected classes only. The
basic reproduction number is defined as

R, = p(FV™1), (26)

where p is the spectral radius of F'V ~!(by spectral radius we mean the maximum eigen-
value of F'V 1L,

Theorem 3.2. Consider the disease transmission model (2) with f(z) satisfying the sta-
bility conditions if zg is a DF'E of the model,the x, is locally asymptotically stable if
Ry < 1, but unstable if Ry > 1.

For the purpose of easy access and clarity, we shall rewrite model Equations (6) — (10) as
follows:

% = AN(t) = ME)(1 — u1)S() — (61 + p)S(E) + OR(2), @7
O = 615() ~ o BIOV (1) ~ V(1) 28)
Z—Jf =oBI(H)V () + At)(1 —u1)S(t) — k(1 —u2) E(t) — pE(?), 29
% =k(1—u)E(t) — (a+ p+~v+ ¢2)I(1), (30)
U 6a1(0) +41() — 5+ W) RUD), (31
where BI(t)
MO = gy MO = S0+ V) B+ 10) + R, (32)
Thus, F' and V are given as
p_ (eBIV () + HUEG G (33)
_ . ,
e K= u2) E(t) + uE(t)
_ —Uu t) + pkE(t
V= (—k(l —ug)E(t)2+ (a+u+v+wz)l(t))' GY

Since we have only two infected classes, FE(t) and I(t). It follows that m = 2.
We should note thatat the DFE, E(t)* =1(t)*=R(t)*=0, X € (S(t),V(t), E(t), I(t), R(t))

_ AN(t)
R +u

Putting these into consideration, we have

oF 0 oBV(H)+ BS(H)
3= - (O . > , (36)

s " a0+ )
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N = k(l—UQ)+M 0
T\ —k(l—ug) atvtpt+in )’

and 1
Ww)Tr 0
Nl=
k(l—u2) 1
(k(1—uz)+p)(aty+pt+ip2)  aty+ptipz
Therefore,
BEAN (t)o (1—uz)d1 BAN (t)opy
plptdr)(k(l—uz)+u)(atytutdz)  plptér)(aty+utedsz)
MN~! =
0 0
BkAo(1—u2) — BATpy
plptr) (B(1—u2)+u) (aty+p+i2) p(p+p1) (aty+ptipa)
MN=! —2I| =
0 0—=x

Thus, calculating the eigenvalues of equation (39), we have,

1 =0,
. BkAo (1 — ug) 9y
ot ) (B (L= u2) + p) (v + i+ 1h2)”
More so, the dominant eigenvalue is the basic reproduction number. Therefore,
B BkAo (1 — ug) i
() (b (1= u2) + p) (a+y + o+ )

€2

Ry

337

(37

(38)

(39)

The biological interpretation of this Ry is that, the avian influenza disease will die off
whenever its numerical value is less one. It becomes endemic whenever the Ry is greater
than one. It becomes inconclusive whenever Ry equals O or 1. In such case backward or

forward bifurcation analysis will be required.

3.4. Local Asymptotic Stability of the Disease Free Equilibrium. In this sub-section,
we investigate the local asymptotic stability (LAS) of our model Equations (6) —(10) in the
case where there is no disease in a population of interest (Asquith and Bangham, 2003)[2].
To do this, we linearized our model equations with the corresponding equilibrium, E;. We

first rewrite model Equations (6) — (10) as follows.
fi = AN(E) = MO — u)S() — (1 + p)S(t) + SR(),
f2=v1S(t) — oIV (E) — pV (1),
fs = aBIRV(8) + A(t)(1 — u1)S(t) — k(1 — ug) E(t) — nE(),
fo =k —u2) E(t) — (o + p 4+ + ¢2)I(2),
fs = ol (t) +7I(t) = (6 + ) R(1).

