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ON INTERVAL VALUED FUZZY PRIME IDEALS OF I'-SEMIRINGS

M. MURALI KRISHNA RAO* AND NOORBHASHA RAFI

ABSTRACT. In this paper, we introduce the notion of interval valued fuzzy prime ideals
of I'—semirings.We study, some properties of prime ideals of a I'—semirng in terms of
interval valued fuzzy ideals.

1. INTRODUCTION

In 1995, M. Murali Krishna Rao [[16} [17] introduced the notion of a I'—semiring as a
generalization of I'—rings, rings, ternary semirings and semirings. Murali Krishna and his
co-authors introduced many concepts in I'—semirings(see 18,119} 20,121}, 22]). Notion of a
semiring was introduced by H.S.Vandiver[6] in 1934. A semiring is a well known Univer-
sal algebra. In [24], Allen Studied fundamental theorem of homomorphism on semirings.
If in a ring, we do away with the requirement of having additive inverse of each element
then the resulting algebraic structure becomes a semiring. As a generalization of a ring,
the notion of a I'—ring was introduced by N. Nobusawa [23] in 1964. In 1981, M. K. Sen
[14] introduced the notion of a I'—semigroup as a generalization of a semigroup. In 1965,
Zadeh[7] introduced the fuzzy theory. The aim of this theory to develop theory which deals
with problem of uncertainity. After 10 years Zadeh[§] introduced the notion of interval-
valued fuzzy sets The fuzzification of algebraic structure was introduced by Rosenfeld [3]]
and he introduced the notion of fuzzy subgroups in 1971. The concept of interval valued
fuzzy subset in algebra was initiated by Biswas. After the i-v fuzzy sets have been intro-
duced (see [10L 9} [11} 14} 26} 27, 15, 25} [13] [12]]), some theories related with i-v fuzzy sets
have been developed. It is therefore important to use interval-valued fuzzy sets in appli-
cations, such as fuzzy control. One of the computationally most intensive parts of fuzzy
control is defuzzification. A.B.Saeid et al., introduced the I' — BC K —algebras[1]] and
studied fuzzy ideals in I' — BC K —algebras|2]. In this paper, we introduce the notion of
interval valued fuzzy prime ideals of I'—semirings. We study some properties of prime
ideals of a I'—semirng in terms of interval valued fuzzy ideals.
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2. PRELIMINARIES
In this section, we recall some definitions introduced by the pioneers in this field earlier.

Definition 2.1. [24] A set S together with two associative binary operations called addition
and multiplication (denoted by + and - respectively) will be called semiring provided
(i). Addition is a commutative operation.
(i1). Multiplication distributes over addition both from the left and from the right.
(iii). There exists 0 € Ssuchthatz +0=xandxz-0=0-z=0forall x € S.

Definition 2.2. [[14] Let M and I be two non-empty sets. Then M is called a I'—semigroup
if it satisfies

(1) xay € M,

(i) za(yBz) = (zay)Bz, forall z,y,z € M,a, B €T.

Definition 2.3. [16] Let (M, +) and (T', +) be commutative semigroups. A I'—semigroup
M is said to be a I'—semiring M if it satisfies the following axioms, for all z,y,z € M
anda, S €T
() za(y+ 2) = zay + zaz,
(i) (z+y)az = zaz + yaz,
(i) z(a+ B)y = zay + zBy.

Every semiring M is a I'—semiring with I' = M and ternary operation as the usual
semiring multiplication

Definition 2.4. [16] A I'—semiring M is said to have zero element if there exists an ele-
ment 0 € M suchthat 0+ =z =z + 0 and Oax = za0 = 0, forall x € M.

Definition 2.5. [15] A non-empty subset A of a '—semiring M is called
(i) aI'—subsemiring of M if (A, +) is a subsemigroup of (M, +) and AT'A C A.
(ii) a quasi ideal of M if A is a I'—subsemiring of M and A'M N MT A C A.
(iii) a left (right) ideal of M if A is a '—subsemiring of M and MT A C A(ATM C
A).
(iv) anideal if A is a I'—subsemiring of M, ATM C A and MT'A C A.

Definition 2.6. [[16] A function f : R — M where R and M are I"'—semirings is said to
be a I'—semiring homomorphism if f(a+b) = f(a) + f(b) and f(aad) = f(a)a f(b) for
alla,be R,a eT.

Definition 2.7. [16] Let M be a non-empty set. A mapping f : M — [0,1] is called
a fuzzy subset of a I'—semiring M. If f is not a constant function then f is called a
non-empty fuzzy subset

Definition 2.8. [[15] Let f be a fuzzy subset of a non-empty set M, for ¢ € [0, 1] the set
fir={x € M| f(x) > t} is called a level subset of M with respect to f.

