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INVESTIGATE SEVERAL NEW NEUTROSOPHIC NORMED SPACES OF
I-CONVERGENCE OF THE TRIPLE SEQUENCES

M. JEYARAMAN

ABSTRACT. This article’s main goal is to introduce and investigate several new neutro-
sophic normed spaces of I-convergence of the triple sequences. By using the compact
operator, these spaces are defined. These spaces have several basic characteristics, such as
fuzzy topology and verifiable inclusion relations.

1. INTRODUCTION

Fast [6] and Schoenberg [21]] were the first to introduce statistical convergence indepen-
dently introduce the idea of statistical convergence. Salat et al.[11]] established the concept
of I-convergence, a statistical convergence generality. Later, Edely, Mursaleen[14], and
Tripathy independently developed the idea of statistical convergence for double sequences,
while Mursaleen and Saves [20] independently developed it for fuzzy numbers. Regarding
this, for double sequences [3], there are fact I and I*- convergence, which are two quite
different types of convergence.

Converged triple sequences were introduced by Gurdal, Sahiner, and Duden[16] in
2007. Numerous authors have further explored this idea; see ([4} 15, [17, 2]). Tripathy
and Goswami are familiar with the idea of the me-convergence of triple sequences in prob-
abilistic normed spaces.

An extension of the intuitionistic fuzzy set theory that Atanassov K.T. [[1]] first suggested
in 1986. Because it allocates the degree of membership to the components so that unique
persons may be distinguished in a set, fuzzy set theory is a potent tool for characterizing
ambiguity and vagueness. According to a vast body of research that has recently emerged
in the scientific discipline, the idea of fuzzy sets has surprisingly grown into the current
norm for young scientists or researchers. Many authors now use the concept of fuzzy
topology as a crucial tool in their work. The most recent advancements in fuzzy topology
are the concepts of the intuitionistic fuzzy normed space[13] and the intuitionistic fuzzy-2
normed space [15]].
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After some time, Smarandache [[18} [19] [17, 18] created the concept of Neutrosophic
Sets [V 8], which is an alternative form of notation for classical set theory by including
an intermediate membership function. This set is a formal setting designed to quantify the
truth, ambiguity, and falsity. The idea of convergent triple sequences was introduced by
Gurdal, Sahiner, and Duden [[16] in 2007. Numerous authors have further explored this
idea; see, ([4, 15, [17, 12]]). Tripathy and Goswami are accustomed to the concept of triple
sequences I-convergent in probabilistic normed spaces. Tripathy and Shiner [17] exam-
ined the I-convergence qualities in triple sequence spaces and presented some insightful
findings.

In this work, we introduce the paper to investigate some new neutrosophic normed
spaces of I-convergence of triple sequences defined by compact operator. Fuzzy topology
and verifiable inclusion relations are some essential characteristics of these spaces.

Despite the potential of neutrosophic normed spaces, their study for triple sequences
with I-convergence remains limited. By defining new spaces using compact operators, this
research explores their fundamental properties and implications offering new perspectives
in sequence analysis and fuzzy logic.

2. PRELIMINARIES

In this section, some basic definitions are imparted that are helpful to understand the
main section.

Definition 2.1. [10] A collection of sets .; C 2% allegedly is an ideal for a not an empty
set &, if it fulfils:
@ ¢ € Ja;
(i) if B, Q € Fy=PUQ € Iy,
(iii) if P e Jg and Q CP =N € F,.
An ideal .9, is called a non-trivial ideal if & ¢ ..

Definition 2.2. [10] A collection of sets ¥ C 2% is allegedly a filter for a not an empty
set &, if it fulfils:
(i) ¢ ¢F;
() ifP,QeF=PNAecF,
(i) if P eF and PCA=>9eF.
For each ideal .¥, there is a filter % (.¥;) corresponding to .%.
F(Jq) ={P CN:P° e F4}, where P°=N—-P.

Definition 2.3. [2] A triple sequence { = ((;55) is allegedly .F; convergent to a number
¢ if for each g > 0, like that {(7,9,0) € N X N x N : |(;56 — &| > €0} € F4 and to be
symbolized as, F4lim ;36 = &.

