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IDEAL GENERATED BY A TRANSLATIONAL INVARIANT FUZZY SUBSET
AND AN ELEMENT OF A Γ−SEMIGROUP

M. MURALI KRISHNA RAO AND NOORBHASHA RAFI∗

ABSTRACT. In this section, we introduce the notions of a left and a right translational in-
variant fuzzy subsets of a Γ−semigroup M, as well as the concept of a unit with respect to
a fuzzy subset, and study their properties. We also prove that if µ is a translational invariant
fuzzy subset of a commutative Γ−semigroup with unity, then the principal ideal generated
by an element and µ that contains a unity element is a prime ideal of the Γ−semigroup.

1. INTRODUCTION

The notion of a ternary algebraic system was introduced by Lehmer [5] in 1932. In
1995, Murali Krishna Rao [9, 10, 11] introduced the notion of a Γ−semiring as a gen-
eralization of a Γ−ring, a ring, a ternary semigroup and a semiring. Semigroup, as the
basic algebraic structure was used in the areas of theoretical computer science as well as
in the solutions of graph theory, optimization theory and in particular for studying au-
tomata, coding theory and formal languages. In 1981, Sen [24] introduced the notion of a
Γ−semigroup as a generalization of a semigroup. Ideals play an important role in advance
studies and uses of algebraic structures. Generalization of ideals in algebraic structures is
necessary for further study of algebraic structures. Many mathematicians proved important
results and charecterization of algebraic structures by using the concept and the properties
of generalization of ideals in algebraic structures. The notion of ideals was introduced by
Dedekind for the theory of algebraic numbers, was generalized by Noether for associative
rings. The one and two sided ideals introduced by her, are still central concepts in ring
theory and the notion of an one sided ideal of any algebraic structure is a generalization of
notion of an ideal. Quasi ideals are generalization of right ideals and left ideals whereas bi-
ideals are generalization of quasi ideals. Steinfeld[26] first introduced the notion of quasi
ideals for semigroups and then for rings. Iseki [2] introduced the concept of quasi ideal
for a semigroup. Murali Krishna Rao [13] introduced the concept of bi-interior ideal as a
generalization of quasi ideal, bi-ideal and interior ideal of a semigroup and study the prop-
erties of bi-interior ideals. Murali Krishna Rao [14, 15, 16, 17, 18] introduced and studied
of a bi-quasi ideal, a soft bi-interior ideal, a fuzzy prime ideal, a fuzzy soft tri-quasi ideal
and a fuzzy filter of semigroups and Γ−semirings. A. K. Ray [21] introduced the notion
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of a translational invariant fuzzy subset and A. K. Ray and Ali [22] generalized the results
of ring theory by using the notion of translational invariant fuzzy subsets. In this paper, we
introduce the notion of units, associates, prime elements with respect to a fuzzy subset, an
ideal of a Γ−semigroup generated by a translational invariant fuzzy subset and an element.
We study the properties of image and pre-image of a translational invariant fuzzy subset
under the Γ−semigroup homomorphism.

2. PRELIMINARIES

In this section, we recall some of the fundamental concepts and definitions which are
necessary for this paper.

Definition 2.1. [24] A semigroup is an algebraic system (M, .) consisting of a non-empty
set M together with an associative binary operation ′′ ·′′ .

Definition 2.2. [24] Let M and Γ be two non-empty sets. Then M is called a Γ−semigroup
if it satisfies

(i) xαy ∈ M
(ii) xα(yβz) = (xαy)βz, for all x, y, z ∈ M,α, β ∈ Γ.

Definition 2.3. [24] Let M be a Γ−semigroup. An element 1 ∈ M is said to be unity if
for each x ∈ M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 2.4. [24] A Γ−semigroup M is said to be left (right) singular if for each a ∈ M
there exists α ∈ Γ such that aαb = a(aαb = b), for all b ∈ M.

Definition 2.5. [24] A Γ−semigroup M is said to be commutative if aαb = bαa, for all
a, b ∈ M, for all α ∈ Γ.

Definition 2.6. [24] Let M be a Γ−semigroup. An element a ∈ M is said to be an
idempotent of M if there exists α ∈ Γ such that a = aαa and a is also said to be α
idempotent.

Definition 2.7. [24] Let M be a Γ−semigroup. An element a ∈ M is said to be regular
element of M if there exist x ∈ M, α ∈ Γ such that a = aαxβa.

