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SOME RESULTS ON MULTIDIMENSIONAL FIXED POINT THEOREMS IN
PARTIALLY ORDERED GENERALIZED INTUITIONISTIC FUZZY METRIC
SPACES

M. JEYARAMAN*, M. PANDISELVI AND D. POOVARAGAVAN

ABSTRACT. In this paper, using the idea of a coincidence point for nonlinear mappings in
any number of variables, we study a fuzzy contractivity condition to ensure the existence
of coincidence points in the framework of generalized intuitionistic fuzzy metric spaces.
Recently, many authors have conducted in-depth research on coupling, triple and quadru-
ple fixed point theorems in the context of partially ordered complete metric spaces with
different contractive conditions. In partially ordered generalized intuitionistic fuzzy metric
spaces, we demonstrate several theorems regarding multidimensional co-incidence points
and common fixed points for ¢ -compatible systems.

1. INTRODUCTION

The fuzzy set was released in 1965 by the pioneer scientist Zadeh [18] as a class of
objects with a continuum of grades of membership. After Zadeh’s paper [18], many scien-
tists employed the notion of fuzzy sets in many subjects of sciences such as fuzzy metric
space, fuzzy topology, fuzzy decisions, fuzzy set theory etc. One of the most hot topics in
mathematics is fuzzy metric spaces, which is introduced by George and Veeramani [4]. In
2004, Park [9] released the notion of intuitionistic fuzzy metric spaces as a generalization
of fuzzy metric spaces in sense of George and Veeramani [4]. While, Sun and Yang [12]
extended the definition of fuzzy metric space to the notion of a generalized fuzzy metric
space. Abbas et al. [1] introduced a new concept, called A - metric spaces.

Moreover Abbas et al. [1] studied the properties of A-metric spaces and investigated
many interesting fixed point theorems. While, Gupta and Kanwar [13]] extended the no-
tion of A - metric spaces to the notion of V-fuzzy metric spaces. Moreover, Gupta and
Kanwar [13] employed the notion of partially ordered V-fuzzy metric spaces to invisti-
gate some coupled fixed point theorems in sense of Bhaskar and Lakshmikantham [17].
Very recently, Gupta et al. [14]] studied some coupled fixed point theorem for mappings
satisfying C'L R —prperty on the notion of V-fuzzy metric spaces. In 2016, Jeyaraman
at el. [5] brought the notion of generalized intuitionistic fuzzy metric spaces and stated
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their properties. In 2014, Roldan, Martinez-Moreno et al. [6}[7] studied some multidimen-
sional coincidence point results in partially ordered fuzzy metric spaces for compatible
mappings. For some work in fuzzy metric space, we refer the reader to [12,3}16} 10} [11} [15].
We study and establish a few standard fixed point theorems for ¢-compatible in extended
intuitionistic fuzzy metric spaces in this paper. Additionally, we demonstrate some findings
about multidimensional coincidenceand established fixed point theorems for ¢-compatible
in partially ordered generalized intuitionistic fuzzy metric spaces.

2. PRELIMINARIES

In order to state and prove our results, we will use the following notions. These notions
can be found in [7]. Consider a partition {A, B} of A, = 1,2,...,p; thatis, AUB = A,
and AN B = () such that A and B are non-empty sets. Define
Qap={o:N, > Ap:0(A) C Aand 0(B) C B} and
Qyp={0:Np = Ap:0(A) C Bando(B) C A}.

Let (X, <) be a partially ordered set, a,b € X and i € A,. In the present paper, we will
use the following notation:

< peloa =<b ified
— arxb ifieB.
Let ay,ag, ..., ay, € [0,1]. In the rest of this paper, we use the following notations:

X110 = Q1 kA2 * -k Ay and O a; = a1 0 a2 O O Ay,

Definition 2.1 [5]

Let X be a nonempty set and V, W be fuzzy sets on X" x (0, co).

Forall ay, a9, as, ... ,an, | € X and t,s > 0, assume the following conditions hold:
(1) V(a17a27a37 ey a’nat) + W(ala 2,043, ..., anat) é ]-7
(i) V(a,a,a,...,a,b,t) > 0foralla,b € X with a # b,

(i) V(ay,a1,a1,...,a1,a2,t) > V(ay,az,as,...,an,t),
forall a1, a0,as,...,a, € X withag # az # ... # an,

(iv) V(ay,a9,as,...,a,,t) = lifandonly if a1 = as = a3 =+ = an,,

) V(ay,az,as,...,an,t) = V(p(a1,ae,as, ...,ay,),t) where p is a permutation func-
tion,

(vi) V(a1,az2,as3,...;an,t+8) > V(ar,az,as,...,an—1,,t) « V(1,1 ..., an, 5),
(vi) V(ay,as2,as,...,an,.) : (0,00) — [0, 1] is continuous,
(viii) V is a non-decreasing function on RV,
lim V(as,as9,as,...,an,t) = 1 and

t—o0
lim V(ay,as,as,...,an,t) =0
t—0
for all a1, as,as,...,a, € X ,t >0,

(ix) W(a,a,a,...,a,b,t) <1foralla,b e X witha # b,

x) W(ay,a1,a1,...,a1,a2,t) < Way,as,as,...,an,t) forall ar,as,as,...,a, € X
with ag # a3z # ... # an,

(xi) W(ay,a9,as,...,a,,t) =0ifandonly if a1 = as = a3 =+ = ay,

(xil) W(ay,as,as,...,an,t) = W(p(ay,as,as, ...,an),t) where p is a permutation func-
tion,

(xiil) W(ay,a2,as, ..,an,t + 8) >
W(al, A2, A3y ooy Ap—1, l,t) i W l,l
(xiv) W(az,az,as,...,an,.) : (0,00) = |

) l7 cty an7 S)’
0, 1] is continuous,
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(xv) W is a non-increasing function on R,
lim W(ay,as,as,...,an,t) = 0 and %ir% V(ay,ag,as,...;an,t) =1
—

t—o00
for all ay,a9,as,...,a, € X ,t > 0.

