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BI-QUASI-INTERIOR IDEALS

MARAPUREDDY MURALI KRISHNA RAO

ABSTRACT. In this paper, as a further generalization of ideals, we introduce the notion of
a bi-quasi-interior ideal as a generalization of ideals, right ideals, left ideals, quasi ideals, bi
ideals, interior ideals and quasi interior ideals of a Γ−semigroup and study the properties
of bi-quasi-interior ideals of a Γ−semigroup.

1. INTRODUCTION

In 1995, M.Murali Krishna Rao [9,17,18] introduced the notion of a Γ−semiring as a
generalization of Γ− rings, ternary semirings and semirings. As a generalization of ring,
the notion of a Γ−ring was introduced by Nobusawa [24] in 1964. In 1981. Sen [25]
introduced the notion of a Γ−semigroup as a generalization of a semigroup. The notion
of a ternary algebraic system was introduced by Lehmer [7] in 1932. Lister [8] introduced
a ternary ring. The set of all negative integers Z is not a semiring with respect to usual
addition and multiplication but Z forms a Γ−semiring where Γ = Z. The important rea-
son for the development of a Γ−semiring is a generalization of results of rings, Γ−rings,
semirings, semigroups and ternary semirings. The notion of a semiring was introduced
by Vandiver in 1934, but semirings had appeared in earlier studies on the theory of ideals
of rings. Many mathematicians proved important results and charecterization of algebraic
structures by using the concept and the properties of generalization of ideals in algebraic
structures. Henriksen [2] and Shabir et al. studied ideals in semirings We know that the no-
tion of a one sided ideal of any algebraic structure is a generalization of notion of an ideal.
The quasi ideals are generalization of left ideal and right ideal whereas the bi-ideals are
generalization of quasi ideals.In 1952 the concept of bi-ideals was introduced by Good and
Hughes [1]for semigroups. The notion of bi-ideals in rings and semirings were introduced
by Lajos and Szasz [5,6].Bi-ideal is a special case of ( m-n) ideal. Steinfeld first intro-
duced the notion of quasi ideals for semigroups and then for rings. Iseki [3,4] introduced
the concept of quasi ideal for a semiring. Murali Krishna Rao [10]studied ideals in ordered
Γ−semiring.Murali Krishna Rao [11,12,13,14,15,16] introduced the notion of left (right)
bi-quasi ideal and bi-interior idea of semiring, Γ−semigroup,Γ−semigroup and study the
properties of left bi-quasi ideals. We characterize the left bi-quasi simple Γ−semigroup
and regular Γ−semigroup using left bi-quasi ideals of Γ−semigroups. In this paper,as
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a further generalization of ideals, we introduce the notion of bi- quasi-interior ideal as a
generalization of bi-ideal,quasi ideal, interior ideal,bi-interior ideal and bi-quasi ideal of
Γ−semigroup and study the properties of bi-quasi-interior ideals of Γ−semigroup.Some
charecterization of bi-quasi-interior ideals of Γ−semigroup,regular Γ−semigroup and sim-
ple Γ−semigroup.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

Definition 2.1. A semigroup is an algebraic system (M, .) consisting of a non-empty set
M together with an associative binary operation ′′ ·′′ .

Definition 2.2. A subsemigroup T of a semigroup M is a non-empty subset T of M such
that TT ⊆ T.

Definition 2.3. A non-empty subset T of a semigroup M is called a left (right) ideal of M
if MT ⊆ T (TM ⊆ T ).

Definition 2.4. A non-empty subset T of a semigroup M is called an ideal of M if it is
both a left ideal and a right ideal ofM.

Definition 2.5. A non-empty Q of a semigroup M is called a quasi ideal of M if QM ∩
MQ ⊆ Q.

Definition 2.6. A subsemigroup T of a semigroup M is called a bi-ideal of M if TMT ⊆
T.

Definition 2.7. A subsemigroup T of a semigroup M is called an interior ideal of M if
MTM ⊆ T.

Definition 2.8. An element a of a semigroup M is called a regular element if there exists
an element b of M such that a = aba.

Definition 2.9. A semigroup M is called a regular semigroup if every element of M is a
regular element.

Definition 2.10. Let M and Γ be non-empty sets. Then we call M a Γ−semigroup, if there
exists a mapping M × Γ ×M → M (images of (x, α, y) will be denoted by xαy, x, y ∈
M,α ∈ Γ) such that it satisfies xα(yβz) = (xαy)βz. for all x, y, z ∈ M and α, β ∈ Γ.

Definition 2.11. Let M be a Γ−semigroup. An element 1 ∈ M is said to be unity if for
each x ∈ M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 2.12. AΓ−semigroup M is said to be left (right) singular if for each a ∈ M
there exists α ∈ Γ such that aαb = a(aαb = b), for all b ∈ M.

