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MULTIVARIATE APPROXIMATION BY PARAMETRIZED LOGISTIC
ACTIVATED MULTIDIMENSIONAL CONVOLUTION TYPE OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. In this work we introduce for the first time the multivariate parametrized
logistic activated convolution type operators in three kinds. We present their approximation
properties, that is the quantitative convergence to the unit operator via the multivariate
modulus of continuity. We continue with the multivariate global smoothness preservation
of these operators.

We present extensively the related multivariate iterated approximation, as well as, the
multivariate simultaneous approximation and their combinations.

Using differentiability into our research, we are producing higher speeds of approxi-
mation, multivariate simultaneous global smoothness preservation is also studied.

1. ABOUT CONTENTS

In Section 2 we give the Preliminaries of our theory. In Section 3 come the Basics,
the introduction of our multivariate activated convolution type operators with properties.
In Section 4 come the main multivariate approximation results. We also include there the
multivariate global smoothness preservation by our operators. We further study the differ-
entiation of these operators, as well as, we introduce their iterates and give their basic prop-
erties. Next, we present the convergence of our operators under differentiability achieving
higher rates of approximation. It follows the multivariate simultaneous differential approx-
imation and in detail the multivariate simultaneous global smoothness preservation, as well
as the multivariate iterated approximation. We finish with the combination of multivariate
simultaneous and iterated approximations.

We are motivated and ispired by [1], [2]].

2. PRELIMINARIES

The following come from [1]], see Chapters 1,2.
A Richards’s curve is

1 .
p(x) = m; x € R, with parameter p > 0, (1)
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with great interest when 0 < p < 1.

129

The function ¢ () is strictly increasing on R, and it is a sigmoid function, in particular

this is a generalized logistic function [3], [6].
See that
lim p(z)=1 and lim ¢(x)=0.
Tr—r—00

r—+00
We consider the following activation function

G@)= s (px+1)—p(@—1), z€R,

2
with G(x) > 0,allz € R.
We have that

and

so that G is an even function.
Itis
et —1
2(et +1)
Let x > 1, then G’ (z) < 0 and G () is strictly decreasing.
When 0 < z < 1, again G'(z) < 0, and G(z) is strictly decreasing.
Thus G(x) is strictly decreasing on (0, +00).
Clearly then G(z) is strictly increasing on (—o0, 0), and G'(0) = 0.
We observe that

G (0) =

lim G (z) = 3 (¢ (+00) — ¢ (+00)) = 0,

r——+00
and

lim G (2) = 5 (¢ (-00) — ¢ (~00)) = 0.

r—r—00
That is, the z-axis is the horizontal asymptote for G.
Conclusion, G is a bell shape symmetric function with maximum

et —1
G(0) = m.
We need.
Theorem 2.1. It holds -
Y G@-i)=1 VreR

Theorem 2.2. We have -
/ G(x)dr =1.
So G () is a density function.

It is clear that
oo

Gnzr—u)du=1, VneN,zeR.

Theorem 2.3. ([3]) Let0 < oo < 1, n € N: n'=® > 2. Then
G(nx — U) du < m,
{u€R:|nz—u|>nl—a}

> 0.

(@)

3)

“4)

®)

(6)

)

®)

€))

(10)

(1)

12)
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Itis |z|| == max {|z1],...,|zn|}, z € RN.
Denote by
wi (f,0):= sup [f(z) - f(y)], §>0, (13)
z,y€RN,
lz—yll o <6

where f : RY — R bounded and continuous, denoted by f € Cp (RY), N € N. Simi-
larly wy is defined for f € Cy (R™) (uniformly continuous functions).

We have that f € Cy (RY), iff wy (f,8) — 0asd | 0.

We need the following:

Proposition 2.4. ([3]) It holds (k € N)

< et —1 2eH k!
[m\z| G(Z)d2§<(eﬂ—|—l)(k+1)>+ o < 00. (14)

3. BASICS

We make

Remark. We introduce
N

Z(x1,.xn) = Z(x) = HG($1)7 = (zy,..,2x) €ERY, N eN. (15)
i=1
It has the properties
(i) Z(x) >0,Vo eRY; Z (—x) = Z (2),

(ii)
/ Z(:r—u)du:/ / Z(x1 —u1, @y —upn) du...duy =
RN —o0 —o0
N 00
H/ G (zi —u;)du; @ 1, vz e RV, (16)
i=1Y X
hence
(iii)
/ Z(nx—u)du=1, Vz € RN, n €N, and a7
RN
(iv) by (T0),
/ Z(x)dx =1, (18)
RN

that is Z is a multivariate density function.
(v)Let0 < B < 1,n € N:n'"# > 2 Then, by Theuremand we derive that

2
Z(nm—u)du<177371), w> 0. 19)

e#("
{uERN:an—uHOOan_ﬁ}
The last is true, because the condition any u € RY : ||nx — ul| . > n'=P, implies that
there exists at least one w, : |nx, — u,| > n'=P, wherer € {1,...,N}.
Indeed it is
{ueRN :|nz—ul, >n"""}C (20)
Ufy:l {RNfl U {u,. eR: |nx, —u| > nlfﬁ}} C
RNy {ur* ER: [nxpr — upr| > nlfﬁ} ,
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Sfor somer* € {1,...,N}.
We also mention a useful related result.
Theorem 3.1. It holds (k € N)
k & et —1 Ze“k!}
z||> Z(x)de < N + < 00. 21
Ltz @< v | (Gt ) + 5 ey
When k = 0, is again valid.

