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ORDERED Γ-SEMIHYPERGROUP OF THE ASSOCIATED
Γ-SEMIHYPERGROUP WITH ALL RELATIVE BI-Γ-HYPERIDEALS

SHAISTA, ABUL BASAR∗, MOHAMMAD YAHYA ABBASI, BHAVANARI SATYANARAYANA,
POONAM KUMAR SHARMA AND AYAZ AHMAD

ABSTRACT. In this paper, the main goal is to study an ordered Γ-semihypergroup H

in the context of the characterizations of the associated Γ-semihypergroup B(H) of all
bi-Γ-hyperideals of H . We show that an ordered Γ-semihypergroup H is a Clifford or-
dered Γ-semihypergroup if and only if B(H) is a semilattice. We also show that a Γ-
semihypergroup B(H) is a normal band if and only if the ordered Γ-semihypergroup
H is simultaneously regular and intra regular. Furthermore, for each subclass S with
many bands, we prove that for an ordered Γ-semihypergroup H , the conditional inclusion
B(H) ∈ S holds true.

1. INTRODUCTION

The notion of bi-ideal was introduced by Good and Hughes [27] and Lajos [29] gener-
alized this notion of bi-ideal in the form of (m,n)-ideal. The concept of quasi-deal was
introduced by Steinfeld [25], [26], interestingly enough, in algebraic system, that is, in
rings and semigroups as well. A semigroup S (without order) by the set of all bi-ideals of
semigroup was also characterized and studied by Lajos [30].

Nambooripad [18] proved that a regular semigroup S is locally testable if and only if for
every f ∈ E(S), fSf is a semilattice. Zalcstein [32] proved that a locally testable semi-
group is a band if and only if it is a normal band. Hansda [16] defined a Clifford (left
Clifford) ordered semigroup. Furthermore, Hansda [17] studied minimal bi-ideals in regu-
lar and completely regular ordered semigroups. Kehayopulu et al [22] studied bi-ideals in
ordered semigroups and ordered groups. Bhuniya et al [2] studied completely regular and
Clifford ordered semigroups. Kehayopulu et al [20] introduced bi-ideal for ordered semi-
group. A locally testable finite semigroup was defined by Nambooripad in [18]. Moreover,
Mallick et al [28] studied the semigroup of bi-ideals of an ordered semigroup. Kehayopulu
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[21] defined Green’s relations on an ordered semigroup. A left group like ordered semi-
group was defined in [2]. Right group like ordered semigroup was defined in dually.

The concept of hyperstructures was given by Marty [13]. The theory was extensively stud-
ied from theoretical point of view as well as for its applications to many subjects in pure
and applied mathematics. For useful study of references of various algebraic hyperstruc-
tures and their applications in different fields, one can refer [12], [14].

The notion of Γ-semihypergroup as a generalization of semigroup, semihypergroup and
Γ-semigroup was introduced by Davvaz et al. [10, 11, 31]. In 2010, Anvariyeh et al.
[31] introduced the notion of Γ-semihypergroups for generalization of semihypergroup and
studied the Γ-hyperideals of Γ-semihypergroups. The notion of ordered Γ-semihypergroup
was further studied by Kondo and Lekkoksung [19] as an extension of the notion of ordered
semihypergroups. It was also investigated by some authors [15]. The theory of ordered
semihypergroups is one that of generalizations of the concept of semihypergroups. It was
introduced by Heidari and Davvaz [12] for that every semihypergroup can be considered
as an ordered semihypergroup.

The theory of ideals play significant role in different algebraic structures. In [1] Al-
masarwah, A. G. Ahmad and G. Muhiuddin studied Doubt N -ideals theory in BCK-
algebras based on N -structures. The theory of relative ideal in semigroup(resp. left, right
relative ideals) was given by Wallace [8], [9]. Khan et al. [23], [24] generalized this con-
cept in ordered semigroups. Thereafter, Basar et al [3], [4], [5], [6], [7] studied these ideals
in different algebraic structures.

In this paper, motivated by the previous work on ordered semigroup in [28] for the con-
text of ordered semigroup, we make an attempt in the present paper to study relative Γ-
hyperideals of ordered Γ-semihypergroups in some detail.