Definition 2.13. A Γ−semigroup M is said to be commutative if aαb = bαa, for all a, b ∈
M, for all α ∈ Γ.

Definition 2.14. Let M be a Γ−semigroup. An element a ∈ M is said to be an idempotent
of M if there exists α ∈ Γ such that a = aαa and a is also said to be α idempotent.

Definition 2.15. Let M be a Γ−semigroup. If every element of M is an idempotent of M
then Γ−semigroup M is said to be band.
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Definition 2.16. Let M be a Γ−semigroup. An element a ∈ M is said to be regular
element of M if there exist x ∈ M,α, β ∈ Γ such that a = aαxβa.

Definition 2.17. Let M be a Γ−semigroup. Every element of M is a regular element of
M then M is said to be a regular Γ−semigroup M.

Definition 2.18. Let M be a semigroup. A non-empty set L of M is said to be left bi-quasi
(right bi-quasi) ideal of M if L is a subsemigroup of M and ML ∩ LML ⊆ L(LM ∩
LML ⊆ L).

Definition 2.19. Let M be a semigroup. A non-empty subset L of M is said to be bi-quasi
ideal of M if L is a subsemigroup of M ,ML ∩ LML ⊆ L and LM ∩ LML ⊆ L.

Definition 2.20. [12] Let M be a semigroup. A non-empty subset L of M is said to be
bi-interior ideal of M if L is a subsemigroup of M and MLM ∩ LML ⊆ L

Definition 2.21. An element a ∈ Γ−semigroup M is said to be idempotent if there exists
α ∈ Γ such that a = aαa.

Definition 2.22. A non-empty subset A of a Γ− semigroupM is called
(i) a Γ−subsemigroup of M if (A,+) is a subsemigroup of (M,+) and AΓA ⊆ A.

(ii) a quasi ideal of M if A is a Γ−subsemigroup of M and AΓM ∩MΓA ⊆ A.
(iii) a bi-ideal of M if A is a Γ−subsemigroup of M and AΓMΓA ⊆ A.
(iv) an interior ideal of M if A is a Γ−subsemigroup of M and MΓAΓM ⊆ A.
(v) a left (right) ideal of M if A is a Γ−subsemigroup of M and MΓA ⊆ A(AΓM ⊆

A).
(vi) an ideal if A is a Γ−subsemigroup of M,AΓM ⊆ A and MΓA ⊆ A.

(vii) a k−ideal if A is a Γ−subsemigroup of M,AΓM ⊆ A,MΓA ⊆ A and x ∈
M, x+ y ∈ A, y ∈ A then x ∈ A.

((viii) a bi-interior ideal of M if A is a Γ−subsemigroup of M and MΓBΓM∩BΓMΓB ⊆
B.

((ix) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a Γ−subsemigroup of M
and MΓA ∩AΓMΓA ⊆ A (AΓM ∩AΓMΓA ⊆ A).

((x) a left quasi-interior ideal (right quasi-interior ideal) of M if A is a Γ−subsemigroup
of M and MΓAΓMΓA ⊆ A (AΓMΓAΓM ⊆ A).

((xi) a left tri- ideal (right tri- ideal) of M if A is a Γ−subsemigroup of M and AΓMΓAΓA ⊆
A (AΓAΓMΓA ⊆ A).

((xii) a tri- ideal of M if A is a Γ−subsemigroup of M and AΓMΓAΓA ⊆ A and
AΓAΓMΓA ⊆ A.

((xiii) a left(right) weak-interior ideal of M if B is a Γ−subsemigroup of M and MΓBΓB ⊆
B( BΓBΓM ⊆ B).

((xiv) a weak-interior ideal of M if B is aΓ−subsemigroup of M and Bis a left weak-
interior ideal and a right weak-interior ideal of M .

3. BI-QUASI-INTERIOR IDEALS OF Γ−SEMIGROUPS

In this section, we introduce the notion of bi-quasi-interior ideal as a generalization of
bi-ideal,quasi-ideal and interior ideal of Γ−semigroup and study the properties of bi-quasi-
interior ideal of Γ−semigroup.

Definition 3.1. A non-empty subset B of a Γ−semigroup M is said to be bi-quasi-interior
ideal of M if B is a Γ−subsemigroup of M and BΓMΓBΓMΓB ⊆ B.
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Every bi-quasi-interior ideal of Γ−semigroup M need not be bi-ideal,quasi-ideal, inte-
rior ideal. bi-interior ideal and bi-quasi ideals of a Γ−semigroup M.

