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GENERALIZATIONS OF PSEUDO EBE-ALGEBRAS

G. MUHIUDDIN*, RAVIKUMAR BANDARU AND YOUNG BAE JUN

ABSTRACT. After BE-algebra was introduced by Kim et al., its generalization was at-
tempted by several scholars. As a follow-up, Borzooei et al., Rezaei et al. and Sayyad
et al. introduced pseudo BE-algebra, eBE-algebra and pseudo eBE-algebra, respectively.
The aim of this article is to consider more extended version of pseudo eBE-algebra. The
concepts of generalized pseudo eBE-algebra, (generalized) pseudo sub-eBE-algebra, eBE-
subalgebra, eBE-filter, right (left) f-section and eBE-upper set are introduced and related
properties, interrelationships and characterizations are studied.

1. INTRODUCTION

In mathematics, BCK and BClI-algebras are algebraic structures in universal algebra,
which were introduced by Y. Imai, K. Iséki and S. Tanaka in 1966, that describe fragments
of the propositional calculus involving implication known as BCK and BCI logics. Every
abelian group is a BCI-algebra, with “x” defined as group subtraction and “0” defined as
the group identity. As a generalization of a BCK-algebra, Kim et al. [2] introduced the
notion of BE-algebra. In 2013, Borzooei et al. [1] introduced the concept of pseudo BE-
algebra which is a generalization of BE-algebra. Rezaei et al. [3] introduced the notion of
eBE-algebra which is another generalization of BE-algebra. Sayyad et al. [4] dealt with
pseudo version of eBE-algebra which is an extension of pseudo BE-algebra. We observed
that there is a condition that do not play a remarkable role in the paper [4]. Furthermore, it
can be observed that this condition play little role in the study of substructures, for exam-
ple, subalgebra, filter and ideal etc. Algebraic structures with conditions that play no many
role will inevitably narrow their objects, so they can weaken the value of their use. Every-
one knows that the wider the object for a new algebraic structure, the wider the application.
Therefore, it is necessary to increase the value of use by expanding the object of algebraic
structures except for the conditions in which the role is insignificant. From this point of
view, we would like to introduce a more generalized concept by deleting conditions that do
not play an important role. We introduce more general version than pseudo eBE-algebras,
so called generalized pseudo BE-algebra, and investigate its properties. This can general-
ize the several results of paper [4]], and allows some of the results of the paper [4] to be
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classified as corollaries. We consider the generalization of pseudo BE-algebra and pseudo
eBE-algebra called generalized pseudo BE-algebra and generalized pseudo eBE-algebra,
respectively, and introduce a method to establish generalized pseudo eBE-algebra using
it. We introduce the concepts of (generalized) pseudo sub-eBE-algebra, eBE-subalgebra
and eBE-filter and explore the various properties involved. We investigate the relationship
between eBE-subalgebra and eBE-filter. We provide conditions for an eBE-subalgebra to
be an eBE-filter, and for a subset to be an eBE-filter. We discuss characterizations of eBE-
filter. We also introduce the concept of the right (left) f-section, and explore the necessary
and sufficient conditions under which it will be an eBE-filter. We introduce the notion
of the eBE-upper set, and we find and present the conditions under which eBE-upper set
becomes a eBE-filter. We will use the eBE-upper set to characterize the eBE-filter.

2. PRELIMINARIES-LIST OF KNOWN DEFINITIONS

Definition 2.1 ([2]]). An algebra (X, x, 1) of type (2,0) is called a BE-algebra if it satisfies:
(BEl) (Vz € X) (2 x 2 =1),
(BE2) (Vz € X) (xx1=1),
(BE3) (Vz € X) (1 %z = x),
(BE4) (Vz,9,z2 € X) (T * (y*2) =y * (T *2)).

Definition 2.2 ([3]). Let X be a set with a binary operation “x” and a non-empty subset
E. Then (X, *, F) is called an eBE-algebra if it satisfies:

(eBEl) (Vi € X) (2 *x € E),

(eBE2) (Vi € X) (t* E C E),

(eBE3) (Vi € X) (E xx = {1}),

(eBE4) (Vz,9,z2 € X) (2 (g*2) =y * (T * 2))
where Ex2 ={axz|ac E}landi*xFE ={z*a|a€ E}.

Definition 2.3 ([1]). Consider a structure (X, *, ®, 1) in which X is a non-empty set to-
gether with binary operations “+” and “x” and a special element “1”. Then (X, *, ®, 1) is
called a pseudo BE-algebra if it satisfies:

PBE) z«z=1landz®z =1,

(pBE2)2*x1=1landz® 1 =1,

(pBE3)1x2 =zand 1 ® 2 =z,

(PBE4) 2 (y®@2) =y ® (T * 2),

PBES)zxy=1 < z®y=1
forall z,y,z € X.

Let us simply present the pseudo BE-algebra (X, *, ®, 1) as X.

Definition 2.4 ([4]). An algebra (X, x, ®, F), where E is a non-empty subset of X and
“x” and “®” are binary operations on X, is called a pseudo eBE-algebra if it satisfies:
(peBE)zxz € Fandz®z € F,
(peBE2) z« EC Fandt® E C F,
(peBE3) Ex 2 = {2} and E ® & = {&},
(peBEd) 2 x (y ® 2) = y ® (X * 2),
(peBES) 2+ € £ & z®yck
forall #,9,2 € X where  x F := {&*xa|a € Flandz® E := {t ®a | a € E},
Exit:={axz|a€FE}andE®z:={a®z|acE}.
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3. GENERALIZED PSEUDO EBE-ALGEBRAS

In this section, we introduce generalized pseudo eBE-algebra, which generalizes pseudo
eBE-algebra studied by Sayyad et al., and investigate its properties.

