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TRI-QUASI IDEALS AND FUZZY TRI-QUASI IDEALS OF SEMIGROUPS

MARAPUREDDY MURALI KRISHNA RAO*, RAJENDRA KUMAR KONA,
NOORBHASHA RAFI AND VENKATESWARLU BOLINENI

ABSTRACT. In this paper, we introduce the notion of a tri-quasi ideal and a fuzzy tri-
quasi ideal as a further generalization of ideals, left ideals, right ideals, bi-ideals, quasi-
ideals, and interior ideals. We characterize the regular semigroup in terms of tri-quasi
ideals, fuzzy tri-quasi ideals and study some of their properties. This generalization enables
mathematicians to explore new relationships and enhancing the understanding of these
structures. We establish that, a semigroup is a regular semigroup if and only if B N I N
L C BIL, for any tri-quasi ideal B, ideal I and left ideal L of a semigroup, and for a
semigroup, if p is a fuzzy left tri-ideal of a semigroup then  is a fuzzy tri-quasi ideal.

1. INTRODUCTION

Algebraic structures play a prominent role in mathematics with wide range of applica-
tions. Semigroup as the basic algebraic structure used in the areas of theoretical computer
science, formal languages, solutions of graph theory, optimization theory, and coding the-
ory. In 1981, Sen introduced the notion of a I'—semigroup as a generalization of semi-
group. The notion of ideals was introduced by Dedekind for the theory of algebraic num-
bers, further generalized by Noether for associative rings. In 1952, the concept of bi-ideals
was introduced by Good and Hughes[2] for semigroups. Quasi-ideals are generalization
of right-ideals and left-ideals whereas bi-ideals are generalization of quasi-ideals. In 1976,
the concept of interior-ideals was introduced by Lajos[3]] for semigroups. The notion of bi-
ideals in rings and semigroups was introduced by Lajos and Szasz[4]]. Bi-ideal is a special
case of (m-n) ideal. Steinfeld[18] first introduced the notion of quasi-ideals for semigroups
and then for rings. Iseki introduced the concept of quasi-ideal for semigroup.

During 1950-1980, the concepts of bi-ideals, quasi ideals and interior ideals were stud-
ied by many mathematicians and during 1950-2019, the applications of these ideals only
studied by mathematicians. Between 1980 and 2016 there have been no new generaliza-
tion of these ideals of algebraic structures. The author[7, 18} |9} [10] introduced and studied
weak interior ideals, bi-interior ideals, bi-quasi ideals, quasi-interior ideals and bi-quasi
interior ideals of I'—semirings, semirings, I'—semigroups, semigroups as a generalization
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of bi-ideal, quasi-ideal and interior-ideal of algebraic structures and charecterized regular
algebraic structures as well as simple algebraic structures using these ideals.

The fuzzy set theory was developed by Zadeh[19] in 1965. The fuzzification of al-
gebraic structure was introduced by Rosenfeld[17]] and studied fuzzy subgroups in 1971.
Many papers on fuzzy sets appeared, showing the importance of the concept and its appli-
cations to logic, set theory, group theory, ring theory, real analysis, topology,and measure
theory. N. Kuroki[3]] studied fuzzy ideals in semigroups. Murali Krishna Rao[2} [13}114} 15|
16] studied fuzzy bi-quasi ideals, fuzzy bi-interior ideals, fuzzy quasi-interior ideals as a
generalization of fuzzy bi-ideals, fuzzy quasi-ideals, and fuzzy interior ideals of semirings,
I"'—semirings and semigroups. In this paper, we introduce the notion of a tri-quasi ideal,
a fuzzy tri-quasi ideal of a semigroup by studying their properties and we characterize the
regular semigroup in terms of fuzzy tri-quasi ideals.

2. PRELIMINARIES

In this section we will recall some fundamental concepts and definitions, which are
necessary for this paper.

Definition 2.1. [10] A semigroup is an algebraic system (MM, .) consisting of a non-empty
set M together with an associative binary operation " -” .