Then the triple (X, V, W,x, ¢) is said to be a generalized intuitionistic fuzzy metric space
(shortly GIFMS) and the pair (V, W) is called a generalized intuitionistic fuzzy metric
spaces.

Example 2.2[5]]

Let (X, A) be an A - metric space. For all aq, as, ag, . .
the fuzzy sets V, W on X" x (0, 00) by

_ t
V(ar,az,as,... ,an,t) = Faara,as e and

.,y € X and every ¢ > 0. Define

_ A(ai,a2,as,...,ap)
W(al, az,a3,...,0n, t) = t+A(a’17a;7a’3,..’-,an) .

aob=min{a+b,1}. Then (X,V, W, «, o) is a generalized intuitionistic fuzzy metric
spaces.
Definition 2.3[16]
Consider the two self mappings R and S on a partially ordered set (X?, <). We say that
R is S— isotone map, if for any Ay, As € XP,5(A;) < S(A42) = R(A41) < R(Ag).
Definition 2.4[8]
Consider the two mappings F' : X? — X and g : X — X on a partially ordered set
(X, =<). We say that F' has the mixed g-monotone property if it satisfies the following
property:
Forall a1,a2,...,ap,b,c € X and for every ¢,
g9(b) 2 g(c) = F(a, .. sap) =i Flay, ..
Definition 2.5
Let (X, V, W, x,¢) be a GIFMS. The two self mappings R and S on X are said to self-
mappings if and only if

lim V(R(S(zp)),...,R(S(zp)), S(R(xp)),t) =1

p—o0

Also, define * and ¢ via a * b = ab and

.,ai_l,b,ai+1,... .,ai_l,c,ai+1,...,ap).

and

Tim W(R(S(zy)), .. R(S(2,), S(R(z,)), 1) = 0
for all t > 0, whenever {z,} € X such that li_>m R(z,) = lim S(z,) = z for some
p—0 p—ro0

reX.

Definition 2.6

Let (X, V, W, *,¢) be a GIFMS and (X, <) be a partially ordered set. Let ¢ = (01,02, ...,0p)
be an p—tuple mappings from {1,2,... p} to itself. The mappings F' : X — X and

g : X — X are said to be ¢— compatible if {a,1},{ar2},...,{arp} are monotonic se-
quences in X with

m F(aro,(1); Oro,(2)s -+ - 3 Oroy (p) = Thj& gar; € X

r—00
then
) gF(arai(l)aarai@)v--~7arai(p))a---7
71320 Vv gF(arU,i(l)a QArg;(2)s -5 Qro;(p))s =1
F(ga'r‘o’i(l)a 9lrg;(2)y - - - 7ga7"01,(p)),t
and
) gF(a'roi(l)aarai@)v'-~7arai(p))7~-~7
TILIEO w gF(arai(l)v Arg;(2)s -« aroi(p))v =0
F(garo’i(l)a 9lrg,(2)y - - - >garoi(p))a t

forallt > 0andi € {1,2,...

D}
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3. MAIN RESULTS

In this section, we set inaugurate main results and make use of these results to acquire
the multidimensional results in partially ordered GIFMS.
Lemma 3.1

Let (X, V, W, *,0) be a GIFMS and {v, } a sequence in (X, V, W, *,¢). Assume there
exists a function ¢ € ®,, be such that

(3.1.1) ¢(t) >0, forall ¢t > 0,
(3.2.2) V(vp, ..., Up, Ups1, d(t)) > V(vp_1,...,0p_1,0p,t) and
W(vp, ..., Up, Vpi1, 9(t)) < W(vp_1,...,Up—1,0p,t) forevery p € N.

Then {v,} is Cauchy.

Proof. Let (X, V, W, x,¢) be a GIFMS. We have,
tli)ngo V(’Ul,'UQ, V3, ... ;Unvt) = 13 tll)rgoW(UthZ; U3, .- - a’U’nat) =0.

So, for € > 0, there exist £y > 0 such that
V(UQ,UO, . ,’Uo,’l)l,to) > 1—¢and W(’Uo,vo, ..., V0,01, to) <E.
Since ¢ € ®,,, there exists a real number ¢; with t; > ¢ such that lim ¢”(¢1) = 0.
p—00

Therefore, for ¢ > 0, there is pg € N such that lim ¢”(¢;) < ¢ for all p > pg.
pP—00

Condition (3.1.1) implies that ¢*(¢) > 0 forallp € N and ¢ > 0.
By induction and condition (3.1.2), we have
V(vp, Upy - -+, Up, Upy1, 9P (t)) > V(vo, v, . .., v0,v1,t) and
W (0p, Vpy + oy Up, Upt1, PP (1)) < W (v, v0, ... ,v0,v1,¢) forallp € N and t > 0.
Since V and W are non-decreasing and non-increasing, we have

V(Ups Ups e o3 Upy Upt1, ) = V(0p, Up, o oo, Up, Upg1, O (£1))
> V(vg,vg, - - -, 00,01, 1)
> V(vg,vg, - - ., 00,01, to)
>1—¢and

W (vp, Vp, ..., Up, Upt1,t) < W(vp, Up, ..., Up, Upy1, 9P (E1))
< W(vo,vo,. .., V0, v1,t1)
< W(vg, vo, - -, 0,01, t0)
<e

that is, as p — oo, we have
V(vp, Upy .., Up, Vps1,t) = Land W(vp, vp, ..., Up, Ups1,t) — 0 for any € > 0 and
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t > 0.Forqg e N and t > 0 we have

t
V(Ups ..o, UpyUpgq,t) >V <vp,...,vp,vp+1, q>
t
*V Up+17"'7vp+lavp+2ag
t
x--xV ’Up+q717---;vp+qflavp+q7§ and
t
W(vp, ..., Upy Upgq, t) S W | Up, ... ,vp,Uerh&
t
oW vp+1a"'7vp+1avp+275

t
o---0oW <Up+q—1a <oy Updqg—1,5VUptqs q) .

