
ANNALS OF COMMUNICATIONS IN MATHEMATICS

Volume 7, Number 1 (2024), 47-56
DOI: 10.62072/acm.2024.070105
ISSN: 2582-0818
© http://www.technoskypub.com

ON RELATIVE (2, 2)-Γ-HYPERIDEALS OF 2-DUO ORDERED
Γ-SEMIHYPERGROUPS

ABUL BASAR∗, SHAISTA, BHAVANARI SATYANARAYANA, AYAZ AHMAD, POONAM KUMAR
SHARMA AND MOHAMMAD YAHYA ABBASI

ABSTRACT. In this paper, first we obtain the necessary and sufficient condition for an or-
dered Γ-semihypergroup H to be a relative completely regular 2-duo ordered Γ-semihypergroup
for any relative (2, 2)-Γ-hyperideal as well as for any relative (2, 2)-quasi-Γ-hyperideal
of H . Then, we find the necessary and sufficient condition that Q = (Q2]S for every
relative (2, 2)-Γ-hyperideal Q of H to be a relative quasi-Γ-prime with S ⊆ H . Finally,
we prove the necessary and sufficient condition for relative (2, 2)-Γ-hyperideal to be a
relative quasi-Γ-prime for a relative completely regular and relative (2, 2)-Γ-hyperideal of
H making a chain with inclusive relation.

1. INTRODUCTION

The notion of bi-ideal was introduced by Good and Hughes [20] and Lajos [21] generalized
this notion of bi-ideal in the form of (m,n)-ideal. The concept of quasi-deal was intro-
duced by Steinfeld [18], interestingly enough, in two algebraic structures, viz., in rings and
semigroups.

The notion of Γ-semihypergroup as a generalization of semigroup, semihypergroup and
Γ-semigroup was introduced by Davvaz et al. [8, 9, 22]. The notion of ordered Γ-
semihypergroup was introduced and studied by Kondo and Lekkoksung [14] as an ex-
tension of the notion of ordered semihypergroups. It was further investigated by many
authors [13].

The theory of relative ideal in semigroup(resp. left, right relative ideals) was given by Wal-
lace [7]. Khan et al. [16], [17] generalized this concept in ordered semigroups. Thereafter,
Basar et al [2], [3], [4], [5], [6] studied these ideals in different algebraic structures.

The concept of hyperstructures was given by Marty [11]. The theory was extensively stud-
ied from theoretical point of view as well as for its applications to many subjects in pure
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and applied mathematics. For useful review of various algebraic hyperstructures and their
applications in different fields, one can refer [10], [12].

The theory of ordered semihypergroups is one that of generalizations of the concept of
semihypergroups, introduced by Heidari and Davvaz [10], in a sense that every semihyper-
group can be considered as an ordered semihypergroup. Kehayopulu [14] gave the notion
of duo ordered semigroups. In this paper, we study the necessary and sufficient condition
for an ordered Γ-semihypergroup H to be a relative completely regular 2-duo ordered Γ-
semihypergroup for any relative (2, 2)-Γ-hyperideal as well as for any relative (2, 2)-quasi-
Γ-hyperideal of H . We also obtain the necessary and sufficient condition Q = (Q2]S for
every relative (2, 2)-Γ-hyperideal of H to be a relative quasi-Γ-prime with S ⊆ H . Fi-
nally, we show the necessary and sufficient condition for relative (2, 2)-Γ-hyperideal to be
a relative quasi-Γ-prime for a relative completely regular and relative (2, 2)-Γ-hyperideal
of H forming a chain with inclusive relation studied in [19] and [23].

2. REVIEW OF BASIC DEFINITIONS AND FUNDAMENTALS

In this section, we make the recollection of the essentially required concepts for the com-
pletion of materials which will be used throughout this paper and discussed in [5].
A hyperstructure H is a nonvoid set equipped with an hyperoperation ” ◦ ” on H defined
as follows:

◦ : H ×H → P∗(H) | (x, y) → (x ◦ y)
and an operation ” ∗ ” on P∗(H) defined as follows:

∗ : P∗(H)× P∗(H) → P∗(H) | (X,Y ) → X ∗ Y
such that

X ∗ Y =
⋃

(x,y)∈X×Y

(x ◦ y)

for any X,Y ∈ P∗(H), where P∗(H) denotes the nonempty subsets of H . A hyper-
operation ” ◦ ” on H gives rise to an operation ” ∗ ” on P∗(H). Conversely, an op-
eration ” ∗ ” on P∗(H) gives rise to a hyperoperation ” ◦ ” on H , defined as follows:
x ◦ y = {x} ∗ {y}. Therefore, a hypersemigroup (H, ◦, ∗) can be identified by (H, ◦)
because of the interdependency of the operation ”∗” and the hyperoperation ”◦”. Clearly,
we have X ⊆ Y ⇒ X ∗ D ⊆ Y ∗ D,D ∗ X ⊆ D ∗ Y for any X,Y,D ∈ P∗(H) and
H ∗H ⊆ H . For a subset X of an hypersemigroup H , we define by (X] the subset of H
as follows:

(X] = {s ∈ H :| s ≤ x for some x ∈ X}.
If ” ≤ ” is an order relation on a hypersemigroup H , we define the order relation ” ⪯ ” on
P∗(H) as follows:

⪯:= {(X,Y ) | ∀x ∈ X ∃ y ∈ Y such that x ≤ y}.
Therefore, for X,Y ∈ P∗(H), we denote X ⪯ Y if for every x ∈ X , there exists y ∈ Y
such that x ≤ y. This is indeed, a reflexive and transitive relation on P∗(H).
A hyperstructure (H, ◦) is called a semihypergroup if for all x, y, z ∈ H , (x ◦ y) ◦ z =
x ◦ (y ◦ z), i. e., ⋃

m∈x◦y
m ◦ z =

⋃
n∈y◦z

x ◦ n.

A nonempty subset A of a semihypergroup (H, ◦) is called a subsemihypergroup of H if
A ∗ A ⊆ A. A semihypergroup (H, ◦) equipped with a partial order ” ≤ ” on H that is
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compatible with semihypergroup operation ” ⪯ ” such that for all x, y, z ∈ H ,

x ≤ y ⇒ z ◦ x ⪯ z ◦ y and x ◦ z ⪯ y ◦ z,
is called an ordered Γ-semihypergroup. Throughout this paper, H will denote an ordered
Γ-semihypergroup unless otherwise stated.

Definition 2.1. [1] Suppose that (H, ◦,≤) is an ordered Γ-semihypergroup and S ⊆ H .
Then, a nonempty subset I of H is called a right (resp., left) relative Γ-hyperideal of H if

(i) I ◦ Γ ◦ S ⊆ I(resp., S ◦ Γ ◦ I ⊆ I); and
(ii) if x ∈ I and S ∋ y ≤ x, then y ∈ I , i. e., if (I]S = I .

A subset of H which is both a right and left relative Γ-hyperideal of H is called a relative
Γ-hyperideal of H . We see that I ◦ Γ ◦ S ⊆ I(resp., S ◦ Γ ◦ I ⊆ I) if and only if
x◦s ⊆ I(resp., s◦Γ◦x ⊆ I) for every x ∈ I , and every s ∈ S. Clearly, every right(resp.,
left) relative Γ-hyperideal of an ordered Γ-semihypergroup H is a sub-Γ-semihypergroup
of H .

Definition 2.2. [1] Suppose that (H, ◦,≤) is an ordered Γ-semihypergroup, and let S ⊆
H . A nonempty subset Q of H is called a relative quasi Γ-hyperideal of H if

(i) (S ◦ Γ ◦Q]S ∩ (Q ◦ Γ ◦ S]S ⊆ Q; and
(ii) p ∈ Q,S ∋ q ≤ p ⇒ q ∈ Q, i. e., (Q]S = Q.

Definition 2.3. [1] Suppose that (H, ◦,≤) is an ordered Γ-semihypergroup, S ⊆ H and
m,n are nonnegative integers. A nonempty subset Q of H is called a relative (m,n)-quasi
Γ-hyperideal of H if

(i) (Sm ◦ Γ ◦Q]S ∩ (Q ◦ Γ ◦ Sn]S ⊆ Q; and
(ii) p ∈ Q,S ∋ q ≤ p ⇒ q ∈ Q, i. e., (Q]S = Q.

Definition 2.4. [1] Let (H, ◦,≤) be an ordered Γ-semihypergroup and let S be any nonempty
subset of H . Then, a sub-Γ-semihypergroup B of H is said to be a relative bi-Γ-hyperideal
of H if

(i) B ◦ Γ ◦ S ◦ Γ ◦B ⊆ B; and
ii) for all t ∈ B, S ∋ g ≤ t ⇒ g ∈ B.

Definition 2.5. [1] An ordered Γ-semihypergroup H is called relative regular (resp. rela-
tive left regular, relative right regular) if for every s ∈ S ⊆ H , s ∈ (s◦Γ◦S ◦Γ◦s]S(resp.
s ∈ (S ◦ Γ ◦ s2]S , s ∈ (s2 ◦ Γ ◦ S]S).

Definition 2.6. [1] An ordered Γ-semihypergroup H is called completely relative regular
if it is both relative right regular and relative left regular.

Ardekani and Davvaz [15] defined the following notion for ordered semihypergroup. We
define it in ordered Γ-semihypergroup in terms of relative ordered Γ-hyperideals as fol-
lows:

Definition 2.7. [1] An ordered Γ-semihypergroup H is called right (resp. left) relative duo
if the right (resp. left) relative Γ-hyperideals of H are two-sided. Also, H is called relative
duo if it is both right relative duo as well as left relative duo.