Definition 2.8. [24] Let M be a Γ−semigroup. Every element of M is a regular element
of M then M is said to be regular Γ−semigroup M.

Definition 2.9. [24] An element a of a Γ−semigroup M is said to be idempotent if there
exists α ∈ Γ such that a = aαa.

Definition 2.10. [24] Let M be a Γ−semigroup. An ideal P of M is called a prime ideal
of M if for any a, b ∈ M and γ ∈ Γ, aγb ∈ P ⇒ a or b ∈ P.

Definition 2.11. [15] A non-empty subset A of Γ−semigroup M is called
(i) a Γ−subsemigroup of M if AΓA ⊆ A

(ii) a quasi ideal of M if AΓM ∩MΓA ⊆ A
(iii) a bi-ideal of M if AΓMΓA ⊆ A
(iv) an interior ideal of M if MΓAΓM ⊆ A
(v) a left (right) ideal of M if MΓA ⊆ A(AΓM ⊆ A)

(vi) an ideal if A is a Γ−subsemigroup of M, AΓM ⊆ A and MΓA ⊆ A.

Definition 2.12. [28] Let M be a nonempty set. A mapping f : S → [0, 1] is called a
fuzzy subset of M .
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3. IDEAL OF A Γ−SEMIGROUP M GENERATED BY AN ELEMENT AND
TRANSLATIONAL INVARIANT FUZZY SUBSET OF M

In this section, we introduce the notion of a left and a right translational invariant fuzzy
subset of a Γ−semigroup M, the notion of a unit with respect to a fuzzy subset and study
their properties. And also we prove that if µ is a translational invariant fuzzy subset of a
commutative Γ−semigroup with unity then principal ideal generated by an element and µ
contains an unity element is not a proper ideal of a Γ−semigroup.

The set {r ∈ M | µ(r) = µ(xαa), a ∈ M, for some x ∈ M, for all α ∈ Γ},
is denoted by L(a, µ) and the set {r ∈ M | µ(r) = µ(aαx), a ∈ M, for some x ∈
M, for all α ∈ Γ}, is denoted by R(a, µ).

Definition 3.1. Let M be a Γ−semigroup and µ be a fuzzy subset of M. Then µ is said to
be left translational invariant if

µ(x) = µ(y) ⇒ µ(aαx) = µ(aαy), x, y ∈ M, for all a ∈ M, α ∈ Γ.

Definition 3.2. Let M be a Γ−semigroup and µ be a fuzzy subset of M. Then µ is said to
be right translational invariant if

µ(x) = µ(y) ⇒ µ(xαa) = µ(yαa), x, y ∈ M, for all a ∈ M, α ∈ Γ.

Example 3.3. Let M be a set of non negative integers and Γ be the additive commutative
semigroup of all commutative non negative even integers. Then M is a Γ−semigroup if
aγb is defined as usual multiplication of integers a, γ, b where a, b ∈ M and γ ∈ Γ. Let µ
be a fuzzy subset of M, defined by

µ(x) =


1 if x = 0

0.5 if x is even
0.1 if x is odd

< 2 >= {0, 2, 4, ...}, < 6 >= {0, 6, 12, ...}
I(6, µ) = {x | µ(x) = µ(yα6), for all α ∈ Γ, for some y ∈ M} = All even integers
< 6 >⊆ I(6, µ) ⊆ M.

Theorem 3.1. Let µ be a left translational invariant fuzzy subset of a Γ−semigroup M.
Then for any a ∈ M, the set L(a, µ) is a left ideal of a Γ−semigroup M.

Proof. Let µ be a left translational invariant fuzzy subset of the Γ−semigroup M, s ∈
L(a, µ). Then

µ(s) = µ(yαa), for some x, y ∈ M, for all α ∈ Γ

Suppose s ∈ L(a, µ), r ∈ M,β ∈ Γ.

Then µ(s) = µ(yαa), for some y ∈ M, for all α ∈ Γ

⇒µ(rβs) = µ
(
rβ(yαa)

)
, for all α ∈ Γ

⇒µ(rβs) = µ
(
(rβy)αa

)
, for all α ∈ Γ.

Therefore rβs ∈ L(a, µ). Hence L(a, µ) is a left ideal of M. □

The proof of the following theorem is similar as that of Theorem 3.1

Theorem 3.2. Let M be a Γ−semigroup and µ be a right translational invariant fuzzy
subset of M and a ∈ M. Then the set R(a, µ) is a right ideal of a Γ−semigroup M.