Letting p — oo, we get
V(vp, Upy -y Up, Upig,t) > 15 1s%---x1=1and
W (vp,Vp, ..., Vp, Uptq,t) <0000---00=0.
Hence the sequence {v,,} is a Cauchy sequence.
Theorem 3.2
Let (X, V, W, *,0) be a complete GIFMS, (X, <) be a partially ordered set. Assume R
and .S be two mappings on a set X be such that

(3.2.1) R(X) C S(X).

(3.2.2) R is a S-isotone mapping.

(3.2.3) If there exists a function ¢ € ®,,, such that
V(R(x),....R(x), R(y), 6(t) > V(S(z), .., S(x), S(y),t
W(R(x),....R(z), R(y), 6(t) < W(S(x)....,S(x),5(y)
t > 0and S(x) = S(y).

(3.2.4) R and S are continuous and compatible maps.

) and
,t) forall z,y € X,

If there exists 2o € X such that S(xg) =~ R(x¢), then R and S have a coincidence point.

Proof. Let 2y € X be a point such that S(zo) ~ R(zo).
Since R(X) C S(X), we choose x1 € X be such that
S (l‘l) = R(Z‘o)
Proceeding like this way, we construct a sequence {z, } € X be such that
S (zp+1) = R(zp) for p € N U {0}. Without loss of generality and in view of S (z¢) ~
R (x0), we assume that S (z9) = R (xq).
Assume that S (x,—1) < S (x,). The property of S-isotone for the mapping R implies
that R (x,—1) = R (zp). Weset S (zg) = v9 = R (z9) =v1 and
R(zp-1) = vp 2 R(zp) = vpt1.
Thus, the sequence {v, } is an increasing sequence.
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From (3.2.3), we get

V(Upy -, Up, Ups1, ¢(t)) = V(R(xp-1), ..., R(xp_1), R(zp), #(t))
V(S(xp-1),-..,S(xp-1),S(xp),1)

V(vp=1,--.,Up—1,0p,t) and

W(R(zp-1),- .., R(zp-1), R(zp), 4(1))
<W(S(zp-1),...,8(xp-1),5(xp),t)
=W(vp-1,...,Vp—1,Up,t)

forallp € NU{0} and ¢ > 0. Clearly ¢ (¢) > 0 for all ¢ > 0. From Lemma (3.1.), we

conclude that {v,} is a Cauchy sequence.

Since (X,V,W, x,¢) is a complete GIFMS, there exists a point v € X such that

plirgo vp = v that is, phﬁrgo R(xp,) = pl;n;o S(zp) = v.
Since R and S are compatible, we have

Tim V(R(S(2,). .. R(S(x,)), S(Rlzy)). 1) = 1
lim W(R(S(zp)),...,R(S(xp)), S(R(zp)),t) =0

p—o0

v

W(Up7 <oy Upy Upta, (b(t))

forallt > 0.
Since R and S are both continuous mappings,
V(Rw),R(),...,R(v),S(v),t)=1and
W (RWw),R(),...,R(v),Sw),t)=0
for all ¢ > 0, which implies that, S (v) = R(v).
Thus v is a coincidence point of R and S in X.
Theorem 3.3
Let (X, <) be a partially ordered set, (X, V, W, *,¢) be a complete GIFMS. Assume
the two self mappings R and S on X satisfying the following conditions:

(3.3.1) R(X) C S(X).
(3.3.2) Risa S-isotone mapping.
(3.3.3) Assume that there exists a function ¢ € ®,,, such that
V(R(x),...,R(z), R(y), ¢(t) > V(S(x),...,S(z),S(y),t) and
W(R(x),...,R(x),R(y), p(t) < W(S(x),...,S(x),S(y),t) forall z,y € X,
t > 0and S(xz) < S(y).
(3.3.4) X has the following property,
(a) If {x,} is a non-decreasing sequence such that z,, — x then z, < z for all
p€EeN.
(b) If {x,} is a non-increasing sequence such that z, — x then z, > z for all
peEN.
(3.3.5) S(X) is closed.

If there exists zp € X such that S (z¢) ~ R (xo), then R and S have a coincidence point.

Proof. Let 29 € X be a point such that S (zg) ~ R (x¢). In view of R(X) C S(X),
we choose 21 € X such that S (z1) = R(xp).
Proceeding like this way, we construct a sequence {x,} € X such that S (zp+1) = R(z)p)
for p € N U {0}. Without loss of generality and in view of S (z¢) ~ R (x¢), we may
assume that S (z9) =< R (xo).



192 M. JEYARAMAN, M. PANDISELVI AND D. POOVARAGAVAN

Assume that S (z,—1) < S (z,). The property of S-isotone for the mapping R implies
that R (zp,—1) <X R (xp).

Putting S (z9) = vo = R(x9) =v1 and R (zp—1) = vp X R(2p) = Vpt1.
Thus, the sequence {v, } is an increasing sequence. From (3.3.3), we get

V(vpv <+ o5 Upy Upt1, ¢>(t)) = V(R(xpfl)a R R(xpfl)v R(mp)a ¢(t))
>V(S(zp_1),...,58(xp_1),S(xp), t)
=V(vp-1,...,Vp_1,0p,t)and

W(vpv <o o5 Upy Up41,s P(t) = W(R(xp—l)v s 7R(a7p—1)a R(zp)v o(t))
< W(S(xpfl)a ) S(xpfl)a S(xp)vt)
=W(vp_1,...,Vp_1,0p,t)
forallp € NU{0} and ¢ > 0. Clearly ¢ (t) > 0 for all ¢ > 0. Lemma (3.1), guarantee
that {v, } is Cauchy.
Since (X, V, W, *,¢) is a complete GIFMS and S(X) is closed, there exists vg € X

such that

i Rlas) = i Say) = S(e0) = v

Since (S(x,)) is a non-decreasing sequence, we have S(z,) < S(vg) forall p € N.