Definition 2.4. [12] A binary operation ® : [0, 1] x [0, 1] — [0, 1]is known as a triangular
norm if ® fulfils:

e ® is commutative and associative,

e & is continuous,

e f®1=¢ forall £ €[0,1],

o f1®g1 < fa®go whenever f; < fpand g; < go forall f1, g1, f2,g2in [0, 1].

Examples: () f ® g = fg (i) f ® g = min{f, g }.
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Definition 2.5. [12] A binary operation < : [0,1] x [0, 1] — [0, 1] is known as a triangular
norm if < fulfils:
e & is commutative and associative,
e < is continuous,
o fO0=f forall £ €[0,1],
o £10g1 < foOgo whenever f1 < fo and gy < go forall £1,91,f2, g2 in
[0, 1].
Examples: (i) fOg = min{f + ¢,1} (i) £Cg = max{f, ¢}
Definition 2.6. The 7-tuple (3, ¥,6, %, ®, ®, <) is allegedly N NS if S is a linear space,
® is a continuous triangular norm, ® and < are continuous triangular conorm, ¥, € and #
are fuzzy sets on § x (0, oo) fulfils the subsequent criteria:
For every (1,1 € S and s, w; > 0;
(a) 0 S 3@17@1) S 170 S ?(Clawl) S 170 S %(Chwl) S 1)
(b) F(C1,w1) +6(C1 1) + H(Cr,w1) <3,
© ¥(C1,@1) >0,
(d) ¥(¢1,w1) =1lifand onlyif (; =0,
© F(Fer. 1) = F (G, T ) foreach £ 0,
® F(C 1) ® F(T,5) < F(GL+ T, w1 + 5),
(g) J(¢1,w1) : (0,00) — [0, 1] is continuous,
(h) hm j((l,wl) =1and hm j((l,wl) =0,
() lg( 1,w1)
(G) €(¢1, 1) = Olfand only if {(; =0,
() G(fGr 1) = (1, Bt ) forcach £ # 0,
D €(¢,m1) ©G(T,s) >6G(¢G+ T, w1 + 5),
(m) €((1,01) : (0,00) — [0,1] is continuous,
(n) hm 6(¢1,w1) = 0and hm ?(Cl,wl) =1,
(0) %’(Cl,wl) <1,
(p) #((1,w1) =0ifand only if {; =0,
@ F(FG, =) =% (G, ) for each £ 0,
(I') %(Cla wl)og(pr\v S) Z %(Cl + val + 8)’
(s) #(¢1,w1) : (0,00) — [0,1] is continuous,
(t) lim %’(Cl,wl) =0 and lim %((1,w1) =1.
T — 00 w1 —0

Definition 2.7. Let (3, ¥,6,%,®,©,<) be an N NS. Then a sequence ¢ = (() is
allegedly converging towards a number £ with regard to the Nn (¥,%6,%) if for all
g0 >0 and w; >0, thereexists ko € N in such a way

F(—& 1) >1—¢e0,6(¢ — & 1) <eo and #H (¢ — &, 1) < €, forall k> ko
and to be represented as, (¥,6,%#)lim{ =¢&.

Definition 2.8. Let (3, %,%,%,®,0,<) be an NNS. Then a sequence { = ((;) is
allegedly statistically convergent(S6-¢) to a number £ with regard to the Nn (§,6, %) if
for everyone ¢g > 0 and w; > 0, we have

6({ keN}(C,;—{,wl)Sl—soor })0
(G, — & @) > eoand # (G, — &, 1) > €0

and to be represented as, st (g ¢ %) — lim ¢, = &.
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Definition 2.9. Let (3, %,6,%,®,0,<) be an NNS. Then a sequence ( = (¢;) is
allegedly I-convergent to a number £ with regard to the Nn (¥,6, %) if for everyone
€g >0 and w; > 0, we have

{ keN:g((—&m)<1—ggor }e]
G(C — & w1) 2 eoand H (¢, — €, 1) > o '
and to be represented as, I(g,gg() lim ¢ = &.