9

Definition 3.1. Let X be a set with a binary operation “+” and a non-empty subset E.
Then (X, *, E) is called a generalized pseudo BE-algebra if it satisfies (pBE1), (pBE2),
(pBE4) and (pBEY).

Definition 3.2. Consider a structure (X, *, ®, F') in which X is a non-empty set together
with binary operations “x” and “®” and a non-empty subset “E”. Then (X, %, ®, E)
is called a generalized pseudo eBE-algebra if it satisfies (peBE1), (peBE2), (peBE4) and
(peBES).

Example 3.3. Let X = {1,a,b,¢,d,e} and define binary operations “x” and “®” as
follows:

x| 1 a b ¢ d e ®|1 a b c d e
1/1 a b 1 e 1 111 a b1 ¢ 1
all 1 b 1 e 1 all 1 b 1 ¢ 1
b1 1 b 1 1 1 b1 1 b 1 1 1
cll a b 1 e e c|l a b 1 d e
d|l a b 1 1 1 dl{l a b 1 1 1
e|ll a b ¢ d 1 ell a b ¢ ¢ 1

Let E = {1,b}. Then it is routine to verify that (X, x, ®, E) is a generalized pseudo
eBE-algebra. But it does not satisfy (peBE3), and thus it is not a pseudo eBE-algebra.

In what follows, if there is no concern for confusion, the generalized pseudo eBE-
algebra (X, *, ®, F) shall be simply marked as (X, E).

We define a binary relation “<.” on the generalized pseudo eBE-algebra (X, F) as
follows:

Ve,ye X)(z <.y & z+y€eF & z®ycE). 3.1)

It is clear that every pseudo eBE-algebra is a generalized pseudo eBE-algebra, but the

converse is not true as seen in Example [3.3] We also know that a generalized pseudo

eBE-algebra (X, E') with E = {1} is a generalized pseudo BE-algebra.

Proposition 3.1. Every generalized pseudo eBE-algebra (X, E) satisfies:

(Vz,ye X)(zx(y®z) € E, z® (y*x) € E). (3.2)

Vr,ye X)(z*((zxy)®y) € E, z® ((x®y) *y) € E). (3.3)

(Vz,y,2 € X)(z<cyxz & y<.2®2). (3.4)

Vo,y,z€ X))z <y = v<c 2%y, T <, 2®Y). (3.5)

(Va,y,z€ X)(zxy=zorz®y=2 = yxz2€E, y®z € E). (3.6)

Ve,ye X)(xxy=z,2¢ E = z®y #£y). 3.7

Ve,ye X)(xxy=y, 2 ¢ E = z®y # x). (3.8

(Va,y,z,a € X)(zxy=z,2®y=a = 2@z =1x*a). (3.9)

Ve,ye X))z <. (zxy) @z, x <, (z®Y) *x). (3.10)

(Ve,y,ze X)(zxye E = zx(2®y) € E). 3.11)

(Vz,y,z€e X)(z®y€eE = z®(zxy) € E). (3.12)
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Proof. Letxz,y € X. Thenzx (y@x) =y® (z*xx) cy®EC Fandz ® (y*xz) =
y*(z®x) € y® E C F by (peBE1) and (peBE2). Hence (3.2) is valid. Also we have
v((wry)®@y) = (xxy)®(rxy) € Fandz @ ((x®y)*y) = (r@y) * (x®y) € Eby
(peBE1) and (peBE4), which shows (3:3) is valid. The combination of (peBE4) and (3:1)
leads to (34). Let z,y,2 € X besuchthatz <, y. Thenz *xy € Eandz ® y € E by
(3:1), which imply from (peBE2) and (peBE4) that z ® (z xy) = zx (z®y) € 2« E C F
andz* (z®y)=2® (xxy) € 2®FE C E.Hencex <., zxyand x <, z ® y. Assume
that zxy = z. Theny®z = y® (xxy) = x*(y®y) € v+ F C E and hence y*z € F by
(peBEYS). In the same way, the case of z ® y = 2 can be calculated. Suppose that zxy = x
andx ¢ Eforallz,y € X. Ifx ® y = y, then

r®r=c®(x*xy)=zx(2®y)=xrxy=a¢FE

which is a contradiction. Hence (3.7) is valid. Suppose that x x y = y and = ¢ E for all
z,y € X.lfx ®y = x, then

which is a contradiction. Hence (3.8) is valid. Let z,y, z,a € X be such that z x y = 2
and x ® y = a. Then

r®z=z®(r*xy)=zx(x®Y)=x*a
by (peBE4). For every z,y € X, we have
zx((zxy)®z)=(xxy)®(x*2)€(zxy) ® ECFE
and
r®@((z®y)*xzx)=(z@®y)*x(z®z)€(z®Yy)«xECE.

Thus ¢ <, (z*xy)®zandz <, (zr®y) *x. Letx,y,z € X besuchthatz xy € E
(resp., t ® y € F). Using (peBE2) and (peBE4), wehave x x (2 ® y) = 2 ® (x x y) €
2@®FE C E(resp.,z® (2xy) = 2% (x ®y) € z* E C E). This completes the proof. [

Corollary 3.2 ([4]). Every pseudo eBE-algebra (X, E) satisfies all the conditions listed
in Proposition[3.1]

Corollary 3.3. Every generalized pseudo eBE-algebra (X, F) satisfies:

(Ve,ye X)(xx(y*xx) € E, 2® (y®x) € E). (3.13)
Vr,ye X)(z@ ((zxy)@y) e E, zx((zr®@y)*y) € E). (3.14)
Ve,y,ze X)(zxy e E = z®(2®y) € E). (3.15)
(Ve,y,ze X)(z@y e B = zx*(zxy) € E). (3.16)
Proof. 1t is obvious by (3:2), (3-3), B-11), (3.12) and (peBES5). O

Corollary 3.4 ([4]). Every pseudo eBE-algebra (X, E) satisfies all the conditions listed
in Corollary[3.3]

Theorem 3.5. If (X, E1) and (X, E2) are generalized pseudo eBE-algebras, then (X, E1N
Es) and (X, Ey U Es) are generalized pseudo eBE-algebras.

