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ORDERED NEARNESS SEMIGROUPS

MEHMET ALI OZTURK*, G. MUHIUDDIN AND YOUNG BAE JUN

ABSTRACT. A semigroup is an algebraic structure that consists of a set and a binary op-
eration that is associative, meaning that the order in which the operations are performed
does not affect the outcome. For example, addition and multiplication are associative op-
erations. The term “semigroup” was first used in its modern sense by Harold Hilton in his
book on finite groups in 1908 [6]. Semigroups have since then been studied extensively
in mathematics, and they have numerous applications in different fields, such as computer
science, physics, and economics. Nearenness semigroup is a generalization of semigroups.
Near set theory, which is a generalization of rough set theory, is based on the determina-
tion of universal sets according to the available information about the objects. Nearenness
semigroups extend the concept of nearness from set theory to semigroups. Inan and Oztiirk
applied the notion of near sets defined by J. F. Peters to the semigroups [[10].

Our objective in this paper is to establish the definition of ordered semigroups on weak
near approximation spaces. In addition, we investigated certain characteristics of these
ordered nearness semigroups.

1. INTRODUCTION

Set theory is a crucial tool for mathematicians and engineers as it serves as the founda-
tion for their studies. However, when traditional set theory falls short, researchers develop
new techniques to address the uncertainties, imprecision, and absoluteness found in the
real world. One such approach is rough set theory, which focuses on managing indistin-
guishable elements with different values in decision properties [21]]. In recent years, many
researchers have explored the applications of rough set theory.

J.E. Peters introduced Near set theory in 2002 as a generalization of rough set theory.
This theory determines universal sets based on the available information about objects
and helps identify and differentiate similarities in the perceived properties of different ob-
jects. To represent the properties of physical objects, a real-valued search function is used.
Peters proposed an indistinguishability relation in [24] based on object properties, which
describe object proximity. Near set theory has more recently been adopted as a generalized
approximation theory for studying the proximity of similar non-empty sets, as explored in
[221 23] 25]].
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Near set theory can be employed to represent elements in algebraic structures as tangible
objects. Typically, algebraic structures comprise non-empty abstract points, which are not
always applicable to real-world problems. Even though researchers analyzing algebraic
structures typically use abstract elements, these elements may prove inadequate for some
studies. Instead, near set theory incorporates perceptual objects, which are non-abstract
points with distinct features (e.g. color or stage of maturation in an apple). In algebraic
structures based on weak nearness approximation spaces, upper approximations of subsets
of perceptual objects serve as the primary tool. The approach to nearness in these algebraic
structures focuses on non-abstract points, with upper approximations of perceptual objects
used to discern nearness in binary operations. This highlights a key difference between
classical algebraic structures and nearness algebraic structures.

Let GG be a non-empty set. If elements of G have one and only one property, then upper
and lower approximation’s and itself of this set are equal to each other for r = n(n € Z7).
Thatis, N, (B), G = G = N, (B)* G. This is the basic property of classical algebraic
structures. Therefore, we think that the nearness algebraic structure must be studied in
which has property of G ¢ N,. (B)" G since many perceptual objects have more than one
property in real life. In 2012, Inan and Oztiirk analyzed the concept of nearness groups and
investigated their basic properties ([8]]). After, in [9] and [19]] the nearness semigroups and
nearness rings were established and their basic properties were investigated respectively
(and other algebraic approaches of near sets in see [16]], [18]], [20], and [26]).

The study of ordered semigroups dates back to the 1950s when it was initiated by Al-
imov [[L], Chehata [3]], and Vinogradov [27]. Over time, various researchers have explored
different types of ideals in ordered semigroups, as illustrated in publications such as [2],
[401, 170, [0, 1121, 1131, [141], and [15].

The primary focus of this paper is to present the definition of ordered semigroups on
weak nearness approximation spaces. Furthermore, the paper examines certain properties
of these ordered nearness semigroups.

2. PRELIMINARIES

A partially ordered semigroup (or in short an ordered semigroup) is a semigroup (.5, -)
with a partial ordered relation ” < ” such that for any z,y,z € S z < y implies zax < zy
and xz < yz ([, [3], [27]). Let (S, -, <) be an ordered semigroup and A, B be non-empty
subsets of 5. We denote

AB ={ab|a€ B,be B}
and

(Al={x e S|z <aforsomeac A}.