3. TRIPLE SEQUENCES IN /NS BY COMPACT LINEAR OPERATOR

Definition 3.1. Let (3, F,€,%,®,®, <) be an N/ N S. Then a triple sequence ¢ = ((;55)
is allegedly S6-¢ to a number £ with regard to the N n (¥, 6, %) if for everyone g9 > 0
and w; > 0, we have
5({ (1,0,0) ENX NXN: F(Cgo — & 1) <1 —¢ggor }) 0
€ C;@& — f,wl) Z =0 and%((;g;, — f,wl) Z €0
or equivalently,

limi { n<pk<qgl<r:F(Cep—&w)<1-gor }‘:0

prqr pqr ?(ng(f - 57731) > € and%((zg& - f7w1) > €

and to be symbolized as, st{; 4 lim G55 = &.

Definition 3.2. Let (3, F,€,%,®,®, <) be an N/ N S. Then a triple sequence ¢ = ((;55)
is allegedly statistically Cauchy(SCa) with regard to the Nn (¥,6,%) if for everyone
g0 >0 and w;y > 0 there exists p = p(g0), ¢ = q(e0),r = r(eo) like that, we have

5({ (i,0,6) € NXx N X N: F(Cigo — Cpgry1) < 1 —egor }) _ 0
ﬁ((ié& - Cpqr, wl) Z €0 aﬂd%((zg& - Cpqr, wl) Z €0 '

Definition 3.3. Let (3, F, 6, %,®,®, <) be an N/ N S. Then a triple sequence ¢ = ((;55)
is allegedly I3-convergent to a number £ with regard to the Nn (¥, €, %) if for everyone
€0 >0 and wy > 0, we have

(Z,@,é)eNxNxN:j(Q@;,—f,wl)Sl—eoor I
G(Cros — & 1) > eoand # (g5 — &, 1) > €0 s

and to be symbolized as, Iég’(g’%) lim ¢ = €.
Where, I3 is a non trivial ideal of N x N x N.

A Compact Linear Operator is a relation & : Ml — N which meets two criteria:
(1) R is linear;
(ii) For each limited sequence (¢;) € Jl, R((;,) has a convergent subsequence in .

where J( and N are normed linear spaces. The collection of all bounded linear operators

B(JM, N) is normed linear space normed by ||R| = sup ||R]
Cevili¢l=1

Remark: 3B (L, V) is a closed subspace of the set of all compact linear operators €(JL, V)
. Additionally, €(/L, V) is a Banach space if W is a Banach space.

The I-convergence of triple sequences described by compact operators in /¥ NS is the
topic of this article. In addition, we define an open ball with a non-zero radius that is
centered at a triple sequence and investigate the topology of the defined spaces.



INVESTIGATE SEVERAL NEW NEUTROSOPHIC NORMED SPACES OF I-CONVERGENCE 271

4. MAIN RESULTS

In this section, we provide the subsequent classes of sequence spaces.
3S(5590(F) = {(Cbga) € 39:{(1,8,5) € NXNxN: (T (Cr5)—&, 1) < 1—¢g or

G(T (Cigs) — & 1) = €0 or #(T (Cigs) — €, 1) > €0} € 13}

358 05.600(T) = { (Gias) € 39+ {(1.0,5) € NXNxN: F(T (Gigo), =) < 1—2g or
C(T (Cio5)s 1) = €0 or H (T (Cro5), 1) > 60} € 13}
We also define;
3B (8,2)(T) = { (Tiga) € 39+ {(1,0,6) : NxNxN: F(T (Q)~T (T), 1) > 14,
G(T(C) — T (T),@1) < 6 and H(T () — T (1), 1) < 5} € 13}
which is an open ball with centre at { = ({;55) and radius ¢ with respectto ;.

Theorem 4.1. If a triple sequence ( = ((;35) € 35(15 ©.9) (F) is I3-convergent to a
number & with regard to the Nn (§,6, %), then the limit £ is distinctive.

