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¢-DEFORMED AND A-PARAMETRIZED HYPERBOLIC TANGENT
FUNCTION RELIED COMPLEX VALUED MULTIVARIATE
TRIGONOMETRIC AND HYPERBOLIC NEURAL NETWORK
APPROXIMATIONS

GEORGE A. ANASTASSIOU

ABSTRACT. Here we study the multivariate quantitative approximation of complex valued
continuous functions on a box of RNV, N € N, by the multivariate normalized type neural
network operators. We investigate also the case of approximation by iterated multilayer
neural network operators. These approximations are achieved by establishing multidimen-
sional Jackson type inequalities involving the multivariate moduli of continuity of the en-
gaged function and its partial derivatives. Our multivariate operators are defined by using
a multidimensional density function induced by a g-deformed and A-parametrized hyper-
bolic tangent function, which is a sigmoid function. The approximations are pointwise and
uniform. The related feed-forward neural network are with one or multi hidden layers. The
basis of our theory are the introduced multivariate Taylor formulae of trigonometric and
hyperbolic type.

1. INTRODUCTION

The author in [1]] and [2]], see chapters 2-5, was the first to establish neural network ap-
proximations to continuous functions with rates by very specifically defined neural network
operators of Cardaliaguet-Euvrard and ”Squashing” types, by employing the modulus of
continuity of the engaged function or its high order derivative, and producing very tight
Jackson type inequalities. He treats there both the univariate and multivariate cases. The
defining these operators “bell-shaped” and squashing” functions are assumed to be of
compact support.

Motivations for this work are the article [[14] of Z. Chen and F. Cao, also by [3]-[12],
[15], [16].

Here we perform a g-deformed and A-parametrized, ¢, A > 0, hyperbolic tangent sig-
moid function based trigonometric and hyperbolic neural network approximations to com-
plex valued continuous functions over boxes in RN, N € N and also iterated, multi layer
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approximations. All convergences here are with rates expressed via the multivariate mod-
uli of continuity of the involved function and its partial derivatives and given by very tight
multidimensional Jackson type inequalities.

We come up with the “right” precisely defined multivariate normalized, quasi-interpolation
neural network operators based on boxes of R". Our boxes are not necessarily symmetric
to the origin. In preparation to prove our results we mention important properties of the
basic multivariate density function induced by the ¢g-deformed and A-parametrized hyper-
bolic tangent sigmoid function.

Feed-forward neural networks (FNNs) with one hidden layer here are mathematically
expressed as

Nn(x)=chU(<aj-a:>+bj), xeR’, seN,
5=0

where for 0 < j7 < n, b; € R are the thresholds, a; € R? are the connection weights,
¢j € Rare the coefficients, (aj - ) is the inner product of aj and z, and o is the activation
function of the network. In many fundamental network models, the activation function is
a kind of hyperbolic tangent sigmoid function. About neural networks read [17] - [19].

2. ABOUT ¢-DEFORMED AND A—PARAMETRIZED HYPERBOLIC TANGENT FUNCTION
9q,\

We will talk in detail about g, x, see ([12], ch. 17) and (E[) and justify that it is an activa-

tion sigmoid function and we will give several of its properties related to the approximation

by neural network operators.
So, let us consider the function

e)\x o qef)\x
gax () = ot geha Aqg>0, zeR 1)
‘We have that
1—gq
gy (0) = m
‘We notice also that
B AT _ qe)\m B %e—kx _ e B (ekaz _ %€_A$> - ,
Ya.A (-2) = e~ T 4 gerw B %e—/\x Lexz N err 4 %e—kw o _g%’)‘ (@). @
That is
gor (—2) = —g1 , (2). Yz € R, )
and
g1 () = =ggr (=7),
hence
915 (@) = ggn (=) ©)
Itis )
2 \x — —
e —q o2le
T) = = - 1
gq,A( ) 22z +q 1+ ﬁ (3—+00)
1.€.
Ggx (+00) =1, (5
Furthermore .
et —gq —q
g (T) = =1,

€T 4 (so—00) ¢
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ie.
gg.r (—o0) = —L. (6)
We find that o
dgre”™N
ggr (¥) = ———=5 >0, (7
(€2 +q)
therefore g,  is striclty increasing.
Next we obtain (x € R)
iz 22X\ q— e
(e2A% +q)
We observe that
1
q— e 20<:>q262)‘$<:)1nq22/\x<:>x§%.

