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BI-QUASI-INTERIOR IDEALS

MARAPUREDDY MURALI KRISHNA RAO

ABSTRACT. In this paper, as a further generalization of ideals, we introduce the notion of
a bi-quasi-interior ideal as a generalization of ideals, right ideals, left ideals, quasi ideals, bi
ideals, interior ideals and quasi interior ideals of a I'—semigroup and study the properties
of bi-quasi-interior ideals of a I'—semigroup.

1. INTRODUCTION

In 1995, M.Murali Krishna Rao [9,17,18] introduced the notion of a I'—semiring as a
generalization of I'— rings, ternary semirings and semirings. As a generalization of ring,
the notion of a I'—ring was introduced by Nobusawa [24] in 1964. In 1981. Sen [25]
introduced the notion of a I'—semigroup as a generalization of a semigroup. The notion
of a ternary algebraic system was introduced by Lehmer [7] in 1932. Lister [8] introduced
a ternary ring. The set of all negative integers Z is not a semiring with respect to usual
addition and multiplication but Z forms a I'—semiring where I' = Z. The important rea-
son for the development of a I'—semiring is a generalization of results of rings, I'—rings,
semirings, semigroups and ternary semirings. The notion of a semiring was introduced
by Vandiver in 1934, but semirings had appeared in earlier studies on the theory of ideals
of rings. Many mathematicians proved important results and charecterization of algebraic
structures by using the concept and the properties of generalization of ideals in algebraic
structures. Henriksen [2] and Shabir et al. studied ideals in semirings We know that the no-
tion of a one sided ideal of any algebraic structure is a generalization of notion of an ideal.
The quasi ideals are generalization of left ideal and right ideal whereas the bi-ideals are
generalization of quasi ideals.In 1952 the concept of bi-ideals was introduced by Good and
Hughes [1]for semigroups. The notion of bi-ideals in rings and semirings were introduced
by Lajos and Szasz [5,6].Bi-ideal is a special case of ( m-n) ideal. Steinfeld first intro-
duced the notion of quasi ideals for semigroups and then for rings. Iseki [3,4] introduced
the concept of quasi ideal for a semiring. Murali Krishna Rao [10]studied ideals in ordered
I"'—semiring.Murali Krishna Rao [11,12,13,14,15,16] introduced the notion of left (right)
bi-quasi ideal and bi-interior idea of semiring, I'—semigroup,I’—semigroup and study the
properties of left bi-quasi ideals. We characterize the left bi-quasi simple I'—semigroup
and regular I'—semigroup using left bi-quasi ideals of I'—semigroups. In this paper,as
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a further generalization of ideals, we introduce the notion of bi- quasi-interior ideal as a
generalization of bi-ideal,quasi ideal, interior ideal,bi-interior ideal and bi-quasi ideal of
I"'—semigroup and study the properties of bi-quasi-interior ideals of I'—semigroup.Some
charecterization of bi-quasi-interior ideals of I'—semigroup,regular I'—semigroup and sim-
ple I'—semigroup.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

Definition 2.1. A semigroup is an algebraic system (M, .) consisting of a non-empty set
M together with an associative binary operation ” - .

Definition 2.2. A subsemigroup 7" of a semigroup M is a non-empty subset 1" of M such
that 7T C T.

Definition 2.3. A non-empty subset 7" of a semigroup M is called a left (right) ideal of M
ifMT CT(TM CT).

Definition 2.4. A non-empty subset 7' of a semigroup M is called an ideal of M if it is
both a left ideal and a right ideal of M.

Definition 2.5. A non-empty @ of a semigroup M is called a quasi ideal of M if QM N
MQ c Q.

Definition 2.6. A subsemigroup 7" of a semigroup M is called a bi-ideal of M it TMT C
T.

Definition 2.7. A subsemigroup 7" of a semigroup M is called an interior ideal of M if
MTM CT.

Definition 2.8. An element a of a semigroup M is called a regular element if there exists
an element b of M such that a = aba.

Definition 2.9. A semigroup M is called a regular semigroup if every element of M is a
regular element.