(40)
(41)
(42)
(43)
(44)

Differentiating (40) — (44) with respect to S(t), V (¢), E(t), I(t) and R(t), which yielded

Equations (45), (46), (47), (48) and (49) respectively
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Ofr _ BI{)(A —u) ofi . Of . 0fi  S@I(t)BY

95 = iteiw My Y aE %% T T arerme
_%, (45)
% :5’% :wh% - 7u—I(t)ﬁa,% :0,% = fa(t)v% =0, (9
Zﬁ,:m7gﬁzgg (t),%:—k(l—u2)—u,%=06‘/(t)
AR T (47)
gj;:;,:O’ZJ;;:Q?J;;:07‘;1;1:k(l_w)’aaf;:—(a+u+7+w2)7%=(fé)
%:0,%:0,%:&%=¢2+%%=—(ﬂ+5)- “9

Using the above linearized system, we obtain the general Jacobian Matrix of the model
(6) — (10) and is given by
0fi O9fi 9fi Of Of1
8, 8L 8L & Bk
S| & % % 4 & 50)
8h 8k B8R 8L 8L |
8, 8k 8k 8L Sk
oF OR

oI

Now, at the equilibrium E;, we have

—p—v%1 0 0 0 5
BAcp]
P1 —H 0 BTICEXIY) 0
J(E1) = _ _ _ _BAovy 51
(E1) 0 0 k(1 —u2)—p oSy 0 ; (61
0 0 k(1 —wu2) —a—y—p— P2 0
0 0 0 Y+ P2 —5—p
—pw—z— 0 0 0 6
BAcYy
Y1 THoT 0 _Lé/(\utpwﬂ 0
J(B1)—al = 0 0 —k(l—wu2) —p—= H(Tﬁ’ll) 0
0 0 k(1 —u2) —a—y—p—x— P 0
0 0 0 Y+ P2 —S—pu—=x

(52)
The eigenvalues of equation (52) was obtained using Mathematica Software with the
command in Appendix A.

a1z? + asx +az =0, (53)
where
ay = 1,
A—-B
ag = ——-—,
12+ by
T
asg

o4y



A MATHEMATICAL MODEL FOR TRANSMISSION DYNAMICS 339
with
A= ap® + appy + yp® + v + kp® ks + 20® + 20201 + 22 + i,

B = kpPus + kpugy,

T = akp® + vkp? + kp® + ap® +yp® + pt — akpuy — ykpuy — kpdug + aku)y +
Yk ppy +kpP iy +apir +y P+ pPy — B Aoy — akpugh —ykpug iy — kpPugi +
BkAougthy + kp*ihy + ks — kpPugths — kpugy by — pPes + p11hs.

Remark 2. The model (6) — (10) is locally asymptotically stable provided Ry < 1 and
unstable if otherwise.

3.5. Disease Endemic Equilibrium. Disease endemic equilibrium (DEE) only occurs
when the basic reproduction number Ry is greater than a unit. Whenever this occurred,
the disease evade a population and persist for a long time. We therefore seek to investigate
the DEE of model (6) — (10),
Ey = (S(t)*,V(t)*™, E(t)*, I(t)**, R(t)**) by equating the left hand sides of the model
(6) — (10) to zero and then solve for each state variable as follows:

A= A1) —u1)S(t) = (¥1 + p)S(t) + 6R(t) = 0,

P1S(t) — oIV (H) — pV(t) =0,

oBI)V(t) + Mt)(1 —u1)S(t) — k(1 — ua)E(t) — pE(t) =0, (54)

k(1 —u2)E(t) — (a4 p+v+12)I(t) =0,

oI (t) +4I(t) — (5 + wR(t) = 0.

We solve for each state variable of Equations (15) and we obtain

S0 = 1o
V=2,
B = 3
E(l—u
™= 0¢+i+ﬂj‘)¢27
Rty — K= u2) O+ )

(0 +p) (@t +p+)’
where @1, ®o, L1, Lo, K1, K5 are presented in D.