Proof. Let ¢ = (Cp5) € 35(7 ©.9¢)(7) like that

Ig(,g’(g’%) lim (;36 = &1 and Iég G0 Jim Cige = &2, for a given €y, we have § > 0 like
that (1 —0)® (1 —39) > 1—¢€0, 06 <eg and O < gp, then we define for w; > 0,

92)1:{(5,9,6)GNxNxsz(Qj(Czé&) £, )<17(50r
@(9(4@) g, 2L )>60r7t’<.1(§g§(,) £, )>5}

%2:{(Z,g,é)eNxNxN:j(g(Qé&) &, ) <1-6bor
6 (97((5@&) §2, — ) >0 or# (-J (Cros) — &2, ) > 5}

since 197 lim Cis = & and I 97 lim ¢G5 = &
= Py € I3 and D, € I3 forall w; > 0.
Consider @ = D1 U Dy, = D € I3 and D¢ € F(I3).
If, (p,q,7) € D, then
w w
F& = &,m1) 2 I (TG =61, 5) 0 F (TGur — 205" )

>(1-0)®(1—-9)

>1-— £€0-
€o > 0 being arbitrary

= }:(51 —fg,’(ﬂl) =1 forall w; >0 :>£1 = 52.

Also,

G —&,wm) <€ (Efgpq, P ) ©% (J Cpar — &2, %)
< (8) ® (9)
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< &g.
€p > 0 being arbitrary
= %(& —&,w1) =0, forall wy > 0= & =&.
Similarly it can be proved that,
H (& — &, w1) <go forall wy > 0= & = &s.
Thus, it may be said that, ") lim (;;5 = ¢ is distinctive. O

Theorem 4.2. Let ( = ((;55) be a triple sequence in 35(15 © %)(97). Consequently, the
following claims are equivalent:

() 4 157" Tim G = €
(i) { (£,0,0) e NX NXN: F(T(Cps) — & 1) <1—ggor } 1l
G(T (Cioz) — & 1) = €0 and H (T (Cro5) — & @1) = €0
,0,0) ENX NXN:F(T((p5) — & 1) >1—egor
i { <§<<3gg> & 1) < 50(“”0(1%5(9)[(&6) D e Lo } € F ()
(IV) 13 hm}( (CLQ5) - f,wl) = 1,]3 hm@(g(C;@&) - f,W1) =0 and
13 hm%((j(g}g(,) - f, wl) =0.

Theorem 4.3. The spaces 35({7’?’%)(9) and 355(5’@1%)(97) are linear spaces.
Proof. We demonstrate the linearity of the space 3.5 (Ig ©.%) (9).For other space, it comes
right after.

Let ¢ = ((o5), T = (Tiss) € 35(15 w9)(7) and £,g be non-zero scalars and g9 > 0
be given, then

) ENXNxN:F (T (Gas) — 1, ) <1—o0r

oy (i,0 .
€ (37((;@&) — &1, %) > epand # (QJ(Qé&) — &, %ﬁl‘) > &0

. (Z,@,é)eNxNxN:j(?T(’T’;@g,) 52,2g)<1—soor -
G (T (Tigs) — 2. 524) = coand % (T (Tigs) — 2. 524 = €0

s — (Z,é,é)eNxNxN:J(97((;@&)—5172”\) >1—¢ggor € F(I)
€ (U(Cz@&) — &1, %) < epand H (9(@@5) — &, %) < &0

e (1,0,6) eN X N x N: § (T(Tags) =2, £24) > 1—cpor o

C(T (Tigs) — &2, %) < egand # (ST(’T’Eg&) — &, %> <&
Define 3 = o1 Udy, so that s € Is = sd§ € F(I3) is non-empty. We now demonstrate
that for everyone ((i45), (Tiss) €3 5(} 0 (T).