Ing
2\’
And in case of © > 1;—/\‘1, we have that g, » is strictly concave down.

Clearly, g4, is a shifted sigmoid function with g4 (0) = }—IZ, and gg\ (—2) =
—gq-1,x (), (a semi-odd function), see also [L1]].

Byl > —1,z+ 1 > x — 1, we consider the function

1
Myx (7)== 1 (ggn (+1) —gga (z —1)) >0, ©)

Vz € R; ¢, A > 0. Notice that M, 5 (00) = 0, so the z-axis is horizontal asymptote.

We have that

So, in case of z < we have that g, is strictly concave up, with g (1;1—)\‘1) =0.

My (=2) = 7 (g2 (~2 4 1) gy (~2 — 1)) =
1 0r (— (= 1) = gy (~ (@ + 1) =
T(oa @D to @) = (10

(gé))\ (x+1) — g1, (x — 1)) = M%)\ (x), Vz eR.

> =

Thus
My (—x) =M1, (z), Vx €R; ¢,A >0, (11)

a deformed symmetry.
Next, we have that

1
Mé))\(x)zZ(g;v\(x—i—l)—g;’)\(x—l)), VzeR. (12)
Let z < 1;—; —Lthenz -1 <az+1< lg'—f and g, \ (x +1) > g, (z—1) (by
gq,» being strictly concave up for z < IS—/\‘I), thatis M, , (¥) > 0. Hence My, is striclty
increasing over (—oo, 1;‘—)? — ) .

Letnowz — 1> 24 thenaw +1>2—1> lg‘—f,andg;/\ (+1) < gy, (z—1), that
is My, (z) <0.

Therefore M, » is strictly decreasing over (lg—)f’ +1, —l—oo) .
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Let us next consider, 1;‘/\‘1 1<z < 1;—/3 + 1. We have that

1
él,,\ (z) = 1 (9;/,A (x+1)— gél,x (v — 1)) =

oA (z+1 2A(x—1
2q)\2 62)\(1»'"!‘1) L() — 62)\(:5—1) L() . (13)
(62,\(I+1) +q)3 (ezx(xﬂ) +q)3

Byl —1<ze MM<rtlehng<2(ztl) &g <A o g
2>\(:c+1)<0

Byz <M tleoa-1< 2 e 2\(z-1) <lng e A0 <geq-
eQAﬁ(r—l)zo_

Clearly by we get that M/, (z) <0, forz € [1;1):1 1, 1;1; + 1}

: : Ingq Ing .
More precisely M, » is concave down over [ﬁ -1, 5+ 1} and strictly concave
down over (lnq 1, l;’f + 1)

Consequently M, » has a bell-type shape over R.
Of course it holds M’ (ln q) < 0.

Atx = l;—f, we have
1
;,A(x)zz(g;,A($+l) g (x=1)) =
\ 2 (z+1) 2)\(z 1) 14)
- (
q (62,\(1+1) + q)2 (62,\@ 14+ q
Thus
o ng\ \ o2M (3R +1) 2 (1) B
q,A oN ) 4. -

q62/\ qe—2/\
qA 2) 2 o 2|~
(ge** +4q)"  (ge=** +q)

o2\ e—2)
A 2 2 (o 2|~ 15
(e2* +1) (e +1)
\ o2\ (6—2,\ + 1)2 _ 2 (€2A + 1)2 L
(e + 1) (e=2X + 1)° e
In

That is, 1;; is the only critical number of M, x over R. Hence at = = I, M, » achieves

its global maximum, which is

o (29) = 2o (1) g (22 1)) -
LI (D) — g <T+> a(sff—n_qe—xw—;—l)
1=

L Vel W U (i Vi (16)
4\ yger +qq e Vae > +qq e
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L=\ [ePr—er\]
4 [\er e A e Ater )|

102 (e*—e™) 1 e —e ™\ _ tanh()) (17
41 erdder | 2\erter) 2
Conclusion: The maximum value of M, ) is
Ing tanh ()
M — | =—, A . 18
q,\ ( 2\ ) 9 ) >0 ( )
We give
Theorem 2.1. ([12l], ch. 17) We have that
> Mya(z—i)=1 Vo eR VAqg>0. (19)
It follows
Theorem 2.2. ([12l], ch. 17) It holds
/ My (z)dz =1, X\, q>0. (20)

So that M, » is a density function on R; X, ¢ > 0.
We need the following result

Theorem 2.3. ([12]], ch. 17)Let 0 < ov < 1, and n € N with n'=® > 2 q, A > 0. Then

oo

1 . B
Z M, » (nz — k) < max {q’ } oM g—22m( =) —2an >7
q

k= —o0
{ :nw — k| > nlme
(2D
where T' := max {q, é} e*?.