Proof. We have that

k
k > ) ax
[ el z@ars [ Z\m Z(x)dr <

(by a convexity argument)

/N’fl Z|xj| Z (z)dx = NF1 Z/ ;" Z (a = (22)
RN

N N

S [ el 116 s

j=17/R¥Y i=1
N o N 0 )
3 (/ |xj|’“G(xj)dxj>H/ Gz de| | ©
j=1 - i=1v 7%

i

N o

Z/ 2,1 G () da; | D

)

et —1 n 2et k!
= (et +1)(k+1) b

k et —1 2et k!
N K(eul)(kﬂ))* G ] @)

We will use the following differentiation result.

proving the claim.

Theorem 3.2. (H. Bauer [4]], pp. 103-104) Let (2, A, 1) be a measure space. Let U be an
open subset of R%, d > 1, and let f : U x § — R be a function with the properties:
(a) w — [ (x,w) is p-integrable for all x € U,
(b) x — f (z,w) is at each point in U partially differentiable with respect to x;,
(c) there exists a p-integrable function h > 0 on ) such that
0
‘ 8;2 (z,w)
Then, the function ¢ defined on U as

r) = / (0, 0) 1 (dw)

< h(w), forall (x,w)e U x .
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is partially differentiable with respect to x; on all of U. The mapping w — % (z,w) is
p-integrable, and we have

9 v _ [ OF
oz, x) = s (z,w) p(dw), all z € U.

We give

Definition 3.1. Let f € Cp (RY), N € N. We define the following activated logistic
parametrized multivariate convolution type operators:
The basic one

By (f) (z) == / f (3) Z (nx —u)du, ¥z eRY, 24)
RN n
the activated Kantorovich type
ut1

B () (@)= [ (/

Letnow 0 = (61,....,0n) € NV, r = (r1,...,7n) € ZY, Wy = Wyypy..rny > 0, such
that

f) dt) Z (nx —u)du, ¥reRY. (25)

61 D) 0N

0
Zwr = Z Z Z Wryry..ry =13 UE RN,
r=0

7‘1:O 7‘2:0 ’I‘N:O

and
4 u T
30 (1) (1) = 80 () (vt 1= 3 e (34 75) =
b & N U o r U r
SN S e f (LM T2 N TN o)
n  nfi’' n  nb n nfn
T1:0 7‘2:O ’I‘NZO
where § := %, %7...7 % .
We define the activated quadrature operators
B, (f)(z) = B, (f,21,...,7x) = On (f) (w) Z (nz — u)du = 27

RN

0 00 %) N
/ / / On (f) (ug, ., un) (HG(nxi—ui)> duy...duy, Vo e RN.
—oo J —o0 —00 =1

One can rewrite

B, (f) (z) = /_Z /_O:o /_O:Of (%, %, e UTN) (f[lG(nxl — ul)> duy...duy,

(28)
and
ug+1 ug+1 uny+1
n

B (f) (m):nN/_O; /_O;/_Z (/ /7 /N f(tl,...,tN)dtl...dtN>

n

N
(H G (nx; — uz)> duy...duy, (29)
i=1

neN,VzeRN.
For some f € Cy (RN ) the above operators can exist.
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In this work we study the approximation properties of the operators B,,, B} and B,
expecially their convergence to the unit operator 1.

4. MAIN RESULTS

We present the following approximation results:

Theorem4.1. Let0 < 3 <1, 1>0,neN:n'"#>2 feCp(RY),neN,zeRV

Then . A
B (1) (@) = £ @) < (£ ) + sy = G0)

and
||Bn (f)_f”OO S)\a (31)
where ||-|| . is the supremum norm.
So, for f € Cyp (RY) := Cy (RN) N Cp (RY), we get that nILH;cB" (f) =1,

pointwise and uniformly.

Proof. Call
1
A= {ueryi|toa] <1}, @
n %) n
and )
Ag::{ueRN:’u—xH Zﬁ}. (33)
n oo n

Thatis A1 U Ay = RN,
We have that o
1By (f) (z) = f(2)] =

/RNf<E)Z(nm_u)d“—f($>/ Z (nz —u) du

n RN

L (G (G)=r@) 20—

/RN ‘f (%) _f(ff)’Z(nx—u)du:
/Al ’f (%) f(x)’Z(nIu)dqu/AQ ’f <%) *f(x)‘Z(nx—u)dug

< (34)

/Alun (f, Z—x”oo)Z(nac—u)du+2||f||oo/AQZ(nas—u)du§ (35)
2

1
w1 <f7n5> /A1 Z (nx — u)du + 2 Hf“oo en(ni—F—1) <
1 Al _
w1 (f’nﬂ> /RN Z (nx — u) du + AT =

1 4| fll o
wy (.fv nﬁ> + (A1)

We continue with the following.

Theorem 4.2. All as in Theorem[d_1l Then
) 11 4|fll
B @ - s @) < (fn+ ) 4ot o

eﬂ(nliﬁ_l)
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and
1B, (f) = fllo < p- (37)
For f € Cup (RY) , we get that li_>m B: (f) = f, pointwise and uniformly.