Example 3.2. Let M = {a, b, c, d, e} and Γ = {α, β}. The ternary operation is defined
by M × Γ×M −→ M by the following table:

α a b c d e
a a d a d d
b a b a d d
c a d c d e
d a d a d d
e a d c d e

β a b c d e
a a d a d d
b a b a d d
c a d c d e
d a d a d d
e a d c d e

Then M is a Γ−semigroup. Let B = {a, c}. Then B is not a right ideal, B is not an
interior ideal, B is not a quasi ideal, B is not a quasi interior ideal and B is a bi quasi ideal.

In the following theorem, we mention some important properties and we omit the proofs
since proofs are straight forward.

Theorem 3.1. Let M be a Γ−semigroup. Then the following are hold.
(1) Every left ideal is a bi-quasi-interior ideal of M.
(2) Every right ideal is a bi-quasi-interior ideal of M.
(3) Every quasi ideal is bi-quasi-interior of M.
(4) Every ideal is a bi-quasi-interior ideal of M.
(5) Intersection of a right ideal and a left ideal of M is a bi-quasi-interior ideal of M.
(6) If L is a left ideal and R is a right ideal of Γ−semigroup M then B = RΓL is a

bi-quasi-interior ideal of M.
(7) If B is a bi-quasi-interior ideal and T is a Γ−subsemigroup of M then B ∩ T is

a bi-quasi-interior ideals of Γ−semigroup M.
(8) Let M be a Γ−semigroup and B be a Γ−subsemigroup of M .If BΓMΓMΓMΓB ⊆

B then B is a bi-quasi-interior ideal of M.
(9) Let M be a Γ−semigroup and B be a Γ−subsemigroup of M .If MΓMΓMΓMΓB∩

BΓMΓMΓMΓM ⊆ B then B is a bi-quasi-interior ideal of M.

Theorem 3.2. Every bi-ideal of a Γ−semigroup M is a bi-quasi-interior ideal of a Γ−semigroup
M.

Proof. Let B be a bi-ideal of Γ−semigroup M. Then BΓMΓB ⊆ B.
Therefore BΓMΓBΓMΓB ⊆ BΓMΓB ⊆ B.
Hence every bi-ideal of the Γ−semigroup M is a bi-quasi-interior ideal of M. □

Theorem 3.3. Every interior ideal of a Γ−semigroup M is a bi-quasi-interior ideal of M.

Proof. Let I be an interior ideal of Γ−semigroup M.
Then IΓMΓIΓMΓI ⊆ MΓIΓM ⊆ I.
Hence I is a bi-quasi-interior ideal of the Γ−semigroup M. □

Theorem 3.4. Let M be a Γ−semigroup and B be a Γ−subsemigroup of M . B is a bi-
quasi-interior ideal of M if and only if there exist a left ideal L and a right idealR such
that RΓL ⊆ B ⊆ R ∩ L .

Proof. Suppose B is a bi-quasi-interior ideal of the Γ−semigroupM .
Then BΓMΓBΓMΓB ⊆ B. Let R = BΓMΓBΓM and L = MΓB.
Then L and R are left and right ideals of M respectively.
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Therefore RΓL ⊆ B ⊆ R ∩ L .
Conversely suppose that there exist L and R are left and right ideals of M respectively
such that RΓL ⊆ B ⊆ R ∩ L .Then
BΓMΓBΓMΓB ⊆ (R ∩ L)ΓMΓ(R ∩ L)ΓMΓ(R ∩ L)
⊆ (R)ΓMΓ(R)ΓMΓ(L)
⊆ RΓL ⊆ B .
Hence B is a bi-quasi-interior ideal of the Γ−semigroup M. □

Theorem 3.5. Let A and C be bi-quasi-interior ideals of a Γ−semigroup M and B =
AΓC. If CΓC = C then B is a bi-quasi-interior ideal of M.

Proof. Let A and C be bi-quasi-interior ideals of the Γ−semigroup M and B = AΓC.
BΓB = AΓCΓAΓC = AΓCΓCΓCΓCΓAΓC ⊆ AΓCΓMΓCΓMΓC ⊆ AΓC = B.
Obviously B = AΓC is a Γ−subsemigroup of M

BΓMΓBΓMΓB = AΓCΓMΓAΓCΓMΓAΓC

⊆ AΓMΓAΓMΓAΓC ⊆ AΓC = B.

Hence B is a bi-quasi-interior ideal of M. □

Corollary 3.6. Let A and C be bi-quasi-interior ideals of a Γ−semigroup M and B =
CΓA. If CΓC = C then B is a bi-quasi-interior ideal of M.

Theorem 3.7. Let A and C be Γ−subsemigroups of M and B = AΓC. If A is the left
ideal then B is a bi-quasi-interior ideal of M.

Proof. Let A and C be Γ−subsemigroups of M and B = AΓC Suppose A is the left ideal
of M. BΓB = AΓCΓAΓC ⊆ AΓC = B.