Let [-] the ceiling of the number, and |- | the integral part of the number.

Theorem 2.4. ([12], ch. 17) Let z € [a,b] C R and n € N so that [na| < |[nb]. For
g > 0, X > 0, we consider the number Ay > zo > 0 with My » (29) = Mg x(0) and
Aq > 1. Then

1 1 1
] < max YANESL =:A(q). (22)
> Mg (nz—k) A M%)‘ (A%>
k=[na]
We make

Remark. ([12], ch. 17) (i) We have that

Lnb]
ngrfm k; ] My (nx —k) # 1, foratleast some x € [a,b], (23)

where A, q > 0.



146 GEORGE A. ANASTASSIOU

(i) Let [a,b] C R. For large n we always have [na] < |nb). Alsoa < £ < b, iff
[na] < k < |nb|. In general it holds

nb)
> Mya(nz—k)<1. (24)

k=[na]
We make

Remark. We introduce

N
Zgx(x1,..,xN) == Zgx (x) = HMW\ (z;), == (21,...,an) ERY X\ ¢g>0 NeN.
i=1

(25)
It has the properties:
(i) Zgx (x) >0, Vo e RV,
(ii)
Z Z’)\(l‘—k’)Z: Z Z Z Z’)\(l‘l—kl,...,{L‘N—k‘N)Zl,
k=—o00 k1=—00 ko=—o0 kn=—00
(26)
where k = (ky,....k,) € ZV,Vx € RV,
hence
(iii)
Z Zgx (nx — k) =1, (27)
k=—o0
VzeRN:neN,
and
(iv)
/ Zgx(xz)dx =1, 28)
RN
that is Z, is a multivariate density function.
Here denote ||z|| := max{|z1],...,|zn|}, = € RY, also set o := (o0, ...,00),
—00 := (—00, ..., —00) upon the multivariate context, and
[nal := ([na1], ..., [nan]),
(29)

[nb| := (|nb1], ..., [nbn]),
where a := (a1, ...,an), b:= (b1, ...,bN) .
We obviously see that

[nb] [nb] N
Z Zyx(nx—k) = Z (H My x (nx; — k:z)> =

k=[na] k=[na]

Lnb1 | [nbN | Lnb; |

N N
Z Z < Mq7)\ (TLJCZ — k’l)> = H Z MCIJ\ (nzi — kz)

ki=[na1] kn=[nan] \i= i=1 \k;=[na;]

(30)
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For0 < B <1landn €N, afixed x € RN, we have that

[nd]
Z Zgx(nx—k) =
k=[na]
[nb] [nb]

> Za (nz — k) + S Zox(nz—k). @D
{ k = [na] { k = [na]
k 1 k 1
H —LUHOO_ nh Hﬁ_xHoo> nh
In the last two sums the counting is over disjoint vector sets of k’s, because the con-
dition H% — x”oo > # implies that there exists at least one % — xr’ > %, where

ref{l,..,N}.
(v) By Theorem[2.3|and as in [9], pp. 379-380, we derive that
S 1-9
Z Zyr(nz —k) <Te 7 0< <1, (32)
k= [na)
15 ==l > 77

withn € N:n'=F > 2,z e T[N, [ai, b
(vi) By Theorem 24| we get that
0< <A@, (33)
i et Zar (0 = )
Vaoe (Hfil [ai,bi]), ne N

It is also clear that

(vii)

o0

> Zg (nw — k) < Te= 27 (34)

T

0<B<lneN:n'"#>2 RV,
Furthermore it holds

[nb]
HILH;O Z Zgx(nx—k)#1, (35)
k=[na]

for at least some x € (Hf\;1 [a;, bl])

Here (C,|-|) is the complex Banach space.

Let f € C (Hf\il [a;, b ,C) ,x = (T1,...,ZN) € vazl [ai,b;], n € N such that
[na;] < |nb;],i=1,...,N.