In (X, V, W, *,0), V is non-decreasing and W is non-increasing with respect to t.
Also, for every ¢ > 0 there exists a real number r with > ¢ such that ¢ (r) < ¢. Hence,

V(R(zp),...,R(xp), R(vo),t) > V(R(zp), ..., R(zp), R(vo), ¢(r))
2 V(S(xp),--.,S(xp), S(vo),7)
>V (S(xp),...,S8(xp),S(vo),t) and
W(R(zp), ..., R(xp), R(vo),t) < W(R(zp), ..., R(xp), R(vo), ¢(r))
S W(S(p), ..., 5(xp), S(vo),7)
S W(S(zp), ..., 5(xp), S(vo), 1)

forallt > 0 and p € N. Taking p — oo in above inequality, we get R (x,) — R(vp). The
uniqueness of the limit indicate that R (vg) = S (vo).

Hence vy is a coincidence point of R and .S.
Theorem 3.4

In additional of the hypothesis of Theorem 3.2 and Theorem 3.3, suppose that X is a
totally ordered set. Then R and S have a unique coincidence point. Moreover, if S is
weakly compatible with R, then R and S have unique common fixed point.
Proof. Assume that u,v € X are coincidence points of R and S. Let y € X be such that
S(y) is comparable to S(u) and S(v). Starting with yo = y to construct a sequence S(y,).
The sequence S(y,) and its limit is defined in similar way as in Theorem 3.2 and Theorem
3.3 So we have S (yp+1) = R(yp) and S (y1) = R(yo). Also, we have

tlLIgOV(S(y),S(y),...,S(y),S(v),t):1

and
lim W(S(y),S(y),...,S(y%S(’U)J):0,

t— o0
which imply that for any e € (0, 1), there exists ¢; such that
V(S (y0),S Wo),---,5(yo), S (v),t1) > 1—eand W (S (y0) , S (o) ,---» S (40), 5 (v),t1) <
€.
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Referring to the fact that ¢ € ®,,, we choose r > t; be such that pan;o P (r) = 0. So,
there exists po € N such that ¢ (r) < t for all p > pg and ¢ > 0. Consider,
V(Sp)s--5S(yp), S(),t) = V(S(yp), .-, S(yp), S(v), 6" (r))
=V(R(yp-1),-- - R(Yyp-1), R(v), " (7))

> V(S(gpo1)s - Syp-1), S(0), (1))
> = V(S(0)s - S(uo)s SW),7)
> V(5(yo),---.S0),S(v),t1)
>1—c¢eand

W(S(yp)s - SWYp), S(v), ) < W(S(yp)s- -+ S(yp), S(v), ¢P(r))
=W(R(Yp-1),- - B(yp-1), R(v), ¢"(r))
SW(S(Yp-1)s---+S(Yp-1),S(v), 6"~} (r))
<< W(S(yo),-- - S(yo), S(v),7)
< W(S(o),---,5(o), S(v), t1)
<e

forall p > pg and ¢t > 0.
Hence,{ lim S(y,)} = S(v). Similarly, we can easily show that { lim S(y,)} =
p—)OO p—}OO

S(u). The uniqueness of limit guarantee that S (v) = S(u).

Now, let R (v) = S (v) = e. Since R and S are weakly compatible mappings, we have
R(e) =R (S (v)) =S (R(v)) = S(e). So eis a coincidence point.
Hence S (¢) = S (v) = e. Thus e is a common fixed pomt of R and S . Now suppose

that there exists e ( e) € X such that R ( ) =5 (e/) =

Then e = =S5 ( ) = €’ which indicate the uniqueness of common fixed point
of Rand S.
Example 3.5

Let X = [0, 1] and (X, <) be a partially ordered set. Let R and .S be two self mappings
on X defined by R () = £ + L and S () = z forall z € X.

It is clear that R(X) C S(X) and R is an S-isotone mapping. Let ¢ (t) = £ forall ¢ > 0.
Define V, W on X? x (0, c0) via

_ t
V(x1, x2, T3, ..., Tp,t) R o ——"
and
A(ry,T2,23,..,Tp)
W (z1,22, T3, ..., %p, t) = ErrarEar——
where
p
A(l‘l,xg, s, ...,l‘p) = E E Il‘i— yjl
i=1 i<j
forall x1, xo, 3, ..., v, € X and t > 0.

Let z x y = min{xz,y} and x ¢ y = max{x,y} forall z,y € X. Then (X, V, W, *, )
is a complete GIFMS.
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Now,
V(R(z),R(z),....,R(z),R(y), () = ¢(t)+|£gi))—R(y)|
:;and
t+ |22 — 42
W (R (), B(z),.... R(2), R(y), ¢ (1) = (tﬁ(?% (_a:)REyI)il(y)l
et
t+ |22 — 2|

and

SoV(S(:E),S(:C)7...,S(x),5(y)7t):m
W<S<-'IJ),S(.’E)’7S<x)’5(y)7t> _ _lz—yl

t+]z—y|
for all x,y € X and ¢ > 0. Hence, we have

V(R(z),R(z),....,R(x),R(y),¢ () =V (S(x),S(x),...,5(),5(y),1t) and
W(R(z),R(z),...,R(x),R(y),(t) < W (5(x),5(z),....5(x),5(y),1).

Taking xo = 0. We have S (zg) = 0 < R(xo).
Now, construct the sequence vy = S(zg) and zp11 = S (zp1) = R(z)p) forp € NU{0}.
So {v,} = {vo =0,v1 = 3,v2 = 3,v3 = 2%, ...} this sequence is non-trivial.
By Theorem 3.4, we get R and S have a unique common fixed point v.
Lemma 3.6
Let (X, V, W, x, ¢) be a GIFMS such that = is a continuous #-norm and ¢ is a continuous

t-conorm. Define the fuzzy sets
VPWP: XP x...n—times x XP x (0,00) — [0,1]

such that

VP (Al, AQ, N ,An, t) = *‘;):1‘/(0411', A2y« v oy Ay t) and

we (Al, AQ, N An,t) = oleW(au, A2y v v vy am,t)

forall A; = (ail,aig, RN aip) € XP? and

forall t > 0, where ¢ € {1,2,...,n}. Then the following properties hold:

(3.6.1) (XP, VP WP, x, o) is also a GIFMS.

(3.6.2) Let{A, = (ar1,ar2,...,a.p)} beasequence on X? and apoint A = (aq,az,...,ap) €
XP. Then {A,} — Aif and only if {a,;} — a; foralli € {1,2,...,p}.