BΓMΓBΓMΓB = AΓCΓMΓAΓCΓMΓAΓC

⊆ AΓC = B.

Hence B is a bi-quasi-interior ideal of M. □

Corollary 3.8. Let A and C be Γ−subsemigroups of Γ−semigroup M and B = AΓC. If
C is a right ideal then B is a bi-quasi-interior ideal of M.

Theorem 3.9. Let M be a Γ−semigroup and T be a non-empty subset of M. Then every
subsemiring of T containing TΓMΓTΓMΓT is a bi-quasi-interior ideal of a Γ−semigroup
M.

Proof. Let B be a subsemiring of T containing TΓMΓTΓMΓT. Then

BΓMΓBΓMΓB ⊆ TΓMΓTΓMΓT

⊆ B.

Therefore BΓMΓBΓMΓB ⊆ B.
Hence B is a bi-quasi-interior ideal of M. □

Theorem 3.10. B is a bi-quasi-interior ideal of a Γ−semigroup M if and only if B is a
left ideal of some right ideal of Γ−semigroupM .

Proof. Suppose B is a left ideal of some right ideal R of the Γ−semigroupM .Then RΓB ⊆
B,RΓM ⊆ B.Hence BΓMΓBΓMΓB ⊆ BΓMΓB ⊆ RΓMΓB ⊆ RΓB ⊆ B. There-
fore B is a bi-quasi-interior ideal of the Γ−semigroup M . Conversely suppose that B is a
bi-quasi-interior ideal of the Γ−semigroup M .Then BΓMΓBΓMΓB ⊆ B. Therefore B
is a left ideal of right ideal BΓMΓBΓM of the Γ−semigroupM . □
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Corollary 3.11. B is a bi-quasi-interior ideal of Γ−semigroup M if and only if B is a
right ideal of some left ideal of Γ−semigroupM .

Theorem 3.12. If B is a bi-quasi-interior ideal of a Γ−semigroup M, T is a Γ−subsemigroup
of M and T ⊆ B then BΓT is a bi-quasi-interior ideal of M.

Proof. Obviously, BΓT is a Γ−subsemigroup of (M,+). BΓTΓBΓT ⊆ BΓT.
Hence BΓT is a Γ−subsemigroup of M.

We have MΓBΓTΓM ⊆ MΓBΓM

and BΓTΓMΓBΓT ⊆ BΓMΓB

⇒BΓTΓMΓBΓTΓMΓBΓT ⊆ BΓMΓBΓMΓBΓT ⊆ BΓT.

Hence BΓT is a bi-quasi-interior ideal of the Γ−semigroup M. □

Theorem 3.13. Let B be bi-ideal of Γ−semigroup M and I be interior ideal of M. Then
B ∩ I is bi-quasi-interior idea of M.

Proof. Obviously B ∩ I is a Γ−subsemigroup of M. Suppose B is a bi-ideal of M and I
is an interior ideal of M. Then

(B ∩ I)ΓMΓ(B ∩ I)ΓMΓ(BΓI) ⊆ B(B ∩ I)ΓMΓ(B ∩ I)ΓMΓ(BΓI)ΓM ⊆ I

Therefore (B ∩ I)ΓMΓ(B ∩ I)ΓMΓ(BΓI)ΓM ⊆ B ∩ I.
Hence B ∩ I is a bi-quasi-interior ideal of M. □

Theorem 3.14. Let M be a Γ−semigroup and T be an additive subsemigroup of M. Then
every additive subsemigroup of T containing TΓMΓTΓMΓT is a bi-quasi-interior ideal
of M.

Proof. Let C be an additive subsemigroup of T containing TΓMΓTΓMΓT. Then

CΓMΓCΓMΓC ⊆ TΓM ∩ TΓMΓT

⊆ C.

Hence C is a bi-quasi-interior ideal of the Γ−semigroup M . □

Theorem 3.15. Let M be a Γ−semigroup. If M = MΓa, for all a ∈ M. Then every
bi-quasi-interior ideal of M is a quasi ideal of M.

Proof. Let B be a bi-quasi-interior ideal of the Γ−semigroup M and a ∈ B. Then

BΓMΓBΓMΓB ⊆ B

⇒MΓa ⊆ MΓB, (BΓM = M)

⇒M ⊆ MΓB ⊆ M

⇒MΓB = M

⇒BΓM = BΓMΓB ⊆ BΓMΓBΓMΓB ⊆ B

⇒MΓB ∩BΓM ⊆ MΓM ∩BΓM ⊆ B.

Therefore B is a quasi ideal of M. Hence the theorem. □

Theorem 3.16. The intersection of {Bλ | λ ∈ A} bi-quasi-interior ideal of a Γ−semigroup
M is a bi-quasi-interior ideal of M.
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Proof. Let B =
⋂

λ∈A

Bλ. Then B is a Γ−subsemigroup of M.