We introduce and define the following complex valuedmultivariate linear normalized

neural network operator (x := (x1,...,xN) € (Hfil [@;, bi})):

L)
wat £ () Zga (nz — k)
An (foxy, o an) = Ay (f,2) = el -
' N Z,E b[Jmﬂ (nm —k)
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|nby | [nb2) [nbn]
Eklzl(nal] Zkgzz[naﬂ ZkN N[naN] (7 ) TN) (Hz 1 (n‘rl - kz))

Tt (36)
Hz 1 ( ki=inai] Max (na; — kz))
For large enoughn € Nwe always obtain [na;| < |nb;|,i=1,...,N. Also a; < % <,
iﬁ‘fnaﬂ < kl < Lnbij, 1= 17 7]\/'
When g € C (Hfil [a;, bz]) we define the companion operator
i, (g,2) = St 9 (8) Zos (n — k) .

nb
ZIE Hna] (TLZC - k)

Clearly Zn is a positive linear operator. We have that

N
A, (Lz)=1 Vze (H [ai,bi]> .
i=1
. N T
Notice that A, (f) € C (Hizl [as, b;] ,c) and A, (9) € C (Hz as, bz]> .
Furthermore it holds

L"bJ |f(E)] Zgx (na — k)
An ’ k [na] _ gn , 7 38
B Y Ay ey (If1,) (39)

Ve vazl [ai,bi] .
N
Clearly |f] € C (Hi:l [a;, bl}) .
So, we have that

A (f,2)] < A (If],2), (39)
Vo e [TV, s bi VnENVfEC’(Hz Llai,bi],C) .

Letce Candg e C (Hi:l [ai,bi]) then cg € C (H
Furthermore it holds

A, (cg,z) = cA, (g,z), Yz € H [a;, b;] . (40)

Since A, (1) = 1, we get that
A, (c)=¢ VceC. 41)

We call A,, the companion operator of A,,.
For convenience we call

[nb)
A ()= > f(> x(nz —k) =

k=[na]

lnbi]  [nbs] Lnbw b e (Y
DD S N (n n) (H M, » (na; — m) , (42)
=1

ki=[nai| ka=[naz] kn=[nan]

Ve (Hﬁil [ai,bi]).
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That is

An (f,2) = ] An (f’ 2) 43)

S Zas (na — k)
Ve (HZ 1[al,b]),n€N.

Hence
A5 (£,2) = £ (@) (SA oy Zoo (nz = 1)

A, (f,x) — = . 44
(fiz) = f(2) Z;E"me] e ) (44)

Consequently we derive
[nb]

A, (F0) = T @I 2 @A@Y |4 G0 - F @) S Za(na—h)|, @)

k=[na]

va e (T, [asbi)
We will estimate the right hand side of (#3).

For the last we need

Definition 2.1. ([10], p. 274) Let M be a convex and compact subset of (RN Sl p),

p € [1,00], and (C, |-|) be a Banach space. Let f € C' (M, C) . We define the first modulus
of continuity of f as

wi ()= s f@—f@), 0<s<diam(M).  (46)
z,y € M :
e —yll, <0
If 6 > diam (M), then
wy (f,0) = wy (f, diam (M)). 47)

Notice wq (f, d) is increasing in 6 > 0.

Lemma 2.5. ([10], p. 274) We have w1 (f,0) — 0asd | 0, iff f € C (M, C), where M is

a convex compact subset of (RN, ||||p> p € [l,00].

=1

N
Let now f € C? (H [a;, b ,(C), N € N. Here f, denotes a partial derivative of f,

N
a:=(a,....,an),q; € Zy,i=1,...,N,and |a| := > a; = I, where ] = 0,1,2. We
i=1

write also f,, := ‘gzn and we say it is of order .
We denote

W (fo h) = rlnax2w1 (fash). 48)

Call also
I fallse™ = max {llfallo} (49)

where ||-|| . is the supremum norm.
In this article (see (6)) we work with p = oo.
(IT) Multivariate New Taylor formulae
We will use
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Theorem 2.6. ([13]) Let f € C? ([c,d],C), where a,x € [c,d]. Then

f(x) - f(a) = f (a)sin (z — a) + 2f" (a) sin® (x ; a) + (50)

/x [(f" @)+ £ () = (f" (a) + £ (a))]sin (z — 1) dt.
We make

Remark. Let now Q be an open convex subset of RF, k > 2; 2 = (214 ey 21), To =
(201, ..., Tor) € Q. We consider f € C?(Q,C) each second order partial derivative is

N k
denoted by f, = gxf:, where a := (1, ...,ag), o €EZT, i =1,...,kand|a| := > a; =
i=1
2. We consider g, (t) := f(xo+t(z—20)), 0 <t <1 Clearly xg +t(z — xzp) € Q.
Then