Lemma 2.1. [12]| Let S be a po-semigroup. Then, we have
1) AC (A]VACS.
2)If AC B C S, then (A] C (B].
3) (A](B] C (AB]VA,B C S.
4) (Al = (A VA C S,

A non-empty subset A of S is called a left (resp. right) ideal of S if

1) SA C A (resp. AS C A),

2)a€ A, x <aforxz e Simplies z € A.

If A is both a left ideal and a right ideal of S, then A is called an ideal of S [11]].
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A nearness approximation space is a tuple (O, F,~p,, N,,vn,) where the nearness
approximation space is defined with a set of perceived objects O, set of probe functions F
representing object features, indiscernibility relation ~p_ defined relativeto B, C B C F,
collection of partitions (families of neighbour-hoods) N,.(B), and overlap function v, .

Definition 2.1. ([10]) Let (O, F,~p,, N,,vn,) be a nearness approximation space and
let "-" be a binary operation defined on O.

A subset S of the set of perceptual objects O is called a near semigroup on nearness
approximation space or shortly nearness semigroup, provided the following properties are
satisfied:

1)Forallz,y € S,z -y € N, (B)* (9);

2)Forallz,y,z € S, (x-y)-2=x- (y- z) property holds in N,. (B)" (S).

Definition 2.2. ([10]) Let (O, F,~p,, Ny, vn,) be a nearness approximation space and
let "-" be a binary operation defined on O. Let X C O and B, C F,r <| B |. A
indiscernibility relation ~p on O is called a complete indiscernibility relation ~p_ on
perceptual objects O if [z]p, [y]B, = [zy]p, forall z,y € X.

Definition 2.3. ([[18]) Let O be a set of sample objects, F a set of the probe functions,
~p, an indiscernibility relation, and N,.(B) a collection of partitions. Then, (O, F,~p,
, N,.(B)) is called a weak nearness approximation space.

Theorem 2.2. ([18]) Let (O, F,~p,,N,(B)) be a weak nearness approximation space
and A, B C O, then the following statements hold;

1)N,.(B),ACACN,(B)" A

2) N, (B)"(AUB) =N, (B)"AUN, (B)" B,

3)N,.(B)"(ANB)C N,.(B)" AN N, (B)" B,

4) A C B implies N, (B)" A C N, (B)* B.

For detailed information about weak nearness approximation space and ordered semi-
group, you can refer to [22], [LL8], and [5].

3. ORDERED NEARNESS SEMIGROUPS

When Definition [2.3]is considered, Definition 2.1} and Definition 2.2] can be restated as
follow for weak nearness approximation space.

Definition 3.1. Let S C O, where (O, F, ~p,, N,.(B)) is weak nearness approximation
spaces. If the following properties are satisfied, then .S is called a semigroup on weak
nearness approximation spaces O, or, in short, a nearness semigroup.

i) zy € N, (B)*Sforallz,y € S,

ii) (xy)z = x (yz) property holds in N,. (B)" S forall z,y € S.

Definition 3.2. Let (.5,-) be a semigroup on O, B, C Fwhere r <| B |and B C F,
~ p, be a indiscernibility relation on O. Then, ~p, is called a congruence indiscernibility
relation on nearness semigroup S, if x ~p, y where x,y € S implies xa ~p, ya, and
ar ~p, ay, foralla € S.

Lemma 3.1. Let S be a nearness semigroup. If ~p,_ is a congruence indiscernibility
relation on S, then [x]p.[y|B, C [zy]B,, forall z,y € S.

Proof. Let z € [z]p,[y]B,. In this case, z = ab;a € [z]p,,b € [y]p,. From here z ~p_
a,and y ~p, b, and so, we have zy ~p, ay, and ay ~p, ab by hypothesis. Thus, we get
xy ~p, ab= z = ab € [zy]B,. O
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Definition 3.3. Let S be a nearness semigroup. Then, ~ g, is called a complete congruence
indiscernibility relation on S if [z]g.[y]p, = [zy]p, forall z,y € S.

Definition 3.4. Let (.5, -) be a nearness semigroup. (S, -, <) is called an ordered nearness
semigroup if (S, <) is an ordered set and it satisfies:

r<y = z-x<z-yandz-z<y-zforallz,y,z € S.

