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RANDOM COUPLED CAPUTO-HADAMARD FRACTIONAL DIFFERENTIAL
SYSTEMS WITH FOUR-POINT BOUNDARY CONDITIONS IN
GENERALIZED BANACH SPACES

SAID ABBAS, NASSIR AL ARIFI, MOUFFAK BENCHOHRA AND GASTON N’GUEREKATA*

ABSTRACT. This paper deals with some existence and uniqueness of random solutions
for a coupled system of Caputo—Hadamard fractional differential equations with four-point
boundary conditions and random effects in generalized Banach spaces. Some applications
are made of generalizations of classical random fixed point theorems on generalized Ba-
nach spaces. An illustrative example is presented in the last section.

1. INTRODUCTION

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics and bio-engineering, and other applied sciences [23]]. For some
fundamental results in the theory of fractional calculus and fractional differential equations
we refer the reader to the monographs of Abbas er al. [, 3} 4], Samko et al. [21], Kilbas
et al. [1'7] and Zhou [27]], and the references therein.

In [2], the authors studied a class of fractional differential equations.involving the Caputo—
Hadamard fractional derivative, and in [11]], the authors established a four-point boundary
value problem for fractional integro-differential equations. In this article we discuss the ex-
istence and uniqueness of solutions for the following coupled system of Caputo—Hadamard
fractional differential equations

(D) (t, w) = f1(t, u(t,w),v(t, w), w)
(HeD{2v) (t,w) = falt, ult, w), v(t, w), w)
with the four-point boundary conditions
aru(l,w) — biu/ (1, w) = dyu(éy, w)
aou(T, w) + bott/ (T, w) = dou(&a, w)
azv(1,w) — b3v' (1, w) = dzv(&s, w)
aq0(T,w) + byt (T, w) = dgv(€g, w)

ctel:=[1,T,weQ, (.1

;w e Q) (1.2)
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where T > 1, a;,b;,d; € R, & € (1,T); i = 1,2,3,4, (2,.A) is a measurable space,
fi, fo i I XR™ x R™ x Q — R™; are given functions, R™; m € N* is the Euclidian Ba-
nach space with a suitable norm || - ||, ¢ D is the Caputo-Hadamard fractional derivative
of order o; € (1,2],; i =1,2.

2. PRELIMINARIES

Let C' be the Banach space of all continuous functions v from I into R™ with the
supremum (uniform) norm

[0]]o0 = sup [[u()]].
tel

By L>(Q),R;) we denote the Banach space of measurable functions from €2 into R
which are essentially bounded.

As usual, AC(I) denotes the space of absolutely continuous functions from I into R™,
and L'(I) denotes the space of Lebesgue-integrable functions v : I — R™ with the norm

ol = [ oto)at.
For any n € N*, we denote by AC™(I) the space defined by

n

AC™(I) ={w:I = E: jt—nw() e AC(I)}.

Let p
0 =t— 0, n= 1
g 1> 0 n=d+1
where [g] is the integer part of g. Define the space

ACY =={u:1— E:6" u(-)] € AC(I)}.
Also, by C := C x C' we denote the Banach space with the norm
1w, v)lle = [lufloe + [|v/loo-

Let Sgm be the o-algebra of Borel subsets of R™. A mapping v : {2 — R is said to be
measurable if for any B € fgm, one has

v (B) = {w e Q:v(w) € B} C A

To define integrals of sample paths of random process, it is necessary to define a jointly
measurable map.

Definition 2.1. A mapping 7' : 2 x R™ — R is called jointly measurable if for any
B € Bgm, one has

T7HB) = {(w,v) € Qx R™: T(w,v) € B} C A X fgm,
where A x [gm is the direct product of the o-algebras .4 and Sgm those defined in €2 and
R™ respectively.

Definition 2.2. A function T : 2 x R™ — R™ is called jointly measurable if T'(-, u) is
measurable for all w € R™ and T'(w, -) is continuous for all w € €.

Let T : Q x R™ — R™ be a mapping. Then 7' is called a random operator if T'(w, u)
is measurable in w for all v € R™ and it expressed as T(w)u = T(w,w). In this case
we also say that T'(w) is a random operator on R™. A random operator 7'(w) on F is
called continuous (resp. compact, totally bounded and completely continuous) if T'(w, u)
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is continuous (resp. compact, totally bounded and completely continuous) in « for all
w € (. The details of completely continuous random operators in Banach spaces and their
properties appear in Itoh [[14].