Corollary 3.3. Let M be a commutative Γ−semigroup and µ be a translational invariant
fuzzy subset of M. Then for any a ∈ M, L(a, µ) is an ideal of a Γ−semigroup M.
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If L(a, µ) = R(a, µ) then the ideal L(a, µ) is denoted by I(a, µ) and I(a, µ) is called
a µ−principal ideal of M generated by a and µ.

Theorem 3.4. Let µ be a translational invariant fuzzy subset of a Γ−semigroup M.

(i) If a ∈ L(b, µ) then L(a, µ) ⊆ L(b, µ)
(ii) If a ∈ R(b, µ) then R(a, µ) ⊆ R(b, µ).

Proof.

Suppose a ∈ L(b, µ) ⇒µ(a) = µ(xαb) and for some x ∈ M, for all α ∈ Γ

Let t ∈ L(a, µ) ⇒µ(t) = µ(yαa) and for some y ∈ M, for all α ∈ Γ

Now µ(a) = µ(xαb) ⇒µ(yβa) = µ(yβxαb), for all α, β ∈ Γ

⇒µ(t) = µ(yβxβb), for all α, β ∈ Γ

⇒t ∈ L(b, µ).

Hence L(a, µ) ⊆ L(b, µ). Similarly we can prove (ii). □

Theorem 3.5. Let µ be a translational invariant fuzzy subset of a Γ−semigroup M and
a, b ∈ M. If µ(a) = µ(b) then L(a, µ) = L(b, µ) and R(a, µ) = R(b, µ).

Proof. Let µ be a left translational invariant fuzzy subset of a Γ−semigroup M, µ(a) =
µ(b) and x ∈ L(a, µ). Then µ(x) = µ(rαa), for some r ∈ M.

Since µ(a) = µ(b), µ(rαa) = µ(rαb)

⇒µ(x) = µ(rαb), for all α ∈ Γ

⇒x ∈ L(b, µ).

Hence L(a, µ) ⊆ L(b, µ). Suppose y ∈ L(b, µ).

Then µ(y) = µ(sαb), for some s ∈ M, for all α ∈ Γ

⇒µ(y) = µ(sαb) = µ(sαa).

⇒y ∈ L(a, µ).

Therefore L(b, µ) ⊆ L(a, µ).

Hence L(a, µ) = L(b, µ). Similarly we can prove R(a, µ) = R(b, µ). □

The proof of the following theorems are straight forward verification.

Theorem 3.6. Let M be a Γ−semigroup and µ be a translational invariant fuzzy subset
of M. For any a ∈ M, the left ideal MΓa = {rαa | r ∈ M, α ∈ Γ} of M is contained in
left ideal L(a, µ) and the right ideal aΓM = {aαr | r ∈ M, α ∈ Γ} is contained in right
ideal R(a, µ).

Theorem 3.7. If M is a commutative Γ−semigroup with unity, µ is a translational invari-
ant fuzzy subset of M and a ∈ M then the principal ideal ⟨a⟩ = I(a, µ).

Definition 3.4. Let M be a Γ−semigroup with unity element e, µ be a translational in-
variant fuzzy subset of a Γ−semigroup M and µ(0) ̸= µ(e). An element a ∈ M with
µ(a) ̸= µ(0) is called a µ−unit of M if there exists an element u ∈ M such that
µ(u) ̸= µ(0) and µ(aαu) = µ(uαa) = µ(e), for all α ∈ Γ.

Theorem 3.8. Let M be a Γ−semigroup with unity e and a be µ−unit of M. Then
L(a, µ) = R(a, µ) = M.
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Proof. Suppose a is a µ−unit of the Γ−semigroup M. Then there exists u ∈ M such that
µ(u) ̸= µ(0), µ(aαu) = µ(uαa) = µ(e), for all α ∈ Γ. Let x ∈ M. Then there exists
γ ∈ Γ such that xγe = eγx = x. Now

µ(e) = µ(aαu), for all α ∈ Γ

⇒µ(eβx) = µ(aαuβx), for all α, β ∈ Γ

⇒µ(x) = µ(aαuγx), for all α, γ ∈ Γ

⇒x ∈ R(a, µ)

Therefore M ⊆ R(a, µ).