Definition 2.8. [1] Suppose that H is an ordered Γ-semihypergroup and let n be a pos-
itive integer. Then H is said to be an n-duo ordered Γ-semihypergroup if it satisfies the
following conditions:



50 BASAR, SHAISTA, SATYANARAYANA, AHMAD, SHARMA AND ABBASI

(1): every relative (n, 0)-Γ-hyperideal of H is a relative (0, n)-Γ-hyperideal of H;
and

(2): every relative (0, n)-Γ-hyperideal of H is a relative (n, 0)-Γ-hyperideal of H .

Definition 2.9. Suppose that H is an ordered Γ-semihypergroup and Q is a relative (2, 2)-
Γ-hyperideal of H . Then, Q is called quasi-Γ-prime if for any relative (2, 2)-Γ-hyperideal
L and M of H , we have L ◦ Γ ◦M ⊆ Q ⇒ L ⊆ Q or M ⊆ Q.

Also, Q is called relative quasi-Γ-semiprime if for any (2, 2)-Γ-hyperideal L of H , L ⊆ Q.
Suppose that H is an ordered Γ-semihypergroup and A is any non-empty subset of H .
Then the relative (m,n)-Γ-hyperideal [A]m,n is called the relative (m,n)-Γ-hyperideal of
H generated by A. Similarly, [A]m,0 and [A]0,n are called the relative (m, 0) -Γ-hyperideal
and the relative (0, n)-Γ-hyperideal of H generated by A, respectively. Thus we have the
following:

[A]m,n = (

m+n⋃
i=1

Ai ∪Am ◦ Γ ◦H ◦ Γ ◦An].

Furthermore, if A = {a}, we denote [{a}]m,n by [a]m,n. It is to be noted that if H is a
2-duo ordered Γ-semihypergroup, then [a]0,2 = [a]2,0 for all a ∈ H .

3. RELATIVE (2, 2)-Γ-HYPERIDEALS OF 2-DUO ORDERED Γ-SEMIHYPERGROUPS

The following result gives us the necessary and sufficient condition for an ordered Γ-
semihypergroup H to be a relative completely regular 2-duo ordered Γ-semihypergroup
in terms of a relative (2, 2)-Γ-hyperideal of H .

Theorem 3.1. Suppose that H is an ordered Γ-semihypergroup and S ⊆ H . Then H is a
relative completely regular 2-duo ordered Γ-semihypergroup if and only if

((T 2 ∪ T 2 ◦ Γ ◦ S)2]S = T = ((T 2 ∪ S ◦ Γ ◦ T 2)2]S

for any relative (2, 2)-Γ-hyperideal T of H and S ⊆ H .

Proof. Suppose that H is a relative completely regular 2-duo ordered Γ-semihypergroup.
Furthermore, suppose that T is a relative (2, 2)-Γ-hyperideal of H . We now show the
following:

((T 2 ∪ T 2 ◦ Γ ◦ T ◦ S)2]S = (T 2 ◦ Γ ◦ T 2 ∪ T 2 ◦ Γ ◦ T 2◦
Γ ◦ S ∪ T 2 ◦ Γ ◦ S ◦ Γ ◦ T 2 ∪ T 2 ◦ Γ ◦ S ◦ T 2 ◦ Γ ◦ S]S
⊆ (T ∪ T ◦ Γ ◦ S]S
⊆ (T ∪ (T 2 ◦ Γ ◦ S ◦ T 2]S ◦ Γ ◦ S]S
⊆ (T ∪ (T ◦ Γ ◦ (T 2 ◦ Γ ◦ T 2]S ◦ Γ ◦ S ◦ Γ ◦ T 2]S ] ◦ Γ ◦ S]S
⊆ (T ∪ T ◦ Γ ◦ T 2 ◦ Γ ◦ S ◦ Γ ◦ T 2 ◦ Γ ◦ T 2 ◦ Γ ◦ S]S .

As (S ◦ Γ ◦ T 2]S is a relative (0, 2)-Γ-hyperideal of S and S is a 2-duo ordered Γ-
semihypergroup, then (S ◦Γ ◦T 2]S is a relative (2, 0)-Γ-hyperideal of S. That is, (S ◦Γ ◦
T 2]2 ◦ Γ ◦ S ⊆ (S ◦ Γ ◦ Γ ◦ T 2]S . Therefore, we have the following:

(T ∪ T ◦ T 2 ◦ Γ ◦ S ◦ Γ ◦ T 2 ◦ Γ ◦ S ◦ T 2 ◦ Γ ◦ S]S ⊆ (T ∪ T 3 ◦ Γ ◦ (S ◦ Γ ◦ T 2]S ◦ Γ ◦ (S ◦ Γ ◦ T 2] ◦ Γ ◦ S]S
⊆ (T ∪ T 3 ◦ Γ ◦ (S ◦ Γ ◦ T 2]S ]S

⊆ (T ∪ T 2 ◦ Γ ◦ S ◦ Γ ◦ T 2]S

⊆ (T ]S = T.
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Thus, ((T 2 ∪ T 2 ◦ Γ ◦ S)2]S ⊆ T . We now have the following: T = (T 2]S . Then, we do
have the following:

T = (T ◦ Γ ◦ T ]S
= ((T 2]S ◦ Γ ◦ (T 2]S ]S

= (T 4]S

⊆ ((T 2 ∪ T 2 ◦ Γ ◦ S)2]S .