Proof. We notice that

u

utl up+1 ug+1 N+l
[ = [ et -

n

1 1 1
n n n u u u u
/ / / f(t1+—1,t2+—2,...,tN+—N) dtl...dtN:/ f(t+f) dt.
0 0 0 n n n [ 11N n

(38)
Thus, it holds
B (f) (z) =n" /RN (/[o,i]N f (t + %) dt) Z (nx — u) du. (39)
We observe that
1B, (f) () = f(z)| =
/RN (nN/[&}L]Nf(tJFZ) dt) Z(”m_u)du—f(ff)/wZ(nx—u)du =
/RN ( nN/[O’TlL]Nf (t—l—%) dt) —f(x)) Z (nx —u)du| =
/RN (nN /[o,i]N (7(t+3) -1 @) dt) Z (nx —u) du| <
/RN (nN /[o,,,a]N £+ 3) f(@’dt) Z (ne — u)du = (40)
([ 2 rtofa) 2t s
LA
/Al (nN /[O,HN“” (£t + = = 2] ) dt) Z (ne — u) du+
211, (A2Z(nx—u)du) -
u“(Jc’iﬁrjﬁ)/AZ(mf—u)du+2||f||ooeu(n?ﬁ_l)s @1)
o (£ 45 ) + gt
(]

It follows:
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Theorem 4.3. All as in Theoremd_1l Then

= 1,1 4l

B@- @l sa(rie L) odlen—n @
and

[Bn () = fllc <o 43)
For f € Cyp (RN) , we get that lim B,, (f) = f, pointwise and uniformly.
n—oo

Proof. We have that o
By (f) (z) = f(2)] =

‘/RN5n(f)(u)Z(nx—u)du—f(:v)/ Z (nz — u) du

RN

u) — f(x) Z (nx —u)du

%\
2
—
£
—
=
—

< (44)

— f(a:)‘) Z (nx — u) du+

~/Az< Owrf %+n9 _f(ff)’>Z(nx—u)du<

%—me + % HgHoo>> Z (nx — u) du+

2uf||oo/A 7 (n — u)du <

1 1 2
wl(f,nﬁ—l—)/AlZ(mc—u)du—l-QHwaeM(nl_ﬁl)S (45)

n

11 4l
w1 (f’n+11ﬁ> +m-
O

Next, we describe the global smoothness preservation property of our activated multi-
variate operators.

Theorem 4.4. Here f € Cp (RN) UCy (RN). Then
wl(Bn(f)ad)Swl(fad)’ 0> 0. (46)
If f € Cy (RN, then B, (f) € Cyr (R).

Proof. We have that

f (ac - E) Z(z)dz. 47)
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Letz,y € RY . then

z z
B0 @ =B, = [ ((e=2)=r(v-2)) 2= as)
Thus
z z
B ()@ =B NI [ |7 (e=2) =1 (u=2)]| 21 <
ar(flle=sll) [ 2Gra Ban (£l =ul0). 9)
Let |z — y||,, < 0,6 > 0, then we get (46). O
Remark. Ler f be the projection function onto x; coordinate, call it pr; (x) := x;, i €
{1,..., N}, where x = (1, ..., 24, ..., xy) € R™. Then, it holds
B, (pri) (z) = /RN (xz - %) Z(2)dz =m; — %/]RN 27 (2) dz. (50)
Hence
|Br (pri) (x) — Bn (pri) ()| = @i — il = [pri (x) — pri (y)],
proving
w1 (Bn (pTZ) ) 5) = w1 (p/ria 5) ’ (51)
any 0 > 0.

So ([#0)) is an attained sharp inequality.
Furthermore, it is

N o0 o0
By, (pr;) (z) = z; — % jl;[l /_Oo G (zj)dz; (/_OC 2:G (zi) dzi> (52)
J#i
= L/~ G d
—xi—;[mzi (2i) dzi,

and
o0

B or) ()] < foil + 1 [ 12 G ()

— 00

@ 1 et —1 2et

Thus, B, (pr;) (x) is well-defined.

Theorem 4.5. Let f € Cp (RY) U Cy (RY). Then
wi (By, (f),0) <wi (f,9), 6>0. (54)

IffeCy (RN , then B}, (f) e Cy (RN).
Inequality is an attained sharp inequality by f (z) = pr; (z), i € {1,...,N}.

Proof. See (39), one can write

B (f) (z) = /RN (nN/[O I]Nf<t+ Z)dt) Z (na — u) du = (55)

L el (= 2)a) e
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and

B () () = /RN (nN /[0 ! (t+(v-2)) dt) Z(z)dz (56)

where z,y € RV,
Thus

1By, (f) () = B, (f) (y)| =

(o ] (=2 -1
Lo (o e (= 2) -
ar (flle=sll) [ 2 dz=on (£l =ul0), )

proving inequality (54).
We do have

oy @ie [ (o0 f e (- 2)|ar) 2000 <

/ <nN/ <|t7;| + || + |Zi|> dt) Z(2)dz < (58)
RN [0,2]" n
1 |zi] > (1 |zi]
/ (+x¢|+ >Z(z)dz/ <+x¢+ >G(zi)dzi
RN n n o n n

+

+
_~
<
\
Siw
~—
~—
U
~
N———
N
O
U
I\
N

n nJ_o
1 1 et —1 et
w | (sirn) + o) <
Thus, B} (pr;) () is well-defined. O

Theorem 4.6. Let f € Cp (RN) UCy (RN). Then
wi (B (f).6) <wi(f,6), 6>0. (60)

Iff e Cy (RN , thenE(f) € Cy (RN).
Inequality is an attained sharp inequality by f (z) = pr; (z), i € {1,..., N}.

Proof. Let z,yy € RY then

CAGICEY N (i wef ((2=2)+ 7;)) Z(2) dz (61)

and TZO
CAGIOEY N (Z wef ((y=2) + T;)) Z(2)dz. (©2)
Hence =
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0

L(Seli(G-2)2)-1(6-2)+5)) z0e< @

ar(flle=vl) [ Z()d = (£l = vilo)-
Thatis (60} is true, and it is an attained sharp inequality by f () = pr; (z),i € {1,..., N}.