(3.6.3) If (X, V, W, %, o) is complete, then
(XP, VP WP, «x, o) is also complete.

Proof. (3.6.1) Suppose that (X, V,W, %, ¢) is a GIEMS. Then, (X?, VP, WP x, o)
satisfies all properties of the definition of generalized intuitionistic fuzzy metric space.
Hence (XP, VP, WP, %, o) is also a generalized intuitionistic fuzzy metric space.

(3.6.2) Suppose {A,} — Aasr — oo. Fore € (0, 1), there exists ng € N such that
forall r > ng, wehave VP (A, A, .., Ay, Ajt) > 1—cand WP (4,, A, .., A, Ajt) < e
forall ¢ > 0.

Consider,

121’11121)‘/ (ari,ariv ey Qri,y ai»t)
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= V(arl,arl,...,arl,al,t)
«V (ar2, ara, ..., ar2,a2,t)
ko %k V (Qrpy Grpy - - - Qrp, Gp, T)
- *le V(arivaria“'aari,aiat)
= VP(A., A, ..., A A
> 1—¢
and
1%1?%([)“/ (QriyGriy- ey Qpiy 4, T)
= W(ar,ar1,-..,ar1,0a1,t)
oW (ar27 Ar2,y ..., ar27a27t)
oo W (Arp, Qrp, - - - 5 Qrp, Gp, t)
= O?:l W(a”‘,a”‘,...,a”‘,ai,t)
= WPA,, Ay ..., A At
< ¢

forall r > ngand ¢ > 0.
Thus, forall v > ng, V (ari, @riy -« -y Qriy aiy t) > 1—cand W (api, @piy o oy Qg aq, t) < €
foralli € {1,2,...,p}.
Hence, {a,;} — {a;} as r — oc.

Conversely suppose that {a,;} — {a;} asr — oo foralli € {1,2,...,p} and *, o are
continuous mapping. From the definitions of V? and WP, we get

lim VP (A, Ar, ..., An, A L)

r—00
_ 1 p
= rll>nolo *i—1 vV (am, Qpjy ooy Qri, Qg t)
_ P .
= ¥=1 lim V(a,«i,aﬂ,...,a,«i,ai,t) =1
T—00
and
lim WP (A, A,,..., A, A t)
T—>00
_ p
= lim o, W(ap, ariy- -, ari, a, t)
T—00
_ WP T .
= o,y lim W (ari,aps,...,am,0a;,t) =0.
T—>00

Hence {A,} — Aasr — co.
(3.6.3) Suppose that {A,} is a Cauchy sequence in (X?, VP , WP, x, o); that is, for
every € € (0, 1), there exists ng € N such that
VP (A, Ary.o o AL Apyt) > 1 — e and
WP (Ap, Ary oo Ary Apyt) < e
for all r,n > ng and t > 0. Thus,

min V (ari, Gris - - -, Griy Qni, t)
1<i<p
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= V(ar,ar1,---,0r1,0n1,1)

*V(CLTQ,CLTQ,...,arg,ang,t)

k% V (Qrp, Grp, - - -, Grp, Gnp, )
= *le Vv (ari,am . ,am-,am,t)

— VP(A, Ay, A Ayt
> 1—¢

and
lrélgié(pW (Qriy Qriy « oy Ay Ay T)
= W(arl,arl,...,arl,anl,t)

OW(ar2>ar2a~"7ar23an2at)

o oW (Arp, Grp, - - - s Qrp, Grp, T)
= 05):1 W(ari,ari,...,ari,am,t)
= WP(An, Ay, A, Aot
< ¢

for all r > ng and t > 0. Hence. we deduce that {a,;} is a Cauchy sequence in
(X, V, W, %, o) foralli € {1,2,...,p}. Now, let (X, V, W, %, ©) be a complete
generalized intuitionistic fuzzy metric space,

That is, {a,;} — {a;} foreveryi € {1,2,...,p} and a; € X which implies that se-
quence { A, } converges to a point A on X?. Hence (X?, VP, WP, %, ¢)is also a complete
generalized intuitionistic fuzzy metric space.

Lemma 3.7

Let (X, V, W, %, ©) be a GIFMS. If the mappings F': XP — X and g : X — X are
¢—compatible mappings on (X, V, W, %, ¢),then R: X? — XPand S : XP — XP are
also compatible in (X?, VP WP, %, o), where R and S are defined as

R(A) = (F(adl(l)vao’l@))a s Aoy (p)s e
F(a0,(1) 8oi(2)s -+ Goy(p)) 5+ -
F (a0,(1),00,(2)> - -+ o, () | and

S(A) = (galaga%" '7ga;0)
forall A = (a1,a9,...,ap) € XPanda; € X,i€{1,2,...,p}.

Proof. Let {a,1},{as2},...,{arp} are monotonic sequence in X such that
Tll)rgo gar; = rli{go F(aroi(lﬁ Arg;(2)s -5 ro; (p))

foralla; € X and i € {1,2,...,p}. By Lemma 3.6. 1i>m S(A,) = {li,m R(A)},
T (oo} T—00

where A, = ({ar1},{ar2},...,{arp}) € XP. Since F and g are ¢—compatible and *, o

are continuous mapping, we get

lim VP (S(R(Ar)),,...,S(R(Ar)), R(S(Ar)),1)

r—00
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T—00

= lim «, V(QF (@ro:(1)s Aroi(2)s -+ Brou(r))
e 7gF (aroi(l)a QArg;(2)s - -+ 7arai(p)) )

F (garoi(l)a 9lrg,(2)y -+ 7ga’r‘a'7;(p)) 7t>

= #_; lim V<9F (@ro.(1)s Qrow(@)s -+ rou(p))

r—00

e 7gF (arai(l)a QArg;(2)s - -+ 7aro'i(p)) y

F (garm(l)a 9Qrg,(2)y -+ 7garai(p)) 7t>

and

lim WP (S (R(A,)..... 5 (R(A), R(S (4,)).1)

T—00

r—00

= lim <>]1‘9:1 W(QF (arai(l)a Aray(2)s -+ a’rai(p)) )
i agF (arai(l)a QArg;(2)s- -+ 7arcri(p)) )

F (garoi(lﬁgarm@)v J 7gar0i(p)) at>

- Of:l rli>nolo W(QF (arai(l)a arai(2)7 e 7arai(p)) 5
.. 7gF (arai(l)u Qrg;(2) - -+ 7ara'7;(p)) ’

F (ga'rai(l)aga'rai@)) Y 7garoi(p)) at>
= 0 forall t>0.