Definition 2.10. Let M and I" be non-empty sets. Then we call M a I"'—semigroup, if there
exists a mapping M x I' x M — M (images of (x, o, y) will be denoted by zay, z,y €
M, « € T') such that it satisfies za(yS8z) = (xay)Bz. forall z,y,z € M and o, B € T

Definition 2.11. Let M be a I'—semigroup. An element 1 € M is said to be unity if for
each x € M there exists a € I' such that zal = lax = x.

Definition 2.12. AT'—semigroup M is said to be left (right) singular if for each a € M
there exists & € I' such that aad = a(aab =b), forallb € M.

Definition 2.13. A I'—semigroup M is said to be commutative if aab = baa, for all a, b €
M, foralla €T

Definition 2.14. Let M be a I'—semigroup. An element a € M is said to be an idempotent
of M if there exists a € I' such that a = aca and a is also said to be o idempotent.

Definition 2.15. Let M be a I'—semigroup. If every element of M is an idempotent of M
then I'—semigroup M is said to be band.
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Definition 2.16. Let M be a I'—semigroup. An element ¢ € M is said to be regular
element of M if there exist x € M, o, f € I such that a = aaxfa.

Definition 2.17. Let M be a I'—semigroup. Every element of M is a regular element of
M then M is said to be a regular I'—semigroup M.

Definition 2.18. Let M be a semigroup. A non-empty set L of M is said to be left bi-quasi
(right bi-quasi) ideal of M if L is a subsemigroup of M and ML N LML C L(LM N
LML CL).

Definition 2.19. Let M be a semigroup. A non-empty subset L of M is said to be bi-quasi
ideal of M if L is a subsemigroup of M MLNLML C Land LM NLML C L.

Definition 2.20. [12] Let M be a semigroup. A non-empty subset L of M is said to be
bi-interior ideal of M if L is a subsemigroup of M and M LM N LML C L

Definition 2.21. An element a € I'—semigroup M is said to be idempotent if there exists
« € I' such that a = aaa.

Definition 2.22. A non-empty subset A of a I'— semigroupM is called
(i) aT'—subsemigroup of M if (A, +) is a subsemigroup of (M, +) and AT A C A.
(ii) a quasi ideal of M if A is a I'—subsemigroup of M and AT'M N MT' A C A.
(iii) a bi-ideal of M if A is a I'—subsemigroup of M and ATMT A C A.
(iv) an interior ideal of M if A is a I'—subsemigroup of M and MT AT M C A.
(v) aleft (right) ideal of M if A is a ' —subsemigroup of M and MT A C A(ATM C
A).
(vi) anideal if A is a I'—subsemigroup of M, ATM C A and MT'A C A.
(vii) a k—ideal if A is a I'—subsemigroup of M, ATM C A, MTA C Aand x €
M, x+ye Ajye Athenz € A.
((viii) abi-interior ideal of M if A is a '—subsemigroup of M and MT'BTMNBT'MT'B C
B.
((ix) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a I'—subsemigroup of M
and MTANATMTAC A(ATM NATMTAC A).
((x) aleft quasi-interior ideal (right quasi-interior ideal) of M if A is a I'—subsemigroup
of M and MTATMTA C A (ATMTATM C A).
((xi) aleft tri- ideal (right tri- ideal) of M if A is a '—subsemigroup of M and ATMT AT A C
A (ATATMTA C A).
((xii) a tri- ideal of M if A is a I'—subsemigroup of M and ATMTAT'A C A and
ATATMT A C A.
((xiii) aleft(right) weak-interior ideal of M if B is aI'—subsemigroup of M and MI'BT'B C
B(BI'BI'M C B).
((xiv) a weak-interior ideal of M if B is al'—subsemigroup of M and Bis a left weak-
interior ideal and a right weak-interior ideal of M.

3. BI-QUASI-INTERIOR IDEALS OF ['—SEMIGROUPS

In this section, we introduce the notion of bi-quasi-interior ideal as a generalization of
bi-ideal,quasi-ideal and interior ideal of I'—semigroup and study the properties of bi-quasi-
interior ideal of I"'—semigroup.

Definition 3.1. A non-empty subset B of a I'—semigroup M is said to be bi-quasi-interior
ideal of M if B is a I'—subsemigroup of M and BT MTBI'MT'B C B.
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Every bi-quasi-interior ideal of I'—semigroup M need not be bi-ideal,quasi-ideal, inte-
rior ideal. bi-interior ideal and bi-quasi ideals of a I'—semigroup M.