(£,0,6) e Nx NxN:
F(FT (Ceps) + 9T (Tigs)) — (F1 +g&2),@1) > 1 —ggor
G(ET (Cios) +9T (Tigs)) — (£&1 +9&2), 1) < g9 and
H(£T (Cigo) + 9T (Tigs)) — (£§1 +g&2), @1) < &0

Let (p, q,7) € 945. In this case

j (Oj(Cpqr) 517 2ﬁ|> — EpOr

o5 C
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G (Cj(Cpqr) 517 2|ﬁ|> < epand

7#* (g(Cpqr) — &1, ;&) < &o.

and
¥ (g(qur) — &, ;&) >1—¢ggor
€ <°J('T‘pqr) — &, ;Q) < gpand
(9T 25 ) <0
We have
j(ﬁg(gpqr) + Qg(ﬁr‘pqr)) (F&1 + g&2), @)
> 3 (£ Goar) — F61. 50 ) @ F (97 (Gur) — 920 5"
=7 (g(CPW) 517 2|ﬁ|) ®F (g(Cqu) &2, 2| |)
> (1—50)@(1—50) = 1—50.
Also,
G(FT (Cpgr) + 9T (T pq?“)) (£&1 +9&2), @1)
<9 (£ (Gur) — #61,5) @9 (9T Gur) — 92, )
=% (g(Cpqr) 617 2|ﬁ|> ©%¥ ( (Cpqr) 527 2‘ )
< gg©®eg = égg.
and
%(ﬁoj@pqr) + g-g(rT‘pqr)) (&1 +49&2),@ )
<% (FF (Goar) — 61, 57) 07 (97 (Gour) — 9620 5" )
=% (g(Cqu) &1, 2|ﬁ|> SH ( (Cpqr) &2, 2| |>
< g9Cgg = €g.
Hence,

(1,0,6) e Nx NxN:
A j(ﬁg(CZéﬁ) + gJ (TLQU)) (ﬁgl + g§2) ) >1- Ep Or
’ G(FT (Cigs) + 49T (Trgs)) — (FE1 + g&2), @1) < goand
K (FT (Cioo) + 9T (Tigs)) — (F&1 + g&2), @1) < €0

Hence 3S (7.9 7{)( ) is a linear space.

Theorem 4.4. Let ( = ((;55) be a triple sequence in 35(15,?7%) (F) like that
(F,%,%)3lim Cigs = & then I %) Tim Cpr = €.

273
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Proof. Let (§,%6,%)slim ;55 = &, and &p > 0 be given then for everyone w; > 0,
there exists (p, ¢,7) € N x N x N like that

5(97((5@(,)—5) > 1_50,@(9-(4-[@5-)_5) < eo and %(Cj(glé&)_g) < g, forall (57 0, 5) >
(p,q,7).

As a result, we have

(,0,0) e Nx N xN:
B — F(T (Ggo) — & 1) <1 —eggor c{ (p',q¢,r") E NxNxN: }
B G(T (Cios) — & @1) > € and =1 p<p-1,d<qg-1,7"<r—1
H (T (Crps) — &, 1) > €0

But, I3 being admissible = % € I3. Hence, Iég’(g’%) lim (56 = €. [l

Theorem 4.5. Let { = ((;55) be a triple sequence in 39. If T = (Ti45) in 3V is a Ig(,g’(g’%)

convergent sequence like that {(I,0,5) € N X N X N: (36 # Tiss} € Is, then C is also

Iég 5. %) convergent.

Proof. Think about the set, {(7,9,6) € N x N x N: (36 # Tips} € I3 and
I lim P55 = € then 0 < e < 1 forall p > 0, we get

(,0,0) e Nx N xN: j(oj('T‘g@(,) — &) <1l—¢gpor
C(T (Tigs) — & 1) > eoand H (T (Tips) — & @1) > €0 3

0<eg<1 forall wy; >0,

H(T (Cros) — 1) > €0

CH{(5,0,0) e Nx NxN: (o5 # Tigs } U

4.1)
Since the right-hand side of (#.I)) contains an element of I3, we obtain
{ (Z,é,é’)ENXNXNZ}(?(C[@&)—§7W1)Sl—E()OI'} I
C(T (Gos) — & @1) 2 €0 and # (T (Grgo) — & @1) = €0 5
O

Theorem 4.6. If { = ((;55) € 35{5’?7%)(9) is a Cauchy sequence with regard to N'-n
(¥,6,%) then it is I?(,j’cg’%)—Cauchy with regard to same norm.