Definition 2.2. [10] A non-empty subset B of a semigroup M is called

(i) asubsemigroup of M if BB C B.
(ii) a quasi ideal of M if B is a subsemigroup of M and BM N MB C B.
(iii) a bi-ideal of M if B is a subsemigroup of M and BM B C B.
(iv) an interior ideal of M if M BM C B.
(v) aleft (right) ideal of M if MB C B(BM C B).
(vi) anideal if BM C Band MB C B.

(vii) a left bi-quasi ideal (right bi-quasi ideal) of M if B is a subsemigroup of M
and MBN BMB C B (BM N BMB C B). A bi-quasi ideal of M if B is
a subsemigroup of M and B is a left and right bi-quasi ideal of M.

(viii) a left quasi-interior ideal (right quasi-interior ideal) of M if B is a subsemigroup
of M and MBMB C B (BMBM C B). A quasi-interior of M if B is a
subsemigroup of M and B is a left quasi-interior ideal and a right quasi-interior
ideal of M.

(ix) a bi-quasi-interior ideal of M if B is a subsemigroup of M and
BMBMB CB.

(x) aleft tri-ideal (right tri-ideal) of M if B is a subsemigroup of M and
BMBB C B (BBMB C B). A tri-ideal of M if B is a subsemigroup of M,
BMBB C Band BBMB C B.

Figure(1): The interrelationships between some generalization of the ideal mentioned
before are visualized in Figure (1). (Arrows indicate proper inclusions. That is if X and Y
are ideals, then X — Y means X C Y))

Definition 2.3. [10] Let M be a semigroup. An element 1 € M is said to be unity if for
each a € M such that al = la = a.

Definition 2.4. [10] A semigroup M is said to be commutative if ab = ba,
forall a,b € M.
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Definition 2.5. [10] Let M be a semigroup. An element a € M is said to be an idempotent
of M if a = aa.

Definition 2.6. [10] Let M be a semigroup. If every element of M is an idempotent of M,
then semigroup M is said to be band.

Definition 2.7. [10] Let M be a semigroup. An element a € M is said to be regular
element of M if there exist x € M, such that a = azxa.

Definition 2.8. [10] Let M be a semigroup. Every element of M is a regular element of
M then M is said to be a regular semigroup.

Definition 2.9. [13] Let M be a non-empty set. A mapping p : M — [0, 1] is called a
fuzzy subset of M.

Definition 2.10. [13] If 1 is a fuzzy subset of M, for ¢ € [0, 1] then the set
e ={x € M | u(z) >t} is called a level subset of M with respect to a fuzzy subset y.

Definition 2.11. [13] For any two fuzzy subsets A and p of M, A C p means A\(z) < p(x)
forallz € M.

Definition 2.12. [13] Let A be a non-empty subset of M. The characteristic function of A

is a fuzzy subset of M, defined by x  (z) = { é’ gi ; i;

Definition 2.13. [13]] Let x4+ and A be fuzzy subsets of M. Then
(i) p U X is a fuzzy subset of M defined by p U A(z) = max{u(z), A\(x)}, for all
x € M.
(i) N A is a fuzzy subset of M defined by p N A(x) = min{pu(x), A\(x)} for all
x € M.
1o A is defined by

sup {min{u(x), A(y)}},
o A(z) = z=zy, z,yeM , forall z € M.