3.6. Local Asymptotic Stability of the Disease Endemic Equilibrium. Here, we seek
to analyze the local asymptotic stability of the disease endemic equilibrium (DEE). To do
this we claim the following result

Pl—ul—wl 0 0 Pg 1
1,[}1 7,LL7P3 0 75H*O' 0
J(E2) = Py Ps —k(l-us)—p  BH'o+Fs 0
0 0 k(1 —u9) —a—y—p—1s 0
0 0 0 ¥+ 1o —0—pu

(55)
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where
BRI (1—u  (146I(4)BS(1))—BI(t)S(1)6 _ _ BIt)(1-u
P 0 p, _ _GSMUSOSOSS by 51, — )
Ps = 0BV (t), P = WHIWESGN-LIOSWI i — v (1),
Pr—u =1 -y 0 0 Py o
1 —u—P3—y 0 —BH*o 0
J(Eg)—_[y: Py Ps c1—y BH*o + Ps 0
0 0 k(1 —ug) c2—Y 0
0 0 0 Y+ —0—p—y
(56)

where ¢; = —k (1 —ug) — pi,co = —a — v — . — ¢o.

The characteristic equation corresponding to the above matrix is given by
Yy’ + ary® + asy® + azy® + asy + a5 =0, (57)

where a1, as, as, a4, as are obtained using Mathematica Software command in Appendix
B and the coefficients of equation (57) are stated in Appendix E.

Theorem 3.3. The equilibrium, E? is locally asymptotically stable provided the coeffi-
cients of the characteristic equation (19) satisfies the following Routh Hurwitz stability
conditions:

1) a;(i=1,2,....,5) >0,

(2) aiaz > as,

3) arasasz > a% + a%a4,

4) arasaszay + arag,.5 + 2a1a4a5 > a§a4 +a2a? + aib3as + ag.

Proof: The prove of Theorem 3.5 is omitted due to the size of the polynomial coefficients
(a1, az, as, a4, as). However, in application, we will simply use numerical values as tabu-
lated in Table 3 to check.

3.7. Global Stability Analysis of the Disease Endemic Equilibrium. In this section, we
present the global stability of the model (2) at E3 equilibrium. We assume that the drug
efficacy £ — 1 and then 0 — 0. We give the following theorem by following (Li et al.,
2018). [18]

The global stability analysis of the endemic equilibrium, £} of model (2) becomes im-
perative when Ry > 1. To investigate the stability of the E3 equilibrium, we first of all
consider the compartments with the disease force of infection and the infected classes only
as follow.

A= Grargyey (T w)SWT + W+ w8 — IR,
g Hx *ok CBIWM* 1 w
k(1 — up) + o = BI(t)*V (t) +E((1t+)il*(t)”)(1 )S(t)7

atpt+y4ps ()
E(1—wup)  E(t)*
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Thus, we construct a Lyapunov function

V(1) = (S(1) 87 (1) ~ 5 (1)log o fg)) (B(t) — B (t) — B (t)log EE*%
+ T(I(t) —I"(t) -1 (t)logl**(t),
(58)

Taking the time derivative of equation (58) along the solution of the Equations (6) — (10),
we have

(). B, . k4p
a3 (- g B+ G-

By direct substitution of Equations (6) — (10) in (59), we obtain

v=0- 0]

). (59)

(1= 2h8 = (1= DA s (= SO = + 0)S(0) + 5R(E)™
— (1= 2 ey 870+ (a0 + w57 ()
~ OB 0] = g (1 - WS + (G + )S(0) - 0RO
o 1= = 2 &+ wsm o - 2o )
P TR e
(60)
- (al0) + SO0 - )
-8R0 - )
=)+ ws 0z - S0 - 294 - S EETE)
- 250
(1= T = (1= ST 1 - ) — (-4 wE ()

t)S
I
B (1), BI()S
I

_ (t) BI**(t)S™(t) E(t)
== Ze e YW T LT WaEey
_ BIY)S ()(1_ = BI(t)S* (t)(l_u) E(t)
1+6’I(t) TR o (1) Y E=(t)
BI(t)S (t)( _u E®) A0S

T L+ 0I(t) Ve T e )

(61)
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(= Thi = () = T~ ) B0 ~ (-t -+ )10
_ 0 b (1)

= k(1= ua) + (1 - B0 - kel - T
B OO YR W U N T O PR (0

o O WEel T T T arerw W et T
_BIr(#)ST(t) E@{)  BIM(E)ST™() E@®) ()
T L0t Ev(t) 1+6Iv(t) Ev() 1(t)
BI(t)S™(t) I(t) | BI™(t)S™(t)

Lr00~(t) ()~ 1+600(1)