Similarly we can prove M ⊆ L(a, µ). Hence L(a, µ) = R(a, µ) = M. □

Theorem 3.9. Let M be a Γ−semigroup with unity e, a ∈ M and µ be a right translational
invariant fuzzy subset of M. If e ∈ R(a, µ) then R(a, µ) = M.

Proof. Suppose e is the unity element of the Γ−semigroup M,x ∈ M and e ∈ R(a, µ).
Since x ∈ M, by definition of unity, there exists γ ∈ Γ such that eγx = x. Then e ∈
R(a, µ)

⇒µ(e) = µ(aαy) for some y ∈ M, for all α ∈ Γ

⇒µ(eγx) = µ(aαyγx), for all , α ∈ Γ

⇒µ(x) = µ(aαyγx), for all α ∈ Γ.

Therefore x ∈ R(a, µ). Hence R(a, µ) = M. □

Corollary 3.10. Let M be a commutative Γ−semigroup with unity e, a ∈ M and µ be a
translational invariant fuzzy subset of M. If e ∈ I(a, µ) then I(a, µ) = M.

Theorem 3.11. Let M be a Γ−semigroup with unity e, a ∈ M and µ be a right transla-
tional invariant fuzzy subset of M. If x ∈ R(a, µ) is an invertible then R(a, µ) = M.

Proof. Let M be a Γ−semigroup with unity e, a ∈ M and µ be a right translational invari-
ant fuzzy subset of M. Suppose x ∈ R(a, µ) is invertible. Then there exist y ∈ M, α ∈ Γ
such that xαy = e. Since by Theorem 3.2, R(a, µ) is a right ideal of a semigroup M.
Therefore e = xαy ∈ R(a, µ). By Theorem 3.9, R(a, µ) = M. □

Corollary 3.12. Let M be a commutative semigroup with unity, a ∈ M and µ be a trans-
lational invariant fuzzy subset of M. If x ∈ I(a, µ) is invertible then I(a, µ) = M.

4. PRIME IDEAL I(A, µ)

In this section, we introduce the notion of associates, prime elements with respect to
a fuzzy subset, an ideal of a Γ−semigroup generated by translational fuzzy subset and
an element. We study the properties of image and pre-image of translational invariant
fuzzy subset under the Γ−semigroup homomorphism. We prove that every homomorphic
image of an ideal of a Γ−semigroup generated byµ−prime element and fuzzy translational
invariant, homomorphism-invarinat fuzzy subset µ is a prime ideal of a Γ−semigroup.
Throughout in this section M is a commutative Γ−semigroup.

Definition 4.1. Let M be a Γ−semigroup, a, b ∈ M and µ(a) ̸= µ(0). a is said to be
µ−divisor of b if there exists c ∈ M such that µ(b) = µ(aαc), for all α ∈ Γ. It is denoted
by (a/b)µ.



246 M. MURALI KRISHNA RAO AND NOORBHASHA RAFI

Definition 4.2. Let M be a Γ−semigroup, a, b ∈ M and µ(a) ̸= µ(0). Then a and b are
said to be µ−associates if (a/b)µ and (b/a)µ.

Theorem 4.1. Let M be a Γ−semigroup, a, b ∈ M and µ(a) ̸= µ(0). If (a/b)µ then
I(b, µ) ⊆ I(a, µ).

Proof. Suppose (a/b)µ.

⇒µ(b) = µ(aαc), for some c ∈ M, for all α ∈ Γ

⇒b ∈ I(a, µ).

By Theorem 3.4, I(b, µ) ⊆ I(a, µ).

□

Definition 4.3. Let f : M → S be a homomorphism of Γ−semigroups M,S and µ be a
fuzzy subset of M. We define a fuzzy subset f(µ) of S by

f(µ)(x) =

 sup
y∈f−1(x)

µ(y), if f−1(x) ̸= ϕ

0 , otherwise .

Definition 4.4. A fuzzy subset µ is called a homomorphism invariant (f−invariant) if f is
a Γ−semigroup homomorphism.

Theorem 4.2. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S
and µ be a f−invariant fuzzy subset of M. If x = f(a) then f(µ)(x) = µ(a), a ∈ M.