0 otherwise
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Definition 2.14. [13]] A fuzzy subset p of a semigroup M is called

(i) afuzzy subsemigroup of M, if p(xy) > min {u(x), u(y)}, forall z,y € M.
(ii) afuzzy left (right) ideal of M, if p(xy) > p(y) (u(z)), forall z,y € M.
(iii) a fuzzy ideal of M, if p(zy) > max {p(z), u(y)}, forall z,y € M.
(iv) afuzzy bi-ideal of M, if p is a fuzzy subemigroup of M and p o xasr o C p,
(v) afuzzy quasi -ideal of M, if p is a fuzzy subemigroup of M and
o xnm NxamopC u,
(vi) afuzzy interior ideal of M, if p is a fuzzy subemigroup of M and
XM O [HOXM E My
(vii) a fuzzy bi-quasi ideal of M, if y is a fuzzy subemigroup of M and
X o proxa oS i,
(viii) a fuzzy tri-ideal of M, if u is a fuzzy subemigroup of M and
foXm o popC p,
(ix) a fuzzy quasi-interior ideal of M, if p is a fuzzy subemigroup of M and x s o o
X op S,
(x) a fuzzy bi-interior ideal of M, if xas o ppo xpr Npwo xprop C p,
(xi) a fuzzy bi-quasi interior ideal of M, if 1o xpr o ppo xprop C p.

3. TRI- QUASI IDEALS OF SEMIGROUPS

In this section, we introduce the notion of tri-quasi ideal as a generalization of bi-ideal,
quasi-ideal and interior ideal of a semigroup and study the properties of
tri-quasi ideal of a semigroup. Throughout this paper, M is a semigroup with unity ele-
ment.

Definition 3.1. A non-empty subset B of a semigroup M is said to be a tri-quasi ideal of
M, if B is a subsemigroup of M and BBEM BB C B.

Example 3.2. Let M = {0,a,3,v}. Define the binary operation ” - 7 on M, by the
following table

|0 a B~y
0[0 0 0 0
al0 a B v
Blo B B B
Y10 v v v

Then M is a semigroup, and B = {0, 8} is a tri-quasi ideal of M.

—
w2

Every tri-quasi ideal of a semigroup M need not be bi-ideal, quasi-ideal, interior ideal,
bi-interior ideal, and bi-quasi ideals of M.

In the following theorem, we mention some properties and omit the proofs since proofs
are straight forward.

Theorem 3.1. Let M be a semigroup. Then the following hold.

(1) Every (quasi, bi, interior, bi-interior, bi-quasi, left, right) ideal is a tri-quasi ideal
of M.

(2) The intersection of a right ideal and a left ideal of M is a tri-quasi ideal of M.

) If L is a left ideal and R is a right ideal of a semigroup M then B = RL is a
tri-quasi ideal of M.

(4) Let B be a bi-ideal of a semigroup M and I be an interior ideal of M. Then BN 1
is a tri-quasi ideal of M.
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Theorem 3.2. The intersection of a tri-quasi ideal B of a semigroup M and a right ideal
A of M is always a tri-quasi ideal of M.

Proof. Suppose C = BN A. Then

CCMCC CBBMBBC Band CCMCC C AAMAAC A,

Since A is aright ideal of M. Therefore CCMCC C BN A = C.

Hence the intersection of a tri-quasi ideal B of M and a right ideal A of M is always a
tri-quasi ideal of M. (]

Theorem 3.3. Let M be a semigroup. Then B is a tri-quasi ideal of M if and only if B is
a left ideal of some right ideal of M.

Proof. Let B be a tri-quasi ideal of the semigroup M. Then BBM BB C B. Therefore
BB is aleft ideal of right ideal BB M of a semigroup M.

Conversely suppose that B is a left ideal of some right ideal R of the semigroup M. Then
RB C B,RM C R.Hence BBMBB C BMB C RMB C RB C B. Therefore B is a
tri-quasi ideal of the semigroup M. (]

Theorem 3.4. Let M be a semigroup. B is a tri-quasi ideal of M and BB = B if and
only if there exist a left ideal L and a right idealR such that RL C B C RN L.

Proof. Suppose B is a tri-quasi ideal of the semigroup M.

Then BBMBB C B.Llet R=BM and L = MB.

Then L and R are left and right ideals of M respectively.

Therefore RLC BC RNL.

Conversely suppose that there exist L and R are left and right ideals of M respectively
such that RL € B C RN L. Then

BBMBBC(RNL)Y(RNL)YM(RNL)(RNL)

C (R)RML(L)

CRLCB.