Indeed, we have that
0
Zg T
r [ 4
[ (S [+ 2] 20

/RN (iw {Ixiljt |ff| +H> Z(2)dz = 6

(as in (39))

Thus, B,, (pr;) () is well-defined. O

We make

Remark. Leri € N be fixed. Assume that f € C') (RN ) N € N. Here f, denotes a
N

partial derivative of f, a := (aq,...,an), a; € Z4, j=1,...,N,and |a| :== > o =1,
j=1

wherel = 0,1, ...,1.
We write also f, := % and we say it is of order .
We assume that any partial f, € Cp (RN),for alla:|al=1,1=0,1,..,1i.
By repeated application of Theorem[3.2|we obtain

Bu(a@) = [ fo(0=2)2()dz = (©5)

/ fa (3) Z (n —u)du = (Bn (fa)) (z), Vo e RY.
RN
Similarly, we obtain that
By ()a (x) = (B, (fa)) (x), (66)
and
(B (), () = (Bn (fo)) (), ¥z eRY; (67)
foralla :la)=1,1=0,1,...,1.

So all of our results in this work can be written in the simultaneous approximation

context, see Theorems [{.10[4.12]
We make

Remark. About activated Iterated Multivariate Convolution
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We have that
Buf@)= [ -2z,

Vx e RN, where f € Cp (RN).
Letxzny — x, as N — oo, and

Bu(Plew) = B (1) @) = [ (f(ox=2) =1 (2= 2)) 2 ()0

We have that
f(xN—g)Z(z)—ﬁf(m—%)Z(z), VzeRYN, as N = .
Furthermore, it holds
|Bn (f) (zn) — Bn (f) (2)] <
/RN’f(xN—g) —f(x—%)‘Z(z)dz—)O,asN%oq

by dominated convergence theorem, because we have that
z
v =2)| 2@ <Ifl 2 (),

and || f|| .. Z (2) is integrable over RN,V z € R™.
Hence B, (f) € Cp (RN).
Furthermore it holds

B (@I < flle [ 2= 1]

RN
ie.
1Br (Nlloe < 1l -

So B,, is a bounded positive linear operator.
Clearly it holds

1B (Nl = 1Ba (Ba (Moo < 1B (Hlloo < M1F 1l -
And for k € N we obtain

1B (Nl < IBR Dl S IBR 2Dl < - S M1 lloo s

so the contraction property valid and BY is a bounded linear operator.

Remark. Let r € N. We observe that

Bof —f=(Bof =By f) + (B f = B2 f) + (B2 f = B f)

+oo+ (Bhf = Buf) + (Buf — f).
Then

139

(69)

(70)

(71)

(72)

(73)

1BLf = fllw < |Bhf = B fll oo + 1B f = BR2f || oo +1BL2f = B fl| o

o4 | B2 = Bufll o+ 1Baf — . =

By (Buf — Pl + 1BE72 Buf = )| o + o + 1B (Baf — )l +

[Bnf = flloe <7 I1Bnf = fll -
Therefore
1B f = flloo <71IBnf = flls -
Let now my, ma,....,myr € N:m; <mgy < ... <m,, and B,,, as above.

B, (Bm, + (:Buny (Bmy ) = f = . =

(74)
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B, (Bmy_y (-:Bimy)) By f = f) + B, (B, (.Bmy)) (Bmo f — f)+ (75)

B, (Bm,_, (..Bn,)) (B f — )+ .+ B, (B, f = ) + B, f — [
Consequently it holds, as in [1l, Chapter 2,

1B, (Bm,—y (--Bmy (B, £))) = £l 0 D B f = fllo - (76)
=1

Next we have

Remark. Iris

BZ(f)(x)ZnN/RN </[O1]Nf(t+(m—2))dt>2(z)dz,

feCp (RY).
Letxy — x, as N — oo, and

1By, (f) (en) = By (f) (2)] =

L ([ o = )1 o2 ) 20
/. <nN/[07HN;f(t+(xN_;)) _f(H(x_;))\dt)zu)dHo,

as N — oo.
This is true by the bounded convergence theorem, we get that:

< (7

IN — T Mt—|—<mN—i)—>t—|—(x—i)
n n

f(t—l—(xzv—%)) —>f<t+<x_%))’and
7 (t+ (ox = 2))| < e

n
where [O, %] N is a cube. Thus

nN/[o,HN ‘f (t—|— (xN—%>) —f(t—|— (x—%))‘dt—ﬂ), as N - oco. (78)
Therefore it holds

nN/[O ]Nf(t+(a:N—:L)>dt—>nN/[0

1
‘n

and

]Nf(t—f—(ﬂf—;))dt, as N — .

(79)
And it is
[ e i) im0
as N = 00,V z € RV,
Furthermore we have
(”N /[O,HN 7+ (o =3)) dt) 2G| <2, @D

with || f| ., Z (z) being integrable over RY.
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Therefore by dominated convergence theorem
B! (f)(zn) = By (f) (x), as N — oo.

Hence B} (f) (z) is a bounded and continuous in x € RY.
The iterated facts hold for B} as in the B, (f) case, all the same! See @) - and
all of Remark

Next we observe that: Let f € Cp (]RN ) and

o z T
B, (f) (z) = / (Zwrf ((==2)+ W)) 7 (2) dz.

Letxny — z,as N — oo. Then

B (f) (wn) = Bu (f) (2)| =

[ (S (-2 5)-1((-2)+ 5))) 2 < o
9
Lo (=2 + ) -1 (o= 2) + )| 7o
as N — oo B
The last comes by the dominated convergence theorem:
(v =)+~ (= 0)+
and , ,
z T
;wrf((” -2+ 7) *TZ_O“’Tf((ﬁ”‘ w) )
and
6 9
<§wa ((zv=2)+ T;)) Z(z) - (;Owrf ((z-2)+ 1;)) Z(2),
as N — o0,V z € RN,
Furthermore it holds
9
;wrf((:cw—;)+7;) Z(2) < |Ifll Z(2), (83)

which the last one function is integrable over R™.

Therefore

By (f) (xn) = Bn (f) (x), as N — oo.