9:(0) = f(20), 9-(1)=f(2),

k
0
9. (t) = E (2i — woi) 78:{4 (zo1 +t (21 — To1) s e Tok +t (26 — Tok)) s (51
i=1 ¢

k of
g; (0) = Z (21 - £L’Oi) 87 (1'017 "'7x0k) ;
i=1 T
and

. 2
gz (t) = [(Z (zi — 0s) 8?5) f] (xo1 +t (21 — z01) 5 -y Tok + t (21 — Tok)) ,
(52)

i=1

k P 2
g (0) = [(Z (2 — 20:) 8%> f] (Zo1, -, Tok) -

Notice above the second order partials commute.
Clearly g, € C%([0,1],C), and by Theoremwe obtain

f(z1y e zi) — (o1, oy ok) = 9. (1) — g (0) =

ot Osin ()25 ©sin? (5 )+ [ a2 () (0) = 02 0+ 92 OD]sin (1 - )t
(53)

We also mention

Theorem 2.7. ([13]) Let f € C? ([c,d],C), where a,z € [c,d]. Then

f@ﬂ—f@)=f%®$ﬂﬂw—®+ﬂf%®$MF<x;a)+ (54)

/x [(f"(t) = f () = (f" (a) = f (a))]sinh (z — t) dL.
We make

Remark. Consequently, we get that
f (Zlv () Zk) - f (xOla -~'7x0k) =9 (1) — gz (0) =
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ot Oy s (1)+297 O) st (5 )+ K2 () = . () = (42 (0) = g2 O] sm (1 = ) .
(55)

We make

N
Remark. Let f € C? (H [a;, bi] 7(C), N eN

i=1
Clearly the mixed partials commute.
N
Here % = (%,..., %"), and x := (x1,...,xN), with %,x € (Hl [ai,bi]>, then (by
i=

(
, where gr t):=f (x—l—t(% —x)) 0 <t<1)wehave

(’;z B xz) % (@) sin (1) +

THIE G- )| o) s (o5}
)

Therefore it holds

|R|§/O1 S 2

N
ar=(ai,...,an),q; €Z4 IT !
N L
i=1,..,N,|a|:=> a;=2 =1
=1
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} [sin (1 — )] dt < (58)

)il
n oo

ki
n

1 N
IR TR et 111
a=(ai,...,an),o; €Z4 H . i=1

i Lo Ni=1
i=1,....N,|a[:=> a;=2
i=1

k
+wq (f,t . )}|sin(1—t)dt§(>k).
Notice here that (0 < 5 < 1)
1 i 1 .
——=x <—<|——x<—,1=1,..,N. (59)
n np n nB

We further see that

max 1 2 1
(%) < Wi’ <fm nﬂ) Z N <H nﬁm)
a::(ah..an),mEZJr IT ! ;

1,...,N,|la|:= Z ;=2 i=1

o (f, %)}A Isin (1 — &) dt =

ax f i Z 2 1
1,2 s nﬂ N nzﬁ
a:=(a1,...,an),0; €Ly H ;!
N Pl
=1, Na|=3% a=2 =1
i=1

o (f, 1)} (1 - cos (1)) = (60)
o)

We have proved that

max 1
IR| < (1—cos(1)) {“1 2 (J:;’;’ﬁ wr) N + W (f, nlﬂ) } ; (61)

1
> n/s

given that ||5 - CUH
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We notice also that

! 2
i< > x
ar=(ai,...,an),q; €Z4 H ;!

=1

i:l,.4.7N,|oz\::§: a;=2
N
(H (“> 2| fallo +2||f|oo}|Sin(1—t)dtS (62)

2

( ) =

a:=(ai,...,an),0; EZ4 H a7|
) X i=1
z:l,...,N,\a|::Z:lai:2
1
210~ all IfallZ5 + 21} ([ inta - olae) =

(21—l A5 3+ 21.) (1 —con (1)

where a := (a1, ...,an), b= (b1,...,bN) .
We have proved that

Bl < (20— all 1l 25 N2 + 20/ ) = cos () = p. (63)

3. MAIN RESULTS

Here we discuss the trigonometric approximation by using the smoothness of f.
Theorem 3.1. Let f € C? (Hl 1 [al,bl],(C) ,0< B8 <1, nNeN nbf >2
T,x0 € (Hi\;l [ai,bi]) ,a:=(a,...,an), b:= (b1, ...,bNn). Then