Hence B is a tri-quasi ideal of the semigroup M. (]

Theorem 3.5. Let M be a semigroup and T be a non-empty subset of M. Then every
subsemigroup of T' containing T'T M'T'T is a tri-quasi ideal of M.

Proof. Let B be a subsemigroup of 7" containing T T'MT'T'. Then
BBMBB CTTMTT C B. Therefore BBM BB C B. Hence B is a tri-quasi ideal of
M. [l

Theorem 3.6. The intersection of { By | A € A} tri-quasi ideals of a semigroup M is a
tri-quasi ideal of M.

Proof. Let B = () B). Then B is a subsemigroup of M.
A€A
Since B, is a tri-quasi ideal of M, we have

By\B\M BBy C By, forall A\ € A
=BBMBB C B.
Hence B is a tri-quasi ideal of M. (]

Theorem 3.7. Let M be a semigroup. If BBM BB = B, for all tri-quasi ideals B of M,
then M is a regular semigroup.
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Proof. Suppose that BBM BB = B, for all tri-quasi ideals B of M.
Let B = RN L, where R is aright ideal and L is a left ideal of M.
Then B is a tri-quasi ideal of M.
Therefore (RN L)(RNLYM(RNL)(RNL)=RNL
RNL=(RNL)RNLYM(RNL)RNL)
C RRMLL
CRL
C RN L (since RL C Land RL C R).
Therefore R N L = RL. Hence M is a regular semigroup. a

Theorem 3.8. M is a regular semigroup if and only if BN I N L C BIL, for any tri-quasi
ideal B, ideal I and left ideal L of M.

Proof. Let M be a regular semigroup, B, I and L are a tri-quasi ideal, an ideal and a left
ideal of M respectively.
Leta e BNINL.Thena € aMa, since M is regular.

a€aMaC aMaMa
C BIL.

Hence BNINL C BIL.

Conversely suppose that B NI N L C BIL, for any tri-quasi ideal B, ideal I and left
ideal L of M. Let R be a right ideal and L be left ideal of M. Then by assumption,
RNL=RNMNL C RML C RL. Wehave RL C R, RL C L. Therefore
RL C RNL.Hence RNL =RL.

Thus M is a regular semigroup. (I

Theorem 3.9. Let M be a regular idempotent semigroup. Then B is a tri-quasi ideal of
M if and only if BBM BB = B, for all tri-quasi ideals B of M.

Proof. Suppose M is a regular semigroup, B is a tri-quasi ideal of M and x € B. Then
BBMBB C B and there exist y € M, such that x = xxyxxr € BBM BDB. Therefore
xr € BBMBB.
Hence BBM BB = B.
Conversely suppose that BBM BB = B, for all tri-quasi ideals B of M.
Let B = RN L, where R is aright ideal and L is a left ideal of M.
Then B is a tri-quasi ideal of M.
Therefore (RN L)YM(RNL)M(RNL)=RNL

RNL=(RNLY(RNLYMM(RNL)(RNL)
CRMLML
C RL
C RNL((since RL C Land RL C R).
Therefore RN L = RL. Hence M is a regular semigroup. (]

Theorem 3.10. Let M be a regular commutative semigroup. Then every tri-quasi ideal of
M is an ideal of M.

Proof. Let B be a tri-quasi ideal of M.and C' = BBM BB.
Then C = BBMBB =B
= BM = CM C CMC, since M is regular
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= BM C BBMBBMBBMBB C B.
O

Theorem 3.11. Let B be a subsemigroup of a regular idempotent semigroup M. B can be
represented as B = RL, where R is a right ideal and L is a left ideal of M if and only if
B is a tri-quasi ideal of M.

Proof. Suppose B = RL, where R is right ideal of M and L is a left ideal of M.
BBMBB = RLRLMRLRL
C RL=B.
Hence B is a tri-quasi ideal of the semigroup M.
Conversely, suppose that B is a tri-quasi ideal of the regular idempotent semigroup

M.Then BBM BB = B.Let R=BM and L = M B.
Then R = BM is aright ideal of M and L = M B is a left ideal of M.