Proof. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S and
µ be a f−invariant fuzzy subset of M. Suppose x = f(a). Then f−1(x) = a. Let t ∈
f−1(x). Then x = f(t) ⇒ f(a) = x = f(t). Since µ is a f−invariant fuzzy subset of
M ⇒ µ(a) = µ(t). Therefore f(µ)(x) = sup

t∈f−1(x)

{µ(t)} = µ(a). □

Theorem 4.3. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup
S. If µ is a translational invariant and f−invariant fuzzy subset of M then f(µ) is a
translational invariant fuzzy subset of S.

Proof. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S and
µ be a translational invariant and f−invariant fuzzy subset of M. Let x, y ∈ S, α ∈
Γ, f(µ)(x) = f(µ)(y). Since f is onto, there exist a, b ∈ M such that f(a) = x, f(b) =
y. By Theorem 4.2, we have f(µ)(x) = µ(a) and f(µ)(y) = µ(b) ⇒ µ(a) = µ(b). Let
z ∈ S. Then there exists c ∈ M such that f(c) = z.

xαz =f(a)αf(c)

=f(aαc)

yαz =f(b)αf(c)

=f(bαc)

⇒ f(µ)(xαz) =µ(aαc)

and f(µ)(yαz) =µ(bαc).

Since µ is translational fuzzy invariant, µ(a) = µ(b)

⇒ µ(aαc) =µ(bαc), for all α ∈ Γ

⇒ f(µ)(xαz) =f(µ)(yαz), for all α ∈ Γ.

Hence f(µ) is a translational invariant fuzzy subset of S. □
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Definition 4.5. Let ϕ : M → M ′ be a homomorphism of Γ−semigroups and µ be a fuzzy
subset of M ′. We define a fuzzy subset ϕ−1(µ) of M by ϕ−1(µ)(x) = µ(ϕ(x)), for all x ∈
M. We call ϕ−1(µ) is a pre image of µ.

Theorem 4.4. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup
S and µ be a translational invariant fuzzy subset of S. Then f−1(µ) is a translational
invariant fuzzy subset of a Γ−semigroup M.

Proof. Let f be a homomorphism from a Γ−semigroup M into a Γ−semigroup S and µ
be a translational invariant fuzzy subset of S. Let a, b ∈ M and f−1(µ)(a) = f−1(µ)(b).
Then µ(f(a)) = µ(f(b)). Suppose x ∈ M then f(x) = y ∈ S, α ∈ Γ. Since µ is
translational invariant fuzzy subset of S, we have

µ(f(a)αy) = µ(f(b)αy)

⇒µ(f(a)αf(x)) = µ(f(b)αf(x))

⇒µ(f(aαx)) = µ(f(bαx))

⇒f−1(µ)(aαx) = f−1(µ)(bαx).

Hence f−1(µ) is a translational invariant fuzzy subset of M. □

Theorem 4.5. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup
S. If µ is a f−invariant, translational invariant fuzzy subset of M then

f(I(a, µ)) = I(f(a), f(µ)), for all a ∈ M.

Proof. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S and µ
be a f−invariant, translational invariant fuzzy subset of M.

Let y ∈ I(f(a), f(µ))

⇔f(µ)(y) = f(µ)(sαf(a)), for some s ∈ S, for all α ∈ Γ

⇔y, s ∈ S, f is onto, there exist x, r ∈ M such that f(x) = y, f(r) = s.

⇔f(µ)f(x) = f(µ)
(
f(r)αf(a)

)
, for all α ∈ Γ

⇔f(µ)f(x) = f(µ)
(
f(rαa)

)
⇔µ(x) = µ(rαa), for all α ∈ Γ

⇔x ∈ I(a, µ)

⇔y = f(x) ∈ f
(
I(a, µ)

)
.

Hence I
(
f(a), f(µ)

)
= f(I(a, µ)

)
. □

Theorem 4.6. Let M be a Γ−semigroup and a, b ∈ M,µ(a), µ(b) ̸= µ(0). If a and b are
µ−assoicates then I(a, µ) = I(b, µ).

Proof. Let M be a Γ−semigroup and a, b ∈ M,µ(a), µ(b) ̸= µ(0). Suppose a and b are
µ−assoicates. Then by Definition 4.2, (a/b)µ and (b/a)µ. By Theorem 4.1,

I(b, µ) ⊆ I(a, µ)

and I(a, µ) ⊆ I(b, µ)

Hence I(b, µ) = I(a, µ).