Proof. Assume that (X, Fq) and (X, E») are generalized pseudo eBE-algebras. It is clear
thatxxx € F1NEsandxxx € F1 U E, forall x € X. It is also axiomatic that (peBE4)
and (peBE5) are established. Forany z € X,leta € xx(F1NEs) andb € x ® (E1 N Ey).
Then there exist y € F4y N Es and z € Ey N Eysuchthata = zxyand b = 2 ® 2,
respectively. It follows thata = zxy € xx EFy C Fy,a = xxy € © % Fy C Ey,
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b=x®z€cxxFkE C EF,andb=x® 2 € v x F C Fy. Hence a € F; N F5 and
be E1NEy andsox* (EyNEy) C EyNEyandx® (B N Ey) C Ep N Es. For any
x € X,leta € x*x(E1UEy)and b € ¢ ® (E1 U Ey). Then there exist y € Eq U Es
and z € E; U Ey suchthata = x xy and b = = ® 2, respectively. If y € Ej ory € Eo,
thena=xxy€cx*x 1 C Fiora=xxy € x*x Fy C Fy,andsoa € F1 U FE,. Thus
xx(E1UEFEy) CEAUEy. Ifz € Fyorz € Eo,thenb=2® 2 € 2 ® F; C Fj or
b=zx®z€x®Fy C Ej,andsob € EyUEs. Thus 2 ® (E; UE5) C Ey U Es. Therefore
(X, E1 N Ey) and (X, Eq U E») are generalized pseudo eBE-algebras. O

Let {F, B} be a partition of X. If (X, F) is a generalized pseudo eBE-algebra, then
(X, B) is not a generalized pseudo eBE-algebra as seen in the following example. There-
fore we know that if (X, F) is a generalized pseudo eBE-algebra, then (X, X \ E) can’t
be a generalized pseudo eBE-algebra.

Example 3.4. In Example if E = {1,b} and B = {a,c,d, e} then {E, B} is a
partition of X. We can observe that (X, E) is a generalized pseudo eBE-algebra. But
(X, B) is not a generalized pseudo eBE-algebra since a xa = 1 ¢ B.

We introduce how to make a generalized pseudo eBE-algebra using a weaker structure,

so called generalized pseudo BE-algebra, than a pseudo BE-algebra.
Definition 3.5. Consider a structure (X, %, ®, 1) in which X is a non-empty set together

with binary operations “+” and “+” and a special element “1”. Then (X, *, ®, 1) is called
a generalized pseudo BE-algebra if it satisfies (pBE1), (pBE2), (pBE4) and (pBES).

Theorem 3.6. Let (X, *,®, 1) be a generaliged pseudo BE-algebra and let Y = X U Ey
where Eq is a set which is disjoint to X. Define two binary operations “*” and “®” on'Y
as follows:
. zxy if xz,y € X,
Y xY =Y (x,y) — { Y otherwise,

and
z®y if x,ye X,

®:Y XY =Y, (z,y) — { y otherwise.

Then (Y, %,®, E) is a generalized pseudo eBE-algebra where E = Eq U {1}.

Proof. Forany z € Y, we have

cir — zxx=1ck if xeX,
N r€eFEyCFE if z € Ey

and

Gz = z®r=1e€¢F if relX,
T = re by CFE if € Ep.

Hence (Y, ¥, ®, ) satisfies the condition (peBE1). It is clear that (Y, %, ®, F) satisfies the
condition (peBE2). By the similarly way to the proof of Theorem 3.8 in the paper [4],
we can verify that (Y, %, ®, F) satisfies the conditions (peBE4) and (peBES). Therefore
(Y, %, &, E) with E = Ey U {1} is a generalized pseudo eBE-algebra. O

Corollary 3.7. Let (X,*,®,1) be a pseudo BE-algebra and let Y = X U E where Ey
is a set which is disjoint to X. Then (Y,%,®, E) is a generalized pseudo eBE-algebra
where E = EqU {1} where “%” and “®” are binary operationson'Y which are defined in
Theorem[3.6]



GENERALIZATIONS OF PSEUDO EBE-ALGEBRAS 165

We present an example to illustrate the Theorem [3.6]in the following:

Example 3.6. Let X = {1, a,b, ¢, d} and define binary operations “+” and “®” as follows:

*|1 a b ¢ d ®|1 a b ¢ d
1/1 a 1 ¢ 1 1/1 ¢ 1 ¢ 1
all 1 d 1 d all 1 b 1 d
bl ¢ 1 ¢ 1 bll ¢ 1 ¢ 1
c|l 1 d 1 b c|l1l 1 b 1 d
dl{l a 1 ¢ 1 d|1l ¢ 1 ¢ 1

Then it is routine to verify that (X, *, ®,1) is a generalized pseudo BE-algebra which
is not a pseudo BE-algebra. Using Theorem [3.6] we can establish a generalized pseudo
eBE-algebra (Y, ¥, ®, E) with E = {1, e} in which the operations “*” and “®” as follows:

x|11 a b ¢ d e ®|1 a b ¢ d e
111 a 1 ¢ 1 e 1/1 ¢ 1 ¢ 1 e
all 1 d 1 d e all 1 b 1 d e
bl ¢ 1 ¢ 1 e bll ¢ 1 ¢ 1 e
c|ll 1 d 1 b e c|ll 1 b 1 d e
dll a 1 ¢ 1 e d|1l ¢ 1 ¢ 1 e
e|ll a b ¢ d e ell a b ¢ d e

Definition 3.7. Let (X, %, ®, E) be a (generalized) pseudo eBE-algebra. If there are
subsets L and B of X and FE, respectively, such that (L, *, ®, B) is a (generalized) pseudo
eBE-algebra, then we say that (L, x, ®, B) is a (generalized) pseudo sub-eBE-algebra of
(X7 *, ®7 E)

It is lear that every (generalized) pseudo eBE-algebra (X, x, ®, E) is a (generalized)
pseudo sub-eBE-algebra of (X, x, ®, E).