BMNMBCBBMBB=B
=BMNMBCB
=RNLCB.
Wehave BC BM =Rand BC MB =1L
=BCRNL
=B = RNL = RL, since M is aregular semigroup.

Hence, B can be represented as RL, where R is the right ideal and L is the left ideal of
M. O

4. FuzzY TRI-QUASI IDEALS OF SEMIGROUPS

In this section, we introduce the notion of a fuzzy tri-quasi ideal as a generalization of a
fuzzy bi-ideal, a fuzzy quasi-ideal and a fuzzy interior-ideal of a semigroup and study the
properties of fuzzy tri-quasi ideals.

Definition 4.1. A fuzzy subset y of a semigroup M is called a fuzzy tri-quasi ideal of M
if p is a fuzzy subemigroup of M and pro o xpropop C p.

Example 4.2. Let M = {0, «, 8,~}. Define the binary operation ” - ” on M, by the fol-

. ‘ 0 a B 7
00 0 0 O
lowingtable o |0 o B ~
glo g B B
Y10 v v v
Let B = {0, 8}. (i) Define a fuzzy subset x of M by

() = 1, ifzxe B;
FEI =90, ifz¢ B.

Then p is a fuzzy tri-quasi ideal of M.

Theorem 4.1. Let M be a semgroup. A fuzzy set j of M is a fuzzy subsemigroup if and
only if prop € pi.
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Proof. Suppose p is a fuzzy subsemigroup of M and z,l, m € M. Then
pop(z) = sup {min{u(l), u(m)}}

z=1Im

< sup p(lm), since p(Im) = min{u(l), u(m)}

z=1m
= pu(2).
If I, m € M, does not exist such that z = Im, then p o u(z) = 0 < u(z), forall z € M.
Thus ppo pu C p.
Conversely, suppose that ;1o C pand z,y € M. Then
p(zy) = po p(xy)
= sup{min{p(z), p(y)}}
> min{u(2), u(y)}-
Hence, p is a fuzzy subsemigroup of M. (]

Theorem 4.2. Every fuzzy left ideal of a semigroup M is a fuzzy tri-quasi ideal of M.

Proof. Let i be a fuzzy left ideal of the semigroup M and x € M.
Xm o pop(r) = su;l) {min{xnrr (1), popu(m)}},l,me M.

= sup u(m)

z =1Im

< sup p(im)

z =1Im
= p(x).
Therefore xpr o p o p(z) < p(z).
Now po proxaropop(x) = sup {min{po p(l), xar o pop(m)}}

z =1Im
< sup {min{su(l), p(m)}}
= p(z).
Hence, i is a fuzzy tri-quasi ideal of M. O

Corollary 4.3. Every fuzzy ideal of a semigroup M is a fuzzy tri-quasi ideal of M.

Theorem 4.4. Let M be a semigroup and . be a non-empty fuzzy subset of M. A fuzzy
subset | is a fuzzy tri-quasi ideal of a semigroup M if and only if the level subset py, of |
is a tri-quasi ideal of a semigroup M for every k € [0, 1], where py, # ¢.

Proof. Let M be a semigroup and p be a non-empty fuzzy subset of M.
Suppose (i is a fuzzy tri-quasi ideal of a semigroup M, pu # ¢,k € [0,1] and a,b € py,
Then

pu(a) >k, u(b) > k
=p(ab) = min{p(a), u(b)} = k
=ab € pg.
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Let © € pgpr M pg pog,- Then x = beade, where
a € M,b,c,d,e € ui,Then
popoxmopopu(z) >k
=u(z) > popoxmopopu() >k
Therefore x € uy.