In this paper, the main motivation and the importance of considering the present study
over the existing studies is to improve over previous results. We show that an ordered Γ-
semihypergroup H in the context of the characterizations of the associated Γ-semihypergroup
B(S) of all bi-Γ-hyperideals of H . We prove that an ordered Γ-semihypergroup H is a
Clifford ordered Γ-semihypergroup if and only if B(S) is a semilattice. We show that Γ-
semihypergroup B(S) is a normal band if and only if the ordered Γ-semigroup H is both
regular and intra regular. For each subclass S of many bands, we prove that an ordered
Γ-semihypergroup H holds such that B(H) ∈ S.

2. PRELIMINARIES ON BASIC DEFINITIONS AND FUNDAMENTAL RESULTS

In this section, we recollect basic concepts from the references in the paper and also define
notions that are subsequently necessary in the study of this paper for further course of
action itself.

Definition 2.1. [31] Let H be a non-empty set and ◦ : H ×H → P∗(H) be a hyperoper-
ation, where P∗(H) is the family of all non-empty subsets of H . The pair (H, ◦) is called
a hypergroupoid.
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Definition 2.2. [31] A hypergroupoid (H, ◦) is called a semihypergroup if for all a, b, c ∈
H , we have (a ◦ b) ◦ c = a ◦ (b ◦ c), which meas that⋃

u∈a◦b

u ◦ c =
⋃

v∈b◦c

a ◦ v.

Moreover, if for every a ∈ H, a ◦H = H = H ◦ a, then (H, ◦) is called a hypergroup.

Definition 2.3. [19] An algebraic hyperstructure (S,Γ,≤) is called an ordered Γ-semihypergroup
if (S,Γ) is a Γ-semihypergroup and (S,≤) is a partially ordered set such that for any
x, y, z ∈ S, x ≤ y and γ ∈ Γ implies zγx ≤ zγy and xγz ≤ yγz. Here, A ≤ B means
that for any a ∈ A, there exists b ∈ B such that a ≤ b, for all non-empty subsets A and B
of S.

A non-empty subset A of an ordered Γ-semihypergroup (S,Γ,≤) is called a sub Γ-semihypergroup
of S if AΓA ⊆ A.

Example 2.4. [19] Let (S, ◦,≤) be an ordered semihypergroup and Γ a non-empty set.
We define xγy = x ◦ y for every x, y ∈ S and γ ∈ Γ. Then (S,Γ,≤) is an ordered
Γ-semihypergroup.

Definition 2.5. A sub-Γ-semihypergroup(non-empty subset) B of an ordered Γ-semihypergroup
H is called a relative (generalized) bi-Γ-hyperideal of H if BΓSΓB ⊆ B and (B]B = B
for S ⊆ H .

The set of all relative (generalized) bi-Γ-hyperideal of H is denoted, in this paper, by
B. The principal left relative Γ-hyperideal, right relative Γ-hyperideal and relative bi-
Γ-hyperideal generated by s ∈ S ⊆ H and represented by L(s), R(s), I(s) and B(s),
respectively. They are defined by L(s) = (s ∪ SΓs]S , R(s) = (s ∪ sΓS]S , I(s) =
(s ∪ SΓs ∪ sΓS ∪ SΓsΓS]S , B(s) = (s ∪ s2 ∪ sΓSΓs]S for S ⊆ H .

Definition 2.6. An ordered Γ-semihypergroup H is said to be relative regular if for every
s ∈ S, s ∈ (sΓSΓs]S and is relative intra-regular if for every s ∈ S, s ∈ (SΓs2ΓS]S for
S ⊆ H .

Definition 2.7. A relative band H is a Γ-semihypergroup (H, ·) with the property a2 = a
for every a ∈ S ⊆ H . A relative band (H, ·) is called relative rectangular if for every
a, b ∈ S ⊆ H , aγ1bγ2a = a. A left(right) zero relative band is a relative band (H, ·)
with the property aγb = a(bγa = a) for every a, b ∈ S ⊆ H . A relative band (H, ·)
is said to be left (right) relative normal band if for every a, b, c ∈ S ⊆ H , aγ1bγ2c =
aγ3cγ4γ5bγ5(aγ6bγ7c = bγ8aγ9c) for γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8, γ9 ∈ Γ and H is said
to be relative normal if aγ1bγ2cγ3a = aγ4cγ5bγ6a. A commutative band is called a
semilattice.