Example 3.2. Let M = {a,b,c,d,e} and ' = {a, 8}. The ternary operation is defined
by M x I' x M — M by the following table:

alalblc|d]|e Bla|b|lc|d]|e
alald|al|d|d alal|ld|al|d|d
bla|b|la|d|d bla|blal|d]|d
clal|d|c|d]e clald|c|d]|e
dla|d|al|d|d dla|d|al|d|d
elal|d|c|d]e elald|c|d]e

Then M is a I'—semigroup. Let B = {a, c}. Then B is not a right ideal, B is not an
interior ideal, B is not a quasi ideal, B is not a quasi interior ideal and B is a bi quasi ideal.

In the following theorem, we mention some important properties and we omit the proofs
since proofs are straight forward.

Theorem 3.1. Let M be a I'—semigroup. Then the following are hold.

(1) Every left ideal is a bi-quasi-interior ideal of M.

(2) Every right ideal is a bi-quasi-interior ideal of M.

(3) Every quasi ideal is bi-quasi-interior of M.

(4) Every ideal is a bi-quasi-interior ideal of M.

(5) Intersection of a right ideal and a left ideal of M is a bi-quasi-interior ideal of M.

(6) If L is a left ideal and R is a right ideal of I'—semigroup M then B = RIU'L is a
bi-quasi-interior ideal of M.

(7) If B is a bi-quasi-interior ideal and T is a I'—subsemigroup of M then B NT is
a bi-quasi-interior ideals of I'—semigroup M.

(8) Let M be al'—semigroup and B be a I'—subsemigroup of M.If BTMT MT'MT'B C
B then B is a bi-quasi-interior ideal of M.

(9) Let M be al'—semigroup and B be a I'—subsemigroup of M.If MT MT MT MT BN
BTMT'MT'MTUM C B then B is a bi-quasi-interior ideal of M.

Theorem 3.2. Every bi-ideal of a I'—semigroup M is a bi-quasi-interior ideal of a ' —semigroup
M.

Proof. Let B be a bi-ideal of I'—semigroup M. Then BITMT'B C B.
Therefore BITMT'BITMI'B C BTMTB C B.
Hence every bi-ideal of the I'—semigroup M is a bi-quasi-interior ideal of M. U

Theorem 3.3. Every interior ideal of a I'—semigroup M is a bi-quasi-interior ideal of M.

Proof. Let I be an interior ideal of I'—semigroup M.
Then ITMTITMTI C MTITM C I.
Hence I is a bi-quasi-interior ideal of the I'—semigroup M. (]

Theorem 3.4. Let M be a I'—semigroup and B be a I'—subsemigroup of M. B is a bi-
quasi-interior ideal of M if and only if there exist a left ideal L and a right ideal R such
that RILC BCRNL.

Proof. Suppose B is a bi-quasi-interior ideal of the I'—semigroupM .
Then BITMTBI'MT'B C B. Let R= BTMT'BI'M and L = MT'B.
Then L and R are left and right ideals of M respectively.
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Therefore RI'L C BC RNL.

Conversely suppose that there exist L and R are left and right ideals of M respectively
such that RI'L C B C RN L .Then

BTrMTBTMI'BC (RNL)TMT(RNL)YTMT(RNL)

C(RTMT(R)I'MT(L)

CRILCB.

Hence B is a bi-quasi-interior ideal of the I'—semigroup M. O

Theorem 3.5. Let A and C' be bi-quasi-interior ideals of a I'—semigroup M and B =
AT'C. If CTC = C then B is a bi-quasi-interior ideal of M.

Proof. Let A and C be bi-quasi-interior ideals of the I'—semigroup M and B = AI'C.
BT'B = ATCTAI'C = ATCTCTCTCTATC C ATCTMI'CTMI'C C A'C = B.
Obviously B = AI'C'is a I'—subsemigroup of M

BTMTI'BI'MTI'B = ATCTMTATCTMT AT'C
CATMTATMTAIC C AI'C = B.

Hence B is a bi-quasi-interior ideal of M. (]

Corollary 3.6. Let A and C be bi-quasi-interior ideals of a I'—semigroup M and B =
CT A. If CT'C = C then B is a bi-quasi-interior ideal of M.