Hence py is a tri-quasi ideal of M.
Conversely suppose that uy, is a tri-quasi ideal of M, for all k € Im(u).
Letx,y € M, u(x) = k1, u(y) = ko and k1 > ko. Then z,y € pug,.
= XY € Uk,
= pu(ay) > ks = minfky, ko) = minfu(x), u(y)}
Therefore p(xzy) > ko = min{u(x), u(y)}.

We have gy M C pg, forall L € Im(p).

Suppose k = min{Im(u)}. Then pppp M pgpr C pg.

Therefore pro ppo xpropopu C p.

Hence  is a fuzzy tri-quasi ideal of M. O

Theorem 4.5. Let I be a non-empty subset of a semigroup M and x 1 be the characteristic
function of I. Then I is a tri-quasi ideal of a semigroup M if and only if x1 is a fuzzy
tri-quasi ideal of a semigroup M.

Proof. Let I be a non-empty subset of a semigroup M and 1 be the characteristic function
of I. Suppose I is a tri-quasi ideal of M.
Obviously x is a fuzzy subsemigroup of M. We have IIM1I C I. Then
XI©OXIOXMOXIOXI= XIIMII
= XIIMII
< xr-
Therefore X is a fuzzy tri-quasi ideal of M.
Conversely suppose that x s is a fuzzy tri-quasi ideal of M.
Then I is a subsemigroup of M. We have
XI©XI10°XMOXIoXTE<XT
= xrrmrr © X1
Therefore IIMII C I.

Hence [ is a tri-quasi ideal of M. (I

Theorem 4.6. If i1 and \ are fuzzy tri-quasi ideals of a semigroup M, then ;1N\ is a fuzzy
tri-quasi ideal of M.

Proof. Let p and A be fuzzy tri-quasi ideals of M. [,m € M. Then
pNA(Im) = min{p(lm), \(im)}
> min{min{p(l), ji(m)}, min{A(), A(m)}}
— min{min{p(l), A(1)}, min{u(m), A(m)}}
=min{p N A(D),uNA(m)}
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X o N A(z) = sup {min{xar(p),n N A(q)}}

T=pq

= sup {min{xn (p), min{u(q), \(¢)}}}

r=pq

= sup {min{min{xas(p), u(q)}, min{xr(p), \(¢)} } }

T=pq

= min{ sup {min{x s (p), #(q)}}, sup {min{xar(p), M(q)}}

~ minfr o p(@har oM@}
= xa o N xar o Aa).
Therefore x s o N xpr © A =xar © N A And
(LN A)o (LN A))(z) = Sup{min{(uﬂ)\)( ) (kN A)(0)}}
sup (@), Ala)} min{u(5), AB)}}}
(
(

= sup {mm{mm{u a),

sup {min{min{y(a), A(a)}, sup minfmin{s(b), A(b)}}
)
(

zr=ab r=a

ming sup {min{p(a), p(b)}}, sup {min{A(a), A(b)}}}

r=ab

= min{p o p(x), Ao A(z)}
= (pop) N (Ao ).
XM opNXopuNA(z)=xpopopmuNxa oo
(uNAXopuNXoxaopNAiopunA)(x)
= sup{mln{uouﬁ)\o)\( Y, xaopnNAiounA(b)}}

x=ab

= sup {min{p o pufa), A o Ala), min{xarop o p(b), xar 0 Ao A(B)}}}

r=ab

= bup {min{min{p o u(a), xar o po p(b)}}, min{A o A(a), xar o Ao A(b)}}

r=ab

= mm{;;l}l)b{mm{u op(a), xaropou(b)}h,
5up {min{X o A(a),xp o Ao A(D)}}}

:min{quoXMoMo,u(a?),/\O)\oXMo/\o)\( )}
=popoxpopuomNAoloyxa olo(x).

Therefore pNAopNAoxpopNAdopNA=popuoxpyopopuNAoloxpyodod
Hence pNAopNAoxpropNAiopuNA = popoxpopopuNioloxpyodod C unA.
Hence, p N A is a fuzzy tri-quasi ideal of M. O

Theorem 4.7. Let M be a semigroup. If u and \ are fuzzy tri-quasi ideals of M, then
wU X is a fuzzy tri-quasi ideal of M.