Definition 2.8. A Γ-semihypergroup in which every finitely generated sub-Γ-semihypergroup
is finite called locally finite. A locally finite Γ-semihypergroup H is called locally testable
if for every idempotent f of H , fΓSΓf is a semilattice.

3. MAIN RESULTS

Proposition 3.1. Suppose that H is an ordered Γ-semihypergroup. Then H is relative
regular if and only if the Γ-semihypergroup B(S) of all bi-Γ-hyperideals is relative regular
for S ⊆ H .
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Proof. Let B(S) be a relative regular Γ-semihypergroup, where S ⊆ H . Let s ∈ S.
Then B(s) ∈ B(S). As B(S) is relative regular, there is C ∈ B(S) such that B(s) =
B(s) ∗ Γ ∗C ∗ Γ ∗B(s) = (B(s)ΓCΓB(s)]S . Since s ∈ B(s), there are b ∈ B(s), x ∈ C
and c ∈ B(s) such that s ≤ bαxβc for α, β ∈ Γ. Moreover, for b, c ∈ B(s) there are
s1, s2 ∈ S such that b ≤ s or b ≤ sαs1βa and c ≤ s or c ≤ sαs2βs. Thus, in either
ways s ≤ bαxβc for α, β ∈ Γ implies that s ∈ (sΓSΓs]S . Hence, H is a relative regular
ordered Γ-semihypergroup. □

Theorem 3.2. Suppose that H is an ordered Γ-semihypergroup. Then R(S)Γ(L(S)) is a
band and B(S) = R(S)ΓL(S) for S ⊆ H

Proof. Suppose that R ∈ R(S) and r ∈ R. As H is a relative regular, there exist
y ∈ S in order that r ≤ rαyβr for α, β ∈ Γ. Furthermore, rαy ⊆ R provides us
that r ∈ (RΓR]S = R ∗ Γ ∗ R = R2, and therefore, we have R ⊆ R2. Thus, we
receive R2 = R. Hence R is a relative band. In a similar fashion, one can prove
that L(S) is a relatice band. Now consider R ∈ R(S), and L ∈ L(S). Suppose that
B = R ∗ Γ ∗ L. Then, B = (RΓL]S and B is a sub-Γ-semihypergroup of H . Next, we
have BΓSΓB = (RL]SΓSΓ(RΓL]S ⊆ (RΓLΓSΓRΓL]S ⊆ (RΓL]S = B. This implies
that B ∈ B(S) and therefore, R(S)ΓL(S) ⊆ B(S). Moreover, consider D ∈ B(S). Now,
D ∈ B(S) ⊆ R(S)ΓL(S). Hence, B(S) = R(S)ΓL(S). □

Theorem 3.3. An ordered Γ-semihypergroup H is both regular and intra-regular if and
only if B(S) is a relative band for S ⊆ H .

Proof. Suppose that H is regular as well as intra-regular ordered Γ-semihypergroup and
S ⊆ H . Let B ∈ B(S) and a ∈ B. Therefore, a ≤ aαsβa ≤ aαsβaγsδa for some
s ∈ S and α, β, γ, δ ∈ Γ. As H is relative intra-regular, there exist s1, s2 ∈ S such
that a ≤ s1αa

2βs2 for α, β ∈ Γ which shows that a ≤ aγ1sγ2s1γ3a
2γ4s2γ5sγ6a ≤

(aγ1sγ2s1γ3a)γ4(aγ5s2γ6sγ7a) for γ1, γ2, γ3, γ4, γ5, γ6, γ7 ∈ Γ. As aαsβs1γa ∈ BΓSΓB ⊆
B, we have aγ1sγ2s1γ3a

2γ4s2γ5sγ6a ∈ B2 for γ1, γ2, γ3, γ4, γ5, γ6 ∈ Γ in order that
a ∈ (BΓB]S = B ∗ Γ ∗B = B2. Furthermore, B2 ⊆ B. Hence B2 = B.