Theorem 3.7. Let A and C be I'—subsemigroups of M and B = AI'C. If A is the left
ideal then B is a bi-quasi-interior ideal of M.

Proof. Let A and C be I'—subsemigroups of M and B = AI'C Suppose A is the left ideal
of M. BB = ATCTAT'C C AT'C = B.
BTMT'BI'MT'B = ATCTMTATCTMT AT C
C ATC = B.
Hence B is a bi-quasi-interior ideal of M. (]

Corollary 3.8. Let A and C be I'—subsemigroups of I'—semigroup M and B = AUC. If
C is a right ideal then B is a bi-quasi-interior ideal of M.

Theorem 3.9. Let M be a I'—semigroup and T be a non-empty subset of M. Then every
subsemiring of T containing TT MU'TT MT'T is a bi-quasi-interior ideal of a ' —semigroup
M.

Proof. Let B be a subsemiring of 1" containing 7T’ MTTT MTT. Then
BI'MI'BIMT'B CTTMTTTMTT
C B.
Therefore BT MT'BI'MTI'B C B.

Hence B is a bi-quasi-interior ideal of M. (I

Theorem 3.10. B is a bi-quasi-interior ideal of a I'—semigroup M if and only if B is a
left ideal of some right ideal of I'—semigroup M.

Proof. Suppose B is a left ideal of some right ideal R of the I'—semigroupM .Then RI'B C
B,RT'M C B.Hence BTMTBI'MT'B C BITMI'B C RTMI'B C RI'B C B. There-
fore B is a bi-quasi-interior ideal of the I'—semigroup M. Conversely suppose that B is a
bi-quasi-interior ideal of the I'—semigroup M .Then BI'MI'BI'MT'B C B. Therefore B
is a left ideal of right ideal B M T BI'M of the I'—semigroupM . (]
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Corollary 3.11. B is a bi-quasi-interior ideal of I'—semigroup M if and only if B is a
right ideal of some left ideal of I'—semigroup M.

Theorem 3.12. If B is a bi-quasi-interior ideal of a I'—semigroup M, T is a I'—subsemigroup
of M and T’ C B then BI'T is a bi-quasi-interior ideal of M.

Proof. Obviously, BI'T is a I'—subsemigroup of (M, +). BTTT'BI'T C BI'T.
Hence BT'T is a I'—subsemigroup of M.

We have MTI'BI'TTM C MI'BI'M
and BI'TTMI'BI'T C BTMTI'B
=BI'TTMT'BI'TTMI'BTT C BTMT'BTMT'BI'T C BI'T.

Hence BI'T is a bi-quasi-interior ideal of the I'—semigroup M. ]

Theorem 3.13. Let B be bi-ideal of I'—semigroup M and I be interior ideal of M. Then
B N I is bi-quasi-interior idea of M.

Proof. Obviously B N I is a I'—subsemigroup of M. Suppose B is a bi-ideal of M and I
is an interior ideal of M. Then
(BN M (BN I)TMIT(BTI) C B(BN ) TMI(BNI)TMI(BTI)I'M C I

Therefore (BN HI'MT(BNI)I'MT(BTI)I'M C BN 1.
Hence B N [ is a bi-quasi-interior ideal of M. (]

Theorem 3.14. Let M be a I'—semigroup and T’ be an additive subsemigroup of M. Then
every additive subsemigroup of T containing TT MTUTT MTT is a bi-quasi-interior ideal
of M.
Proof. Let C' be an additive subsemigroup of T" containing TTMTTT MTT. Then
CTMTCTMTC CTTMNTTMTT
ccC.

Hence C'is a bi-quasi-interior ideal of the I'—semigroup M. ]

Theorem 3.15. Let M be a I'—semigroup. If M = MTa, for all a € M. Then every
bi-quasi-interior ideal of M is a quasi ideal of M.
Proof. Let B be a bi-quasi-interior ideal of the I'—semigroup M and a € B. Then
BT'MTBI'MI'BC B
=MTa C MTB, (BTM = M)
=M CMI'BCM
=MI'B=M
=BI'M = BTMI'BC BTMI'BTMI'BC B
=MT'BNBI'M C MM nNBT'M C B.
Therefore B is a quasi ideal of M. Hence the theorem. (]

Theorem 3.16. The intersection of { By | A € A} bi-quasi-interior ideal of aT'—semigroup
M is a bi-quasi-interior ideal of M.
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Proof. Let B= [\ B,. Then B is a I'—subsemigroup of M.
AEA
Since B, is a bi-quasi-interior ideal of M, we have

B\I'MTB\I'MT'B) C By, forall A€ A
= ﬂB,\FMFﬂB,\FMﬂB)\) C NBy
=BI'MI'BTMI'B C B.