Definition 2.9. [15] Let M be a I'—semiring.A fuzzy subset p of M is said to be a fuzzy
I"'—subsemiring of M if it satisfies the following conditions

(i) p(x +y) = min {u(@), 1w(y)}
(17) p(zay) > min {p(x), u(y)}, forall z,y € M, € T.

Definition 2.10. [15] A fuzzy subset p of a I'—semiring M is called a fuzzy left (right)
ideal of M if for all z,y € M, «a € I it satisfies the following conditions

(1) p(x +y) > min{u(x), p(y)}
(i1) p(woy) = p(y) (u(x)), forallz,y € M, a € I.
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Definition 2.11. [15] A fuzzy subset x of a I'—semiring M is called a fuzzy ideal of M if
it satisfies the following conditions

() p(z +y) = min{pu(x), p(y)}
(17) p(zay) > maz {u(z), u(y)}, forallz,y € M,a €T

3. INTERVAL VALUED FUZZY PRIME IDEALS OF I'—SEMIRINGS

In this section, we introduce the notion of interval-valued fuzzy prime ideals of
I"'—semirings, interval valued Fuzzy prime ideals of I'—semirings. And also we study,
some properties of prime ideals of a I'—semirng in terms of interval valued fuzzy prime
ideals. An interval [a~,a™], where 0 < a~ < a™ < 1 is called an interval number and
it is denoted by @. Let D[0, 1] denotes the family of closed subintervals of [0, 1] with the
minimum element 0 = [0, 0] and maximal element 1 = [1, 1] according to partial order
[a,b] < [e,d] = a < cand b < d. Defined on D[0, 1] for all [a, ], [c,d] € D[0,1].

The interval min-norm is a function min : D[0, 1] x D[0,1] — DJ[0,1] is defined by

min[@,b | = [min(a=,b~), min(a*,b")], for all [@,b] € D, where @ = [a~,aT],b =
b=, bH].

The interval max-norm is a function max : D[0,1] x D[0,1] — DIJ0, 1] is defined by
max|a, b | = [max(a~,b”), max(at, b+)l], for all [@,b] € D, wherea = [a,a"],b =
b, 5],

Let M be a non-empty set. A mapping iz : M — DJ0, 1] is called an interval valued

fuzzy subset of M. For simplicity, interval valued fuzzy subset of M is denoted by IVFS
of M.
Let & be an interval valued fuzzy subset of a I'—semiring M then fi(z) is an interval
number, where z € M. Suppose fi(z) = [a, b], for some z € M. Then0 < a < b < 1. We
define two fuzzy subsets = (z) = a and pt(z) = b. Therefore, for all x € M, 1(x) =
(1w (), p* ()] <[0,1].

Let A be a subset of a I'—semiring M. Then the interval valued characteristic function
1, ifreA
0, ife¢gA’

Let 711, i, be interval valued subsets of M. Then 7z, is said to be subset of 7i, if i; (z) <
Tig(x), for all x € M. Tt is denoted by i; C fi,. Let iy and fi, be an interval valued fuzzy
subset of a I'—semiring M.

XA : M — D isdefined by xa(xz) = {

. _ sup {min(z; (a), Bz (D)},
Then 7z, o T, is defined as [i; o iy (x) = { v=aab !
0, otherwise.
Let &z be interval valued fuzzy subset of M and f be a mapping from a set M to a set N.
Then the pre-image f~!(f) is defined by f~1(7)(x) = 1u(f(x)), for all z € M.
The image f (i) is an interval valued fuzzy subset of N defined by
3 inf u(y), if f~H(z) # ¢
f(m) = ve!

1, otherwise.

Definition 3.1. A non-empty interval valued fuzzy subset j; of a I'—semiring M is said to
be an interval valued fuzzy ideal of M if it satisfies the following conditions.

(@) fi(x +y) > min{a(x), p(y)}
() g(zay) > max{a(z), i(y)}, forallz,y € M, €T.
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Definition 3.2. An interval valued fuzzy ideal fi of a I'—semiring M is said to be an
interval valued fuzzy prime ideal of M if [ is not a constant function and for any interval
valued fuzzy ideals ;17 and fip of M, gy o pio C = pin C por i C [

Example 3.3. Let M be set of non-negative integers and I" be set of all natural numbers.
Then M is a I'—semiring with respect to all usual addition and ternary operation and usual
multiplication

1, ifzx=0
i(x) = <[0.5,0.6], ifnisodd
[0.7,0.8], ifniseven.
Then f is an interval valued fuzzy ideal of M.