□

Theorem 4.7. Let a, b be in a Γ−semigroup M and µ(a), µ(b) ̸= µ(0). If µ(a) = µ(bαu),
for all α ∈ Γ, for some µ−unit u ∈ M then a and b are µ−associates.
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Proof. Let a, b be in a semigroup M and µ(a), µ(b) ̸= µ(0). Suppose µ(a) = µ(bαu), for
all α ∈ Γ, for some µ−unit u ∈ M. Then (b/a)µ Since u is a µ−unit, there exists v ∈ M
and µ(v) ̸= µ(0) such that µ(uβv) = µ(e), for all β ∈ Γ.

µ(a) = µ(bαu), for all α ∈ Γ.

⇒ µ(aβv) = µ(bαuβv), for all α, β ∈ Γ

= µ(bαe), for all α ∈ Γ

= µ(b),

⇒ (a/b)µ.

Hence a and b are µ−associates. □

Definition 4.6. Let M be a Γ−semigroup and µ be a translational invariant fuzzy subset
of M. Suppose element a is not a unit and µ(a) ̸= µ(0). Then a is said to be a µ−prime
element if

(
a/bαc

)
µ
⇒

(
a/b

)
µ

or
(
a/c

)
µ

for all b, c ∈ M, α ∈ Γ.

Theorem 4.8. Let M be a Γ−semigroup,µ be a translational invariant fuzzy subset of M,
a ∈ M,µ(a) ̸= µ(0) and I(a, µ) ̸= M. Then a is a µ−prime element if and only if the
ideal I(a, µ) is a prime ideal of a Γ−semigroupM.

Proof. Let M be a Γ−semigroup, µ be a translational invariant fuzzy subset of M, a ∈
M,µ(a) ̸= µ(0) and I(a, µ) ̸= M. Suppose a is a µ−prime element. By Corollary 3.3,
I(a, µ) is an ideal of Γ−semigroup M.
Let x, y ∈ M, α ∈ Γ and xαy ∈ I(a, µ).

⇒µ(xαy) = µ(aβr), for some r ∈ M, for all β ∈ Γ.

⇒
(
a/xαy

)
µ

⇒
(
a/x

)
µ

or
(
a/y

)
µ
, since a is a µ−prime.

If
(
a/x

)
µ

then µ(x) = µ(aαc), for all α ∈ Γ for some c ∈ M

⇒x ∈ I(a, µ)

If
(
a/y

)
µ

then y ∈ I(a, µ).

Hence I(a, µ) is a prime ideal of M.
Conversely suppose that I(a, µ) is a prime ideal of a Γ−semigroup M.

Let x, y ∈ M, α ∈ Γ and
(
a/(xαy)

)
µ

⇒µ(xαy) = µ(aβc), for all β ∈ Γ for some c ∈ M

⇒xαy ∈ I(a, µ).

⇒x ∈ I(a, µ) or y ∈ I(a, µ), since I(a, µ) is a prime ideal.

If x ∈ I(a, µ) then µ(x) = µ(yβa), for all β ∈ Γ for some y ∈ M

⇒
(
a/x

)
µ
.

Similarly we can show that if y ∈ I(a, µ) then (a/y)µ.
Hence a is a µ−prime element of M. □
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Definition 4.7. A fuzzy subset µ is called homomorphism-invariant (f−invariant) if f is
a Γ−semigroup homomorphism.

Theorem 4.9. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S
and µ be a translational invariant and f−invariant fuzzy subset of M. If a is a µ− prime
element of Γ−semigroup M then f(a) is a f(µ)−prime element of a Γ−semigroup S.

Proof. Let µ be a translational invariant and f−invariant fuzzy subset of a semigroup M
and f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S. By Theorem
4.3, f(µ) is a translational invariant fuzzy subset of S. Suppose a is a µ−prime element of
a Γ−semigroup M and

(
f(a)/yαz

)
f(µ)

, y, z ∈ S, α ∈ Γ.

Since f is an onto homomorphism there exist b, c ∈ M such that
f(b) = y, f(c) = z. So f(bαc) = f(b)αf(c) = yαz.(
f(a)/yαz

)
f(µ)

⇒ there exists d ∈ M such that f(µ)
(
f(a)βf(d)

)
= f(µ)f(bαc), for all β ∈ Γ

⇒ µ(aβd) = µ(bαc), for all β ∈ Γ

⇒
(
a/bαc

)
µ
.