Since Bλ is a bi-quasi-interior ideal of M, we have

BλΓMΓBλΓMΓBλ ⊆ Bλ, for all λ ∈ A

⇒∩BλΓMΓ ∩BλΓM ∩Bλ) ⊆ ∩Bλ

⇒BΓMΓBΓMΓB ⊆ B.

Hence B is a bi-quasi-interior ideal of M. □

Theorem 3.17. Let B be a bi-quasi-interior ideal of a Γ−semigroup M ,e ∈ B and e be
β−idempotent. Then eΓB is a bi-quasi-interior ideal of M.

Proof. Let B be a bi-quasi-interior ideal of the Γ−semigroup M. Suppose x ∈ B ∩ eΓM.
Then x ∈ B and x = eαy, α ∈ Γ, y ∈ M.

x = eαy

= eβeαy

= eβ(eαy)

= eβx ∈ eΓB.

Therefore B ∩ eΓM ⊆ eΓB

eΓB ⊆ B and eΓB ⊆ eΓM

⇒eΓB ⊆ B ∩ eΓM

⇒eΓB = B ∩ eΓM.

Hence eΓB is a bi-quasi-interior ideal of M. □

Corollary 3.18. Let M be a Γ−semigroup M and e be α−idempotent. Then eΓM and
MΓe are bi-quasi-interior ideals of M respectively.

Theorem 3.19. If B be a left bi-quasi ideal of a Γ−semigroup M, then B is a bi-quasi-
interior ideal of M.

Proof. Suppose B is a left bi-quasi ideal of the Γ−semigroup M .Then BΓMΓBΓMΓB ⊆
MΓB and BΓMΓBΓMΓB ⊆ BΓMΓB.
Therefore BΓMΓBΓMΓB ⊆ MΓB ∩MΓBΓM ⊆ B
Hence B is a bi-quasi-interior ideal of M. □

Corollary 3.20. If B be a right bi-quasi ideal of a Γ−semigroup M, then B is a bi-quasi-
interior ideal of M.

Corollary 3.21. If B be a bi-quasi ideal of a Γ−semigroup M, then B is a bi-quasi-
interior ideal of M.

Theorem 3.22. If B be a bi–interior ideal of a Γ− semiring of M, then B is a bi-quasi-
interior ideal of M.

Proof. Suppose B is a bi–interior ideal of the Γ−semigroup M .Then BΓMΓBΓMΓB ⊆
MΓBΓM and BΓMΓBΓMΓB ⊆ MΓBΓM.
Therefore BΓMΓBΓMΓB ⊆ MΓBΓM ∩MΓBΓM ⊆ B
Hence B is a bi-quasi-interior ideal of M. □
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4. BI-QUASI-INTERIOR SIMPLE Γ−SEMIGROUP

In this section,we introduce the notion of bi-quasi-interior simple Γ−semigroup and
characterize the bi-quasi-interior simple Γ−semigroup using bi-quasi-interior ideals of
Γ−semigroup and study the properties of minimal bi-quasi-interior ideals of Γ−semigroup..

Definition 4.1. A Γ−semigroup M is said to be bi-quasi-interior simple Γ−semigroup if
M has no bi-quasi-interior ideals other than M itself.

Theorem 4.1. If M is a Γ−group then M is bi-quasi-interior simple Γ−semigroup.

Proof. Let B be a proper bi-quasi-interior ideal of Γ−group and 0 ̸= a ∈ B. Since M is
a Γ−group, there exist b ∈ M,α ∈ Γ such that aαb = 1. Then there exist β ∈ Γ, x ∈ M
such that aαbβx = x = xβaαb. Then x ∈ BΓM. Therefore M ⊆ BΓM. We have
BΓM ⊆ M. Hence M = BΓM. Similarly we can prove MΓB = M.

M = MΓB

= BΓMΓBΓMΓB ⊆ B

M ⊆ B

ThereforeM = B.

Hence Γ−group M has no properbi-quasi-interior ideals. □

Theorem 4.2. Let M be a simple Γ−semigroup. Every bi-quasi-interior ideal is bi-ideal
of M.

Proof. Let M be a simple Γ−semigroup and B be a bi-quasi-interior ideal of M.
Then BΓMΓBΓMΓB ⊆ B and MΓBΓM is an ideal of M.
Since M is a simple Γ−semigroup, we have MΓBΓM = M. Hence

BΓMΓBΓMΓB ⊆ B

⇒BΓMΓB ⊆ B.

Hence the theorem. □

Theorem 4.3. Let M be a Γ−semigroup. Then M is a bi-quasi-interior simple Γ−semigroup
if and only if (a)bqi = M, for all a ∈ M, where (a)bqi is the bi-quasi-interior ideal gener-
ated by a.