Example 3.8. Let X = {1,a,b,¢,d, e, f} and define binary operations “«” and “®” as
follows:

*x|1 a b ¢c d e f ®|1 a b ¢c d e f
111 f e ¢ d e e 111 b e ¢ d e e
all e e ¢ d e e all e e ¢ d e e
b|l e e ¢ d e e bll e e ¢ d e e
c|ll a b ¢ d e f cl|l a b ¢c d e f
d|{l a b ¢c d e b d|1l a b ¢c d e f
e|ll a b ¢c d e f el|ll a b c d e f
fll e e ¢ d e e fll e e ¢ d e e

Then it is routine to verify that (X, *, ®, F), where E = {1,¢,d, e}, is a generalized
pseudo eBE-algebra, and if we take L := {1,a,b,e, f} C X and B := {1,e} C F, then
(L, *, ®, B) is generalized pseudo sub-eBE-algebra of (X, x, ®, F).
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9

Example 3.9. Let X = {1,a,b,¢,d,e, f} and define binary operations “+” and “®” as
follows:

x|1 a b ¢c d e f ®|1 a b ¢c d e f
111 a b ¢ d e f 111 a b ¢ d e f
all a b ¢ d e f al|ll a b ¢c d e f
b1l a b ¢ d e f bl a b ¢ d e f
c|ll a b ¢ d e f cll a b ¢ d e f
d|1l a b ¢ a d a d|1l a b c a f a
e|ll a b ¢c a a a e|ll a b ¢c a a a
fll a b ¢ a a a fl1l a b ¢ a a a

Then it is routine to verify that (X, x, ®, E) is a pseudo eBE-algebra where F = {1, a, b, c}.
If we take L := {1,a,d,e, f} C X and B := {1,a} C FE, then (L, *, ®, B) is a pseudo
sub-eBE-algebra of (X, %, ®, E).

Theorem 3.8. If (L, *, ®, E1) and (L, *, ®, E5) are pseudo sub-eBE-algebras of a pseudo
eBE-algebra (X, x, ®, E), then E; = Es.

Proof. Assume that Ey \ F5 # (). Then there exists ¢ € L such that z € E; and « ¢ F».
By (peBE3), we getx xx € By xx = {a} and x ® « € Fy x x = {z}. It follows from
(peBEl) that x = xxx € FEys and x = © ® x € F». This is a contradiction, and so
Ey \ E2 = 0. Similarly, we get E» \ E1 = 0, and therefore Fy = Fj. O

Corollary 3.9. If (X, *, ®, E1) is a pseudo sub-eBE-algebra of a pseudo eBE-algebra (X
x, ®, F), then E; = F.

Theorem shows that generalized pseudo sub-eBE-algebra, formed by operations
“x” and “®” for a fixed subset L of X, is unique. But Theorem@] is not established in
a generalized pseudo eBE-algebra, that is, there are generalized pseudo sub-eBE-algebras
(L,*,@®, Ey) and (L, %, ®, E2) with E] # F5 of a generalized pseudo eBE-algebra (X, *,
®, F) as seen in the following example.

—~

Example 3.10. Let X = {1,a,b,c,d, e} and define binary operations “+” and “®” as
follows:

*x|1 a b ¢c d e ®|1 a b ¢ d e
1{b b b b ¢ b 1|5 b b b ¢ b
ala b b b b b ale b b b b b
bla a b b b b b|1 a b b b b
cll a b b b e c|l a b b b e
d|l a b b ¢ e d|1l a b b c e
ela b b b ¢ b ele b b b ¢ b

Then (X, %, ®, F) is a generalized pseudo eBE-algebra where E = {b, ¢, d}. It is routine
to verify that if we take L := {1,a,b,c,e} C X, Ey := {b,c¢} C F and FEy := {b} C E,
then (L, x, ®, E7) and (L, %, ®, E5) are generalized pseudo sub-eBE-algebras of (X, *,
®, E) with F 75 FEs.

Let (X, *, ®, F) be a (generalized) pseudo eBE-algebra. If we take subsets L and B of

X and E, respectively, such that B = L N E and L is closed under the operations “+” and
“®”, then (L, %, ®, B) is a (generalized) pseudo sub-eBE-algebra of (X, *, ®, E).

Theorem 3.10. Ler (X, *, ®, E) be a pseudo eBE-algebra. If a structure (L, x, ®, B) is
a pseudo sub-eBE-algebra of (X, *, ®, E), then B = L N E and L is closed under the
operations “x” and “®”.
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Proof. Let (L, *, ®, B) be a pseudo sub-eBE-algebra of a pseudo eBE-algebra (X, x, ®,
E). Ttis clear that L is closed under the operations “+” and “®”. Let A = LNE. Since L C
X, (L,*,®, A) satisfies the condition (peBE4). Forevery x € L, we getzxax € LNE = A
andz®x € LNE = A. Alsowehave A = xx(LNE) = (zxL)N(x*E) C LNE = A
andz®A=2z®(LNE)=(z®L)N(z®F) CLNE = Aforall z € L. For every
x € Lyweobtain Axz = (LNE)xx = (Lxzx)N(Exxz) C LN{z} = {r}and
Az =(LNE)®z=(Le®x)N(E®z) C LN{z} = {z}, and thus A x 2z = {z}
and A®x = {z}. Letx,y € Lbesuchthatz xy € A. Thenz xy € LN E, and
sox*xy € Land x xy € E It follows from (peBES) that x x y € Landx ® y € E.
Hencez ®y € LNE = A. Similarlyifz ®y € A, thenxz xy € Aforall x,y € L.
Therefore (L, *, ®, A) is a pseudo sub-eBE-algebra of (X, %, ®, E). Using Theorem 3.8]
we conclude that B=A=LNE. ]

The following example shows that Theorem [3.10] is not established in a generalized
pseudo eBE-algebra.