Hence B is a bi-quasi-interior ideal of M. O

Theorem 3.17. Let B be a bi-quasi-interior ideal of a I'—semigroup M,e € B and e be
B—idempotent. Then el' B is a bi-quasi-interior ideal of M.

Proof. Let B be a bi-quasi-interior ideal of the I'—semigroup M. Suppose x € BNel'M.
Thenz € Bandz =eay,a €',y € M.

T = eqy
= efeay
— eB(eay)
=efx € el'B.
Therefore BNel'M C eI'B
e'BC Bandel'B C e'M
=el'BC BnNnel'M
=el'B=BnNel'M.

Hence el'B is a bi-quasi-interior ideal of M. (]

Corollary 3.18. Let M be a I'—semigroup M and e be a—idempotent. Then el' M and
MT e are bi-quasi-interior ideals of M respectively.

Theorem 3.19. If B be a left bi-quasi ideal of a I'—semigroup M, then B is a bi-quasi-
interior ideal of M.

Proof. Suppose B is a left bi-quasi ideal of the I'—semigroup M .Then BITMT' BT MT'B C
MT'B and BTMTBI'MT'B C BTMT'B.

Therefore BTMTBI'MT'B C MI'BN MI'BI'M C B

Hence B is a bi-quasi-interior ideal of M. (I

Corollary 3.20. If B be a right bi-quasi ideal of a I'—semigroup M, then B is a bi-quasi-
interior ideal of M.

Corollary 3.21. If B be a bi-quasi ideal of a I'—semigroup M, then B is a bi-quasi-
interior ideal of M.

Theorem 3.22. If B be a bi—interior ideal of a I'— semiring of M, then B is a bi-quasi-
interior ideal of M.

Proof. Suppose B is a bi—interior ideal of the I'—semigroup M .Then BT MT' BT MT B C
MTBI'M and BTMT'BITMTB C MTI'BT' M.

Therefore BIMT'BI'MTI'B C MI'BI'M N MI'BT'M C B

Hence B is a bi-quasi-interior ideal of M. (]
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4. BI-QUASI-INTERIOR SIMPLE I'—SEMIGROUP

In this section,we introduce the notion of bi-quasi-interior simple I'—semigroup and
characterize the bi-quasi-interior simple I'—semigroup using bi-quasi-interior ideals of
I"'—semigroup and study the properties of minimal bi-quasi-interior ideals of I"'—semigroup..

Definition 4.1. A I"'—semigroup M is said to be bi-quasi-interior simple I'—semigroup if
M has no bi-quasi-interior ideals other than M itself.

Theorem 4.1. If M is a I'—group then M is bi-quasi-interior simple I'—semigroup.

Proof. Let B be a proper bi-quasi-interior ideal of I'—group and 0 # a € B. Since M is
a I'—group, there exist b € M, « € I' such that aab = 1. Then there exist § € I,z € M
such that aabfSx = = = xfaab. Then z € BI'M. Therefore M C BI'M. We have
BT'M C M. Hence M = BI'M. Similarly we can prove MI'B = M.

M = MTIB
= BIMTBI'MT'BC B
MCB
Therefore M = B.

Hence I'—group M has no properbi-quasi-interior ideals. O

Theorem 4.2. Let M be a simple I'—semigroup. Every bi-quasi-interior ideal is bi-ideal
of M.

Proof. Let M be a simple I'—semigroup and B be a bi-quasi-interior ideal of M.
Then BIMTBI'MTI'B C B and MT'BI'M is an ideal of M.
Since M is a simple I'—semigroup, we have MI'BI'M = M. Hence

BI'MT'BTMI'B C B
=BI'MT'B C B.