Hence B,, (f) (x) is a bounded and continuous in x € R,

Iterated stuff for B,,: it is all the same as with B,, (f)! See - and all of Remark
4

See the related Theorems [4.13] 4.14] later.

Next we improve greatly the speed of convergence of our activated multivariate opera-
tors by using differentiation of functions.
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Notation. Let f € C™ (RN), m, N € N. Here f, denotes a partial derivative of f,

N
a:=(a,..,an), o €Zy,i=1,..,N,and |a| = > a; =1, wherel = 0,1, ...,m. We

write also fo = g & and we say it is of order [.
We denote
Wit (fay h) = mz‘ix w1 (fash), h>0. (84)
(e O(
Call also
I fallsom = ﬁiﬁ{”ﬁ’“uw}’ (85)

where ||-|| . is the supremum norm.

Theorem 4.7. Let 0 < 3 <1, n e N:n'"# > 2, >0,z € RV, f € C™(RV),

m,N € N, with f, € Cp (RN),for all o :== (a1, ...,an), o; € Zy, i = 1,...,N, and
N

ol = >" ey =1, wherel = 0,1,...,m. Then

i=1

(i)

J=1 a:=(ay,..ayn),q; €Zy IT !
N
? N7 |(X|::Zai:j
i=1

Nm max
< (W) Wi (fm)

2| fall2 N2m m_q 2¢km|
a2, : el e
n™m! (et +1)(m+1) um
(ii) assume that fo, (x) =0, forall a : || = j, 7 = 1,...,m, we have
1B (f) (z) — f ()| < @, (87)
with the high speed of n=?("+1),

(iii)
1By (f) () = f(2)] <

i Z: : ] fa (= {ﬁl K ek +e: a11+1)> * ina'”

N
J=1 o H a;!
o] =j
+P, (88)
and
(iv)

[1Bn (f) = fllo <
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s 2 (e i )
ol =4

We have that B, () — f, as n — oo, pointwise and uniformly.

(89)

Proof. Consider g, (t) := f (zo +t (2 — 20)), t > 0; zg, 2 € RY. Then

N J
g9 () = <Z (2i — woi) 88131> [ (@or +1t (21 — wo1) , ..., wov + t (28 — @on))

i=1
(90)
forallj =0,1,...,m.
We have the multivariate Taylor’s formula
m - (j)
gz (O)
f(z1,0m2n)=9.(1) = Z T+
=0
T /1 (1= 0"~ (g (0) = 9t (0)) 0 1)
(m — 1)' 0 z z .
Notice g. (0) = f (z0). Also for j = 0,1, ...,m, we have
] !
99 (0) = > . 92)
Q= (alﬂ"'aaN)7ai €Z+ H Oéi!
N i=1
i=1,.,N, o] :=> a; =73
i=1
N
<H (2 — $Oi)ai> fa (20) .
i=1
Furthermore it is
m m!
g™ (0) = 3 !
a:=(a1,..,an),q; € Ly 1T ai!
N i=1
7:: 1,...,N, ‘OL| = Z ai =m
i=1
N
i=1

0<6<1.
So, we treat f € C™ (RN) .
Thus, we have for u, z € RY that

P52 = fla) =

n n
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(ﬂ (2 - xi)az) Ja (@) + R, (94)

N
{ a:=(aq,..,an),q; € Ly } IT e

N
i=1,.,N, la| = a;=m
i=1

(a) )l (o (o) - o) o9

We see that

: > (96)

0 lal=m \ TT au!

=1
W (fa,e ’E_“"H ))d&g(*).
n [e’e)
Notice here that
1 : 1
Hﬁsz < iff |Y <= i1 N ©7)
n o~ nP n nbP

We further see that

emz () [0 | |2 | (1)) fo

N
lad=m \ ] !

=1
o Wfﬁf (fom niﬁ) Z m' -
N (m!)nmp N N
jal=m ] a!
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max 1
wi ,m (.f %) F) m
Hm Ve nf) | pm. (98)
(m!) nmp

Conclusion: When H — x” we proved that

_nﬁa

Nm max

By (93) we have that

1
m—1 1
mem| [f00 5 .
{ o= (0417 ...,OZN) , 0 € Z+ } H ;!

i=1,.,N, |a|=

N ]
OI(%xij2Wﬂw>w>
=1 ) v N .

)Y - (H u )nfanoog

lal=m [T q;! \i=1
i=1
(2 1% — =]l IIfQIIiZ‘TﬁL) m |
! N N
" ol=n T
2 u . max
it =l el 00,
m:
We proved in general that
2[|2 —af| I fallom N
R| < H "m, (101)
Next we see that, let
U, = / RZ (nz — u) du, (102)
RN

then
\Un|§/ |R| Z (nx — u)du =
RN

/ |R| Z (nx — u) du+
{uERN:HnI—u||OQ<n1_ﬁ}

{©9). (101h}
/ |R| Z (nx —u)du — <
{UGRN:anquxanfﬁ}

Nm max
(nmww) <ﬁ7) (103)
2 N max .
<”f|> (/ |5 - Z(nm—u)du) <
m: {uERN:an—uHOOznlfﬁ} n )
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Nm max
(g ) 5 (5 4
2|l allSem N m
W o lnz — u||S. Z (ne —u)du =
Nm
(m'nm5> T <fm ) (104)
2| fallsem m @
(m, [ el Z ) aa S
n’m. N
N’”’L max
(s ) 5 (15 4

2 ||foz||max N™ m et —1 2etm)
( i )V (@r )t o) 0o
We have proved that
Nm max 1
01 < (s ) w2 (o ) +
2| fallom N?™ m1 2etm!
[ falls e | 2] 106)
n™m)! (et +1)(m+1) um

Next, we estimate

N W a;
/ (H — — )Z(nw—u)du:
RN el n
N S Us; (e %3
H/ — — x| G(nx; —u;)du; =
i=1v —° n
1 [
pvd H/ lui — na;|™ G (u; — na;) du; = (107)
=177
N
1 i .
nJH(/ |xo“G(m)da:)@
-1\

5 (o) 252

So that, it holds

e —1 2et ;!
};[1 K el + az+1)> T ]} (108)



MULTIVARIATE APPROXIMATION BY PARAMETRIZED LOGISTIC 147

> > .