(62)
It follows from (60 — 62) that
pI=(t)S5*(t) ST(t) BT 1)
T W (3 TS0 EUI) I**(t)) (63)
pI(t)S™(t) S E™(1)
a0 (1 e
From equation (63), we have

S*(t)  S(t)
<2 5) S**(t>) =0
(3_5**(t) E() (1) I(t))

~
n
—~
=
N———

S(t) E=I(t)  I**(t)
_ SWET®N
SH(E(t)
Thus, the condition (64) implies that Y < 0, for (S(t), V (t), E(t), I(t), R(t)) € Q. Then,
the equilibrium, E3 is globally asymptotically stable on 2.

<0, (64)

Remark 3. The occurrence of this condition implies that the influenza disease becomes
endemic globally. When this happens, it will claim many lives and may also put the world
in recession as similar to the novel corona virus disease 2019 (COVID 19 Pandemic).

3.8. Sensitivity Analysis. In this section, we performed the sensitivity analysis in order
to determine the relative importance of the model parameters on disease transmission. The
analysis will enable us to find out parameters that have high impact on the basic reproduc-
tion number and which should be targeted for intervention strategies. We perform sensitiv-
ity analysis by calculating the sensitivity indices of the effective reproduction number Ry
since our major emphasis is on the invasive plants in order to determine whether malaria
fever can be controlled or not. These indices tell us how crucial each parameter is on the
transmission of malaria fever. The sensitivity index of Ry, to a parameter say 7, where 7
is any of the parameters in Table 3 is given by

aR() T

o= — 2« —
T or XRO,
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where
P =T1 =Tk =1,
Y
k(—u2) +k+p’
pug
(uz = 1) (k (-u2) + k + p)’
_ K
pt Y

B — ﬁ
0 dy’

Ro __
Fk =

Ro _
L=

Ro
F‘I,I

¥
atytpt
«
a+y+pt
T
a+y+pts

Ro __
F\I,z =
Ro __
r;ge =

rfo =
where
di =1 (20 + 2y 4 3p) + k(o + v + 20) + b2 (k + 2p)) + p (w(3e + 3y + 4p)
+ k(200 + 27 4 3p) + 2(2k + 3u) — kug (Y1 (o + v 4 20 + o) .
+ p (20 + 27 + 3p + 2¢h9)
dy = (p+v1) (k(—uz) + k+p) (a+v+p+2).

4. MODEL SIMULATION

In this section, we use the inbuilt MATLAB function ode 45 to solve the modified model
equations above. The graphical user interface in the MATLAB version 7.5 was used for the
solution method, simulation and visualization on graphs. We made use of the parameters
of the model and their values from related literature and we assumed some parameters
values that are not found in literature. The values used here are as contained in Table 4.
The Matlab code used is in Appendix C.

TABLE 3. Parameter values of the Model Equation

Parameter Value References

Ay, 100 Assumed

I} 0.005/day Modnak (2017)[15]
o 0.699/day Modnak (2017)[15]
k 0.00015(0-0.8) Varied

Usg 0.2(0-0.8) Varied

P 0.7 Modnak (2017)[15]
L 0.00197 Assumed

o 0.7 Assumed

«a 0.03 Modnak (2017)[115]

~y 0.36 Modnak (2017)[15]
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4.1. Results from the Analysis of the Model Equations. The modified model equations
positive region was proved to exist within the domain, D = {(S(t), V (¢), E(t), I(t), R(t)) €
R S(t) > 0,V(t) > 0,B(t) > 0,1(t) > 0,R(t) > 0: N(t) < &. The model has
two equilibria namely, the disease-free equilibrium and the disease endemic equilibrium
denoted as F; and E respectively. In the case of F1, the susceptible and the vaccinated
humans or populations exist with intake of the vaccines. In the case of E5 equilibrium, all
the sub-populations coexist.

The stability analysis of the F; equilibrium shows that the system is locally asymp-
totically stable provided Ry < 1 and unstable if otherwise. The Fs equilibrium is lo-
cally asymptotically stable provided the given Routh Hurwitz stability conditions stated in
Theorem 3.5 is satisfied. The model global stability was proved by the use of Lyapunov
function.