Conversely, suppose that B(S) is a relative band. Let s ∈ S. Then B(s) ∈ B(S) and
therefore, s ∈ B(s) = B(s)2 = B(s) ∗ Γ ∗ B(s) = (B(s)ΓB(s)]S . Therefore, s ≤ bγc
for some b, c ∈ B(s) and γ ∈ Γ. This shows that b ≤ s or b ≤ sαs1βs for some s1 ∈ S1

for α, β ∈ Γ. Also, c ≤ s or c ≤ sαtβs for some t ∈ S1 for α, β ∈ Γ. It then follows that
s ≤ bαc shows that either s ≤ s2 for α ∈ Γ or s ∈ (sΓSΓs2ΓSΓs]S which shows that
s is both relative intra-regular and relative regular. Hence, H is both relative regular and
relative intra-regular. □

Lemma 3.4. Suppose that H is a regular as well as intra-regular ordered Γ-semihypergroup
and S ⊆ H . Then

(1): for every B,C,D ∈ B(S), ((BΓCΓB]SΓ(BΓDΓB]S ]S = (BΓCΓB]S∩(BΓDΓB]S;
(2): B(S) is relative locally testable Γ-semihypergroup.

Proof. (1) Suppose that S ⊆ H . We have the following:

((BΓCΓB]SΓ(BΓDΓB]S ]S ⊆ ((BΓCΓB]Γ(B]S ]S ⊆ ((BΓCΓB]S ]S ⊆ (BΓCΓB]S .

In a similar fashion, we receive ((BΓCΓB]SΓ(BΓDΓB]S ]S ⊆ (BΓDΓB]S . Therefore,
we have the following:

((BΓCΓB]SΓ(BΓDΓB]S ]S ⊆ (BΓCΓB]S ∩ (BΓDΓB]S .
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Let v ∈ (BΓCΓB]S ∩ (BΓDΓB]S . Then there exist b ∈ B, c ∈ C, d ∈ D so that
v ≤ bαcβb and v ≤ bαdβb for α, β ∈ Γ. As H is both relative regular and relative
intra-regular, there are x, t, s ∈ S such that v ≤ vαxβv, b ≤ bαtβb and b ≤ s1αb

2βs2 for
α, β ∈ Γ. This shows that

v ≤ bγ1cγ2bγ3xγ4bγ5dγ6b ≤ bγ1cγ2bγ3tγ4bγ5xγ6bγ7dγ8b

≤ bγ1cγ2bγ3tγ4s1γ5b
2γ6s2γ7xγ8bγ9dγ10b

≤ (bγ1cγ2bγ3tγ4s1γ5b)γ6(bγ7s2γ8xγ9bγ10dγ11b).

for γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8, γ9, γ10, γ11 ∈ Γ. Therefore, v ∈ ((BΓCΓB]SΓ(BΓDΓB]S ]S .
Thus, (BΓCΓB]S∩(BΓDΓB]S ⊆ ((BΓCΓB]SΓ(BΓDΓB]S ]S . Hence, ((BΓCΓB]SΓ(BΓDΓB]S ]S =
(BΓCΓB]S ∩ (BΓDΓB]S .
(2) Suppose that S ⊆ H . Consider B ∈ B(S). Then BΓB(S)ΓB is a sub-Γ-semihypergroup
of B(S) and so is a relative band. For every C,D ∈ B(S), we have the following:

(BΓCΓB]S ∗ (BΓDΓB]S = ((BΓCΓB]SΓ(BΓDΓB]S ]S

= (BΓCΓB]S ∩ (BΓDΓB]S

= (BΓDΓB]S ∩ (BΓCΓB]S

= ((BΓDΓB]SΓ(BΓCΓB]S ]S

= (BΓDΓB]S ∗ Γ ∗ (BΓCΓB]S

shows that BΓB(S)B is a semilattice. Thus, B(S) is a relative locally testable. □

Corollary 3.5. Suppose that H is an ordered Γ-semihypergroup and S ⊆ H . If H is both
relative regular and relative intra-regular then B(S) is a relative band if and only if B(S)
is a relative normal band.