Hence the theorem. |

Theorem 4.3. Let M be a I'—semigroup. Then M is a bi-quasi-interior simple I'—semigroup
if and only if (a)pqi = M, for all a € M, where (a)pq; is the bi-quasi-interior ideal gener-
ated by a.

Proof. Let M be aI'—semigroup. Suppose that (a)yq; is a bi-quasi-interior ideal generated

by a and M is a bi-quasi -interior simple I'—semigroup. Then (a)pq; = M, forall a € M.
Conversely suppose that B is a bi-quasi-interior ideal of I'—semigroup M and (a)pq; =

M, foralla € M.Letb € B.

Then (b)pqs € B = M = (b)ps € B C M.

Therefore M is a bi-quasi-interior simple I'—semigroup. ]

Theorem 4.4. Let M be a I'—semigroup. M is a bi-quasi-interior simple I'—semigroup if
and only if < a >= M, for all a € M and where < a > is the smallest bi-quasi-interior
ideal generated by a.

Proof. Let M be a I'—semigroup. Suppose M is a bi-quasi-interior simple I'—semigroup,
a€ Mand B = MT'a.

Then B is a left ideal of M.

Therefore, by Theorem[3.4 ], B is a bi-quasi-interior ideal of M.
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Therefore B = M. Hence MT'a = M, for all a € M.
MT'aC<a>CM
=M C<a>C M.
Therefore M =< a > .

Suppose < a > is the smallest bi-quasi-interior ideal of M generated by a and < a >= M
and A is the bi-quasi-interior ideal and a € A. Then

<a>CACM
=M CACM.
Therefore A = M. Hence M is a bi-quasi-interior simple I'—semigroup. (]

Theorem 4.5. Let M be a I'—semigroup. Then M is a bi-quasi-interior simple I'—semriring
if and only if al MT'al'MT'a = M, for all a € M.

Proof. Suppose M is left bi-quasi simple I'—semigroup and a € M.
Therefore al'MT'al’MT a is a bi-quasi-interior ideal of M.
Hence al’' MT'al'MT'a = M, for all a € M.
Conversely suppose that al’' MT'al'MT'a = M, for all a € M.
Let B be a bi-quasi-interior ideal of the I'—semigroup M and a € B.

M =al'MTal’'MTa
C BTMI'BTMTB C B
Therefore M = B.

Hence M is a bi-quasi-interior simple I'—semigroup. g

Theorem 4.6. If B is a minimal bi-quasi-interior ideal of a I'—semigroup M then any two
non-zero elements of B generated the same right ideal of M.

Proof. Let B be a minimal bi-quasi-interior ideal of M and € B. Then (z)g N B is a
bi-quasi-interior ideal of M. Therefore (x)g N B C B.

Since B is a minimal bi-quasi-interior ideal of M, we have (x)p " B = B = B C (x)g.
Suppose y € B. Theny € (2)g, (y)r C (2)g.

Therefore () z = (y) r. Hence the theorem. O

Corollary 4.7. If B is a minimal bi-quasi-interior ideal of a I'—semigroup M then any
two non-zero elements of B generates the same left ideal of M.

Definition 4.2. A I'—semigroup M is a left (right) simple I'—semigroup if M has no
proper left (right) ideals of M
A I'—semigroup M is said to be simple I'—semigroup if M has no proper ideals.

Theorem 4.8. If I'—semigroup M is a left simple I"'—semigroup then every bi-quasi-
interior ideal of M is a right ideal of M.

Proof. Let B be a bi-quasi-interior of left simple I'—semigroup. Then MT B is a left ideal
of M and MT'B C M. Therefore MI'B = M. Then
MTBI'M = MI'M =M
=BI'M = BTMI'B
= BI'M = BTMT'BTMI'BC B
=BI'M C B.
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Hence every bi-quasi-interior ideal is a right ideal of M.
O

Corollary 4.9. If I'—semigroup M is a right simple I'—semigroup then every bi-quasi-
interior ideal of M is a left ideal of M.

Corollary 4.10. Every bi-quasi-interior ideal of left and right simple I'—semigroup M is
an ideal of M.

Theorem 4.11. Let M be a I'—semigroup and B be a bi-quasi-interior ideal of M. Then
B is minimal bi-quasi-interior ideal of M if and only if B is a bi-quasi-interior simple
I'—susemiring.