N

-71{ a:=(ay,..,an),q; € Ly } I !
A

N i=1
i =1,..,N, la]:=> a; =73
i=1

m

N o
</}RN (H (# - 1‘1) ) Z (nx — u) du) fa(x) = - RZ (nx —u)du. (109)

i=1
The theorem is proved. (]

We continue with the activated multivariate Kantorovich operators under differentiation.

Theorem 4.8. Letr 0 < 3 <1, n e N:n'"# > 21> 0,2 € RN, feCm(RY),
m,N € N, with f, € Cp (RN) el =11=0,1,...,m. Then
(i)

SN N e (LY
S (I R o —
—m! \n nf Lm n nf

+
CN)™ || fallo, en —1 2eim!|\
( ! >{”N (@ mern) ) = a0

(ii) assume that fo, (x) =0, forall a : |a] = j, j = 1,...,m, we have

1B, (f) (z) = f (2)| < ¥, (111)
with the high speed of (% + n%)mﬂ ,
(iii)
1B, (f) () = f (z)] <
N J
> Y || (?)
=1 o IT ou!
{ of =5
N et —1 2et (a; + 1)!
1;[1 [1 + (W o +2)> + Py } + U, (112)
and
(iv)
1By, (f) = flloo <
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N
et —1 2e! (a; + 1)!
1 v,
(Zl:[l[ +<(e#+1)(ai+2)>+ puloit1) })-ﬁ-
We have that B (f) — f, as n — oo, pointwise and uniformly.

Proof. 1t holds that

(113)

fErs)-f@w-> % : (ﬁ(u#g—xi)“‘)fa(a:):ﬁz,

where
_ ! _ pym—1 1
R—m/0 (1-20) EO;: ﬁal'
LD
(f[l (ti + % %)al) |:fo¢ (:E +6 (t+ % — 1’)) — fa (x)} de.
We see that

1
Ri<m [ a-07 ¥ |5

lal=m \ ] o!

i=1

fa<x+9<t+%—a:))—fa(x)‘d9§

(3

(TTfe 5 +)

t; + — —x;

1 1 1 N Ug Qg
foo (5 (2] e sor)

0 i=1

la|=m H O[i!
i=1
r (Fos0 e+ 5 2] )
n [e’e)

Notice that
. iff
ne !
Here we consider 0 < ¢; < %L i=1,...,N.
We further see that

u
— — 2 S
n e}

(116)
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wiﬂf}f (f(’” n nﬂ) 1 1 " m!
! - N -
m! non
la]=m H !
i=1
Wit (fas o 1\"
1 ('f n nﬂ) - +7 N”L. (]17)
m! n  nb
Conclusion: When H o xHOO < nlﬂ , we proved that
N™ 1\™ 1
|R\<— 7+— Wit fm— — . (118)

By (I15) we have that

\RhﬁnA a—ew“1§: -

)" |fa||oo> @ <

1

N .
(G

i=1

m/o (1—om " Z ~
\af);m H ai!

i=1

) 2||fa|oo> o = (119)
) >2||fw<

( (I =l +3)" |fa|m“> m |
m lal=m ﬁai!

<2<||:z—x|| 2" IMall 2, ) wm (120
m! -

We proved in general

2 (8 = il + )" Ifallzn N o

m!

|R| <

Next, we see that

i 1

nN/[O 1]Nf(t+Z) dt—f@) -3 3 | = fa (@) (122)

=1 : .
7=hals \ 1T ait




150 GEORGE A. ANASTASSIOU

N /[O o <ﬂ (t+2 - x)a> dt = N /[07;]” Rdt.

'n i=1

U 1
So, when HE — mHoo < .5, we get

N™ /1 1\™ 1
nN/ N |R|dt < , ( + 5) Wit (fa, — ﬁ> . (123)
[0,1] m: \n n n

And, in general it holds

nN/ LRt < (124)
[01%]

2(|l5 —all o+ 2" Il N
m)!

Furthermore, it holds

/ (nN/ Rdt) Z (nx — u) du. (125)

RN [0,2]"

U, = / <nN / Rdt) Z (nx — u) du. (126)
RN [o.2]"

Here A; is as in (32)), and A is as in (33).

We do have, under H% —wH 5,

N™ (LN 1
|U | ‘Al < W (n + n/3) Wi ,m <fom - nﬁ) . (127)

And, furthermore we get that

Ul |4y < <W> /Az (HZ —xHOO + i)mZ(nx—u) du.  (128)

Or, better

Call

|Un| |4, < w / (Jlu—=nz| +1)™ Z (u—nz)du=  (129)
nildz = n™m) Ay o
w </ (||l +1)mz(z)d2> <
nmm! Ay > -
w (/ (14 |z|™) Z (2) dz) < (130)
nmm! A, > -

(W) {1 + /A [E46) dz} 2

() o [(een) 52}
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We have proved that

2N)" [l fallogm
|Un| |A2 < <nmm'

{1 I K(e“ +e:>_(ni+ 1)) " Qij"im] }

Consequently, we derive that

Un| < [Unl|a, + |Un|[a, <

N™ (1 1\™ 11
Tl \n T Rg) Wi e g )

(ST o [ -y 22

Finally, we estimate

et —1 2et (o; + 1)!
<eu+1><cu+2>>+ e D

([Ler))

We have derived that

B} <

P U N

151

(132)

(133)

(135)

(136)



152 GEORGE A. ANASTASSIOU

©) (fib- (i) ) o

The theorem is proved. (]

We continue with the activated multivariate quadrature operators under differentiation.