Therefore, ((T 2 ∪ T 2 ◦ Γ ◦ S)2]S = T . The assertion T = ((T 2 ∪ S ◦ Γ ◦ T 2)2]S can be
proved in a similar fashion. Hence, ((T 2 ∪ T 2 ◦ Γ ◦ S)2]S = T = ((T 2 ∪ S ◦ Γ ◦ T 2)2]S .
⇐ Let T be a (0, 2)-Γ-hyperideal of H . Then, T is a relative (2, 2)-Γ-hyperideal of H ,
and

T 2 ◦ Γ ◦ S ◦ Γ ◦ T 2 ⊆ T 2 ◦ Γ ◦ T ⊆ T 2 ⊆ T,

and (T ]S = T . By the given hypothesis, we receive ((T 2 ∪ T 2 ◦ Γ ◦ S)2]S = T . In
a similar fashion, let I be a relative (2, 0)-Γ-hyperideal of H . Therefore, I is a relative
(2, 2)-Γ-hyperideal of H , and therefore

((I2 ∪ S ◦ Γ ◦ I2)2]S = I.

Then, we find that H is a relative completely regular 2-duo ordered Γ-semihypergroup. □

In the following result, we again derive the necessary and sufficient criterion for an ordered
Γ-semihypergroup H to be a relative completely regular 2-duo ordered Γ-semihypergroup
but now that in the setting of a relative (2, 2)-quasi-Γ-hyperideal of H .

Theorem 3.2. Let H be an ordered Γ-semihypergroup. Then, H is a relative completely
regular 2-duo ordered Γ-semihypergroup if and only if ((Q2 ∪ Q2 ◦ Γ ◦ S)2]S = Q =
((Q2 ∪ S ◦ Γ ◦Q2)2]S for any (2, 2)-quasi-Γ-hyperideal Q of H for S ⊆ H .

Proof. Suppose that H is a relative completely regular 2-duo ordered Γ-semihypergroup.
Furthermore, suppose that Q is a relative (2, 2)-quasi- Γ-hyperideal of H and S ⊆ H .
Then, we receive the following:

((Q2 ∪Q2 ◦ Γ ◦ S)2]S = (Q2 ◦ Γ ◦Q2 ∪Q2 ◦ Γ ◦Q2 ◦ Γ ◦ S ∪Q2 ◦ Γ ◦ S ◦ Γ ◦Q2 ∪Q2 ◦ Γ ◦ S ◦ Γ ◦Q2 ◦ Γ ◦ S]S
⊆ (S ◦ Γ ◦Q2 ◦ Γ ◦ S ∪Q2 ◦ Γ ◦ S ◦ Γ ◦Q2]S

⊆ (S ◦ Γ ◦Q ◦ Γ ◦ (Q2 ◦ Γ ◦ S ◦ Γ ◦Q2]S ◦ Γ ◦ S ∪ S ◦ Γ ◦Q2]S

⊆ (S ◦ Γ ◦Q2 ◦ Γ ◦ S ◦ Γ ◦Q2 ◦ Γ ◦ S ∪ S ◦ Γ ◦Q2]S .

As (S ◦ Γ ◦ Q2]S is a relative (0, 2)-Γ-hyperideal of H , and H is a 2-duo ordered Γ-
semihypergroup, then (S ◦ Γ ◦Q2]S is a relative (2, 0)-Γ-hyperideal of H . Therefore, we
process the following:

(S ◦ Γ ◦Q2 ◦ Γ ◦ S ◦ Γ ◦Q2 ◦ Γ ◦ S ∪ S ◦ Γ ◦Q2]S ⊆ ((S ◦ Γ ◦Q2]S ◦ Γ ◦ (S ◦ Γ ◦Q2]S ◦ Γ ◦ S ◦ Γ ◦Q2

⊆ ((S ◦ Γ ◦Q2]S ∪ S ◦ Γ ◦Q2]S

⊆ (S ◦ Γ ◦Q2]S ∪ S ◦ Γ ◦Q2]S

⊆ (S ◦ Γ ◦Q2]S .