Proof. Let B be a minimal bi-quasi-interior ideal of I'—semigroup M and C' be a bi-quasi-
interior ideal of B. Then CT BI'CT'BI'C C C.

Therefore CT BTCT BI'CT B is a bi-quasi-interior ideal of M.

Since C'is a bi-quasi-interior ideal of B,

CI'BI'CTBI'C =B
=B =CT'BI'CTBIC CC
=B =C.
Conversely suppose that B is a bi-quasi-interior simple I'—subsemigroup of M. Let C' be
a bi-quasi-interior ideal of M and C C B.
CTBICTBIC =C
=CTI'BI'CTBI'C C CTMI'CTMTC C BTMI'BITMI'B C B,
=B = (C'Since B is a bi-quasi-interior simple I'—semigroup.
Hence B is a minimal bi-quasi-interior ideal of M. (]

Theorem 4.12. Let M be a I'—semigroup and B = RI'L, where L and R are minimal
left and right ideals of M repectively. Then B is a minimal bi-quasi-interior ideal of M.

Proof. Obviously B = RI'L is bi-quasi-interior ideal of M. Let A be bi-quasi-interior
ideal of M such that A C B.
We have MT' A is a right ideal. Then

MTAC MTB

= MT'RI'L

C L, since L is a left ideal of M.
Similarly, we can prove ATM C R

Therefore MT'A =L, ATM =R
Hence B = ATMT'MTA
C ATMTATMTA.
CA

Therefore A = B. Hence B is a minimal bi-quasi-interior ideal of M.

5. REGULAR I'-=SEMIGROUP

In this section,we characterize regular I'—semigroup using bi-quasi-interior ideals of
I'—semigroup.
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Theorem 5.1. Let M be a regular I'—semigroup. Then every bi-quasi-interior ideal of M
is an ideal of M.
Proof. Let B be a bi-quasi-interior ideal of M. Then
BI'MTBIMI'B C B

=BI'M C BT'MT B, since M is regular

=BI'M C BTMTI'BTMTB C B.
Similarly, we can show that MI'B C BTMT'BTMTI'B C B.
Hence the theorem. (]

Theorem 5.2. Let M be a regular I'—semigroup and I be an interior ideal of M. Then
MTITM =1.

Proof. Let a € M. Then there exist x € M, a, 5 € I such that a = aaxfa.
= there exist §,y € I"and y € M such that z8a = zSadyyxLa.
Therefore a = aaxBa
= aazfadyyrfa € MTITM
Hence I C MTIT'M.
We have MT'IT'M C I.Hence MT'ITM = 1. O

Theorem 5.3. Let M be a regular I'—semigroup. Then B is a bi-quasi-interior ideal of
M if and only if BUMT BUMT B = B, for all bi-quasi-interior ideals B of M.

Proof. Suppose M is a regular I'—semigroup, B is a bi-interior ideal of M and = €
B. Then BTMTBI'MTB C B and there exist y € M, «,8 € I such that z =
rayprayBr € BTMI'BI'MT'B. Therefore x € B MT'BT'MT B.
Hence BTMT'BTMTI'B = B.

Conversely suppose that B MT'BI'MT'B = B, for all bi-quasi-interior ideals B of M.
Let B = RN L, where R is aright ideal and L is a left ideal of M.
Then B is a bi-interior ideal of M.
Therefore (RN L)YTMT(RNL)ITMT'(RNL)=RNL

RNL=(RNL)ITMT(RNL)YIMT(RNL)
C RTMTLT'MTL
C RI'L
C RN L (since RI'L C L and RT'L C R).
Therefore RN L = RI'L. Hence M is a regular I'—semigroup. ]
Theorem 5.4. Let B be the bi-quasi-interior ideal of a regular I'—semigroup M. If B is

a bi-quasi-interior ideal of M and B is regular I'—subsemigroup of M then any bi-quasi-
interior ideal of B is a bi-quasi-interior ideal of M.