Example 3.11. In Example[3.10, we can observe that (L, *, ®, E») is a generalized pseudo
sub-eBE-algebra of (X, %, ®, E). But E; = {b} # {b,c} = LN E.

4. EBE-SUBALGEBRAS AND EBE-FILTERS

Let (X, F) be a generalized pseudo eBE-algebra and consider a subset F' of X such

TR

that F' is a superset of E2. Then F' is not closed under “x” or “®” as seen in the following
example.

Example 4.1. Consider the generalized pseudo eBE-algebra (X, E) in Example A
superset F' := {1,b,¢,d, e} of E is not closed uner * sinceex 1 =a ¢ F.

Based on these observations, we can consider a substructure, so called eBE-subalgebra,
in generalized pseudo eBE-algebra as follows.

Definition 4.2. Let (X, E') be a generalized pseudo eBE-algebra. Then a subset F' of X
is called an eBE-subalgebra of (X, F) if it is a superset of E which is closed under the
operations “x” and “®”.

Note that “eBE-subalgebra” is not the same as “subalgebra” in the paper [4].

Example 4.3. Consider the generalized pseudo eBE-algebra (X, E') in Example It
we take a superset F' := {1,b,¢,d, e} of E, then it is obvious that F is closed under “+”
and “®”. Hence F is an eBE-subalgebra of (X, E).

Theorem 4.1. If F' and G are eBE-subalgebras of a generalized pseudo eBE-algebra
(X, E), then so is F N G.

Proof. 1t is straightforward by simple calculations. (]

The following example shows that the union of two eBE-subalgebras of a generalized
pseudo eBE-algebra (X, E') may not be an eBE-subalgebra of (X, E).
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Example 4.4. Let X = {1,a,b,c,d,e, f} and define binary operations “+” and “®” as
follows:

x| 1 a b ¢c d e f ® (1 a b ¢ d e f
11 f a f a f f f l|le a e a e e f
all e d e 1 e e all f d f 1 e f
bl f a f ¢ f f f ble a e ¢c e e f
c|l e b e d e e c|l f b f d e f
d\f a f a f f f dle a e a e e f
elf a f ¢ f f f ele a e ¢ e e f
fl1l e b e d e e f11 f b f d e f

Then it is routine to verify that (X, x, ®, E), where E = {e, [}, is a generalized pseudo
eBE-algebra, and if we take F' := {1,a,e, f} and G := {b,c,e, f}, then F and G are
eBE-subalgebras of (X, *, ®, F). But FUG := {1,a,b,c,e, f} is not an eBE-subalgebra
of (X,*,®,E)sinccaxb=d¢ FUGanda®b=d ¢ FUQG.

In the previous section, we introduced generalized pseudo eBE-algebra by deleting a
condition that do not play an important role in pseudo eBE-algebra. It can be observed that
this condition also play little role in the study of a substructure, called a filter. So we want
to deal with filter theory in a generalized pseudo eBE-algebra.

If we take a superset F' of E in a generalized pseudo eBE-algebra (X, E), then the
following example shows that F' does not satisfy the next assertion:

(Vz,ye X)(z e F,a®yeF = yeF). 4.1

Example 4.5. Consider the generalized pseudo eBE-algebra (X, E) in Example A
superset ' := {b, ¢, d, e} of E does not satisfy (.I)) sincee ® 1 = e € F and e € F but
1¢F.

The following example shows that in a generalized pseudo eBE-algebra (X, E), the set
E does not satisfy the following assertion:

(Vz,ye X)(z € E,zxy € E = yc E). 4.2)
Example 4.6. Consider the generalized pseudo eBE-algebra (X, F) in Example
Then E = {b, ¢, d} does not satisfy .2)) sincebxe =b€ FEandb € Ebute ¢ E.

Based on these observations, we can consider a substructure, so called eBE-filter, in
generalized pseudo eBE-algebra as follows.

Definition 4.7. A subset F’ of X in a generalized pseudo eBE-algebra (X, E) is called an
eBE-filter of (X, E) if it is a superset of E satisfying the condition (4.1}

Example 4.8. Let X = {1,qa,b,c,d,e} and define binary operations “+” and “®” as
follows:

x| 1 a b ¢ d e ®|1 a b ¢ d e
1/1 a b a d d 1|1 a b a d e
all a b a d d al|ll a b a d d
b|1l a b a d d b|1l a b a d e
c|l a b a d e c|ll a b a d e
d|l a b ¢ b b d|1l a b ¢ b b
e|ll a b a b b ell a b a b b

Then it is routine to verify that (X, x, ®, E) is a generalized pseudo eBE-algebra where
E ={1,a,b}, and the set ' = {1, a, b, c} is an eBE-filter of (X, F).
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Theorem 4.2. A subset F of X in a generalized pseudo eBE-algebra (X, F) is an ¢BE-
filter of (X, E) if and only if F' is a superset of E and satisfies:

(Ve,ye X)(x e F,zxyeF = yeF). 4.3)

Proof. Assume that F' is an eBE-filter of (X, E). Then F'is a superset of E. Letx,y € X
be suchthatz € Fandx xy € F. By (3.14), wehave z ® ((z xy) ®y) € E C F. It
follows from @I that (x x y) ® y € F. Hence y € F by (@.I).