Proof. The proof was deleted because it seemed obvious. (I

Theorem 4.7. If { = ((;35) € 35({7 < %)(97) is a Cauchy sequence with regard to Nn
(¥,6,%) then the sequence ¢ = ((;55) has a subsequence which is an ordinary Cauchy
sequence with regard to the similar norm.

Proof. The proof was deleted because it seemed obvious. ([

Theorem 4.8. Each open ball 3B (6, ww1)(9) is an open set in 35({7 w90 (T):
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Proof. Let 3%B(J,w1)(J) be an open ball have radius ¢, centered at ¢ with regard to ;.

i.e

,0,0)
F (T (Gioo) — T (Tigs), @1)

g = = ~ v~
3%<(67W1)(J) =T = (TL.QIT) € 30 %(9(Cg§v)—9(ng5),w1) < Sand 613
H (T (Cios) — T (Tigs), @1) <0
Let T € 3%8¢(6, 1)(9).
Then,
(g(CL.QO') g(TLQU) w1) > 1 - 57
(CJ(CLQU) Cj(TLga) wl) < dand
(g(CLQU) 97( ) w1 ) < 0.
Since, 5(9(@@5) - g(TZQU)? w1) > 1 — 4, there exists 0 < wy < w; like that,
3(9(@@0) 97( Lgo') w()) >1-4,
<g(('-JT(C éo’) g( LQU) wo) < dand
%(g(CL,QU) g(TLQU) wo) < 0.
Now, think about do = F(T (Crgs) — T (Tigs), o). We have §g > 1 — § a thing exists,

wy € (07].) like that 69 > 1 — w9 > 1 — 4.

For §p > 1 — wo, we have 1, o, 3 € (0, 1) like that
§o ® I > 1—w2,(1—50)®
Let o, = max{51, 52, 53}

In this case, we look at the open ball 3975%«(1 — 04,01

3B (1 — 04,1 — @0)(T) C 3BE(6, @1)(T).

(1 — 52) < wo and (1 — (50)0(1 — (53) < was.

— wp)(9) and we show that

Let x = (Xigs) € 3B (1 — 04,1 — @0)(7) then
5(g(Tbga) (XLQO')a WO) > §4 01
C'g(g(rrtga) (X éo)v wO) <1-—d4o0r
%(ET('TLQU) (XLgﬂ)vwl - WO) <1—4y4
Therefore,
F(T (Gios) — T (Xio5): @1)
> F(T (Cos) — T (Tigs)s w@0) ® F(T (Tip5) — T (Xiss), @1 — @o)
> (Jp ®I3) > (o ®01) > (1 —wq) > (1—0)
also,
6(T (Cros) — T (Xigs), @1)
< C(T (Cos) — T (Tigs),@0) © €(T (Tigs) — T (Xiss), @1 — @o)
<(1=460) ©(1—=64) <(1—=060) ®(1—0b2) <wwz2 >3,
and
(T (Cigs) — T (Xigs)> @1)
< H (T (Cros) — T (Tigs): @0) OH (T (Tigs) — T (Xigs): @1 — @o)
< (1 =380)0(1 = 64) <(1=60)0(1 = 62) <wwg > 6.
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Thus z € 3%B¢(0,@1)(F). Hence 3B (1 — b4, @1 — @0)(T) C 3BE(0,@1)(T). 0
Remark: 35(5 .90 (7 ) is an NN S. Think about the set
(jcg% ={d C 3553% (F) : for everyone ¢ € of there existsw; > 0and0 < 6 < 1
such that 3%B¢ (6,1 )(7) C o }.
= 37(13 .9 (T) is clearly a topology on 35{7 c)(T)-
Theorem 4.9. The topology 37@ w90 (T) on 350(5 w.90)(T ) is first countable.

Proof { 3B (k, k) (T):k=1,2,3,... } forms a local base at { therefore the topology
37'(] .90 (7) on 35’0(5 ©.9¢)(7) is first countable. O

Theorem 4.10. 3S (7.9.9) (T) and 355(5&%) (T) are Hausdor{f spaces.