Hence R and S are compatible mapping in
(XP, VP, WP, %, o).
Theorem 3.8

Let (X, V, W, %, ©) be a GIFMS and (X, <) be a partially ordered set. Let { A, B} be
any partition of A, = {1,2,...,p} and ¢ = (01, 09,...,0,) an p-tuple mappings from
Ap into itself verifying that o; € Q4 pifi € Aand o; € Q/A,B ifi e B.LetF: XP > X
and g : X — X be two mappings such that

(3.8.1) F(XP) C g(X).
(3.8.2) F has the mixed g-monotone property on X.
(3.8.3) Assume that there exists a function ¢ € ®,, such that

V(F(y1?y27"'72/1))a"'aF(y1?y27"'7yp)a
F(Zl,Zg,...,Zp),¢(t)>

Z ’Y( *?:1‘/(9%79%7 .. agyiagz’iat)>

and
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W<F(ylvyZa"'7yp)7"'7F(y17y2a"'ayp)a
F(ZlazQ;-"aZp)a¢(t)

S 7(Of=1W(9y179917 -5 9Yi, 9%, t))
forallt > 0,91, Y2, .-, Yp, 21,22, .,2pin X and gy; =;gz; foralli € {1,2,...,p},
where v : [0,1] — [0,1] be such that *!_;y(u) > wand oF_;v(u) < u for all
u € [0, 1]. Suppose that

7( *f:lv (gyoj (1)s9Yo;(3)s -+ -1 9Yo;(i)s 9R0; (i) t) )
Z 7( *?:1‘/ (gyi7gyi7 e agyi7gziat) ) and
7( Of:lw (gy07(1)7 gydj(i)7 s 7gy0j(i)7 gzoj(i)7 t) )

< ’Y(Of—lw (9Yi, 9Yi - - - ,gyi,gzi,t))

fori,j € {1,2,...,p}
Y1,Y2, .- Yp, 21,%22,---,2p € X and
9Yi=9%i-

(3.8.4) F and g are continuous and ¢p—compatible.

If there exists yo1, Yo2, - - -, Yop € X satisfying
9Y0i 2 F (Yoo, (1)> Y0oru(2) - - - » Yoo, (p)) TOT
i €{1,2,...,p}, then F and g have an ¢—coincidence point.

Proof: Let (X, V, W, x, o) be a GIFMS such that %, ¢ are continuous t-norm,
continuous t-conorm and (X, <) be a partially ordered set. By Lemma (3.6.), we get
(XP, VP WP, %, ©) is also a generalized intuitionistic fuzzy metric space. Define map-
pings R : XP — XPand S : XP — XP as

R(Y) = <F (yal(l)ay01(2)7"'7y171(p))7"~7

F (Yo, (1) Yos (2)s - -+ Yoi(p)) +- - -»

F(yopu)’yap(zw--ayap<p>))

and S (Y) = (9y1,9Y2, -+ 9Yp) (3.8.5)
forallY € XPandy; € X fori € {1,2,...,p}.
Since F'(XP?) C g(X) which implies that R(X?) C S(XP).
Suppose gyo; =< F’ (11007;(1)7 Yoo (2)r - - - 7y00’i(p))’
then there exists Yy € X? such that S (Yp) <, R (Yp) .
Now to prove that R is a S— isotone. Let Y, Z € X be such that S (Y) <,,S (Z) which
implies that gy; < gz; when j € A and gy; = gz; when j € B. So, we have
0, €Qap={c:Np—=>Np: 0(A) CAando(B) C B} wheni € Aand
0; € Q;LB ={o: N, = Ap: 0(A) CBando(B) C A} wheni € B.
Thus, 9Y5,(jy = 924,(;) When j € A and gy, ;) = 9%o,(;) When j € B, for fixed i €
A. Since F is mixed g-monotone, when j € A and fixed i € A, we have
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F (Yo, (1) -+ Yoi(j=1) Yoi () Yori (1) > - -+ Yors (p))
= F(ydi(l)7 o Yo, (j-1)1 %o (5) Yoi (G+1)s - - - 7y0i(p))'
Similarly, when j € B and fixed i € A the above inequality hold. Hence for fixed i € A
and for all j the above inequality also hold. Thus we get,
F (ydi(l)a ya',;(2)7 e 7ya71(p)) j
F (um(l), Ug,(2)5 -+« 5 uai(p)) fori € A and
F(yai(l)vyai@)w'~7y0',i(p)) = .
F (ugi(l), Ugy(2)5 -+ ugi(p)) fori € B
Thus, R(Y)=,R(Z) for Y, Z € X?. Hence R is an S— isotone mapping.
Now, Y, Z € XP we have S (Y') <,,5 (Z). From Partially ordered set (X, <), we get
(yo(l)v Yo(2)s - - - 7ya(p)) and (u0(1)7 Ug(2)y -+ - auo(p)) are comparable.
In the view of these points and using (3.8.5) , then for all ¢ > 0, we have
VP(R(Y),R(Y),...,R(Y),R(Z),6(t)

= K V(F (Y0,0)s Yo () -+ You(n)
F(yai(1)7yai(2)7'"7yl7i(17))7

F( Zoi(1)s Z03(2)s -+ > Zou(p)) » @ (1))
> 50y (1V (9o - Woui)r 9%0i(i)o )
>y (K52 V (9955 9955 - -5 9Y55 9755 1))
> W A (VP(S(Y),S(Y),....S(Y),S(2),1))
> VP(S(Y).5(Y),....S(Y),S(2).1)

and
w?(R(Y),R(Y

~—

- RY),R(Z),¢(1))
N WIF (Yo,(1): Yo (2)> - > Yori(p)) »
F (Yo 1) You@)s - You(n) »
F(20,(1): 20425+ Zoup)) » @ (1))
N1 (1 W (Yo (5)s - - » Wori(3): 9% ) 1))
o1y (5 W (9y5, 9Y3 - -, 995,925, 1))
oy (WP (S(Y),S(Y),....S(Y),S(2),t))
WP (S(Y),5(Y),....5(Y),S(2),1).