Conversely, suppose that F' is a superset of F that satisfies the condition @3)). Let
z,y € X besuchthatz € Fandaz ®y € F. Thenz x (z ® y) xy) € E C F by
(3:14), which implies from @3) that (x ® y) xy € F, and hence y € F. Therefore F is
an eBE-filter of (X, E). O

Corollary 4.3 ([4]). Let (X, %, ®, E) be a pseudo eBE-algebraand E C F C X. If F' is
a filter, then

(Ve,ye X)(xeF,z®@yeF = yeF).

Proposition 4.4. Every eBE-filter F' of a generalized pseudo eBE-algebra (X, E) satisfies:

(Ve,ye X)(z <.y, x € F = yeF). 4.4
(Vo,y,z€ X)(myye F,x<.y*xz = z€F). 4.5)
Va,y,ze X)(z,ye F,z<.,y®z = z€F). (4.6)

Proof. ([&4) is straightforward by Theorem[#.2] Let z, y, = € X be such that z,y € F and
x <. yxz. Thenz®(yxz) € E C F,and soy*z € F by (@.I). Hence z € F' by Theorem
Let z,y,2 € X besuchthatz,y € Fandz <. y® 2. Thenz* (y®z2) € E C F,
and so y ® z € F by Theorem[d.2] It follows from (@I) that z € F. a

Corollary 4.5 ([4]). If (X, *,®F) is a pseudo eBE-algebra, then every filter F' satisfies
all the conditions listed in Proposition[#.4}

The relationship between eBE-filter and eBE-subalgebra is mentioned below.
Theorem 4.6. In a generalized pseudo eBE-algebra, every eBE-filter is an eBE-subalgebra.

Proof. Let F be an eBE-filter of a generalized pseudo eBE-algebra (X, E'). Then F is a
superset of E. Letz,y € F. By B2), yx (z®y) e EC Fandy® (x xy) € E C F.
SinceF' is an eBE-filter of (X, F), we have z xy € F and t ® y € F. Thus F is an
eBE-subalgebra of (X, E). O

In the next example, we can verify that the converse of Theorem [4.6 is not true in
general.

Example 4.9. In Example[4.8] we can observe G = {1,a, b, d, €} is an eBE-subalgebra of
(X,E). Sinceb®c=a € Gand b € G but ¢ ¢ G, we know that G is not an eBE-filter
of (X, E).

We provide conditions for an eBE-subalgebra to be an eBE-filter in a generalized pseudo
eBE-algebra.

Theorem 4.7. If an eBE-subalgebra F of a generalized pseudo eBE-algebra (X, E) sat-
isfies:

(Vz,ye X)(z e F,ye F° = z®y € F°), 4.7
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or
(Ve,ye X)(x e F,y e F° = xzxy € F°), (4.8)
then F is an eBE-filter of (X, E).

Proof. Let F be an eBE-subalgebra of (X, F) and suppose it satisfies (4.7). Let x,y € X
besuchthatz € Fandz®y € F.If y ¢ F,ie.,y € F¢ thenz ® y € F° by @.7). This
is a contradiction, and so y € F. Threfore F' is an eBE-filter of (X, E'). Similarly, we can
show that if F' satisfies the condition (4.8)), then F' is an eBE-filter of (X, F). O

Theorem 4.8. Let F' be a subset of X in a generalized pseudo eBE-algebra (X, E). If F
is a superset of E and satisfies (A.3) or [@.6), then F is an eBE-filter of (X, E).

Proof. Let F be a superset of E and suppose it satisfies (@.3). Let z,y € X be such that
x€Fandx®y € F. Then, by B3), x x ((x ®y) *y) € E. Hence x <, (x ®y) xy. It
follows from thaty € F. Thus F is an eBE-filter of (X, E). Similarly, we can verify
that if F satisfies (4.6), then F is an eBE-filter of (X, F). O

Theorem 4.9. If F'y and Fy are eBE-filters of a generalized pseudo eBE-algebra (X, E),
then so is their intersection Fi N Fy.

Proof. If F and F; are eBE-filters of (X, F), then F; N F is clearly a superset of E. Let
x,y € Fbesuchthatx € FiNFyandx xy € Iy N Fy. Thenxz € Fy,and x xy € F7,
x € Fy,and z x y € Fy. It follows from Theorem 2] that y € F; and y € F, that is,
y € F1 N Fy. Hence Fy N F; is an eBE-filter of (X, E). O

The following example shows that the union of eBE-filters of a generalized pseudo
eBE-algebra (X, E') may not be an eBE-filter of (X, ).

Example 4.10. Let X = {1,a,b, c,d} and define binary operations “«” and “®” as fol-

lows:
*|1 a b ¢ d ®|1 a b ¢ d
l|ic a a ¢ c l|lc a a ¢ ¢
all ¢ 1 ¢ ¢ al|ll ¢ 1 ¢ c
blc ¢ ¢ ¢ c blec ¢ ¢ ¢ ¢
cll a b ¢ c cl|l a b ¢ ¢
d|1l a b ¢ ¢ d|1l a b ¢ d

Then it is routine to verify that (X, x, ®, E'), where E = {c¢,d}, is a generalized pseudo
eBE-algebra. Let F = {1,¢,d} and G = {a,c¢,d}. Then F and G are eBE-filters of
(X,E). But FUG = {1,a,c,d} is not an eBE-filter of (X, E) sinceaxb=1=a®b €
FUGandae FUGbutb ¢ FUG.

Let (X, E) be a generalized pseudo eBE-algebra. Consider mappings:
(_
?:X—)QX, xl—>7(x),

X — 2%, x|—><?(x)
. —

where 2% is the power set of X, ?(x) ={ye X |z<.y}land f(z) ={y e X |
y <. x} which are called the right f-section and left f-section, respectively, of x.