(i)
N
Au ()~ T (@) - (Z (S ,x>> sin (1) -

|
§
\/
&.
=}
[V}
7~ N
N | =
N———
INA

4 > fa ()

N
ar=(a,...,an),0; EZ4
2 U
i=1,...,N,|a[:=3 ;=2 -
i=1

NN { [(1 ~cos (1) {“’?SX Uit (s, nlﬁ)}

216 = all% 1l 225 N2 + 21, (1 = cos (1) T,
(ii) assume that %ﬂzo) =0,i=1,..,N,and f, (x0) =0, « : |a| = 2, we have that

|An (f,2) = f(2)] <

+ (64)
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WIS (fa: 35) N2
<A<q>>Nﬂ<1—cos<1>>{ VstV (fnlﬁ)}

2 max —_oan(1=8)
(2116 = all2, 1 £all25 N2 42110 | (1 = cos (1) Tem2 7 |

+ (65)

(iii)
[An (f,2) = f ()] < (A (g)Y

1 -
{nB + (b — a;) Te~ 2" }} sin (1) +

1 a a-p) 1
a; —2An'" T 102
W —+ < L (b’L — ai) ) T@ ] Sin <2) —+

+ (200 =l a2 N2+ 201f | (1= cos () e L L (66)

i

N
1 1 , _oan(1—8)
4 g Ifalloo | v [nzﬁ + (l | (by — a;) ,,> 2) ] sin? [ =

and
(iv) v
[An (f) = fllos < (A(q))

8f' {nlﬁ + (b — a;) Te=2xn" " } } sin (1) +

N
a:lal=2 1T o' i=1
i=1
+{ (1—005(1)){w12 (J;";’B”B) f, nﬁ H 67)
+ (216 = alZ IFall 25 N2 + 201l ] (1 = cos (1)) T L} =6 (f

We observe that A,, — I (unit operator), as n — oo, pointwise and uniformly.

Proof. Here R is as in (37). We see that

Lnb)
= Z Zyx(nz —k)R= (68)
k=[na]
Lnb) Lnb)
> Zyx(nz —k)R+ > Zyx (nz —k)R.

k= [na] k=] na]
% -2l < 5 HIw =2l > 5
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Therefore

‘We have established that

oJmax O“% N2
Ul < [a—cos(l)){ e, (7 nlﬁ)H

+ |:2 ”b - a”io ||fa||$’2( N2 +2 ||f||oo:| (1 — COS (1)) Te_QA"<17B). (70)
By (56) we observe that
[nb] I nb)
O ECET RN D SE AR B
k=[nal k=[na]
N [nb]
ki of .
(Z (( Z Zg,x (nz — k) (n - 352)) Py (96)) )sin (1) +
i=1 k=[na]
9 [nb|
2{ Z fa (x) N ( Z qu/\ (nx — k)
a:=(a,...,aN),0; €Ly H ai! k=[na]
i=1,..., N,|a\::‘]zv: ;=2 i=1

(f[l (l:; - x1> ai))} sin? <;> +U,. (71)

The last says

N 2
a:=(a1,...,aN),0; €EZ4 H ai! i=1
N Pl
i=1,..,N,|a|:=3 a;=2 =1
i=1
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‘We notice that

A5 (=)o) < A (-l 2 = Y |2 ] Zya (e -
k=[na]
[nb) N
Z #—xi Zgx (nz —k)+
k = [na
T
[nb) N
Z i—xi Zgx(nz—k) <
k = [na|
{Hﬁ—ﬂu>sﬂ
1 Lnb]
—+ (b —a) > Zyx (nz — k) <
k = [na]
YT
o b= ) T
We have proved that
45, (( = 22),2)] < =5 + (b — a) Te "7,
i=1,.., N.