Theorem 4.9. Let 0 < 3 <1, n e N:n'"# > 2, >0 2 € RV, f € O™ (RV),
m, N € N, with f, € Cp (]RN) dal=1,1=0,1,...,m. Then
(i)

SN N e (1LY
A (I B o+ —
—m! \n nf Lm n  nB

(m> {1+Nm[<( - +2€”m!”=w7 (138)

nmm! et +1)(m+1) um
(ii) assume that f,, (x) =0, forall a : |a] = j, j = 1,...,m, we have
B (f) (2) = f ()| < O, (139)
with the high speed (% + n%)mﬂ ,
(iii) B
B (f) () = f ()] <
al 1 2’
> X | [e@i(?)
=1 { a: [T a!
o] =5
1 1 e -1 2¢t (o +1)! o 140
[[[ +<<e#+1)<ai+2>>+ Pl } v (140
and
(iv) o

N 1 2\’
DD S B ITAMEY
7=1 o [T a!

{ lal=5

(f[ [1 ! <(€“ +e:)1a1i + 2)) * 262&3%”1) + 7. (141)

1
We have that B,, () — f, as n — oo, pointwise and uniformly.
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Proof. We have that

P )t @ - Y | (H(?jﬁgi—xi)%) Ja(@) =R,

G\ L ) N
(142)
where
1 . 1
R::m/o (1-10) Z ~ (143)
|a\ogm H ;!
i=1
Nolu @ u T
(1:[1 (n+1%0i —x> ) I3 (x+9(ﬁ+%—x)> — fu ()] do.
We see that

i Uj T i r
(1;[1 g ) fa(x—l-O(*—l—E—ac))—fa(x)‘ng (144)
! m—1 1 N U; T ;g
m/o o Z I Hz—i—n@i i

la|=m H Oéi!

Notice that )
u .
|
n  — nf
We further see that

(*) < max f l + i /1 (1 _ Q)mfl
= mwl,m s n nﬁ 0

> Nl (H <i+nlﬁ)a> o =

lad=m \ ] !

=1
o Uud e (1, 1V [ m |
m! n nf N a
|a|=m H Oél'!
i=1

WP (form +75) (1 1\™
i (f = "‘*)< +> N™. (145)
m!
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1

Conclusion: When H L CCH < -5, we proved that

N™ 1\" 1
<— | = = mdx - ).
|R| . (n + n5> (fm nﬁ> (146)

By (143)), we obtain that

N 1\ %
( ( — — x|+ ) 2 IIfaloo> df = (147)
=1\ T n
N o
1 U; 1 ‘
> | = ( (% -aif+2) >2||faoo
lofem il;[l a;! i=1
2 (12— ol + )" WalZ |
m! N -

la|=m H Oéi!
=1
(2 (& —af +5)" ||fa||i:1;?"m)

Nm
m! '

2 u m . max N”L
1y < 20—l )7 Wl N (148)
m!
Next, we observe that
b U r T 1
Zwrf(g‘f'ﬁ)_f(x)_zz N fa (2)
= \ Lo
i=1
0 N w r a; 0
(ZO w, (1:[1 (n + g x) )) = ;)wTR. (149)
So, when H —CCHOO < iﬁ,we get
N™ /1 1N\ 1
Rl < ;wr |R| < ey (n + nﬁ> e (fm nﬁ) . (150)
And, it holds in general
Zwr 2(|I% — 2ll + m3 ol 1sn
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Furthermore, it holds

BN —r@-3 % |- ((H ) i))(ac)

=1 : .
I=ha0% T ol
=1

Call

0
E, = /]RN <§er> Z (nx — u) du.

Here A; is as in (32)), and A is as in (33).

u _ 1
n xHoo<n5’

N™ /1 1\™ 1
< (= - max - )
Bl lay < m! <n + nﬁ) <fa’ nﬁ>

And, furthermore we get that

2 N max N™ 1 m
|En| |4, < (HfH'> / (Hu—xH +) Z (nx — u) du.
m: Ao n e’} n

As in the proof of Theorem4.8] we obtain

A e
En"A2§<nmm!>

v (@) + ) )

Consequently, we derive that

|En| < |En|lay +1En| |4, <
NT” 1 1 " IIlaX 1
m!(n*na) (fm nﬁ>+
max w_ 1 2 n '
2N)" |l fallo L e L 2etml]
n™m! (er+1)(m+1) um

At the end we estimate

155

(152)

(153)

(154)

(155)

(156)

157

(158)
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(..., as in the proof of Theorem [4.8))

(Y (M (ieg) s 2] s

The theorem is proved. (]

Next comes simultaneous multivariate activated approximation.

Theorem 4.10. Let i € N be fixed, with f € C® (RN), N € N. We assume that
fa €Cp (RN),fora ol =10,1=0,1,...,i. Here 0 < < 1, u > 0, nN : n'=F > 2,
r € RV,

Then
(i) , )
((Ba (£)) (2) — fo (@)] < w1 (fa, W) B )
and
[(Bn () a = fallw < Aas (161)
i)
* 11 4 follo
B ()0~ @ e (Jor s+ )+ bl e ae
and
1By, (F))e = falloo < Pas (163)
and
iii)
B 1 1 4 ”faHoo
’(Bn(f))a(x)_fa(x)’§0ﬂ <fa’n+nﬁ>+elt("1_ﬁ—1):pa’ (164)
and o
|(Bn (1)), = fall . < Pa- (165)
Proof. By Theorems [.1]-[#.3]and Remark [4} O

Next comes simultaneous global smoothness preservation.