It is clear that if (X, F) is a generalized pseudo eBE-algebra, then z € f (z) N <?(9{:)
for all x € X by (peBEI).

The following example shows that there exists x € X such that the right f-section and
the left f-section of X are not eBE-filters.
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Example 4.11. Consider the generalized pseudo eBE-algebra (X, E) in Example We
can observe that 7(6) = {1,b,e} and <7(6) ={1,a,b,d,e}. But 7(6) and ?(e) are not
eBE-filters o(f_(X, E), sincg_b ®c=1 6(_?(6) and b € ?(e) but ¢ ¢ ?(e), and also
b®c=1¢€ f(e)andbe f(e)butc ¢ f(e).

We consider conditions for the right f-section (resp., the left f-section) of an element
x € X to be an eBE-filter.

Theorem 4.10. Let (X, E) be a generalized pseudo eBE-algebra. Then the right f-section
of a fixed element a in (X, F) is an eBE-filter of (X, E) if and only if the next assertion is
valid.

Vr,ye X)(a<.z*xy,a<.z = a<,y). 4.9)

Proof. Assume that the right f-section of @ € X is an eBE-filter of (X, E). Letz,y € X
besuchthata <, zxyanda <. x. Thenz xy € 7(@) andx € ?(a). Since 7(@) is an
eBE-filter of (X, ), it follows from Theorem 4.2|that y € ?(a), that is, a <. y.
Conversely, suppose that the condition (4.9) is satisfied. If z € E, thena*xx € ax E C
E,ie,a <.z,andsox € f (a). Hence f (a) is a superset of E. Let 2,y € X be such
thatx xy € f(a)andz € ?(a). Then a <. z * y and a <. x, which imply from (@.9)
that @ <. y. Thus y € f (a), and therefore ?(a) is an eBE-filter of (X, F). O
Theorem 4.11. Let (X, E) be a generalized pseudo eBE-algebra. Then the right f-section

of a fixed element a in (X, E) is an eBE-filter of (X, E) if and only if the next assertion is
valid.

Vr,yeX)(a<ez®y,a <.z = a<cy). (4.10)
Proof. It is similar to the proof of Theorem [4.10] O

Definition 4.12. A generalized pseudo eBE-algebra (X, E) is said to be distributive if it
satisfies any one of the following conditions:

(Vo,y,2 € X)(z* (y®2) = (xxy) ® (z *2)). (4.11)

Vz,y,z€ X)(z® (y*x2) = (z®y) * (z ® 2)). (4.12)
Example 4.13. Let X = {1,a,b, c,d} and define binary operations “«” and “®” as fol-
lows:

*x|1 a b ¢ d ®|1 a b ¢ d

1/ ¢ b ¢ b l|lc ¢ ¢ ¢ c

alb ¢ b ¢ b alb b b b b

bl a b ¢ d bla a ¢ ¢ a

cll a b ¢ 1 c|l 1 b b 1

dlb ¢ b c b dlc ¢ ¢ ¢ c

Then it is routine to verify that (X, *, ®, E'), where E = {b, c}, is a distributive generalized
pseudo eBE-algebra.

It is clear that every distributive pseudo eBE-algebra is a distributive generalized pseudo
eBE-algebra, but the converse may not be true as shown in the following example.

Example 4.14. We can observe that the distributive generalized pseudo eBE-algebra (X, x, ®, E)
with E = {b, ¢} in Example does not satisfies (peBE3). Thus it is not a distributive
pseudo eBE-algebra.
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In the following example, we know that if (X, F') is a generalized pseudo eBE-algebra,
then E is not an eBE-filter of (X, F) in general.

Example 4.15. Let X = {1,a,b, c,d} and define binary operations “«” and “®” as fol-

lows:
*|1 a b ¢ d ®|1 a b ¢ d
111 b b ¢ d 1|6 b b ¢ c
all b b ¢ d a|l 1 1 d d
b1 b b ¢ d b1 1 1 d d
cll b b b 1 cll1 1 1 1 1
d|l b b b 1 dlb b b b b

Then it is routine to verify that (X, , ®, E'), where F = {1, b}, is a (distributive) general-
ized pseudo eBE-algebra. But F = {1,b} is not an eBE-filter of (X, F) sinceb®a =1 €
Eandbe Ebuta ¢ E.

Theorem 4.12. Let (X, E) be a distributive generalized pseudo eBE-algebra. If E is an
eBE-filter of (X, E), then the right f-section of a fixed element a in (X, E) is an eBE-filter
of (X, E).

Proof. Assume that E is an eBE-filter of (X, F). It is clear that the right f-section is a
superset of E. Let z,y € X be such that z € 7(@) andx xy € 7(@). Then a <, x and
a <. *y, which imply that a ® z € E and a ® (z * y) € E. Using the distributivity, we
have

(a@x)*x(a®yYy)=a® (xxy) € E.
Since E is an eBEfilter of (X, E), it follows from Theorem[4.2]that a ® y € E, that is,
y € ? . Therefore ? ) is an eBE-filter of (X, F). O

The following example shows that if (X, E) is not distributive in Theorem then
the right f-section of a fixed element a in (X, F) is not an eBE-filter of (X, E).

Example 4.16. Let X = {1,a,b,c,d,e} and define binary operations “«” and “®” as
follows:

x|1 a b c¢c d e ®|1 a b ¢ d e
lle d e d d e 1|d d d d d d
ale e d d d e ald d d d d d
bl d e ¢ d e blec d d ¢ d d
cle e d d d e cle e e e e e
d|l a b ¢ e e dlec b a 1 e d
ell b a ¢ d e elec b a 1 e d
Let E = {d,e}. Then it is routine to verify that (X, *, ®, F) is a generalized pseudo

eBE-algebra. But it is not distributive since
ax(1®b)=axd=d#e=e®d=(ax1)® (axb).