Proof. Let M be a Γ−semigroup. Suppose that (a)bqi is a bi-quasi-interior ideal generated
by a and M is a bi-quasi -interior simple Γ−semigroup. Then (a)bqi = M, for all a ∈ M.

Conversely suppose that B is a bi-quasi-interior ideal of Γ−semigroup M and (a)bqi =
M, for all a ∈ M. Let b ∈ B.
Then (b)bqi ⊆ B ⇒ M = (b)bqi ⊆ B ⊆ M.
Therefore M is a bi-quasi-interior simple Γ−semigroup. □

Theorem 4.4. Let M be a Γ−semigroup. M is a bi-quasi-interior simple Γ−semigroup if
and only if < a >= M, for all a ∈ M and where < a > is the smallest bi-quasi-interior
ideal generated by a.

Proof. Let M be a Γ−semigroup. Suppose M is a bi-quasi-interior simple Γ−semigroup,
a ∈ M and B = MΓa.
Then B is a left ideal of M.
Therefore, by Theorem[3.4 ], B is a bi-quasi-interior ideal of M.
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Therefore B = M. Hence MΓa = M, for all a ∈ M.

MΓa ⊆< a >⊆ M

⇒M ⊆< a >⊆ M.

Therefore M =< a > .

Suppose < a > is the smallest bi-quasi-interior ideal of M generated by a and < a >= M
and A is the bi-quasi-interior ideal and a ∈ A. Then

< a >⊆ A ⊆ M

⇒M ⊆ A ⊆ M.

Therefore A = M. Hence M is a bi-quasi-interior simple Γ−semigroup. □

Theorem 4.5. Let M be a Γ−semigroup. Then M is a bi-quasi-interior simple Γ−semriring
if and only if aΓMΓaΓMΓa = M, for all a ∈ M.

Proof. Suppose M is left bi-quasi simple Γ−semigroup and a ∈ M.
Therefore aΓMΓaΓMΓa is a bi-quasi-interior ideal of M.
Hence aΓMΓaΓMΓa = M, for all a ∈ M.

Conversely suppose that aΓMΓaΓMΓa = M, for all a ∈ M.
Let B be a bi-quasi-interior ideal of the Γ−semigroup M and a ∈ B.

M = aΓMΓaΓMΓa

⊆ BΓMΓBΓMΓB ⊆ B

ThereforeM = B.

Hence M is a bi-quasi-interior simple Γ−semigroup. □

Theorem 4.6. If B is a minimal bi-quasi-interior ideal of a Γ−semigroup M then any two
non-zero elements of B generated the same right ideal of M.

Proof. Let B be a minimal bi-quasi-interior ideal of M and x ∈ B. Then (x)R ∩ B is a
bi-quasi-interior ideal of M. Therefore (x)R ∩B ⊆ B.
Since B is a minimal bi-quasi-interior ideal of M, we have (x)R ∩B = B ⇒ B ⊆ (x)R.
Suppose y ∈ B. Then y ∈ (x)R, (y)R ⊆ (x)R.
Therefore (x)R = (y)R. Hence the theorem. □

Corollary 4.7. If B is a minimal bi-quasi-interior ideal of a Γ−semigroup M then any
two non-zero elements of B generates the same left ideal of M.

Definition 4.2. A Γ−semigroup M is a left (right) simple Γ−semigroup if M has no
proper left (right) ideals of M

A Γ−semigroup M is said to be simple Γ−semigroup if M has no proper ideals.

Theorem 4.8. If Γ−semigroup M is a left simple Γ−semigroup then every bi-quasi-
interior ideal of M is a right ideal of M.

Proof. Let B be a bi-quasi-interior of left simple Γ−semigroup. Then MΓB is a left ideal
of M and MΓB ⊆ M. Therefore MΓB = M. Then

MΓBΓM = MΓM = M

⇒BΓM = BΓMΓB

⇒ BΓM = BΓMΓBΓMΓB ⊆ B

⇒BΓM ⊆ B.
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Hence every bi-quasi-interior ideal is a right ideal of M.
□

Corollary 4.9. If Γ−semigroup M is a right simple Γ−semigroup then every bi-quasi-
interior ideal of M is a left ideal of M.

Corollary 4.10. Every bi-quasi-interior ideal of left and right simple Γ−semigroup M is
an ideal of M.

Theorem 4.11. Let M be a Γ−semigroup and B be a bi-quasi-interior ideal of M. Then
B is minimal bi-quasi-interior ideal of M if and only if B is a bi-quasi-interior simple
Γ−susemiring.