Proof. We determine the outcome for the space 35{537%) (7).

The outcome is obvious for 355(5,37%) (F).

Let, ¢ = (Gigo), T = (Tigs) € 35(5 6.9¢)(T) like that (Crg6) # (Tge)-

Then 0 < j(g(CZ@c}) — g(T[é&)/lﬂl) <1l or 0K @(9‘(4—[@5—) — g(Tzé5)7W1) <1
and 0 < %(g(gg@}) — W(T;é&),wl) < 1.

COIISidCI', 51 = j(g( ;gg) — GJ('T‘;@&),wl),ég = (g(g(CZ(_)ﬁ) — 9‘(’?;@5),731) and
(53 = %(ET(CEQ;T) — ‘J('T“,;@;,),wl), 5 = max{él, 1-— 52, 63} If we take 50 S (57 1)
there exists d04,d5 and Jg like that 64 ® 04 > 0o, (1 — d5) ©® (1 — J5) < (1 — Jp) and
(1 —36)0(1 = d6) < (1 —do)-

Again for, 67 = max{ds, 85, §s } and we consider 3%B¢ (1 — 07, 5L) and 3B~y (1 — b7, Zt).
Clearly, 39?)2 ( (577 -5 ) n 3%/‘T\ ( — (577 %) = (Z)

For, if there exists x = (Xz35) € 3B (1 — o7, %) n 3%%« (1 — o7, %)

then

9

= F(T (Cos) — T (Tis5), @1)
T (Cigo) — T (Xios )5 %) ®F (GJ(XZQZT) — T (Tigs)s ﬂ)
> 07 ® 07 > 04 ® 04 > 0g > 01,
62 = G(T (Cigs) — T (Tip5), 1)
<G (T (Gos) — T (Xigs) %) ©% (g(ng&) — T (Tiss), E)
(1-67)©(1—37)
(1-105)©(1—65)
(]. — (;0) < d9 and
03 = H (T (o) — T (Tiss), w1)
<#H (QJ(CL@&) - T (Xigs), %) OH ((j(Xl@i) — T (Tiss), @>
< (1= 07)0(1 = d7)
< (1= 06)O(1 — d6)
< (1—46o) <63

which cannot be done.
Therefore, 3S (7.5.9¢)(7) is Hausdorff. O

Qq
/N /N

IN N IA
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Theorem 4.11. 35(3 g90)(T)isan NN S and 37'(3 .90 (7 ) is atopology on 35(5 g9 (7)-
Then there exists a sequence (Cz5) € 35(5& %)( ), such that (56 — ¢ iff F(T (Crps) —

ST(C),wl) — ].,Cg(cj(ggé&) — OJ((),wl) — 0 and %(g(Cgé(}) — ST(C),wl) — 0 as
i, 0,0 — OQ.

Proof. Letw; > 0,let ;56 — ¢ and 0 < 0 < 1, there exists (p, ¢,7) € N x N x N like
that ((;56) € 3B¢(0,w1)(F), for everyone i > p, 9 > ¢q,6 >,
(I,0,6) e Nx NxN:

o ) F(T(Cips) —T(C),w1) >1—4dor
3%4(5,w1)(d)— g(g(czéﬁ)_g(g),;l) < §and 6[3,

(T (Cigs) —T((), 1) <0
like that, 3B (6, 1)(T) € F(I3).

Then,
1—=F(T (Cos) —T(C), 1) <0,
(T (Cips) — T (), 1) < 6 and
(T (Cigs) — T (()ym1) <6
Hence,
F(T (Cigs) —T(()yw1) = 1,
(T (Cips) — T (€),w1) — Oand
#H (T (Crpo) — T (), 1) — 0, as i, 9,5 — 0o
Conversely,

then for, 0 < § < 1, there exists (p, q,7) € N x N x N like that
= F(T (Gas) — T (¢), 1) <6,
G(T (Gos) — T (C), 1) < dand
%(g(gl{)é‘) - g(C),wl) < 53 fOI' all Z D, é Z qaé— Z r.