Thus, ((Q2 ∪Q2 ◦Γ ◦S)2]S ⊆ (Q2 ◦Γ ◦S]S ◦Γ ◦ (S ◦Γ ◦Q2]S ⊆ Q. By the hypothesis,
we obtain the following:

Q ⊆ (Q2 ◦ Γ ◦ S ◦ Γ ◦Q2]S ⊆ ((Q2 ∪Q2 ◦ Γ ◦ S)2]S .
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The condition that Q = ((Q2 ∪ S ◦ Γ ◦Q2)2]S can be proved in a similar fashion. Hence,
((Q2 ∪Q2 ◦ Γ ◦ S)2]S = Q = ((Q2 ∪ S ◦ Γ ◦Q2)2]S .
⇐ Suppose that T is a relative (0, 2)-Γ-hyperideal of H . Then, T is a relative (2, 2)-quasi-
Γ-hyperideal of H as (T 2 ◦ Γ ◦ S]S ∩ (S ◦ Γ ◦ T 2]S ⊆ (S ◦ Γ ◦ T 2]S ⊆ T and (T ]S = T.
By the hypothesis, we find that

((T 2 ∪ T 2 ◦ Γ ◦ S)2]S = T.

In a similar fashion, let I be a relative (2, 0)-Γ-hyperideal of H . Therefore, I is a relative
(2, 2)-quasi-Γ-hyperideal of H . So, ((I2 ∪ S ◦ Γ ◦ I2)2]S = I . Hence we receive that H
is a relative completely 2-duo ordered Γ-semihypergroup. □

The following result provides us the necessary and sufficient condition for an ordered Γ-
semihypergroup H to be a relative completely regular ordered Γ-semihypergroup in the
form of a relative (2, 2)-Γ-hyperideal of H .

Lemma 3.3. Suppose that H is an ordered Γ-semihypergroup. Then H is a relative com-
pletely regular if and only I = (I2]S for any relative (2, 2)-Γ-hyperideal I of H .

Proof. Suppose that H is a relative regular completely ordered Γ-semihypergroup. Fur-
thermore, suppose that I is a relative (2, 2)-Γ-hyperideal of H . We then receive the fol-
lowing:

I ⊆ (I2 ◦ Γ ◦ S ◦ Γ ◦ I2]S
⊆ (I2 ◦ Γ ◦ S ◦ Γ ◦ (I2 ◦ Γ ◦ S ◦ Γ ◦ I2]S ◦ Γ ◦ (I2 ◦ Γ ◦ S ◦ Γ ◦ I2]S ]S
⊆ (I2 ◦ Γ ◦ (S ◦ Γ ◦ I2 ◦ Γ ◦ S) ◦ Γ ◦ I2 ◦ Γ ◦ I2 ◦ Γ ◦ S ◦ Γ ◦ I2]S
⊆ ((I2 ◦ Γ ◦ S ◦ Γ ◦ I2) ◦ Γ ◦ (I2 ◦ Γ ◦ S ◦ Γ ◦ I2]S
⊆ (I2]S

⊆ (I2]S

⊆ (I]S = I.

Therefore, I = (I2]S .
⇐ Suppose that I = (I2]S for all (2, 2)-Γ-hyperideal I of H . Furthermore, suppose that
s ∈ S. Then, we receive the following:

s ∈ [s]2,2 = (([s]2,2)
2]S

= ((s ∪ s2 ∪ s3 ∪ s4 ∪ s2 ◦ Γ ◦ S ◦ Γ ◦ s2]2]S
⊆ (s2 ∪ s3 ∪ s4 ∪ s2 ◦ Γ ◦ S ◦ Γ ◦ s2]S
= (s2]S ∪ (s3]S ∪ (s4]S ∪ (s2 ◦ Γ ◦ S ◦ Γ ◦ s2]S .

Therefore, s ≤ s2 or s ≤ s3 or s ≤ s4 or s ∈ (s2 ◦ Γ ◦ S ◦ Γ ◦ s2]S . Hence in either case,
S is a relative completely regular ordered Γ-semihypergroup □

In the following result, we deduce an expression of a relative (2, 2)-Γ-hyperideal for all
(2, 2)-Γ-hyperideal of an ordered Γ-semihypergroup H given that H is a relative com-
pletely regular.

Lemma 3.4. Suppose that H is an ordered Γ-semihypergroup. If H is a relative completely
regular , then (P ◦Γ◦Q]S is a relative (2, 2)-Γ-hyperideal of H for all (2, 2)-Γ-hyperideal
P,Q of H .
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Proof. We have the following:

(P ◦ Γ ◦Q]2S ◦ Γ ◦ S ◦ Γ ◦ (P ◦ Γ ◦Q]2S = (P ◦ Γ ◦Q]S ◦ Γ ◦ (P ◦ Γ ◦Q]S ◦ Γ ◦ S]S◦
Γ ◦ (P ◦ Γ ◦Q]S ◦ Γ ◦ (P ◦ Γ ◦Q]S ◦ Γ ◦ S]S
⊆ (P ◦ Γ ◦Q ◦ Γ ◦ S ◦ Γ ◦ P ◦Q]S

⊆ (P ◦ Γ ◦ S ◦ Γ ◦ P ◦ Γ ◦Q]S

⊆ ((P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2]S ◦ Γ ◦ S ◦ (P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2]S ◦ Γ◦]S
⊆ (P 2 ◦ Γ ◦ (S ◦ Γ ◦ P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2 ◦ Γ ◦ S) ◦ Γ ◦ P 2 ◦ Γ ◦Q]S

⊆ (P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2 ◦ Γ ◦Q]S

⊆ (P ◦ Γ ◦Q]S .