Proof. Let A be a bi-quasi-interior ideal of the regular I'—subsemigroup B of M. Then
by Theorem[5.4 ], ATBTAT'BI'A = A. We have BTMT'BIMI'B = Band A C AT'B.
=AIMTATMT'AC BTMI'BI'MTI'B =B

=AI'BTATBTA=ACB
=A=AI'BI'AI'BI'A C ATMTAT'MT A
=AIMTATMTA = A..



BI-QUASI-INTERIOR IDEALS 307

Hence A is a bi-quasi-interior ideal of M. O

Theorem 5.5. M is regular I'—semigroup if and only if AT B = AN B for any right ideal
A and left ideal B of T'—semigroup M.

Proof. Let A, B be a right ideal and a left ideal of the regular ordered I'—semigroup M
respectively.

Obviously ATB C ANB.Letx € AN B.

Since M is a regular, there exist o, 5 € I" and y € M such that x = xaySx. Since
xay € Aand x € B, rayfr € AT'B. Thus x € AT'B. Hence AT'B = AN B.
Conversely, suppose that AT'B = A N B for any right ideal A and left ideal B of M. Let
x € M and I be the right ideal generated by = and J be the left ideal generated by z. We
have x € I N J = ITJ. Therefore x = zay = zBx,a,5 € I',y,z € M which implies
that x = xayyzpPz, for some v € I'. Hence M is a regular ordered I"'—semigroup. [

Theorem 5.6. Let B be I'—subsemigroup of a regular I'—semigroup M. If B can be
represented as B = RU'L, where R is a right ideal and L is a left ideal of M then B is a
bi-quasi-interior ideal of M.
Proof. Suppose B = RI'L, where R is right ideal of M and L is a left ideal of M.
BI'MTBI'MTI'B = RUCLTMTRILMTRT'L
CRIL=0L.

Hence B is a bi-quasi-interior ideal of the I'—semigroup M.

Conversely suppose that B is a bi-quasi-interior ideal of the regular I'—semigroup M.
We have BTMI'BI'MTI'B = B.Let R= BI'M and L = MT'B.
Then R = BT'M is aright ideal of M and L = MT B is a left ideal of M.

BI'M NMI'B C BTMI'BTMI'B =B
=BI'M "MT'B CB
=RNLCB.
Wehave BC BI'M = Rand BC MI'B=1L

=BCRNL

=B = RN L = RI'L, since M is a regular I'—semigroup.
Hence B can be represented as RI'L, where R is the right ideal and L is the left ideal of
M. Hence the theorem. O

The following theorem is a necessary and sufficient condition for a I'—semigroup M to
be regular using bi-quasi-interior ideal.

Theorem 5.7. M is a regular I'—semriring if and only if BN 1N L C BTITL, for any
bi-quasi-interior ideal B, ideal I and left ideal L of M.

Proof. Suppose M be a regular I'—semigroup, B, I and L are bi-quasi-interior ideal, ideal
and left ideal of M respectively.
Leta € BNINL.Thena € al'MI'a, since M is regular.

a € al'MT'a C al'MT'al'MT'a
C BI'IT'B
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Hence BNINL C BT'ITL.
Conversely suppose that B NI N L C BI'IT'L, for any bi-quasi-interior ideal B, ideal
and left ideal L of M. Let R be aright ideal and L be left ideal of M. Then by assumption,

RNL=RNMNLCRI'MI'L
RT'L.
We have RI'L C R, RI'L C L.

Therefore RI'L C RN L. Hence RN L = RI'L.
Thus M is a regular I'—semigroup. (]

6. CONCLUSIONS AND/OR DISCUSSIONS

As a further generalization of ideals, we introduced the notion of a bi-quasi-interior
ideal of a I'—semigroup as a generalization of ideal ,left ideal, right ideal, bi-ideal,quasi
ideal and interior ideal of a I'—semigroup and studied some of their properties. We intro-
duced the notion of bi-quasi-interior simple a I'—semigroup and characterized the bi-quasi-
interior a simple I'—semigroup, a regular I'—semigroup using bi-quasi-interior ideals of a
I"'—semigroup. We proved every bi-quasi ideal of a I'—semigroup and bi-interior ideal of a
I"'—semigroup are bi-quasi-interior ideals and studied some of the properties of bi-interior
ideals of a I'—semigroup. In continuity of this paper, we study prime, maximal and mini-
mal bi-quasi-interior ideals of a I'—semigroup.
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