Proof. Let u and A be fuzzy tri-quasi ideals of M. [, m € M. Then
pU A(zy) = max{u(zy), Azy)}
> max{min{xu(z), u(y)}, min{A(2), M(y)}}
> min{max{y(z), A(z)}, max{u(y), A(y)}}
= min{p U A(z), n UA(y).}
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X o (U A)(x) = sup {min{xas(a), u(b) UA(b)}}

r=ab
= jgfb{min{w(a), max{4(b), A(b)}}}
= jgfb{max{min{w(a), p(b)}, min{xas(a), A(b)}}}
> max{ilfb{min{w(a% ()}, ilfb{min{w(a% A(b)}}}

> max{xas © u(@), xar 0 AMz)}
= (xar o pUxar o A(x).
Thus xpropUxpr oA < xapropUA.
(U2 © (U X)) (@) = sup fanin{( U X) (@), (1 U X)B)})

r=ab

= sup {min{ (s )(a) U (Ao ) (1)}

= sup {min{max{ju(a). M)}, {max{u(b), A4)}}}

> sup {min{maxc{(a), A(@)}}. sup {min{max{p(). A1)} }}
= max{ sup {min{ju(a). 5(b)}. sup {min{(a). A(1)}}

= max{p o p(z)}, {A o A(z)}
= ((op) U (Aod))(x).

Xar o (pUA) o (uUA)(z)

= sup {min{xar(a), (LU ) o (1 UA)(b)}}

— up i (4, 1)) U (o 0}

= sup fmin{xar (o), max{ (0 0. (0o X)(8)}}

= sup fmin{max{xar (@) xar (@)}, max{(c0 1) (B, (V0 N1}

> sup {max{min{xar (@), (1 1) (0} min{xar @), 0o N 1)

> wax{ sup {min{xyr ) (1 1) (B}, sup {min{xar(a), (o ()1}

= max{xas o po pu(x), xar 0 Ao A(z)}
= ((xpropop)U(xaorol))(n).
Thus

(Xaropop)U(xmoAod) <xao(pUA)o (pUA).

Then, (LU X))o (pUX)oxaro(pUA) o (U (z)
< s:u;; min{uopUAXoA(a), xpopUAopUA(be)}
= sup max{min{p o p(a), xar o p o p(be)}, min{A o A(a), xpr o Ao A(be)}}

r=abc

= max{ sup min{p o u(a), xar o po p(be),

z=abc

sup min{\ o A(a),xar o Ao )\(bc)}}

zr=abc

=max{popoxayopopu(x),\oloxyoloA(z)}
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=popoxmopuopUrodoxy odo(x).
Then, pUXopUNoxpropUlopupUAC popoxpopopUrodoxprodod C pUA.
Hence, p U A is a fuzzy tri-quasi ideal of M. (]

Theorem 4.8. Let M be a semigroup. Then M is regular if and only if . = popox propops,
for any fuzzy tri-quasi ideal v of M.

Proof. Let u be a fuzzy tri-quasi ideal of the regular semigroup M
and z,y € M. Then ppopoxp opopu C . And

popoxaropop(z)= sup {min{popo (x),xa o popu(yr)}}

T=xYT

> sup {min{u(z), u(yz)}}

> pzyz)
= u(z).

Therefore 1 C pro o xpropop. Hence, ppopoxy opop=p.

Conversely, suppose that ;o = 10 o xps o o o p, for any fuzzy tri-quasi ideal p of M.
Let B be a tri-quasi ideal of the semigroup M.
Then, x g is a fuzzy tri-quasi ideal of M.

Therefore xp = XB o XB©° XM ©XB°XB

= XBBMBB
B = BBMBB.

Therefore, M is a regular semigroup. U

Theorem 4.9. Let M be a semigroup. If i is a fuzzy left tri-ideal of M, then  is a fuzzy
tri-quasi ideal of M.