Theorem 3.6. Suppose that H is an ordered Γ-semihypergroup. Then B(S) is relatve
rectangular band if and only if H is relative regular and relative simple.

Proof. Suppose that B(S) is a relative rectangular band and S ⊆ H . Let x, y ∈ S.
Then B(x), B(y) ∈ B(S). As B(S) is a relative rectangular band, we find B(x) =
B(x) ∗ Γ ∗ B(y) ∗ Γ ∗ B(x). Also, B(y) = B(y) ∗ Γ ∗ B(x) ∗ Γ ∗ B(y). Moreover,
by Theorem 3.3, S is a relative regular. As x ∈ B(x) = B(x) ∗ Γ ∗ B(y) ∗ Γ ∗ B(x) =
(B(x) ∗ Γ ∗B(y) ∗ Γ ∗B(x)]S , there exist w, z ∈ B(x), v ∈ B(y) such that x ≤ zαvβw
for α, β ∈ Γ. As w, z ∈ B(x), z ≤ xαs1βx and w ≤ xαs2βx for some s1, s2 ∈ S
and α, β ∈ Γ. Furthermore, we observe that for v ∈ B(y) there exists s3 ∈ S such that
v ≤ yαs3βy for α, β ∈ Γ. Therefore, x ≤ (xγ1s1γ2xγ3yγ4s3)γ5yγ6(xγ7s2γ8x). That
is, x ≤ aαyβb for some a, b ∈ S and α, β, γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8 ∈ Γ. Hence, H is
relative simple.

Conversely, suppose that H is a relative regular and simple ordered Γ-semihypergroup and
S ⊆ H . For a ∈ S, with the given condition, we receive a ∈ (SΓa2ΓSΓ]S so that H
is relative intra-regular. Therefore, by Theorem 3.3, B(S) is a relative band. Again, let
A,B ∈ B(S). We prove that A = A ∗ Γ ∗ B ∗ Γ ∗ A. For this purpose, suppose that
a ∈ A and b ∈ B. Since a, aαbβa ⊆ S and aJ b, therefore a ≤ y1γ1aγ2bγ3aγ4y2
for some y1, y2 ∈ S and γ1, γ2, γ3, γ4 ∈ Γ. The relative regularity of H gives rise to
a ≤ aαxβa ≤ aγ1xγ2aγ3xγ4a for some x ∈ S and γ1, γ2, γ3, γ4, α, β ∈ Γ. Then
a ∈ (aγ1xγ2y1γ3a)γ4bγ5(aγ6y2γ7xγ8a) for γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8 ∈ Γ. Therefore,
a ∈ ((AΓSΓA)ΓBΓ(AΓSΓA)]S ⊆ (AΓBΓA]S = A ∗ Γ ∗ B ∗ Γ ∗ A. It then shows
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that A ⊆ A ∗ Γ ∗ B ∗ Γ ∗ A. Again A ∗ Γ ∗ B ∗ Γ ∗ A ⊆ (AΓSΓA]S = A. Thus,
A = A ∗ Γ ∗B ∗ Γ ∗A. Hence B(S) is a relative rectangular band. □

Theorem 3.7. Suppose that H is an ordered Γ-semihypergroup and S ⊆ H . Then B(S)
is a left (right) relative zero band if and only if H is a left (right) group like ordered Γ-
semihypergroup.

Proof. Suppose that B(S) is a left relative zero band. Then by Proposition 3.1, H is a
relative regular. Let x, y ∈ S. Then, B(x), B(y) ∈ B(S). As B(S) is a left relative zero
band, B(x) = B(x) ∗ Γ ∗ B(y), so x ∈ (B(x)ΓB(y)]S . Then there exist z ∈ B(x) and
w ∈ B(y) such that x ≤ zαw for α ∈ Γ. Moreover, w ≤ yγ1sγ2y for some s ∈ S and
γ1, γ2 ∈ Γ. Therefore, x ≤ (zγ1yγ2s)γ3y for γ1, γ2, γ3 ∈ Γ. Hence H is a left group like
ordered Γ-semihypergroup.