We also carried out the sensitivity analysis of the modified model by taking partial
derivatives of the Ry with respect to each of the model parameters. We found that 3, k, o, A
and 1), are the most sensitive parameters. This implies that any increase in any of these
parameters’ value will lead to increase of the model basic reproduction number Ry, and
thereby trigger the disease infection.

TABLE 4. Parameter values of the model equations

Parameter Value Sensitivity Index
A 100 +1.0000

B 0.005/day +1.0000

o 0.699/day +1.0000

k 0.00015(0-0.8) +0.942584
Ug 0.2(0-0.8) 0.0028064
U 0.7 +0.0001343
L 0.00197 -0.2356460
(I 0.7 -0.6410430
@ 0.03 -0.0274730
5y 0.36 -0.3296790

4.2. Results from the Sensitivity Analysis. The most sensitive parameters are Ay, 3, 0, k, 11
and p. Any increment in the values of the parameters with negative indices would reduce
the value of the basic reproduction number, also any increment in the value of the param-
eters having positive indices will increase the endemicity of the disease. The basic repro-
duction number increases in all cases as all these parameters increases, which means that
all these parameters have to be kept under control in order to have a complete eradication

of avian influenza.

4.3. Numerical Simulation. In this section, we shall use the parameters values given in
Table 4 to carryout our numerical simulation as follows.

5. CONCLUSIONS AND DISCUSSIONS

We present a mathematical model on avian influenza with detailed analysis. We basi-
cally considered human population only and ignored the bird population as a result of our
interest in the dynamics of avian influenza on human population. Initially, we presented
a detailed mathematical results of the model equations. The results obtained show that
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the model is stable both locally and globally under some certain conditions. The stability
results for disease free equilibrium is obtained when Ry < 1. If Ry > 1, we proved that
the endemic equilibrium of the model is both locally, globally asymptotically stable under

some certain conditions.
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The numerical results of the model is obtained and is given in Figure 3 - 9. The nu-
merical results validate that the transmission dynamics of the avian influenza which is
determined by force of infections. It is observed that the parameter the saturation effect, 6
and the contact between infected humans to susceptible humans do not change the stability
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of the equilibria and so that the outbreaks, as the infected humans do not spread the virus
further. Figure 3 shows the dynamics of avian influenza disease with respect to exposed
individual by varying the inhibition rate parameter, 6. The exposed individuals population
decreases with increase in 6 and vice versa within the first ten (10) days.

In Figure 4, we show the dynamics of the disease with respect to infected population
by varying the inhibition rate, §. The infected population decreases with the increase in
0 value and vice versa for 20 - 30 days. However, it is interesting to know here that the
inhibition rate, 6 reduced the infected population from 4,500 to about 1,250 (i.e. decline
or reduction of infected population by 1, 350).

In Figure 5, we plot the recovered population over time. We observed that the recovered
population increases with decrease of the inhibition rate, 6. This is expected to happen
since the waiting time in exposed and infected compartment is ignored or reduced.

Figure 6 shows the plot of exposed individuals over time by varying the control pa-
rameter value, u; which represents the control of susceptible individuals from getting or
moving into the exposed compartment. It was found that the higher the control rate the
lower the exposed population becomes over time.

Figure 7 describes the plot of infected individuals over time with respect to varying
the parameter, k which represents the progression rate of exposed individuals to infected
compartment. It was found that the higher the progression rate value the higher the growth
of the infected individuals population over time and vice versa.

In Figure 8, we vary us which represents the control of exposed individuals from be-
coming infected. The control was achieved significantly from day O to day 35. An equilib-
rium point is observed from day 35 to day 50.

Figure 9 shows variation of the vaccination parameter, ¢);. With vaccination, the ex-
posed population declined drastically. It was found that vaccination of individuals is para-
mount at the early stage of the disease occurrence.