Therefore, we receive the following:

(P ◦ Γ ◦Q]2S ◦ Γ ◦ S ◦ Γ ◦ (P ◦ Γ ◦Q]2S ⊆ (P ◦ Γ ◦Q]S

and ((P ◦Γ ◦Q]S ]S = (P ◦Γ ◦Q]S . Hence, (P ◦Γ ◦Q]S is a relative (2, 2)-Γ-hyperideal
of H . □

In the following result, we derive the necessary and sufficient condition for a relative (2, 2)-
Γ-hyperideal of an ordered Γ-semihypergroup H to become a relative quasi-Γ-prime.

Lemma 3.5. Suppose that H is an ordered Γ-semihypergroup. Then, Q = (Q2]S for every
relative (2, 2)-Γ-hyperideal Q of H if and only if a relative (2, 2)-Γ-hyperideal of H is a
relative quasi-Γ-prime.

Proof. Suppose that Q is a relative (2, 2)-Γ-hyperideal of H such that I = (I2]S . Further-
more, suppose that Q is a relative (2, 2)-Γ-hyperideal of H such that I2 ⊆ Q. Then, we
receive the following: I = (I2]S ⊆ Q = Q. Therefore, Q is a relative quasi-Γ-semiprime
(2, 2)-Γ-hyperideal of H .
⇐ Suppose that every relative (2, 2)-Γ-hyperideal of H is a relative quasi-Γ-semiprime.
Furthermore, suppose that I a relative (2, 2)-Γ-hyperideal of H . Then, (I2]S ⊆ I . More-
over, we show that I ⊆ (I2]S . For the following:

(I2]2S ◦ Γ ◦ S ◦ Γ ◦ (I2]2S = (I2]S ◦ Γ ◦ (I2]S ◦ Γ ◦ (S]S ◦ Γ ◦ (I2]S ◦ Γ ◦ (I2]S
⊆ (I2 ◦ Γ ◦ S ◦ Γ ◦ I2 ◦ Γ ◦ I]S
⊆ (I ◦ Γ ◦ I]S
⊆ (I2]S ,

and ((I2]S ]S = (I2]S , this shows that (I2]S is a relative (2, 2)-Γ-hyperideal of H . By
the hypothesis, we obtain (I2]S is a relative quasi-Γ-semiprime. As I2 ⊆ (I2]S , and
I ⊆ (I2]S . Hence I = (I2]S . □

In the following result, we show the necessary and sufficient condition for (2, 2)-Γ-hyperideal
to be a relative quasi-Γ-semiprime if a relative completely regular and relative (2, 2)-Γ-
hyperideal of H forms a chain with inclusion in case of 2-duo ordered Γ-semihypergroup.

Theorem 3.6. Suppose that H is a 2-duo ordered Γ-semihypergroup. Then every relative
(2, 2)-Γ-hyperideal of H is a relative quasi-Γ-semiprime if and ony if H is a relative
completely regular and relative (2, 2)-Γ-hyperideal of H forms a chain with inclusion.

Proof. Suppose that every relative (2, 2)-Γ-hyperideal of H is a relative quasi-Γ-prime.
We know that every relative quasi-Γ-semiprime (2, 2)-Γ-hyperideal of H is a relative
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quasi-Γ-semiprime (2, 2)-Γ-hyperideal of H , therefore, we observe that every quasi-Γ-
semiprime (2, 2)-Γ-hyperideal of H is a relative quasi-Γ-semiprime. We now have I =
(I2]S for any relative (2, 2)-Γ-hyperideal I of H . We know that every quasi-Γ-prime
(2, 2)-Γ-hyperideal of H is a relative quasi-Γ-semiprime (2, 2)-Γ-hyperideal of H , we ob-
serve that for every quasi-Γ-prime (2, 2)-Γ-hyperideal of H . We thus obtain that H is a
relative completely regular. Furthermore, let P and Q be relative (2, 2)-Γ-hyperideal of
H . We observe that (P ◦ Γ ◦ Q]S is a relative (2, 2)-Γ-hyperideal of H . By the given
hypothesis, we see that (P ◦ Γ ◦Q]S is a relative quasi-Γ-prime. It then follows the below
two cases:
Case I: Let P ⊆ (P ◦ Γ ◦Q]S . We now receive the following:

Q ⊆ (P ◦ Γ ◦Q]S

⊆ ((P 2 ◦ Γ ◦ S ◦ ΓP 2]S ◦ Γ◦]S
⊆ ((P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2]S ◦ Γ ◦ P ◦ Γ ◦ S ◦ Γ ◦ P 2]S

⊆ (P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2]S .