Example 3.5. Let O = {o,z,y,z2,r,s,t,u,v,w} be a set of perceptual objects, B =
{t1,%2,13} C F be a set of probe functions, and S = {y, z,r, s} be a subset of O.
Values of the probe functions
Y1 : O — Dy = {41, 02,03, 04,05},
1 O — Dy = {01,062, 03,05},
’(/)3 0 — D3 = {(51,(52,53,(55}
are given in Table 1.
‘ o z Yy 2z r s t wu v w
Y1 |61 62 03 01 04 G2 Oa 05 4 05
o | 05 02 O3 O3 &1 3 OS2 s 61 Os
3|02 03 61 01 05 O3 05 d2 5 02
Table 1
Now, let’s find the nearness equivalence classes of O for r = 1 according to the relation
~B,.

o]y, =A{2"€ O (2) =1 (0) =d1}

= {o,2} = [2],,

(], ={2" €O |1 (2) =91 (z) =2}
= {z,s} = [s],,,

Wy, ={2' €O (2) =11 (y) =03}
={y}

(], ={2" €O |1 (') =11 (r) = da}
={rtv} = [t]wl = Mwl’

[ul,, ={2" €01 (a) =11 (w) =65}
={u,w} = [w]wl.

={o,u,w} = [u], = [w],,

[y, ={2"€Of¢i (@
= {x,y,t} = [y]wQ = [tLpz’

2]y, ={2"€O[1(2') =v1(2) =3}
={z, s} = [s]y,

[y, ={2" €O |1 (z') =11 (r) =01}
= {r,v} = [v]y,.
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Thus, we have that £,,, = {[o] vs s [y, s 2y, ,[7“]%}.

{2 € O ¢3(a') = 3 (0) = 62}
={ou,w} =[u ]ws [w ]1113

[],, ={2" €O |wps(a)=ps3(x) =03}

={=z,s,t} = [s]y, = [tly,

Wy, {2 €0 |ws(a)=ps(y)=d1}
={y, 2} = [2]y,
], Z{x’EC’)Ws( N=v

={r.t,v} = [t],, = [v]y,

So, we obtain that £, = {[O] v+ [l s Wy, - [4] ws}.
Therefore, for r = 1, a set of partitions of O is Ny (B) = {&y,, &u,, &ys }- Then, we
can write

iSH
<
w

Il

()=55}

o U,
N (B)"S = [x}%msiez

={o,z} U{z, s} U{ytU{r t,v} U{z,y,t} U{z, s}
U{r,vtU{z,s,t} U{y, 2z} U{r v}
={o,z,y,z,1 8t v}

Let “-” be a binary operation of perceptual objects on O as given in Table 2.

o x Yy z r s t u v w
olo x o 0o 0o 0o 0O U 0 o0
z|lr x y z 2 z t u v w
ylo y y o o o t o o o
z|lo y z o 0 0 0 U vV o0
rfo o o o r s o 0 vV W
s|lo s o o s s 0 u vV o0
tlo = o z t t o t y w
w|luw x Yy z r r S U UV O
vio T v v o0 0 § UV 0 O
w|lw w o o r 0 0 U 0 W

Table 2

Then, “-” be an operation of perceptual objects on S C O as in Table 3, and the order
relation “ <” as below.

. ‘ Yy z r s
yly o o o
Zz|lz o o o
rio o r s
slo o s s
Table 3

<i={(0,0),(0,7), (0, 8), (4, 9), (4, 2), (4, 7), (4, 8), (4, 0), (2, 2), (2, 8), (2, 0), (1,7), (s, 8) }.

The covering relation < and Hasse diagram of N; (B)" S are given by:

<:={(0,7),(0,9),(y,2), (4, 7), (y,5), (y,0), (2, ), (2,0)}

and
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FIGURE 1. Hasse diagram of Ny (B)" S

In this case, S'is an ordered nearness semigroup.

Theorem 3.2. Let (S, -, <) be an ordered nearness semigroup and A, B be non-empty
subsets of S. In this case, the following statements hold.
1) Ny (B)" AC N, (B)" (A}
2) N, (B)" (N (B)" (A]] = ( )" (Al
3) N, (B) (AN B] € (N, (B)" (A]) N (N, (B )*( D).
4) N, (B)" (AU B] = (N, (B)" (A]) U (N, (B)" (B]).
5) If ~p, is a congruence indiscernibility relatton on S, then
(N> (B)" (A])(N: (B) (B]) € N, (B)" (AB].
6) If ~p, is a congruence indiscernibility relation on S, then
N: (B)" ((N; (B)" (A])(N: (B)" (B])] € N, (B)" (AB].