Conversely, suppose that H is a left group like ordered Γ-semihypergroup and S ⊆ H . Let
B,C ∈ B(S). Let u ∈ B ∗ Γ ∗C, then there exist b ∈ B and c ∈ C such that u ≤ bαc for
α ∈ Γ. Thus, H is a left group like ordered Γ-semihypergroup, we have c ≤ tαb for some
t ∈ S and α ∈ Γ. Then for c ≤ tαb equipped with u ≤ bγ1c ≤ bγ2tγ3b for γ1, γ2, γ3 ∈ Γ
gives u ∈ B. Thus, B ∗ Γ ∗ C ⊆ B. Now for any d ∈ B, d ≤ dαtβd for some t ∈ S
and α, β ∈ Γ. Since d, dγc ∈ S, d ≤ t1αdβc for some t1 ∈ S and α, β, γ ∈ Γ. In fact,
d ≤ dγ1tγ2t1γ3dγ4c for γ1, γ2, γ3, γ4 ∈ Γ . For clearly, we have d ∈ BΓSΓB ⊆ B in
order that d ∈ (BΓC]S = B ∗ Γ ∗ C. Therefore, B = B ∗ Γ ∗ C. Hence, B is a left zero
relative band.

□

Theorem 3.8. Suppose that H is an ordered Γ-semihypergroup. Then B(S) is both left
zero and right zero relative band if and only if H is a group like ordered Γ-semihypergroup
for S ⊆ H .

Proof. The proof is similar to the proof of the Theorem 3.7 and hence omitted. □

Theorem 3.9. Suppose that H is an ordered Γ-semihypergroup. Then the following asser-
tions are equivalent for S ⊆ H:

(1): H is a Clifford ordered Γ-semihypergroup;
(1): B1 ∗ Γ ∗B2 = B1 ∩B2 for all B1, B2 ∈ B(S);
(1): (B(S), ∗) is a semilattice.

Proof. (1) ⇒ (2) Suppose that H is a Clifford ordered Γ-semihypergroup and S ⊆ H .
Furthermore, suppose that B1, B2 ∈ B(S) and u ∈ B1 ∗ Γ ∗ B2. Then u ≤ b1αb2 for
b1 ∈ B1, b2 ∈ B2 and α ∈ Γ. As H is relative regular ordered Γ-semihypergroup, there
exists x ∈ S such that u ≤ uγ1xγ2u ≤ b1γ3b2γ4xγ5b1γ6b2 for γ1, γ2, γ3, γ4, γ5, γ6 ∈ Γ.
As H is Clifford ordered Γ-semihypergroup, there exists x1 ∈ S in order that b1γ1b2 ≤
b2γ1x1γ2b1 so that u ≤ b1γ1b2γ2xγ3b2γ4x1γ5b1 for γ1, γ2, γ3, γ4, γ5 ∈ Γ. This implies
u ∈ B1. Similarly u ∈ B2. Hence, B1∗Γ∗B2∗Γ∗B1∩B2. Furthermore, let b ∈ B1∩B2.
Since H is relative regular, there exists y ∈ S such that b ≤ bγ1yγ2b ≤ bγ3yγ4bγ5yγ6b.
As H is Clifford ordered Γ-semihypergroup, yγ1b ≤ bγ2zγ3y for some z ∈ S. Therefore,
b ≤ bγ1bγ2zγ3y2γ4b. As b ∈ B2 and B2 is a relative bi-Γ-hyperideal of H , it gives that
bzy2 b ∈ B2ΓSΓB2 ⊆ B2. Moreover, b ∈ B1 so that b ∈ (B1ΓB2]S = B1 ∗ Γ ∗ B2.
Hence, B1 ∗ Γ ∗B2 = B1 ⊆ B2.
(3) ⇒ (1) This is clear.
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(2) ⇒ (3) Assume that (B(S), ∗) is a semilattice. Then H is a regular ordered Γ-
semihypergroup by Theorem 3.3. Consider a, b ∈ S. Then aγb ∈ B(a) ∗ Γ ∗ B(b) =
B(b) ∗ Γ ∗ B(a) implies that aγ1b ≤ vγ2u for some u ∈ B(a) and v ∈ B(b). As H is
relative regular, there exist s, t ∈ S such that u ≤ aγ1sγ2a and v ≤ bγ3tγ4b. Thus, aγ1b ≤
bγ2tγ3bγ4aγ5sγ6a = bγ7zγ8a where z = tγ1bγ2aγ3s ∈ S for γ1, γ2, γ3, γ4, γ5γ6, γ7, γ8, γ ∈
Γ. Hence, H is a Clifford ordered Γ-semihypergroup. □