As (S ◦ Γ ◦ P 2]S is a relative (0, 2)-Γ-hyperideal of H which is a 2-duo ordered Γ-
semihypergroup, then (S ◦ Γ ◦ P 2]S is a relative (2, 0)-Γ-hyperideal of H . Therefore,
we receive the following:

(P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2 ◦ Γ ◦ S]S ⊆ (P 2 ◦ Γ ◦ (S ◦ Γ ◦ P ]S ◦ Γ ◦ (S ◦ Γ ◦ P 2]S ◦ Γ ◦ S]S
⊆ (P 2 ◦ Γ ◦ (S ◦ Γ ◦ P 2]S ]S

⊆ (P 2 ◦ Γ ◦ S ◦ Γ ◦ P 2]S

⊆ (P ]S

⊆ (P ]S = P.

Thus, Q ⊆ P . From both the cases, we have that a relative (2, 2)-Γ-hyperideal of H form
a chain by inclusion.
⇐ Suppose that H is a relative regular completely ordered Γ-semihypergroup and a relative
(2, 2)-Γ-hyperideals of H form a chain by inclusion. Let P,Q and K be relative (2, 2)-Γ-
hyperideals of H such that P ◦Γ◦Q ⊆ K. We now receive P = (P 2]S and Q = (Q2]S . If
P ⊆ Q, then P = (P 2]S ⊆ (P ◦Γ◦A]S ⊆ (K]S = K. In a similar fashion, if Q ⊆ P , we
get Q = (Q2]S ⊆ (P ◦ Γ ◦Q]S ⊆ (K]S = K. Hence, K is a relative quasi-Γ-prime. □

4. CONCLUSIONS AND/OR DISCUSSIONS

As an insight and impact of this paper, for our unique research contributions, we have
shown the necessary and sufficient condition for an ordered Γ-semihypergroup to be a rela-
tive completely regular 2-duo ordered Γ-semihypergroup with a relative (2, 2)-Γ-hyperideal
and any relative (2, 2)-quasi-Γ-hyperideal. Then, we have obtained the necessary and
sufficient condition Q = (Q2]S for every relative (2, 2)-Γ-hyperideal Q to be a relative
quasi-Γ-prime. Also, we have proved the necessary and sufficient condition for relative
(2, 2)-Γ-hyperideal to be a relative quasi-Γ-prime of a relative completely regular and rel-
ative (2, 2)-Γ-hyperideal of H forming a chain with the desired inclusive condition. One
can explore this much sought after area of research studied in the paper to the context of
po-ternary Γ-semihypergroups and other possible algebraic structures in terms of relative
Γ-hyperideals as some of potential directions for future work.



RELATIVE (2, 2)-Γ-HYPERIDEALS 55

5. ACKNOWLEDGEMENTS

The authors are grateful to the referees for their valuable comments and suggestions for
improving the paper.

REFERENCES

[1] A. Basar, Shaista and B. Satyanarayana, A note on completely regular 2-duo ordered Γ-semihypergroups
by relative ordered quasi-Γ-hyperideals and relative ordered Γ-hyperideals, Alochana Journal, 13(1)(2024),
69-77.

[2] A. Basar, S. Kumari and B. Satyanarayana, On Some Properties of Relative Hyperideals In Relative Regular
Ordered Krasner Hyperrings, GIS Science Journal, 10(1)(2023), 306-328.

[3] A. Basar, A. Ahmad, B. Satyanarayana, P. K. Sharma and M. Sanjeel, On relative ordered Gamma-
hyperideals and relative prime segments in chain ordered Gamma-semihypergroups, Journal of Xi’an Uni-
versity of Architecture & Technlogy, 14(8)(2022), 300-309.

[4] A. Basar, A. Ahmad, P. K. Sharma, and S. Bhavanari, On relative ordered Hoehnke Γ-hyperideal and Γ-
hyperideals in chain ordered Γ-semihypegroups, GIS Science Journal, 9(7)(2022), 2793-2803.

[5] A. Basar and B. Davvaz, On relative quasi hyperideals and relative bi-hyperideals in ordered semihyper-
groups, Palestine Journal of Mathematics , 11(3)(2022) , 308–322.

[6] A. Basar, On Some Relative Weakly Hyperideals and Relative Prime Bi-Hyperideals in Ordered Hy-
persemigroups and in Involution Ordered Hypersemigroups, Annals of Communications in Mathematics,
3(1)(2020),63-79.