The following theorems are straight forward verification.

Theorem 3.1. Let i be an interval valued fuzzy ideal of a I'—semiring M. Then p(0) >
a(x), forall x € M.

Theorem 3.2. A non-empty interval valued fuzzy subset fi of a I'—semiring M is an inter-
val valued fuzzy ideal of M if and only if U ([, [s, t]) is an ideal of M, for all [s,t] € Im[i

Theorem 3.3. Let I be a non-empty subset of a U'—semiring M and [a,b] C [c,d] # 0 be
any two interval numbers on [0, 1]. The interval valued fuzzy subset Ti of M is defined by

le,d], fzel
[a,b], otherwise .

Then 11 is an interval valued ideal of a I'—semiring M if and only if I is an ideal of a
I'—semiring M.

Proof. Suppose I is an ideal of a I'—semiring M.
Then 7z(0) = [¢,d], 0 € I = fiis non-empty. Let z,y € M and a € T".
Case 1: Suppose max(f(z), i(z)) = [a, b]. Then
i(z) = [0, b] and Fi(y) = [a, b].
fi(z +y) = [a.b]

and fi(zay) > [a,b]

Case 2: Suppose max(fi(z), i(z)) = [¢, d]. Then
i(x) = [e,d] or fiy) = [c, d]
=sxeloryel
=zxay € I, since I is an ideal.
Then fi(ay) = [c,d] = max(@(x), 7i(y)

N7
= min(fi(x), 1(y)) = [a,blale, d].

) =
Suppose min(i(), 7i(y)) = [a, b]. Then fi(z + ) > mins(a(x), i(y)
Suppose min(7(x), 7i(y)) = [c, d]. Then i(z) = [¢, d] and 7i(y) = [c. d]
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=xz,yel
>z+yel
= (@ +y) = ¢, d] = min(E(x), 7(y)).
Hence fz is an interval valued fuzzy subset of a I'—semiring M.
Conversely, suppose 7z is an interval valued fuzzy subset of a I'—semiring M.
Then 1 is non-empty fuzzy sub set. So 1 is non zero
= Ti(x) = [¢,d], for some x € M. Let x,y € I. Then fi(x) = T(y) = [c, d].
Since 1z is an interval valued fuzzy ideal of M, we have

fi(z +y) = min(([¢, d], [¢,d]) = [¢,d]
=7z +y) = [c,d]
=T(z +y) = [¢, d], by definition of 7.
=x+ycl

Letx € I,y € M and a € T'. Then fi(z) = [c, d]

= fi(zay) > max(f(z), fi(y)) = [c,d]

= fi(zay) = [c, d], by definition &z

= zay € 1.

Similarly we can prove that yax € I.

Hence the theorem. (]

Corollary 3.4. Let M be a I'—semiring and I be a subset of M. Then I is an ideal of M
if and only if i is an interval valued fuzzy ideal of M.

Theorem 3.5. Let i be an interval valued fuzzy ideal of a I'—semiring M. Then the set
Tio ={x € M | fi(x) =1(0)} is an ideal of M.

Proof. Obviously 71 is non-empty. Let x € 11y, € I,y € M. Then
Alzay) > max(q(z), fly))
= max((0), 7i(y))
= 71(0), since (0) > f(y), forally € M.

Thus zay € fyg.
Similarly we can prove that yax € 1(0). Let z,y € 1(0).
Then i(x) = 72(0) and 7z(y) = 1(0). We have

aly) > miin(ﬁ(l’)aﬁ(y))
= min(7(0), ii(y))

=70
and 7i(x +y) < 71(0)
= iz +y) =7(0)

I
= x+y € u(0).

Hence the theorem. O

Theorem 3.6. If i is an interval valued fuzzy prime ideal of a T'—semiring M then 1i(0) =
1.
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Proof. Let i be an interval valued fuzzy prime ideal of a I'—semiring M. Suppose 1(0) #
1. Since 7 is an interval valued prime ideal of a I'—semiring M, there exists a € M such
that (0) > 7i(a).