Hence, condition (3.8.3) of Theorem (3.8) implies the condition (3.2.3) of Theorem
(3.2.) with respect to (X?, VP, WP, %, o).

Also, since F, g are continuous and ¢—compatible, then by (3.8.5) we get R and S
are continuous. Also, by Lemma (3.7), we deduce that R and .S are compatible. Hence
condition (3.2.4) of Theorem (3.2) hold with respect to (X?, VP, WP x, o).

Hence all the conditions of Theorem (3.2) hold w.r.t. (X?,V? WP % o). Therefore,
R and S have a coincidence point. From (3.8.5), we deduce the coincidence point will be
the ¢—coincidence point of F' and g.

Example 3.9
Let X = {0, %, 1, 3, 2}. Consider X has the following partial order :
r,ye X, o <y x=yor(z,y) = (0,1). Consider the function,
F:X? — Xandg: X — X defined by, )
0 ifxq,...,z, € {0,5,1
F(oy, 2,0, 2p) = { 1 ifotherwiszé. { ’ }

ININCIA
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ifx=0
ifz e {31}
ifze{3,2}

Then we can easily get condition, F'(X?) C g(X).
If y,z € X verify gy < gz then either y,z € {0,3,1} ory,z € {3,2}. Then F has
the mixed g-monotone property on X. Let ¢(t) = % for all ¢ > 0. Define V,W on
XP x (0, 00) by
V(xlax27 s 7$p7t) =

and g(z) =

o= O

and W (x1, 22, ..., 2p,1) = %

where A(z1,22,...,2p) = Y b, >icj|mi —ys| forall @1, @2, @3, ..., z, € X and
t > 0. Letzxy = min{z,y} and xoy = max{x,y} forallz,y € X. Then (X, V, W, x,0)
is complete GIFMS, also (X?, VP, WP, x, ¢) is complete GIFMS.

Ifyi,y2, .., Yp, 21, 22, ..., 2p € Xverify gy; =<; gz; for all ¢, then

F(y1,y2,---,Yp) = F(21,22,...,2p). Suppose, that p is even and let A be the set of odd

numbers in A, and B be the set of even numbers in A,. Consider o; = (4,4 +1,...,p —
1,p,1,2,...,1— 1) for all 4.
Theno; € Q4 pifiisoddo; € Q:4,B ifiiseven. Let ¢ = (01.09, ..., 0,) then condition

(3.8.3) of Theorem (3.8) holds whatever ~(for instance taking vy(a) = a for all a € [0, 1])
with respect to (XP, VP WP x, o).
Also F' and g are continuous and ¢— compatible. Take yo; = 0 if 7 is odd and yg; = 1 if ¢

is even. Then gyo; =i F'(Yoo,(1)s Y0os(2)s - - - » Yoo (p)) Tor all i.
Hence all the conditions of Theorem.3.8 are satisfied. Therefore F' and g have ¢-coincidence

point.
Theorem 3.10

Let (X, V, W, %, ©) be a GIFMS and (X, <) be a partially ordered set. Let { A, B} be
any partition of A, = {1,2,...,p} and ¢ = (01, 02,...,0,) an p-tuple mappings from

Ap into itself verifying that o; € Q4 pifi € Aand 0; € Q/AB ifie B.LetF: XP = X
and g : X — X be two mappings such that

() (3.10.1) F(XP) C g(X).
(2) (3.10.2) F has the mixed g-monotone property on X .
(3) (3.10.3) Assume that there exists a function ¢ € ®,, such that

V F(ylay27"°vyp)7"'7F(y1ay27"°7yp)7

F(Zl,ZQ,...,Zp),¢(t))

2 ’Y( *?:1‘/(9%79%7 e 7gylvgzl7t))
and

W<F(y1’y27' "7yp)a'"aF(y1’y27"'7yp)7
F(Zl,ZQ, .. ,Zp),¢(t))
S V(Of—lw(gyiagyiv cee 7gyi7gzi7t)>

forall t > 0, y1,Y2,...,Yp, 21,22,...,2p in X and gy;X;gz; for all i €
{1,2,...,p}, where : [0,1] — [0, 1] be such that *!_;~y(u) > wand o}_;vy(u) <
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u for all u € [0, 1]. Suppose that

7( *f:lv (gij (1)s9Yo;(3)s - - -1 9Yo; (i) 9%0;(i)s t) )
Z fY( *f:lv (gngyw - 9Yi, gz, t)) and
A/( <>f:lvv' (gyaj(i)a gydj(i)7 s 7gyaj(i)a gzcrj(i)v t) )

S 7<0€—1W(gyiagyia"'agyiagziat)>
fori,j € {1,2,...,p},
Y1, Y2, - - Yps 21,225 - .-, 2p € X and gy;=,92;.

(4) (3.10.4) X has the following properties:
(a) If {z,} is a non-decreasing sequence such that 2, — z, then x,, < x for all
p€EeN.
(b) If {x,} is a non-increasing sequence such that x,, — z, then z,, > z for all
pEN.
(5) (3.10.5) g(X) is closed.

If there exists yo1, Yo2, - - -, Yop € X satisfying
9Y0i 2 F (Yo, (1)> Y0oru(2) - - - » Yoo (p)) TOT
1€ {1,2,...,p}, then F and g have ¢—coincidence point.

Proof. Let (X, V, W, %, ¢) be a GIFMS and (X, <) be a partially ordered set. By
Lemma (3.6), we get (XP, VP, WP, %, ©) is also a generalized intuitionistic fuzzy metric
space. Define the mappings R : X? — X? and S : X? — XP by

R(Y): F(yal(l)ayal(Q)a"'7y01(p))a"'a

F (ya'i(l)7ycri(2)> B ayai(p)) Y

F(yg,,u),yop(z),m,yg,,(p)))

and S (Y) = (9y1,9Y2, - - 9Yp) (3.10.6)
forallY € XP andy; € X fori € {1,2,...,p}.