Following the numerical results obtained from this study, we found out that the re-
sults are in agreement with the works of Jagan and Kartheek (2016) [[11], Caroline et al.
(2018)[3]], and Khan et al. (2019)[12] who observed that vaccination, force of infection
and contact with infected birds are the major ways the disease can be eliminated. However,
Caroline et al. (2018)observed that vaccination alone cannot eliminate the disease despite
the numerical analysis shows that the basic reproduction number was reduced to less than
unity.
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In conclusion, the numerical results show that increasing the vaccination parameter and
the treatment parameter decrease the exposed humans and the infected humans respectively
and can help to control the disease.

In this study we have formulated a non-autonomous mathematical model that study
the dynamics of an avian influenza with saturated incidence rate by modifying Modnak
(2017)[15]. The model exhibits two equilibria, namely, the disease free equilibrium (DFE)
and the disease endemic equilib- rium (DEE). The disease threshold that is, the basic re-
production number was computed using the next generation matrix method. The DFE is
locally asymptotically stable when Ry < 1 and the endemic equilibrium is both locally
and globally stable when Ry > 1. The disease can be eradicated provided the efficacy of
the vaccine is high and the administration is up to 80% - 90% of the susceptible individuals
and the treatment of the infected individuals are seriously observed.
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APPENDICES

Appendix A. (J(E;)—zI) = {{—p—2,0,0,0,8}, {¢1, —u,0, —%,0}, {0,0, —k(1—
UQ)

R, %a O}a {Oa 0, k(l_u2), —=Y =T, 0}7 {07()’ 07’Y+¢27 —6—/.11—.13}}
characteristicPolynomial [ %1, x]

Collect|%2, x]

AppendixB. (J(Eg)—fy) = {{Pl—ul—wl—y,0,0,Pg,(S}, {¢1, —M—Pg—y,o, —ﬁH*O', O}, {P4,P5,Cl—
yaﬂH*U =+ Pﬁa 0}7 {05 07 k(l - UQ), C2 — y70}7 {0707077 + 1/}27 -0 — H—= y}}

characteristicPolynomial[%3, y]

Collect[%4, y]

Appendix C. functiond, = umoru(t,y)

d, = zeros(5,1);

Lambda = 100; mu = 0.001917; beta = 0.04; theta = 0.9; gamma = 0.036;
delta = 0.01; xi = 0.05; sigma = (1 — xi); k = 0.15; alpha = 0.03;

psty = 0.09; psio = 0.08;

ul =0.2; u2 =0; lambda = beta*y(4)/(1+theta*y(4));
dy(1)= Lambda - lambda*(1-ul)*y(1)-(psi; + mu) x y(1) 4 delta * y(5);
dy(2) = psiy * y(1) — sigma * beta * y(4) * y(2) — mu * y(2);
dy(3) = sigmaxbetaxy(4) xy(2)+lambdax (1 —ul)xy(1) — (k* (1 —u2)+mu)xy(3);
dy(4) =k * (1 — u2) x y(3) — (alpha + mu + gamma + psiz) * y(4);
y(5) = psia x y(4) + gamma * y(4) — (delta + mu) * y(5);

=



350 OSENI ET AL.

TY
= oded5("umor/, [0, 100], [500045002000340300));

gridon

holdon

plot(T,y3,' v, Linewidth’,2)
xlabel("Time(days)’)

ylabel(' ExposedIndividuals’)

legend('0 =0'/60 =0.5/0 =0.9)
subplot(2, 3,1); plot(y4, y1,” Linewidth’, 1)

subplot(2,3,1); xlabel ("Time(hour)’)
subplot(2, 3,1); ylabel (' Fish Population’)
subplot(2,3,2); plot(T, y2," Linewidth’, 1)
subplot(2, 3,2); xlabel("T'ime(hour)’)
subplot(2, 3, 2); ylabel (' Pesticidesinwater”)
subplot(2, 3, 3); plot(T, y3,” Linewidth’, 1)
subplot(2, 3, 3); xlabel ("Time(hour)’)
subplot(2, 3, 3); ylabel(' Pesticidesinsediment’)
subplot(2,3,4); plot(T, y4," Linewidth’, 1)
subplot(2, 3,4); xlabel('Time(hour)")
subplot(2, 3,4); ylabel (' Uptakeconcentration’)
subplot(2,3,5); plot(T, y5,” Linewidth’, 1)
subplot(2, 3,5); xlabel("Time(hour)’)
subplot(2, 3,5); ylabel('Uptakeconcentration’)