Theorem 4.11. Let i € N be fixed, with f € C) (RY), N € N. We assume that
fa €CB (RN) UCy (RN),fora dlal=10L1=0,1,..,1

Then
w1 (B (f))g+0) S wi (fas8), >0 (166)
w1 ((By ())a:9) < wi (fa,0), (167)
and
wi ((Bn (f)),+0) <wi (fa,0). (168)
If fo € Cur (RY), then (B, (), (B (£), and (By (£) , € Cu (RY).
Proof. By Theorems [.4] [4.5] .6 and Remark [4] O

Under simultaneous activated multivariate extended differentiation we derive the fol-
lowing result.

Theorem 4.12. Let 0 < 3 < 1,n e N:n'"# > 24> 0,2 € RV, N € N. Let
fe c() (RN), i € N; f, denotes a partial derivative of f, v := (Y1,....,Yn), Vj € Z,
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N _
j=1,...N,and|y|:= > ~; =r, wherer = 0,1, ...,i. We assume any f,, € Cg (RV),
J=1
forally :|y|=71r=0,1,..,i.
We further assume that a f, € C™ (RN), m € N, with (f,), € Cp (RY) : o] =1,
1=0,1,...,m. Then

(i)
|(Bu (£)), (@) = (1) (@)
> | ' (fna(x)Bn((ﬁ(.xiw))(x) 3
=61y 1] et =1
(X0 Yot (00,0 5)
(2 o ”’!m! N) K( =y 1)) e !} ’ (169
(ii)

(B2 (1), (@) = (1) (@)~

)ID I (fwa(x)B:;<<H<-—xi>ai>)<x> <
‘: .

— ‘ y
=005 VT ! =1
i=1

N™ /1 1\™ e 11
( +ng) ((fv) ng>+

2N m H f’y HIII&X . eM _ 1 26Mm!
( ol >{”N () 5 =
(170)
and
(iii)
(B (1), (@) = () (@) -
N ] /N
> = (f4)o () Bn ((H(%)a>> (@) < (Uy)g-  ATD
j=1 ‘afr::j il;llai' i=1
Proof. By Theorems [4.7H4.9] Remark [4] O

In the final part of this work we present results related to activated iterated approxima-
tion. This is a continuation of Remarks (414]

Theorem4.13. Let0 < 3 <1, neN:n'"# >2reN,u>0, f € Cp (RY). Then
(1)

1 4
1B = Ml < lBaf =l <7 o (Fp )+ g | am)
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(1)
. . [ 11 4 flloe ]
|7 )= s rimis = Sl < v e (f,n + nﬁ) o] (7Y
and
(111
T R [ 1,1 4 flloe ]
HBn (f) *fHOO STHan*fHOO <r _wl (f’n+ nﬂ> +m_ . (174

So, the speed of convergence of By, B;"LT, B, to unit I is not worse than the speed of
convergence of By, B}, B, to I.

Proof. By Theorems [.1]-[4.3]and (74). |
We continue with the following:

Theorem 4.14. Let 0 < 8 < 1; my,mo,....,m, € N:m; < mg < ... < m,, with

miP 2= 1,...,m;u>0;feCp (RN). Then

7

(1)
HB"Lr (BmT71 (BWLQ (Bmlf))) - f||oo S Z ||B77Li.f - f”oo S
1=1

- 1 Al f oo 1 Al oo
o (e gt oo (135 + g ] oo

i=1 7

(1)

|85, (Bo ., (-Bi (B 1)) 1] < z IBos-flo< a7

- 11 401l
S O P S
; ~ (f’ m mﬁ) " er(miP=1) |~

K2

and
(1)

1B, (B, (B (B 1)) = flloo < DB f = I <

i=1

i
L1
wor [ fi— ) ¢ e
l(f m mf> )

1 1 4 £l
—+ 5 |t ——i%
T["“ (f " mf> T

Clearly, we notice that the speed of convergence to the unit operator of the above activated
multiply iterated operator is not worse the speed of operators By,,, By, , Bm, to the unit,
respectively.

Proof. By Theorems 4.1} #.3]and (76). a

We finish our work with multivariate simultaneous iterations.

a77)
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Remark. Ler i € N be fixed. Assume that f € C'®*) (RN), with f, € Cp (RN), with
a:lal=101=0,1,..,i; r € N. Then, by , we obtain

HB;; (fa)_focHoo STHBn (foz)_fozHoo (178)
By ({63) and inductively, we obtain
1By, (F))a = falloo S 71(Bn (f))a = fall (179)
Similarly, we derive that
(B ()~ o] <7 1Bz (9 = Sl (180)
and
|(B2 (), ~ta|_ <7 1B ()= fal asn)

Let now my,msa, ...,m, € N: my < mso < ... < m,. Then, based on (@), we find that

1(Bun, (Bon,—, (--Bing By, )y = fall . <D B (1)) — fall, - (182)

i*=1

Similarly, we get that

(51, (B (B (B0 ))) = < 30 B ), — 1] 89
i*=1
and
1B (B, (- By (B 1)) o = foll o € D2 (B (), = fall, - (184)

i*=1

All the above inequalities ([I78)-(I84) prove that our implied multivariate iterated si-

multaneous approximations do not have a speed worse then our basic simultaneous ap-
proximations by the activated convolution operators.

5. CONCLUSIONS

Usually, from pure mathematics, we derive techniques for applied mathematics. Here is
established the reverse process as a rare event: the activation functions of neural networks
are proved to have a great impact in operator theory!
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