Theorem 3.10. Suppose that H is an ordered Γ-semihypergroup. Then B(S) is a left
normal relative band if and only if H is a left Clifford ordered Γ-semihypergroup for S ⊆
H .

Proof. Suppose that H is a left Clifford ordered Γ-semihypergroup. Let A, B and C ∈
B(S) and x ∈ A∗Γ∗B ∗Γ∗C. Then x ∈ (AΓBΓC]S so x ≤ abc for some a ∈ A, b ∈ B
and c ∈ C. Since H is relative regular, there is s ∈ S such that x ≤ xγ1sγ2x so that
x ≤ aγ1bγ2cγ3sγ4aγ5bγ6c. As H is a left Clifford ordered Γ-semihypergroup, it follows
that bγ1c ≤ s1γ2b for some s1 ∈ S, so x ≤ aγ1bγ2cγ3(sγ4aγ5s1)γ6b ≤ aγ7bγ8s2γ9cγ10b
for s2 ∈ S. As H is relative regular there is t ∈ S such that a ≤ aγ1tγ2a implies x ≤
aγ3tγ4aγ4bγ5s2cγ6b. Moreover, there exist s3, s4 ∈ S, x ≤ aγ1tγ2s3γ3aγ4s2γ5cγ6b ≤
aγ7tγ8s3γ9s4γ10aγ11cγ12b implies that x ∈ A∗Γ∗C∗Γ∗B. Therefore, A∗Γ∗B∗Γ∗C ⊆
A∗Γ∗C∗Γ∗B. In a similar fashion, it can be shown that A∗Γ∗C∗Γ∗B ⊆ A∗Γ∗B∗Γ∗C.
Therefore, A∗Γ∗B ∗Γ∗C = A∗Γ∗C ∗Γ∗B . Hence, B(S) is a relative left normal band.

Conversely, suppose that B(S) is a relative left normal band. Then H is a relative regu-
lar, by Theorem 3.3. Suppose that a, b ∈ S. Then there exists x ∈ S such that aγ1b ≤
aγ2bγ3xγ4aγ5b which shows that aγ1b ⊆ (B(aγ2bγ3x)ΓB(a)ΓB(b)]S = (B(aγ4bγ5x)ΓB(b)ΓB(a)]S ,
since B(S) is a relative left normal band. Then aγ1b ≤ uγ2vγ3w for c, γ2, γ3 ∈ Γ , where
u ∈ B(aγ1bγ2x), v ∈ B(b), w ∈ B(a). Again, w ≤ aγ1sγ2a for some s ∈ S. Now
aγ1b ≤ uγ2vγ3w ≤ (uαvβaγs)δa ≤ s1a, where s1 = uαvβaγs ∈ S for α, β, γ, δ ∈ Γ.
Hence, H is left Clifford ordered Γ-semihypergroup. □

4. CONCLUSIONS AND/OR DISCUSSIONS

In this paper, we have studied an ordered Γ-semihypergroup H in the settings of the char-
acterizations of the associated Γ-semihypergroup B(H) of all bi-Γ-hyperideals of H . We
have proved that an ordered Γ-semihypergroup H is a Clifford ordered Γ-semihypergroup
if and only if B(H) is a semilattice. We have also proved that a Γ-semihypergroup B(H)
is a normal band if and only if the ordered Γ-semihypergroup H is simultaneously relative
regular and relative intra regular. Furthermore, for each subclass S with many bands, we
have shown that for an ordered Γ-semihypergroup H , the conditional inclusion B(H) ∈ S
holds true. These results are refinement and improvement over previous results, and these
can be studied in various other possibly researchable areas of different algebraic structures
possessing potential for future work direction.
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