Proof. Suppose p is a fuzzy left tri-ideal of M, then
poxpopouCpu Letze M.

oo xar o popu(z) = sup {min{pu(l), poxar o pop(m)t}l,me M,

z=Ilm
< sup {min{y(l), p(m)}}
zZ=ltm
= {mop(2)}
< u(2).
Therefore, pt o o xpr 0 o p € p. Hence, u is a fuzzy tri-quasi ideal of M. U

Theorem 4.10. Let M be a semigroup. If p is a fuzzy (right) tri-ideal of M, then p is a
fuzzy tri-quasi ideal of M.

Theorem 4.11. Let M be a semigroup. If u is a fuzzy left-ideal of M, then y is a fuzzy
bi-ideal of M.
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Proof. Suppose i is a fuzzy left-ideal of M. Then p is a left-ideal of M. Let z € M,
xar o pu(z) = sup {min{xar (1), u(m)}}
==:ig;{nﬁn{17u(ﬂw}}
= sup {p(m)}

sup {p(Im)}

z=Ilm

= pu(z2)

IN

woxarou(z) = sup {min{u(l), xar o p(mp)}} L,m,p € M.

z=lmp

< sup {min{u(l), u(mp)}}

2=lmp
= u(2)
= proxmopu(z) < p(z)
Therefore, 1o xar o v C . Hence, p is a fuzzy bi-ideal of M. ([l

Theorem 4.12. Let M be a semigroup. If p is a fuzzy bi-ideal of M, then p is a fuzzy
tri-quasi ideal of M.

Proof. Suppose p is a fuzzy bi-ideal of M. Then
poxypopuCpu Letze M,
fro xnm o pop(z) = sup {min{p o xar o p(l), p(m)}} I, m € M.

z=lm

< sup {min{,u(l)7 N(m)}}

z=Ilm
= prop(lm) < p(2).
Therefore, p is a fuzzy left tri-ideal of M. Now

popoxa o popu(z) = sup {min{u(l), p o xar o po p(m)}} I, m € M.

z=lm

IN

sup {min{y(l), u(m)}}

z=Ilm
= pop(lm) < p(z).
Hence, p is a fuzzy tri-quasi ideal of M. O

Theorem 4.13. Let M be a regular semigroup. If 1 is a fuzzy set of A then,
(D) pop=np
(i6) Xprop=p
(#i1) o xXp = i, forall a € A.

Proof. Suppose M is a regular semigroup, z € M. Then there exists x € M, such that
Z = 2x%.

(i) ppopu(z) = sup {min{pu(z), p(z2)}}

Z=ZzZxz

= p(2).
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Therefore, po u = p.

(i0) xar o p(z) = sup {min{xar(22), u(2)}}

= p(2).
Similarly, p o x s = p. (]

Theorem 4.14. Let M be a regular semigroup. If p is a fuzzy tri-quasi ideal of M, then
is a fuzzy right tri-ideal of M.

Proof. Suppose p is a fuzzy tri-quasi ideal of M. Let M be a regular semigroup and z €
M. Then there exists € M, such that z = zzz.

pro o xar o popu(z) < p(z).
= sup min{uo o xp(zx), pou(z)} < u(z)

Z=Zxz

we have, p o u(z) = p(z). By Theorem
= sup min{p o poxn(zx), u(2)} < p(2)

z=zx2
= popoxmop(z) < p(z).
Therefore, jo 1o xpar o o C .

Hence, p is a fuzzy right tri-ideal of M. [

5. CONCLUSION

As a further generalization of ideals, we introduced the notion of tri-quasi ideals and
fuzzy tri-quasi ideals of a semigroup. We characterized the regular semigroup in terms of
fuzzy tri-quasi ideals of a semigroup and studied some of their algebraic properties. In the
continuity of this paper, we study prime tri-quasi ideals, maximal and minimal tri-quasi
ideals, and fuzzy soft tri-quasi ideals of semigroups.
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