Since a is µ−prime element, we have
(
a/b

)
µ

or
(
a/c

)
µ
.

⇒µ(aαs) = µ(b) or µ(aαr) = µ(c), for all α ∈ Γ, for some s, r ∈ M

⇒f(µ)
(
f(aαs)

)
= f(µ)

(
f(b)

)
or f(µ)

(
f(aαr)

)
= f(µ)

(
f(c)

)
, for all α ∈ Γ

⇒f(µ)
(
f(a)αf(s)

)
= f(µ)

(
f(b)

)
or f(µ)

(
f(a)αf(r)

)
= f(µ)

(
f(c)

)
, for all α ∈ Γ

⇒
(
f(a)/f(b)

)
f(µ)

or
(
f(a)/f(c)

)
f(µ)

⇒
(
f(a)/y

)
f(µ)

or
(
f(a)/z

)
f(µ)

.

Hence f(a) is a f(µ)−prime element of S. □

Theorem 4.10. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup
S and µ be a translational invariant and f−invarianat fuzzy subset of a Γ−semigroup M.
If a is a µ−prime element of a Γ−semigroup M then the homomorphic image of I(a, µ)
is a prime ideal of a Γ−semigroup S.

Proof. Let f be a homomorphism from a Γ−semigroup M onto a Γ−semigroup S and
µ be a translational invariant and f−invarianat fuzzy subset of a Γ−semigroup M. By
Theorem 4.3, f(µ) is a fuzzy translational invariant fuzzy subset of a Γ−semigroup S. By
Theorem 4.8, the µ−principal ideal I(a, µ) is a prime ideal of a Γ−semigroup M where a
is a µ−prime element and µ is a f−invariant, translational invariant fuzzy subset of M. By
Theorem 4.5, f(I(a, µ)) = I(f(a), f(µ)). By Theorem 4.9, f(a) is f(µ)−prime element
of a Γ−semigroup S. Therefore, by Theorem 4.8, I(f(a), f(µ)) is a prime ideal of S. □

5. CONCLUSIONS

In this paper, we introduced the notion of a left and a right translational invariant fuzzy
subset of a Γ−semigroup M, the notion of a unit with respect to fuzzy subset and studied
their properties. We proved that if µ is a translational invariant fuzzy subset of a commuta-
tive Γ−semigroup with unity then principal ideal generated by an element and µ, contains
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an unity element is not a proper ideal of a Γ−semigroup. we introduced the notion of asso-
ciates, prime elements with respect to a fuzzy subset, an ideal of a Γ−semigroup generated
by translational fuzzy subset and an element. We studied the properties of image and pre-
image of translational invariant fuzzy subset under the Γ−semigroup homomorphism. We
proved that every homomorphic image of an ideal of a Γ−semigroup generated byµ−prime
element and translational invariant fuzzy subset µ is a prime ideal of a Γ−semigroup. Our
future work on this topic, we will extend these results to other algebraic structures and
ordered Γ−semigroups.

6. ACKNOWLEDGEMENTS

The authors are thankful to the referee for useful comments and suggestions which have
definitely improved the paper.

REFERENCES

[1] R. A. Good and D. R. Hughes. Associated groups for a semigroup, Bull. Amer. Math. Soc., 58(1952),
624-625.

[2] K. Iseki. Ideal theory of semirings, Proc. Japan Acad., 32(1956), 554-559.
[3] R. D. Jagatap, Y. S. Pawar. Quasi-ideals and minimal quasi-ideals in Γ−semirings, Novi Sad J. Math., 39(2)

(2009), 79-87.
[4] S. Lajos and F. A. Szasz. On the bi-ideals in associative ring, Proc. Japan Acad., 46 (1970), 505-507.
[5] H. Lehmer. A ternary analogue of abelian groups, American J. of Math., 59 (1932), 329-338.
[6] G. Lister. Ternary rings, Trans. of American Math. Soc., 154 (1971), 37-55.
[7] W. J. Liu. Fuzzy invariant subgroups and fuzzy ideals, Fuzzy sets and Systems, 8 (2) (1982), 133–139.
[8] D. Mandal. Fuzzy ideals and fuzzy interior ideals in ordered semirings, Fuzzy info. and Engg., 6 (2014),

101–114.
[9] M. Murali Krishna Rao. Γ−semirings-I, Southeast Asian Bull. Math. 19 (1)(1995), 49–54.