We define two fuzzy subsets 7i; and 1z, of M by

_ 1, ifzemnm(0) _ _
fin(w) = 4= .( ); fiz(x) = 7(0).
0, otherwise

Then clearly, 7z, is an interval valued fuzzy ideal of a I'—semiring M. Since 7i5 is a constant
function, [, is an interval valued fuzzy ideal of a I'—semiring M.
Letx € M,fi(z) = 11(0),y € M and o € T'. Then 71y (z) = T.

min(7y (z), iz (y)) = 72 (y)
— 7(0)
7(0) > z(zay)
> fi(z) = 1(0)
= fi(ray) = 1(0), forany y € M

Suppose z € M and 7i(z) # 1(0). Then 7z, = 0.
min(r (2), 7y 1) = 0 < i(way)
= (i1 0 fig)z = sup {miin(ﬁl (), Ao (y))}

z=zQay

< (z), forall z € M.
Therefore [z, o 115 C 7i;.
Since & is an interval valued fuzzy prime ideal of a I'—semring, 11; C 1 or 11, C 7.
Therefore, we have
7 (z) <oy (x) and i, (y) < 1i(y) = 0 < 7a(x) and 72(0) < fi(y), which is a contradition.
Hence the theorem. (]

Theorem 3.7. Let 1u be an interval valued fuzzy prime ideal of a I'—semiring M. Then
Im(p) = 2.

Proof. Since [i is a prime ideal, [ is non-constant and Im(fx) > 2.
Suppose I'm(z) > 2. Letr,s € M and 1 > fa(r) > fi(s). Define two fuzzy subsets

1, ifze<r>
m(z) = <7 e ) " ; and iy (z) = 71,.(0), forallz € M.
0, otherwise

Obviously fi; (z) and fi, () are interval valued fuzzy ideals of M.
Suppose x €< r >andy € M, € I'. Then i, (z) = T and 7(x) > m(r).

A(zay) > a(r)
= 7i(r)
= min(7i (v), i1 (y))-

Suppose z € M and x ¢< r >, € T. Then 1 (z) = 0.
A(zay) = min(f, (), 7, (y)) = 0. Therefore
7
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(71 o 7i5)(2) = sup {min(7, (), 72 (y)) }

z=zxay ?
<7(z), forall z € M
fiy © fig & .
Since 7z is an interval valued fuzzy prime ideal.
We have 11; C 1z or i1, C . But
T > f(r) = @y (x) > @(r) and I, (y) = f(r) > 7(s), which is a contradiction.
Hence I'm(p) = 2. O

The following theorem characterizes to interval valued fuzzy prime ideal of a I'—semiring
M.

Theorem 3.8. Let I be a prime ideal of a T'—semiring M and [a,b] € D[0,1] \ {1}. and
Tt be an interval valued fuzzy subset of a I'—semiring M, defined by,

Ay (2) = {1’ yrel

[a,b], otherwise
Then [t is an interval valued fuzzy prime ideal of a I'—semiring M.
Proof. Clearly, 1z is an interval valued fuzzy ideal of a I'—semiring M.
Let fz; and 7z, be two interval valued fuzzy subsets of a I'—semring M such that z; o fi5 C
7.
Suppose 7i; € 7 and i, € fi. Then there exist s,t € M such that
() £ 7i(s) and 7y (1) £ 7(t). Suppose iy (s) > fi(s) and iy () > Fi(t).
Then 7i(s), fi(t) # 1. Therefore fi(s) = fi(t) = [a, b]. Hence s,t ¢ I.
since I is a prime ideal of a I'—semring M, there exist a, 8 € I, y € M such that zaySt ¢
I = fi(sayBt) = [a,b].

Ty o fig(sayfBt) = sup  {min(7; (¢), fia(d))}

sayft=cyd
> miin(ﬁl(s)»ﬁQ(y»Bt))
> (7 (5), 7 (1)

> min(F(s). (1)
= miin([a7 bl a,b
= [a, ]

= fi(saypt).

This is a contradiction. Therefore 7i; C [z or 115 C [i.
Hence [z is an interval valued fuzzy prime ideal of a I'—semiring M. (]

)
)

Example 3.4. Let M be a I'—semiring, where M is the set of all non-negative integers
and T" be the set of natural numbers. Then (M, +) and (T, 4) are semigroups with respect
to usual addition ternary operation is defined as usual multiplication.

Let 1z be interval valued fuzzy subset of a I'—semiring M, defined by

T, ifz € {0,3,6,9, -
(@) = { { n

a [4,.5], otherwise

Then 7z is an interval valued fuzzy prime ideal of M.
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Theorem 3.9. If [ is an interval valued fuzzy prime ideal of a I'—semiring M. Then the
set iy = {x € M | fi(x) = 1(0)} is a prime ideal of a T'—semiring M.

Proof. Clearly, [ is an ideal of a I'—semiring M.

Let A, B be ideal of a '—semiring M such that AI'B C f,.

Since A, B are ideals of a I'—semiring M, X 4, Xy are interval valued fuzzy ideals of a
I'—semiring M. Let z € M. Suppose X4 © X # 0.