Proof. Let B be a minimal bi-quasi-interior ideal of Γ−semigroup M and C be a bi-quasi-
interior ideal of B. Then CΓBΓCΓBΓC ⊆ C.
Therefore CΓBΓCΓBΓCΓB is a bi-quasi-interior ideal of M.
Since C is a bi-quasi-interior ideal of B,

CΓBΓCΓBΓC = B

⇒B = CΓBΓCΓBΓC ⊆ C

⇒B = C.

Conversely suppose that B is a bi-quasi-interior simple Γ−subsemigroup of M. Let C be
a bi-quasi-interior ideal of M and C ⊆ B.

CΓBΓCΓBΓC = C

⇒CΓBΓCΓBΓC ⊆ CΓMΓCΓMΓC ⊆ BΓMΓBΓMΓB ⊆ B,

⇒B = C.Since B is a bi-quasi-interior simple Γ−semigroup.

Hence B is a minimal bi-quasi-interior ideal of M. □

Theorem 4.12. Let M be a Γ−semigroup and B = RΓL, where L and R are minimal
left and right ideals of M repectively. Then B is a minimal bi-quasi-interior ideal of M.

Proof. Obviously B = RΓL is bi-quasi-interior ideal of M. Let A be bi-quasi-interior
ideal of M such that A ⊆ B.
We have MΓA is a right ideal. Then

MΓA ⊆ MΓB

= MΓRΓL

⊆ L, since L is a left ideal of M.

Similarly, we can prove AΓM ⊆ R

Therefore MΓA = L, AΓM = R

Hence B = AΓMΓMΓA

⊆ AΓMΓAΓMΓA.

⊆ A

Therefore A = B. Hence B is a minimal bi-quasi-interior ideal of M.
□

5. REGULAR Γ−SEMIGROUP

In this section,we characterize regular Γ−semigroup using bi-quasi-interior ideals of
Γ−semigroup.
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Theorem 5.1. Let M be a regular Γ−semigroup. Then every bi-quasi-interior ideal of M
is an ideal of M.

Proof. Let B be a bi-quasi-interior ideal of M. Then

BΓMΓBΓMΓB ⊆ B

⇒BΓM ⊆ BΓMΓB, since M is regular
⇒BΓM ⊆ BΓMΓBΓMΓB ⊆ B.

Similarly, we can show that MΓB ⊆ BΓMΓBΓMΓB ⊆ B.
Hence the theorem. □

Theorem 5.2. Let M be a regular Γ−semigroup and I be an interior ideal of M. Then
MΓIΓM = I.

Proof. Let a ∈ M. Then there exist x ∈ M,α, β ∈ Γ such that a = aαxβa.
⇒ there exist δ, γ ∈ Γ and y ∈ M such that xβa = xβaδyγxβa.

Therefore a = aαxβa

= aαxβaδyγxβa ∈ MΓIΓM

Hence I ⊆ MΓIΓM.

We have MΓIΓM ⊆ I. Hence MΓIΓM = I. □

Theorem 5.3. Let M be a regular Γ−semigroup. Then B is a bi-quasi-interior ideal of
M if and only if BΓMΓBΓMΓB = B, for all bi-quasi-interior ideals B of M.

Proof. Suppose M is a regular Γ−semigroup, B is a bi-interior ideal of M and x ∈
B. Then BΓMΓBΓMΓB ⊆ B and there exist y ∈ M, α, β ∈ Γ such that x =
xαyβxαyβx ∈ BΓMΓBΓMΓB. Therefore x ∈ BΓMΓBΓMΓB.
Hence BΓMΓBΓMΓB = B.

Conversely suppose that BΓMΓBΓMΓB = B, for all bi-quasi-interior ideals B of M.
Let B = R ∩ L, where R is a right ideal and L is a left ideal of M.
Then B is a bi-interior ideal of M.
Therefore (R ∩ L)ΓMΓ(R ∩ L)ΓMΓ(R ∩ L) = R ∩ L

R ∩ L = (R ∩ L)ΓMΓ(R ∩ L)ΓMΓ(R ∩ L)

⊆ RΓMΓLΓMΓL

⊆ RΓL

⊆ R ∩ L (since RΓL ⊆ L and RΓL ⊆ R).

Therefore R ∩ L = RΓL. Hence M is a regular Γ−semigroup. □

Theorem 5.4. Let B be the bi-quasi-interior ideal of a regular Γ−semigroup M. If B is
a bi-quasi-interior ideal of M and B is regular Γ−subsemigroup of M then any bi-quasi-
interior ideal of B is a bi-quasi-interior ideal of M.

Proof. Let A be a bi-quasi-interior ideal of the regular Γ−subsemigroup B of M . Then
by Theorem[5.4 ], AΓBΓAΓBΓA = A. We have BΓMΓBΓMΓB = B and A ⊆ AΓB.