Proof. 1) Letz € N, (B)" A. Then [z]p, N A # @. There is at least one a € S such that
a € [z]p, NA. Hence,a € [z]p,. anda € A= a € [z]p, anda < a = a € [z]p, and
a€ (A= acz]p N(A]= [z]p, NA# 2= 2 € N, (B)" (A

2) Letz € N,.(B)" (N, (B)" (A]]. Thus, we have [z]5, N N, (B)" (4] # &. There-
fore, there exist y € S such that y € [z]p, N N, (B)*(A]. Thus, y € [z]p, and
y € N.(B)" (A] = y € [z]p, and [y]p, N N, (B)" (A] # @, and so we gety € [2]g,,
z € [y]B,, and z € (A] for y, z € S. In this case, since y € [x]p.and z € [y]p,, we have
x~p, yandy ~p. 2= x ~p, z. Hence, we obtain z € [z|p.N(A] = [z].NA # &
=2 € N, (B)" (4].

3) Letz € N, (B)" (AN B]. We have [z]p, N (AN B] # @. Thus, y € [z]z, N (AN
Bl,ye S=y € [z]p, andy € (ANB] =y € [z]p, ands <y, y € ANBfors € S.
We getthaty € [z]p,,s <y, y € Aforse€ S,andy € [z]g,,s <y, y € Bfors € S.
Therefore, we obtain y € [z]p,,y € (Al and y € [z]p,,y € (B]. Thus, y € [z]5, N (4]
andy € [z]p, N (B] = [z]p, N (4] # @ and [z]p, N (B] # @ = z € N,.(B)" (4]
andz € N, (B)" (B] =z € (N, (B)" (4]) N (N,. (B)" (B)]).

4) The proof can be made same as (3).

5)Letz € (N, (B)" (A])(N, (B)" (B]). Then, we have z = yz; y € N, (B)" (A],z €
N, (B)" (B). Thus, y € N, (B)' (A] = [ylp, N (4] £ & = 3a € [glp, N (4] =
a € [y]p, and a € (A]. Likewise, z € N, (B)" (B] = [z]p, N (B] # @ = 3 €
[2]B,. N (B] = b € [2]p, and b € (B]. Since ab € [y]g.[]B, C [yz]s, by Lemma 3.1}
we get ab € [yz]p,. Moreover, since ab € (A](A] C (AB] by Lemma [2.1}(3), we get
ab € [yz]p, and ab € (AB]. Thus, ab € [yz]|p, N (AB] = [yz]|p, N (AB] # &, and so
yz =z € N, (B)" (AB).
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6) We have N, (B)" (N, (B)” (AD(N- (B)" (B] € Ny (B)" (N, (B)" (AB]) by
(5 and 50 rom (2), we get N (5) (N (B)" (AN, (B)” (B)] < N (B)"(AB]

Corollary 3.3. Let (S,-, <) be an ordered nearness semigroup. If A, B be non-empty
subsets of S, then

(N (B)" A)(N: (B)” B) € N, (B)" (AB).

Remark. Since the definition of sub-nearness semigroups (upper-near sub-nearness semi-
group) in ordered nearness semigroups is the same as in nearness semigroups, there is no
need to give it here.

Definition 3.6. Let (S, -, <) be an ordered nearness semigroup and I be a nonempty subset
of S. I is called a left (resp. right) nearness ideal of S if

1) SIC N, (B)"I (resp. IS C N, (B)" I),

2)a €I,z <aforx € Simpliesz € I.

If I is both a left nearness ideal and a right nearness ideal of S, then [ is called a
nearness ideal of S.

Example 3.7. Let’s take ordered nearness semigroup S in Example Let I = {y,z,s}
be a subset of S. Then, we can write
. Ula)
Ni(B)" I = [, mf;éz
= {o, z}U{x stU{ytU{z,y,t} U{z, s} Uiz, s, t} U{y, 2}
={o,z,y,2,s,t,v}.

Then, “-” be an operation of perceptual objects on I C S as in Table 4, and the order

relation “ < as below.

z
o
o
o
(&

Tabl

4

<:=A{(0,0), (4, 9), (4, 2), (,7), (4, 0), (y, 9), (2, 2), (2, 5), (2, 0), (s, 5) }.

The covering relation < and Hasse diagram of N; (B)" I are given by:

<= {(y7 0)7 (y7 Z)? (ya S), (07 8)7 (Zv 0)7 (Z, S)}

and
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FIGURE 2. Hasse diagram of Ny (B)" I

Then, I is a nearness ideal of S.