Next we see that

nb| N
k=[na] (i—l "

[nb] N k. o
Z (H ifxi >Zq,,\(n;1:k)+
k= [na] =1
{HZWWS$
[nd] k; a;
Z (Z]:{ i ) Zgx(nxz—k) <

(73)

(74)

(75)
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At last we observe that

N
Au(F.2) = 1 (&) - (Z (S ,x>> sin (1) -

=1

4 3 o (2) L |4, (ﬁ (- — )™ x) sin” (;)

<
N >~
a=(a1,...,an),a; €24 H ai! i=1
N :
i:l,...,N,\a|::vZ: ;=2 i=1
(A (@)™ |Ua| =
[nb]
A @)Y AL (L)~ F@) | Y Zgatne—k) | -
k=[na]

=1

(Z ajatggi )An ((— i) ,ﬂc)> sin (1) —

N
. . 1
4 Z fa (2) <H —x;)™, ) sin? <2> .
ar=(ai,...,an),q; €Ly H ;! =1

N s
7;:1,.“,]\/',|a\::v2 a;=2 i=1
(77)
Putting all of the above together we prove the theorem. O
We make

N
Remark. Let f € C? (H [a, b ,(C), N € N. By the mean value theorem we have that
i=1
sinhz = sinh — sinh 0 = (cosh &) (x — 0) , for some & between {0, x}, for any x € R.
Hence

[sinh z| < ||cosh|| , Vo e[-1,1].

But
[[coshl| o (_y ) = cosh(1).
Thus, we have
[sinh 2| < cosh (1) |z|, V2 € [-1,1].

Let% = (k—nl, ey %\’) and z := (x1,...,TN), wzth txe <H [@;, J) then (by ,

where g« (t) ::f(x—i-t(%—m)),OStﬁl)wehave -

—f(z)= (: (Z — m) g:i (m)) sinh (1) +

2
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(1[5 o) o o1 (2)) - o]
+‘f(:c+t(fl—x)>—f(:c) }|sinh(1—t)|dt§ (80)
/01 (o Z’:W% INIZZ!) <ﬁl O m) - <fa’t i oo>
)

Notice here that (0 < 8 < 1)

,i=1,..,N. (81)

— — X
n
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We further see that

1 2 7L
(*) < cosh (1) W12 (fon n[@) Z N (H nﬁdi)
a:=(a1,...,an),; €24 H ! ‘
N ;
i=1,.,Nyfal:=3 a;=2 !

+w1<f,n16)}/01(1—t)dt:

x 1 2 1
COSh(l) wir,lg (fomnﬁ) Z N W
a::(a17~~~,ozN)}\?éi€Z+ H a;!
i=1,...,N,|la[:=3 a;=2 K
i=1

1 1
(1))

cosh (1) | w8 (fa, #) N2 1
2 n26 e S, ns) ("

We have proved that

Rl < cosh (1) {W1,2 (for 77) N +wy ( ! )}, (83)

n2b 1 nf

given that ||% — x”oo < #
We notice also that

1
|R| < cosh(l)/D Z 2

a:=(ai,...,an),a; €L4 ay!

—=

o X i=1
i=1,...,.N,|a[:=> a;=2
i=1

=P

(b - >> 21| fallc +2 f||oo} (1= )dt < @4

cosh (1) Z N2

a::(al,...,aN)}?¢€Z+ H ;!
i=1,....N,|a|:=> a;=2
i=1

1
2h — 2 . max 9 ( 1_ d> _
b= al 1Aall25 + 200} ([ =

cosh (1) {216 — all% I £all2s N2 + 201l } 5 =

[t
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cosh (1) (b - all%, | fall 25 N2 + /] )

where a := (a1, ...,an), b= (b1,...,bN) .
We have proved that

[R] < cosh (1) (IIb— al, 1 fall25 N2 + Il ) = p- (85)
We continue with the hyperbolic approximation.
Theorem 3.2. Let f € C? (Hl 1[al,bl],(C),O <pB<1,nNecNnF?>2

T, X0 € (Hf\il [ai,bi]) ya:= (ay,...,an), b:= (b1,...,bn). Then
(i)

N
An () = T (@) - (Z 2 g =) ,x>> sinh (1) ~

A
==
\
§
13
N———
@,
=
5

[V}
A
—
~__
IA

N
a:=(aq,..., an), ocLEZ+ H az i=
i=1,...N,|a|:= 2 =2 i=1
N W™ (fas 75) N 1
(8 (@) cosh (1) { [2 { N T N P
max —oan(1—8)
(16 = aliZ I£al2s N2 + 1l | e}
(ii) assume that % 0,i=1,...N,and fo (x0) =0, a: |a| = 2, we have that
|An ( z) = f (o) <
N W™ (fasms) N 1
(8 ()" (cosh (1) { [2 { e (i nﬁ)} e

max —oan(1—8)
(16 = allZ a2 N2 + £l e
(iii)