[7] A. D. Wallace, Relative Ideals in Semigroups I, Colloq. Math., (1962), 55-61.
[8] D. Heidari and B. Davvaz, Γ-Hypergroups and Γ-Semihypergroups Associated to Binary Relations., Iran.

J. Sci. Technol. Trans. A Sci., 35(2) (2011), 69–80.
[9] D. Heidari, S. Ostadhadi Dehkordi, and B. Davvaz, Γ-semihypergroups and their Properties, Politehn. Univ.

Bucharest Sci. Bull. Ser. A Appl. Math. Phys., 72(1) (2010), 195–208.
[10] D. Heidari and B. Davvaz, On ordered hyperstructures, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl.

Math. Phys., 73 (2) (2011), 85-96.
[11] F. Marty, Surune generalization de la notion de groupe, 8eme ‘ Congres Math. Scandinaves, Stockholm,

(1934), 45-49.
[12] B. Davvaz, A brief survey on algebraic hyperstructures: Theory and applications, Journal of Algebraic

Hyperstructures and Logical Algebras, 1(3)(2020), 15-29.
[13] B. Davvaz and S. Omidi, C-Γ-hyperideal theory in ordered Γ-semihypergroups, Journal of Mathematical

and Fundamental Sciences, 49(2)(2017), 181-192.
[14] M. Kondo and N. Lekkoksung, On Intra-Regular Ordered Γ-Semihypergroups, Int. J. Math. Anal. (Ruse),

25-28(7)(2013), 1379–1386.
[15] L. K. Ardekani and B. Davvaz, Ordered semihypergroup constructions, Bol. Mat. 25(2) (2018), 77-99.
[16] N. M. Khan and M. F. Ali, Relative bi-ideals and relative quasi ideals in ordered semigroups, Hacet. J. Math.

Stat., 20(10) (2020), 1–12.
[17] M. F. Ali, N. M. Khan and A. Mahboob, Relative Ideals in Ordered Semigroups, Indian Journal of Pure and

Applied Mathematics, 51 (2020), 1497–1514.
[18] O. Steinfeld, Quasi ideals in Rings and Semigroups, vol. 10 of Disquisitiones Mathematicae Hungaricae,

Akademiai Kiado, Budapest, Hungary, 1978.
[19] P. Luangchaisri and T. Changphas, On completely regular 2-duo semigroups, Quasigroups Relat. Syst., 29

(2021), 89-96.
[20] R. A. Good and D. R. Hughes, Associated groups for a semigroup, Bull. Amer. Math. Soc., (58)(1952),

624-625.
[21] S. Lajos, On (m,n)-ideals of semigroups, Abstracts of Second Hungar. Math. Congress I, (1960), 42-44.
[22] S. M. Anvariyeh, S. Mirvakili, B. Davvaz, On Γ-Hyperideals in Γ-Semihypergroups, Carpathian J. Math.,

26(1)(2010), 11–23.
[23] W. Jantanan, P. Singavananda, A. Iampan and R. Chinram, On completely regular 2-duo ordered semihy-

pergroups, Journal of Information & Optimization Sciences, 44(5)(2023), 895–908.

ABUL BASAR

DEPARTMENT OF MATHEMATICS, MILLAT COLLEGE, A CONSTITUENT UNIT OF L. N. MITHILA UNIVER-
SITY, BIBI PAKAR, DARBHANGA, BIHAR, INDIA

Email address: basar.jmi@gmail.com



56 BASAR, SHAISTA, SATYANARAYANA, AHMAD, SHARMA AND ABBASI

SHAISTA

RUDAULI, WARD NUMBER 11, BLOCK: BAJPATTI, SUBDIVISION: PUPRI, SITAMARHI, BIHAR-843 333,
INDIA

Email address: shaistabasar56@gmail.com

BHAVANARI SATYANARAYANA

DEPARTMENT OF MATHEMATICS, ACHARYA NAGARJUNA UNIVERSITY, GUNTUR, ANDHRA PRADESH, IN-
DIA

Email address: bhavanari2002@yahoo.co.in

AYAZ AHMAD

UNIVERSITY DEPARTMENT OF MATHEMATICS, L. N. MITHILA UNIVERSITY, KAMESHWARANAGAR, DARB-
HANGA, BIHAR, INDIA

Email address: ayazahmadmillat.college@gmail.com

POONAM KUMAR SHARMA

P G DEPARTMENT OF MATHEMATICS, D A V COLLEGE, JALANDHAR, PUNJAB, INDIA

Email address: pksharma@davjalandhar.com

MOHAMMAD YAHYA ABBASI

DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI-110 025, INDIA

Email address: mabbasi@jmi.ac.in


	1. Introduction
	2. Review of Basic Definitions and Fundamentals
	3. Relative (2, 2)–hyperideals of 2-duo ordered -semihypergroups
	4. Conclusions and/or Discussions
	5. Acknowledgements
	References