Since F(XP?) C g(X), we have R(XP) C S(XP).

Suppose gyo; = F (yom(l), Yooi(2)s - > Yoo, (p)). Then there exists Yy € XP? such that
S (Yo) ij (Yo).
Now to prove that R is a S— isotone, we let Y, Z € X? be such that S (Y') <,5 (Z) which
implies that gy; =< gz; when j € A and gy; = gz; when j € B.Thus
0, €Qap={oc:Np > Np: 0(A) CAando(B) C B} wheni € Aand
o; € Q;LB ={o: Ny, > Np: 0(A) C Bando(B) C A} wheni € B. Thus, we have
9Yo,(j) = 9%0,(;) When j € A and gy,,(j) = 9zs,(;) When j € B, for fixed i € A. Since
F is mixed g-monotone, when j € A and fixed i € A, we have
F (Yor1)s -+ s Yo (1) Yo () Yo (1) - -+ Yora ()
2 EWoi(1)s 3 Yoi(G-1)5 Zoi(5)s Yo (G41)5 -+ > Yo () )-
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Similarly, when j € B and fixed i € A the above inequality hold. Hence for fixed i € A
and for all j the above inequality also hold. Thus we get,
F (Yo,(1)s You(2)> -+ Yo () =
F (ugi(l), Ug;(2)y -+ ugi(p)) fori € Aand
F (Yo, (1) Yos (2) - You(p)) =
F (ugi(l), Ugy(2)5 -+ uai(p)) fori e B.
Thus, R(Y)=,R(Z) for Y, Z € X?. Hence R is a S— isotone mapping.
ForY, Z € XP, we have S (Y) <,,S (Z). From partially ordered se (X, <), we deduce
that
(yo(l)v Yo(2)s - - - 7ya(p)) and (ua(1)7 Ug(2)y -+ - aua(p)) are comparable.
In the view of these points and using (3.10.6), we hace for all ¢t > 0,
VP (R(Y),R(Y),...,R(Y),R(Z),06(!))

= 1 V(F (Yor(1): Yo () > Yo ()

F (Yo, (1)1 You(2)s -+ Yo ()

( Z0i(1)s Z03(2)s - - > () » D (1))

2V (9Y0i () 9o G)s -+ BYori(3) 9o0i(3) 1))
=

P

WV (9Y5.9Yis - 9Y5, 975, 1))
S(Y),s(Y),...,8(Y),5(2),t)
S(Y),....S(Y),S(2),1)

AR AVARAY

WP(R(Y),R(Y),....R(Y),R(Z),(t))
= N W(F (Yo,(1): You(2)s - - > Yo () »

F (Yo, (1)> Yos(2)> - Yors(p)) +
F (zoi(l)a Zoi(2)7 ey Za'i(p)) ’ ¢ (t))
Y (i W (9Yo, () GYos ) - - - » 9Yors ()1 GZe(3) o 1))
Ogl):l’y (O:;:lW (gy]7 gyj? sy gy]7 gzja t))
Of:IV(Wp (S(Y),S(Y),,S(Y),S(Z),t))
Wr(s(Y),SY),....5(),S8(2),t).

Hence, condition (3.10.3) of Theorem (3.10.)implies the condition (3.3.3) of Theorem
(3.3) with respect to (X7, VP, WP, x, ©).

Let {Y;-} € XP? be a non-decreasing sequence such that ¥;, — Y as r — oo for some
Y € XP. Lemma (3.6) implies that y,., — y; asr — oo foralli € {1,2,...,p}. Since
Y, =,Y,41 forall € N U {0}, then {y,;} is non-decreasing sequence when i € A and
{yri} is non-increasing sequence when i € B for all » € N U {0}. Condition (3.10.4)
of Theorem (3.10) implies that y,; < y; when ¢ € A and y,; >= y; when i € B for all
r € NU{0}. So, we have Y,.<,Y forall » € NU{0}. Similarly, by assuming {Y,.} € X?
as a non-increasing sequence, we get that Y,.>,Y" for all » € N U {0}.

Hence all the conditions of Theorem (3.3) hold with respect to (XP, VP, WP % o).
Therefore, R and S have a coincidence point. Condition (3.10.6) implies that this coinci-
dence point is a ¢—coincidence point of F' and g.

Example 3.11 Let X = {0} U [},4]. Consider X has the following partial order :
z,y € X,x <y< x=yor(z,y) = (0,1). Consider the function,
F:X?P — Xandg: X — X defined by,

INIA N IA
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0 ifay,...,zp, € {0}U[L,2]
F(xl’@""’x”){ 1 if otherwise.

0 ifx=20
2 ifl<g<?2
_ 2 3=
and — g(@) =3 1 . if%§x<zl
g ilegxgél.

Let ¢(t) = £ forall ¢ > 0. Define V, W on X? x (0,00) by

_ t
V(z1,z2,...,2p,t) = Y CraE——)

A(z1,22,...,2p)
t+A(z1,22,...,2p)
where A(z1,22,...,2p) = Y 0, >icj|wi —ys| forall w1, @2, @3, ..., x, € X and
t > 0. Letzxy = min{z, y} and xoy = maz{x,y} forallz,y € X. Then (X, V, W, x,0)
is complete GIFMS, also (XP, VP, WP, x, o) is complete GIFMS. Hence all the conditions

of Theorem 3.10 are satisfied, F' and g have atleast one ¢-coincidence point.

and W (z1,22,...,2p,t) =

4. CONCLUSION

In this article, we proved some results on multidimensional coincidence point and fixed
point theorems for ¢ - compatible in partially ordered generalized intuitionistic fuzzy met-
ric spaces. We have presented some suitable examples that support our main results. There
is a scope for extending and generalizing various fixed point theorems in the setting of
neutrosophic metric space and bipolar metric space. Also, these results can be applied to a
non-linear integral equation to obtain the existence and uniqueness solution.
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