SR ] —=

1 N (1-8) 1
o\ =2 n'" T 2 -
oY + (}l_l1 (bi — a;) ) Te ] sinh <2)

N
a:la|=2 H CKZ'!
=1
Wy’ (fom nﬁ) 1
Jrcosh(l){lQ{ 3 +wp (f’nﬂ)} +
(16 = all%, 1 £all 25 N2 4 [ £l | Tem2 7 (88)
and
(v)

1A (f) = flloe < (A ()Y
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{{{ﬁ: . {nlﬁ + (b — a;) Te—””“’”}} sinh (1) +

N
1 1 o oan(1=8) ) 1
4 E Ifallw | +— 3 + (H (bi — a;) ) Te~2An ] sinh? (2>
4 i=1

a|la|=2 H !
max 1
+cosh(1){l2{w12 ({;12’[3 ﬁ) +w1 (fanlﬁ)}
(16— @l 725 N2+ U7l Te 2 b = ().

We observe that A,, — I (unit operator), as n — oo, pointwise and uniformly.

of
6:61‘

+ (89)

Proof. Here R is as in (79). We see that

[nb]
Z Zgx(nz—k)R = (90)
k=[na]
[nb] Lnb]
Z Zgx(nzx—k)R+ Z Zgx (nx —k)R.
{ k = [na] { k= [na]
Him =l <5 =l >
Therefore
Lnb]
|U,| < Zgx (nx — k)
{ k = [na)
15 =2l <7

We have established that

A (far 5
|U,| < cosh (1 )l2{ (];% )N +w1 <f,nlﬁ>}]

cosh (1) [[Ib = al, Ifall N2 + 1 Tem2 7 ©2)
By (78) we observe that
[nb] [nd]
) f( ) Ne—K) = @) | S Zarna—h) | =
k=[na) k=[na]

[nb]

N
(Z Z Zg x (nx — )<IZ—$Z) gi (z) |)sinh (1) 4+

=1 k=[na]
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[nb]
2
2 Z fa (2) N ( Z Zg,x (nz — k)
ar=(a1,...,an),0; €EZ4 H Ozi! k=[na]
A & i=1
i=1,....N,|a[:=> a;=2

i=1

(T )" P (3) 0

The last says

2 N 1
d x| (e pane () <o

(X::((X1,...,()¢N),(J¢iEZ+ H al‘ =1

- X i=1

i=1,...,N,|a|:=> a;=2

=1
(93)

As earlier it holds

1 _
A5 (= @) @) < —5 4 (b — @) Te >, 94)
i=1,...,N.

Also, as earlier we have

N
A (H (=)™ ,l’>

i=1

1 @i —oan(1=8
< nTﬁ + <H (bz — (11') ) Te 2 . (95)

At last we observe that

N
An ()~ T (@) (Z (Y ,a:>> sinh (1) -

IN

1 N 1
4 Z fa (Jf) N An ( ( - Z'L)aq ,1‘) sinh2 <2>
a::(alw")al\f);]\?‘iez+ H ai! i=1
i=1,...N [ali= 3 =2

(A ()™
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(Z 8Jacx(f>AZ ((- =) ,x)) sinh (1) —

N
1 . @ e
4 B § . fa () ~ ' Al <1:[1(—:U1) ,x) sinh <2>
a.—(al,.A.,aN),}\(,)zie + H ;! i=
i=1,...,N,|a[:=> a;=2
i=1

(96)
Putting all of the above together we prove theorem. (]

‘We make

Remark. Bywegetthat 140 (Dllae < 1l < 00, and An (f) € € (I, las,bi, ©),

given that f € C (Hf\il [ai, bi] ac>'
Clearly then

142 (Nl = 14 (An (F)lse < I1An (Dlloe < 1o - 97)

etc.
Therefore we get
145 Nl S Wfllee s YEEN, (98)
the contraction property.
Also we see that

AR (O]l < 1A )l < o < A (Do < 1 llo - (99)

Also A, (1) =1, Ak (1) =1, VkeN
Following 18.14, pp. 401-402, of |9]], similarly we obtain that

1AL = Fll ST I1AR (f) = fllo» 7 €N (100)
We give
Theorem 3.3. All as in Theorems[3.1)3.2] Then
(i)
[ALS = fllee <760 () (101)
where &, (f) as in (67).
(ii)
1AL = flloe < 7eon () (102)

where 1y, (f) as in (89).

So that the speed of convergence to the unit operator of A}, is not worse than of A,,, see
also [8]].
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