Xa°Xg(®) = sup {min(Xa(a),Xp(b))} #0

r=aab

= sup {min(X4(a),X5(0)} =1

r=aab
= min(x4(a), Xp(0) = T
=X4(a) =Tandxp(b) =1
=a€cAbeB
=aab € AT'B
=z = aab € 1.

Yﬂo =1
=Xa o Xp(®) =Xz, () =1
=Xxa o xB(x) < xp,(v). forallz € M

Lety € M. Suppose xz, =0 = Xg, (v) < 7ily)-
Suppose Xz, (y) = 1 =y € i,

=T7(y) = 1(0), since f is an interval valued fuzzy prime ideal

=Xz, () = 1(y)
=Xz, (¥) < A(Y)
=>xu Cp

Suppose Y4 C mand 2 € A. Then X 4(2) =1 = 7(z) =1 = 1(0).

But we have 71 is an interval valued then z € 7.

Therefore A C fi.

Similarly, we can prove that B C [i,.

Hence [i, is a prime ideal of a I'—semiring M. O

Corollary 3.10. Let i is an interval valued fuzzy subset of a I'—semiring M. Then [ is
an interval valued fuzzy prime ideal of a I'—semiring M if and only if Imfi = {1, [a, b]},
when [a,b] € D[0,1]\ {1} and @, is a prime ideal.

Corollary 3.11. Let I be a proper ideal of a I'—semiring M. Then I is a prime ideal of
M if and only if X1 is an interval valued fuzzy prime ideal of M.
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Theorem 3.12. Let i be an interval valued fuzzy prime ideal of a I'—semiring M. Then
max(fi(a), m(b)) = inf{f(aaspd) | s,a,b € M, o, € '}, forany a,b € M.

Proof. Let [z be an interval valued fuzzy prime ideal of a I'—semiring M.
Clearly, Imp = {1, [z, y]}, where [a,b] € D[0,1] \ {1}.
Case 1: Suppose max(zz(a), (b)) =1

7

=T7i(a) =Torp(b) =1

~7ila) = 7(0) or fi(b) = 7i(0)

—a € 7i(0) or b € (0)

=aasfb € 1(0)

=T(aaspb) = 1(0), forall s € M.
Therefore m?x(ﬁ(a),ﬁ(b)) = inf{fi(aaspb) | s,a,b € M,o, B € T'}.
Case 2: Suppose miax(ﬁ(a),ﬁ(b)) = [z, y]. Then

fi(a) = [z, y] and 7a(b) = [z, y] = a,b & Ty

Since 7, is a prime ideal of a I'—semiring M, there exist o, 5 € I" and s € M such that
aasfb ¢ iy = T(aaspb) = [z, y]. Therefore

max(f(a), m(b)) = inf{f(aasBhd) | s,a,b € M,a, 8 € T'}.

Hence the theorem. O

Theorem 3.13. Let i1 be an interval valued fuzzy prime ideal of a I'—semiring M. Then
filaab) = max(i(a), 7(b)).

Proof. Leta,b e M and « € I". Then,

max(fi(a), (b)) = inf{Fi(acsBb) | s,a,b € M, o, B € T} > Fi(a@ab) --- (1)

We have 7i(aab) > max(fi(a), (b)) - - (2)

Therefore, from (1) and (2), i(aad) = max(fi(a), w(b)). d

Now we defined the interval valued fuzzy prime ideal 7z of a I'—semiring M. A non-
empty set interval valued fuzzy subset iz of a I'—semiring M is said to be an interval valued
fuzzy prime ideal of M if

@) Az +y) = min(p(z), my))
() #(zay) = rnax( (), 11(y)), forall z,y € M, € T.

Theorem 3.14. Let f : M — N be a homomorphism of I —seemirings M and N. If [ is
an interval valued fuzzy prime ideal of N then f~1(T) is an interval valued fuzzy prime
ideal of M.
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Proof. Let [z be an interval valued fuzzy prime ideal of N, x,y € M and « € I". Then
FH@( +y) =af (@ +y))

( (@) + f()

min(zf (z), 7 f (y))

Zm(f L) (@), 1) ()
(f(zay))

(f (@)af(

X

I\/ ||

I
B

F7H () (way) =

|
=

Y))

| \/

(7
(@) @), [ (@) W)

= max

Hence f~ () is an interval valued fuzzy prime ideal of M. O

4. CONCLUSION

In this paper, we introduced the notion of an interval valued fuzzy prime ideal and
discussed the algebraic properties of interval valued fuzzy prime ideals of I'—semirings.
We proved that if fi(aad) = max(fi(a), w(b)), « € T, a,b € M and Im(fz) = 2. One

can extend this work by studying the other (ordered) algebraic structures.
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