⇒AΓMΓAΓMΓA ⊆ BΓMΓBΓMΓB = B

⇒AΓBΓAΓBΓA = A ⊆ B

⇒A = AΓBΓAΓBΓA ⊆ AΓMΓAΓMΓA

⇒AΓMΓAΓMΓA = A..
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Hence A is a bi-quasi-interior ideal of M. □

Theorem 5.5. M is regular Γ−semigroup if and only if AΓB = A∩B for any right ideal
A and left ideal B of Γ−semigroup M .

Proof. Let A,B be a right ideal and a left ideal of the regular ordered Γ−semigroup M
respectively.
Obviously AΓB ⊆ A ∩B. Let x ∈ A ∩B.
Since M is a regular, there exist α, β ∈ Γ and y ∈ M such that x = xαyβx. Since
xαy ∈ A and x ∈ B, xαyβx ∈ AΓB. Thus x ∈ AΓB. Hence AΓB = A ∩B.
Conversely, suppose that AΓB = A ∩ B for any right ideal A and left ideal B of M . Let
x ∈ M and I be the right ideal generated by x and J be the left ideal generated by x. We
have x ∈ I ∩ J = IΓJ. Therefore x = xαy = zβx, α, β ∈ Γ, y, z ∈ M which implies
that x = xαyγzβx, for some γ ∈ Γ. Hence M is a regular ordered Γ−semigroup. □

Theorem 5.6. Let B be Γ−subsemigroup of a regular Γ−semigroup M. If B can be
represented as B = RΓL, where R is a right ideal and L is a left ideal of M then B is a
bi-quasi-interior ideal of M.

Proof. Suppose B = RΓL, where R is right ideal of M and L is a left ideal of M.

BΓMΓBΓMΓB = RΓLΓMΓRΓLMΓRΓL

⊆ RΓL = B.

Hence B is a bi-quasi-interior ideal of the Γ−semigroup M.
Conversely suppose that B is a bi-quasi-interior ideal of the regular Γ−semigroup M.

We have BΓMΓBΓMΓB = B. Let R = BΓM and L = MΓB.
Then R = BΓM is a right ideal of M and L = MΓB is a left ideal of M.

BΓM ∩MΓB ⊆ BΓMΓBΓMΓB = B

⇒BΓM ∩MΓB ⊆ B

⇒R ∩ L ⊆ B.

We have B ⊆ BΓM = R and B ⊆ MΓB = L

⇒B ⊆ R ∩ L

⇒B = R ∩ L = RΓL, since M is a regular Γ−semigroup.

Hence B can be represented as RΓL, where R is the right ideal and L is the left ideal of
M. Hence the theorem. □

The following theorem is a necessary and sufficient condition for a Γ−semigroup M to
be regular using bi-quasi-interior ideal.

Theorem 5.7. M is a regular Γ−semriring if and only if B ∩ I ∩ L ⊆ BΓIΓL, for any
bi-quasi-interior ideal B, ideal I and left idealL of M .

Proof. Suppose M be a regular Γ−semigroup, B, I and L are bi-quasi-interior ideal, ideal
and left ideal of M respectively.
Let a ∈ B ∩ I ∩ L. Then a ∈ aΓMΓa, since M is regular.

a ∈ aΓMΓa ⊆ aΓMΓaΓMΓa

⊆ BΓIΓB
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Hence B ∩ I ∩ L ⊆ BΓIΓL.
Conversely suppose that B ∩ I ∩ L ⊆ BΓIΓL, for any bi-quasi-interior ideal B, ideal I
and left ideal L of M . Let R be a right ideal and L be left ideal of M. Then by assumption,

R ∩ L = R ∩M ∩ L ⊆ RΓMΓL

RΓL.

We have RΓL ⊆ R, RΓL ⊆ L.

Therefore RΓL ⊆ R ∩ L. Hence R ∩ L = RΓL.
Thus M is a regular Γ−semigroup. □

6. CONCLUSIONS AND/OR DISCUSSIONS

As a further generalization of ideals, we introduced the notion of a bi-quasi-interior
ideal of a Γ−semigroup as a generalization of ideal ,left ideal, right ideal, bi-ideal,quasi
ideal and interior ideal of a Γ−semigroup and studied some of their properties. We intro-
duced the notion of bi-quasi-interior simple a Γ−semigroup and characterized the bi-quasi-
interior a simple Γ−semigroup, a regular Γ−semigroup using bi-quasi-interior ideals of a
Γ−semigroup. We proved every bi-quasi ideal of a Γ−semigroup and bi-interior ideal of a
Γ−semigroup are bi-quasi-interior ideals and studied some of the properties of bi-interior
ideals of a Γ−semigroup. In continuity of this paper, we study prime, maximal and mini-
mal bi-quasi-interior ideals of a Γ−semigroup.
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