Given a fixed element b € X, the right f-section of b is 7 = {a,b,d, e} and it is not
an eBE-filter of (X, E) sincea®c=d € 7 b)and a € 7 b)butc ¢ f(b).

An example illustrating Theorem [.12]is given below.
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Example 4.17. Let X = {1,a,b,¢,d,e} and define binary operations “+” and “®” as
follows:

*|1 a b ¢ d e ®|1 a b ¢ d e
1|{d ¢ b ¢ d e l|c d e d ¢ b
ald ¢ b ¢ d e ald d e d d e
bl a ¢ ¢ d d b|1 1 d d d d
c|ll a b ¢c d e c|1l 1 e d d e
d|1l a b ¢ d e dla 1 e d ¢ b
e|ll a ¢ ¢ d d ela 1 d d ¢ c

Then it is routine to verify that (X, *, ®, F') is a distributive generalized pseudo eBE-
algebra where £ = {c,d, }. We can observe that E is an eGE-filter of (X, ), and the

right f-section of a fixed element b € X is 7(1)) = {b, ¢, d, e} which is also an eBE-filter
of (X, E).

Given two elements @ and b in a generalized pseudo eBE-algebra (X, F), consider the
following set:
Pla,b):={zeX |ax(b®dx) € E}, (4.13)

which is called the eBE-upper set of a and b.
It is clear that a, b € P(a,b) and P(a,b) is a superset of E. Also, we have

Pla,b)={re X |ax(b®z) € E}
={reX|b®(axx)e E}
={reX|b®(a®z) € E}
={reX|bx(a®x) € E}
= P(b,a).

The following example is given to show that P(a, b) is not an eBE-filter of a generalized

pseudo eBE-algebra (X, E) for some a,b € X.

Example 4.18. Let X = {1,a,b,c,d, e} and define binary operations “x” and “®” as
follows:

x|1 a b ¢ d e ®|1 a b ¢ d e
1|d d d ¢ d d l|le e d ¢ d e
ald d d ¢ d d al|ld e d ¢ d e
bld d d ¢ d d b|ld e e ¢ d e
cla a a e e e c|l a a d d e
dla a a e e e dlb a 1 d d e
eld d d d d d ele e e d d e

Then it is routine to verify that (X, x, ®, E) is a generalized pseudo eBE-algebra where
E = {d,e}. If we take 1,a € X, then P(1,a) = {1,a,b,d, e} which is a superset of
E. But it is not an eBE-filter of (X, F) sinced ® ¢ = d € P(1,a) and d € P(1,a) but
c¢ P(lya)asl*x(a®c)=1xc=c¢ E.

Proposition 4.13. Let (X, E) be a generalized pseudo eBE-algebra and let a be a fixed
element of X. Then

(Wb € X)(f (a) C P(a,b)). 4.14)
(Vb,x € X)(a <. b = b€ P(a,x)). (4.15)
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Proof. Let b, x € X be such that z € 7(a). Then a <. z, and so
ax(b®z)=b® (axz) eb®ECE

by (peBE2) and (peBE4). Hence x € P(a, b), and thus (@.14) is valid. Now, letb, z € X be
such thata <. b. Then a®b € E, which implies from (peBE2) that z*(a®b) € zxE C E.
Hence b € P(x,a) = P(a,x). O

We find and present the conditions under which eBE-upper set becomes a eBE-filter.

Theorem 4.14. Let (X, E) be a distributive generalized pseudo eBE-algebra. If E is an
eBE-filter of (X, E), then the eBE-upper set of a € X and b € X is an eBE-filter of
(X, E).

Proof. Let a,b € X. Recall that P(a,b) is a superset of E. Let z,y € X be such that
x € Pla,b)and x xy € P(a,b). Thenax (b®z) € Eandax (b® (z *y)) € E. By the
distributivity of (X, E), we get

(ax(b@x))*x(ax(b®y))=ax((b®z)*x(b®y)) =ax(b® (x*y)) € E.

Since E is an eBE-filter of (X, E), it follows from Theorem (4.2 that a * (b ® y) € E.
Hence y € P(a, b), and therefore P(a, b) is an eBE-filter of (X, F). O

We will use the eBE-upper set to characterize the eBE-filter.

Theorem 4.15. Let F' be a nonempty set in a generalized pseudo eBE-algebra (X, F).
Then F is an eBE-filter of (X, E) if and only if F is a superset of the eBE-upper set
P(a,b) for every a,b € F.

Proof. Assume that F' is an eBE-filter of (X, E'). For every a,b € F, let x € P(a,b).
Thena * (b® x) € E C F. Since a,b € F and F is an eBE-filter of (X, E), it follows
that z € F. Hence P(a,b) C F.

Conversely, suppose that F is a superset of the eBE-upper set P(a, b) forevery a,b € F.
Note that E C P(a,b) C F. Letz,y € X be such that z € F and 2 ® y € F. Since
(x®y) *(x ®y) € E by (peBEl), we have y € P(z ® y,x) C F. Therefore F is an
eBE-filter of (X, E). O

Theorem 4.16. In a generalized pseudo eBE-algebra (X, E), any eBE-filter can be rep-
resented as the union of eBE-upper sets, that is, if F is an eBE-filter of (X, E), then
F= \J P(a,b).

a,beF
Proof. Let F be an eBE-filter of (X, E) andletx € F. Thenz x (y®z) =y ® (x xx) €
y®FE C Eforally € E, and so x € P(z,y), which shows that F' C P(x,y). Since
E C F, it follows that

Fc |J P@bc | Pb).

a€EF,beE a,beF
If z € |J P(a,b), then there exist y,z € F such that x € P(y,z) C F by Theorem
a,beF
4.15| Hence |J P(a,b) C F. This completes the proof. O
a,beF
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