Theorem 3.4. Let (S, -, <) be an ordered nearness semigroup. In this case, the following
statements hold.

1) If I is a right (resp. left) nearness ideal of S, then N, (B)* (I] = N, (B)" I.

2) If I is a right (resp. left) nearness ideal of S, then (1] is a right (resp. left) nearness
ideal of S.

3) If 1, J are right (resp. left) nearness ideals of S and (N, (B)" I) N (N, (B)" J) C
N, (B)" (INJ), then INJ = @ or I N J is a right (resp. left) nearness ideal of S.

4) If I,J are right (resp. left) nearness ideals of S, then I U J is a right (resp. left)
nearness ideal of S.
Proof. 1) Letx € N, (B)" (I]. We have [z]g, N (I] # @. Thus, s € [x]g,. N (I],s € S
= s € [z]p, and s € (I] = s € [z]p, and s < a, a € I. Since I is a right nearness
ideal of S, we get that s € [z]p,., s € I. Thus, s € [z]g, N ] = [z]p, N ] # T =
x € Ny (B)" I. Therefore, we have N,. (B)" (I] = N, (B)* I by Theorem(l).

2) We have

(N, (B)" (I])(N, (B)* S) ( by Theorem[2:2}(1) )
= (N (B)" I)(N; (B)" S) (by (1))
(B)* (IS) ( by Corollary 3.3])
N, (B)* (I) (I is aright nearness ideal of S)

- (B)" (1]

“(I] (by (1)).

Therefore, we get (I]S C N, (B)* (I]. Letz € (I], s < z for s € S. Then, z € (I] =
x < a,a € I. Thus, since s < zand s < x, we we get s < a,a € I, and so s € (I].
Hence (I] is a right nearness ideal of S.

3) Suppose itis @ # INJ C S. Letz € (INJ)and s € S. Hence, we have
x € Tandx € J = xs € N,.(B)"I and vs € N, (B)"J Therefore, we obtain
xs € N, (B)" (I N J) by hypothesis, e. i. , (I N J)S C N, (B)* (I NJ).

Now,letxz € INJ,s < xforse&€ S. Fromhere,x € Tandx € J; s < xfors € S.
Since [ is a right nearness ideal of S, we get that s € I NJ, and so [ N J is a right nearness
ideal of S.

4) The proof can be made same as (3). O

We can prove that the following Theorem from Theorem [3.2]and [3.4]

Theorem 3.5. Let S be an ordered nearness semigroup. If 1,J are right (resp. left)
nearness ideals of S, then 1.J, (1J| are right (resp. left) nearness ideals of S.
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Definition 3.8. Let (.5, -, <) be an ordered nearness semigroup and I be a nonempty subset
of S. I is called an upper-near right (resp. left) nearness ideal of S if

1) (N, (B)"I)S € N, (B)" I (resp. S(N,- (B)*I) C N,.(B)" I),

2)a € N, (B)" I,z < aforx € Simpliesz € N, (B)" I.

Theorem 3.6. Let S be an ordered nearness semigroup. If I is a right (resp. left) nearness
ideal of S and N,. (B)" (N, (B)*I) = N, (B)* I, then I is a upper-near right (resp. left)
nearness ideal of S.

Proof. Since I is a right nearness ideal of S, we have @ # I C S, and IS C N, (B)" I.
From Theorem [2.2](1) and Corollary [3.3] we get

(N (B)"I)S € (N, (B)" I)(N, (B)" §) € N, (B)" (18).
On the other hand, from Theorem (4), we have that
N, (B)" (IS) € Ny (B)" (N, (B)"I) = N (B)" I
by hypothesis. In this case,
(N, (B)")SC N, (B)"I

is obtained. Since [ is a right nearness ideal of S, a € I, z < a for x € S implies z € I.
Thus, we geta € N, (B)* I,z < a for x € S implies z € N,. (B)* I by Theorem[2.2}(1).
Hence, I is an upper-near right nearness ideal of .S. ([

4. CONCLUSION

The objective of this paper is to investigate the definition of ordered nearness semi-
groups. It revolves around the problem of categorizing semigroups based on nearness
relations. Furthermore, the paper discusses the conditions for an ordered semigroup to
be regarded as a nearness semigroup, and it explains the properties of nearness ideals of
ordered nearness semigroups. The study also highlights the possibility of exploring other
types of nearness semigroups, such as ordered gamma nearness semigroups, regular (or
intra-regular) ordered nearness semigroups, and more.
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