[10] M. Murali Krishna Rao. Γ−semirings-II, Southeast Asian Bulletin of Mathematics, 21(3)(1997) 281-287.
[11] M. Murali Krishna Rao. Γ−semirings with identity, Discussiones Mathematicae General Algebra and Ap-

plications, 37 (2017) 189–207, doi:10.7151/dmgaa.1276.
[12] M. Murali Krishna Rao. Ideals in ordered Γ−semigroups, Discussiones Mathematicae General Algebra and

Applications 38 (2018), 47-68, doi:10.7151/dmgaa.1284
[13] M. Murali Krishna Rao. bi-interior Ideals in semirings, Discussiones Mathematicae General Algebra and

Applications, 38 (2018),69-78, doi:10.7151/dmgaa.1284
[14] M. Murali Krishna Rao. Left bi-quasi ideals of semirings, Bull. Int. Math. Virtual Inst, 8(2018), 45-53,

DOI:10.7251/BIMVI1801045R.
[15] M. Murali Krishna Rao. Bi-quasi-ideals and fuzzy bi-quasiideals of Γ−semigroups, Bull. Int. Math. Virtual

Inst., Vol. 7(2)(2017), 231-242.
[16] M. Murali Krishna Rao. Fuzzy filters in orded semirings, Annals of Communications in Mathematics, 7(2)

(2024), 114-127, DOI: 10.62072/acm.2024.070205.
[17] M. Murali Krishna Rao. Soft bi-interior ideals over Γ−semirings, Bull. Int. Math. Virtual Inst., 13(3)(2023),

419-427, DOI: 10.7251/BIMVI2303419M.
[18] M. Murali Krishna Rao, Arsham Borumand Saeid, Rajendra Kumar Kona. Fuzzy Soft Tri-quasi

Ideals of Regular Semirings, New Mathematics and Natural Computation, (2025) 1-19, DOI:
10.1142/S1793005725500358.

[19] M. Murali Krishna Rao, Noorbhasha Rafi. On Interval Valued Fuzzy Prime Ideals of Γ−semirings, Annals
of Communications in Mathematics, 7(1)(2024), 10-20, DOI:https://doi.org/10.62072/acm.2024.070102.

[20] N. Nobusawa. On a generalization of the ring theory, Osaka. J.Math., 1 (1964), 81–89.
[21] A. K. Ray. Quotient group of a group generated by a subgroup and a fuzzy subset, The Journal of Fuzzy

Mathematics, 7( 2) (1999), 459–463.
[22] A. K. Ray and T. Ali. Ideals and divisibility in a ring with respect to a fuzzy subset, Novi Sad J. Math., 32(2)

(2002), 67–75.
[23] A. Rosenfeld. Fuzzy groups, J. Math.Anal.Appl. 35(1971), 512-517.
[24] M. K. Sen. On Γ−semigroup, Proc. of International Conference of algebra and its application, (1981),

Decker Publicaiton, New York, 30–308.
[25] A. M. Shabir , A Batod. A note on quasi ideal in semirings, Southeast Asian Bull. Math. 7(2004), 923-928.



IDEAL GENERATED BY A TRANSLATIONAL INVARIANT FUZZY SUBSET 251

[26] O. Steinfeld. Uher die quasi ideals, Von halbgruppend Publ. Math., Debrecen, 4 (1956), 262– 275.
[27] U. M. Swamy and K. L. N. Swamy. Fuzzy prime ideals of rings, Jour. Math. Anal. Appl., 134 (1988),

94–103.
[28] L. A. Zadeh. Fuzzy sets, Information and control, 8 (1965), 338–353.

M. MURALI KRISHNA RAO

DEPARTMENT OF MATHEMATICS,, SANKETHIKA INSTITUTE OF TECH. AND MANAGEMENT,, VISAKHAPATNAM-
530 041, ANDHRA PRADESH, INDIA.

Email address: mmarapureddy@gmail.com

NOORBHASHA RAFI

DEPARTMENT OF MATHEMATICS,, BAPATLA ENGINEERING COLLEGE, BAPATLA-522 101, ANDHRA PRADESH,
INDIA

Email address: rafimaths@gmail.com


	1. Introduction
	2. Preliminaries
	3.  Ideal of a -semigroup M generated by an element and translational invariant fuzzy subset of M
	4. Prime ideal I(a, )
	5. Conclusions 
	6. Acknowledgements
	References