It follows that,

F(T (Cios) =T (¢)y 1) > 19,
(7 (Cros) — T (C),@1) < dand
(T (Cros) — T (), 1) <6, foralli > p,0>q,6>7r
Thus, (Cigs) € 3BE(d,@1)(T ), for everyone i > p, 6 > q,6 > r
Hence, (;55 — (. O

Theorem 4.12. A triple sequence ( = ((p5) € 35(123’%)(97) is I-convergent iff for
everyone €y > 0,701 > 0 there exists numbers p = p((, €0, w@1),q9 = q(C,€0,w1) and
r=1r(C,e0,w1) like that,

(p’q’T)ENXNXN:j( (Cpar) — & 1) 1—¢gor
{ Cg(o‘j(Cpqr)_ a%) <€0and7p€q( (pqr)z 7w1) < &0 }69(13)~
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Proof. Let Iég’g’%) lim¢ =¢andleteg > 0 and wy > 0. Forgg > 0 to be given, choose
wo > 0 like that, (]. — 50) ® (1 — 50) >1—ws,e0®eg <y and e9eg < wo.
We get, € € 355 4 90 (T),

P:{ (1,0,6) e Nx Nx N: 7 (T (Cas) — &, 2)<1—500r }613.
%(g(clé&)_ ) 2>>5Oand% ('J(CLQU) g, )>50

This implies

¢ (7,0,0) e NX Nx N: F (T (Crps) — & F) > 1500r}
P¢ = 2 € F(I3).

{ (97((@,)— 2 <egand ¥ (T (o) — &, ) < eo (Is)
Conversely, let p, g, € P. Then

¥ (9(<W) —¢, %) >1—¢gor
£ (GJ(CW) —¢, %) < gpand
# (g(Cpqr) ¢, %) < €op-

Now, we show that there exists p = p((, €9, @1),q = (¢, €0, 1) and r = r({, €0, 1)
like that,

{ (Z 0s 6) (g(CQ ) (Cpqr) wi) <1—wyor } el
C(T (Cios) — T (Cpgr), 1) 2> wrand #H (T (Cros) — T (Cpgr), @1) > w2 3

Thus, for everyone ¢ € 35( .90 (7 ) we consider

_ (5,0,0) : (T (CLQO') - (Cpqr) wi) <1—wyor
©= { (T (Ggs) =T (Cpqr) w1) > waand # (T (C s)—9F (Cpqr)7w1) > wa } SRS

Now, we show that () C P.
Let Q ¢ P then there exists (i, ¢',5') € Q and (i, ¢',5") ¢ P.
Consequently, we get,
FT(Crgo) = T (Gur) 1) 1= w200 F (T (o) =657 ) > 1= 0.
In specific,
¥ (g(gpqr) =&, %) >1—ep.
Moreover, we get
l—w 2 $(T(Cro,50) — (j(gpqr) w1)

>3 (TG o) — 65 ) €7 (TGur) — 6 5F)

>(1—gp)®(1—eo) >1—w27
which cannot be achieved. While on the other hand,

GT (o) = T Gar)s 1) 2 @200 (T (Gorgrr) = €, 2 ) < 0.
Particularly,
(T (Gar) —65) < 0.

Therefore, we get

IN

G(T (Cr,0,67) — T (Cpgr)> @1)
G (T(Crzo)—65) 0 (T(Gar) —63)

w2

IN
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< &0 ©eg < wa,

which is not possible.

AISO, %(9(4[/75/75-/) - g(gpq'r)a wl) Z w2 or# (g(<5'7é/76/) - f’ %) < €o-
Particularly, 7 (T ((pgr) — & B) < 0.

Therefore we get,

wy < H(T (Cror,60) — T (Cpgr)> @1)
w1 @i

< T(Cor 5 51) — g — —

< (T (Graar) =& 5 ) OF (T (Gour) =65 )
< gpleg < w2,

which cannot be done. Thus, Q C P and we have, P € [ = Q € I. O
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