APPENDIX D

Dy = Bk (ug — 1) (+ v + Ok — Okuy + 1+ 12) (a6 + alp + A + yAp
+ 0Ap + O Ay + Ok + Skipy — YSkug — Skugthy + Ap® + Apabs
(—ap —aopy —ypu — yohy — Bko — Okopy + Bkouy + Bkous
— Bkouyug + Okougthy — p — poty — phy — o1ty + apuy + Yy + plug + pu iy
By = (5 + p) (k (—uz) + k4 p) (@ + 7+ p+12) 2 (apy + Y1 + Bk + Ok,
— Bkuy — Bkus + Bkuius — Okustpy + 0kuy — Okuiug + pdr + cuy + yug + pug + ugths
+ 1ta (ap + yp + Bko — Bkoug + i + pabs)
Ly = ¢1 (a+v 4 0k — Okug + p + ¥a) (A + alp + yOA + yAp
+ 8Ap 4 Ay + 0k + Skapy — yOkug — Skuothe + Ap® + Apabs
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Ly = (0 4 p) (atp1 + 1 + Bk + 0kipy — Bkuy — Bkug + Bkuyus — Okuai)y
+ Okuy — Okuyus + phr + cug + yug + pug + uthy + Yo (ap + yu
+ Bko — Bkouy + pu + pabs)
K1 = (a4 7+ 0k — Okug + 1+ 12) (adA + alp + 0N + yAp + A p + SAhs
+ 0k + 0kipg — yOkug — Skugthe + Ap® + Apabo
Ko = (6 +p) (o + 7+ p+1b2) (ahr +y31 + Bk + Okipr — Bhur — Bkuz + Bkuiug
— Okugtpy + Okuy — Okuyuz + pthy + aur + yur + pur +ure + Y1t

Appendix E.

ar=a+y+3+k(L—u) +4p+ P+ Py +up + 1 + 1
ay = —(ad—3ap—a; —y6—3ypu—yh1 —36u—0¢1 —dho+k (1 — uz) (BH*o + Ps)+
EP; (1 —ug)—kPs (1 —ug)—ak (1 —ug)—vk (1 —ug)—0k (1 — uz)—3ku (1 —ug)—
k(l—UQ)wl — k(l—U2)¢2 — kuy (I—UQ) — 6#2 —4[[“#1 — 3uy + aP; — aPs +
YPL —yP3+ 0P — 6P +4puPy — 3uP3 — Pyuy — P3ipy + Prapo — P3tpo + P Py — auy —
yur — 0uy — dpug — urthe — P1iPa)

az = —(4p3 —3ap?® —3yu? —36u* +6 Py i — 3P3 i — 6uq u? — 3k (1 — ug) p? — 61y —
3ou? —2adp— 276 pu+ 3Py pu+3v P+ 36 Py p— 2 Py i — 27y P — 26 Py ju+ 3 Py Py —
oy pp—3yu ppr—30ur p—3Psurpp—2ka (1 — ug) p—2ky (1 — ug) p—2k6 (1 — ug) p+
3kPy (1 —wug)p — 2kPs (1 —ug) p — 3kuy (1 — ua) p — 3ah1pp — 3y — 30U —
3P3¢1/1,—3k (]. — UQ) 1/)1#—25¢2M+3P1¢2/1,—2P3’(/)2,U,—3U1’(/)2,U,—2]6 (]. — UQ) ’l/JQM—
3o p+2k (1 — ug) (PG + BUH*) u+adPy+~v0 P, —adP3—~§Ps+aP P3+~vPy Ps+
P Py — aduy — youy — aPsu; — yPsu; — 6Psuy — kad (1 —ug) — kvd (1 —ug) +
ka Py (1 — UQ) + kv Py (1 — ’U,Q) + k6P, (1 — ’UQ) — kaPs (1 — UQ) — kvyPs (1 - Ug) —
k5P3 (1 — Ug) + kplpg (1 — UQ) + ]CPQP4 (1 — ’LLQ) — k:ozul (1 — UQ) — k’yul (1 — UQ) —
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