Definition 2.3. [8] Let P(Y') be the family of all nonempty subsets of ¥ and C' be a
mapping from Q into P(Y). A mapping T : {(w,y) : w € Q, y € C(w)} — Y is
called random operator with stochastic domain C' if C' is measurable (i.e., for all closed
AcCY, {we QCw)NA # (0} is measurable) and for all open D C Y and all
yeY, {weQ:yeCw),T(wy) € D} is measurable. T' will be called continuous
if every T'(w) is continuous. For a random operator 7', a mapping y :  — Y is called
random (stochastic) fixed point of T" if for P—almost all w € €, y(w) € C(w) and
T(w)y(w) = y(w) and forallopen D C Y, {w € Q : y(w) € D} is measurable.

Definition 2.4. A function f : [ X R x Q — R™ is called random Carathéodory if the
following conditions are satisfied:

(i) The map (¢t,w) — f(x,y,u,w) is jointly measurable for all u € R™, and
(ii)) The map u — f(¢,w,w) is continuous for all ¢ € I and w € Q.

Letz,,y € R™ withx = (z1,22,...,Zm), ¥y = (Y1,Y2, -+, Ym)-

Byz <ywemeanz; <y;; i =1,...,m.Also|z| = (|z1], |22|, ..., |Tm|), max(z,y) =
(max(xy,y1), max(r2,y2),...,max(Tm,Ym)), and RT = {zr € R™ : x; € Ry, i =
1,...,m}.IfceR thenz < cmeansz; < ¢; i =1,...,m.

Definition 2.5. Let X be a nonempty set. By a vector-valued metric on X we mean a map
d: X x X — R™ with the following properties:
(i) d(z,y) > O0forall z,y € X, and if d(z,y) = 0, then z = y;
(i) d(z,y) =d(y,z) forall z,y € X;
(iii) d(x,z) <d(z,y) +d(y,z) forall z,y, z € X.

We call the pair (X, d) a generalized metric space with d(z, y)

Notice that d is a generalized metric space on X if and only if d;; + = ,m are met-
rics on X. Similarly, we can define a generalized normed space (X, || - | w1th |z =yl =
[ =yl
12 = yll2
[l = Yllm
Forr = (r1,...,7m) € R™and 2y € X, we will denote by

B, (z9) :={z € X : d(zo,z) <r}={r € X : di(xp,x) <ri; i =1,...,m}
the open ball centered in zy with radius r and
B.(z0) ={r € X :d(wg,z) <r} ={z € X : dj(x0,2) <ri5i=1,...,m}
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the closed ball centered in zg with radius r.

We mention that for generalized metric spaces, the notations of open, closed, compact,
convex sets, convergence, and Cauchy sequence are similar to those in usual metric spaces.

Definition 2.6. [5.25] A square matrix M of real numbers is said to be convergent to zero
if and only if its spectral radius p(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc i.e. |A| < 1; for every A € C with
det(M — M) = 0; where I denotes the unit matrix of M,y (R).

Example 2.7. The matrix A € M3x2(R) defined by

a b
=(ta)
converges to zero in the following cases:
(1) b=¢=0, a,d > 0 and max{a,d} < 1.

2) c=0,a,d>0,a+d<land -1 <b<O0.
B)a+b=c+d=0,a>1,¢>0and|a—c| <1.

Let us recall some definitions and properties of Hadamard fractional integration and
differentiation. We refer to [17] for a more detailed analysis.

Definition 2.8. [17] (Hadamard fractional integral) The Hadamard fractional integral of
order ¢ > 0 for a function u € L'(I), is defined as

(T 1%)(z) = ﬁ /1 (1n f)qil @ds,

provided the integral exists.

Example 2.9. Let0 < g < 1. Then

Hrint = (Int)'*9 fora.e.t € [1,e.

1
I'(2+q)

Definition 2.10. [17] (Hadamard fractional derivative) The Hadamard fractional derivative
of order ¢ > 0 applied to the function v € ACF(I) is defined as

(" Diu)(x) = 6" (" 1} ) (2).
In particular, if ¢ € (0, 1], then
("Diu)(z) = 6(" 1, "u)(x).
Example 2.11. Let 0 < ¢ < 1. Then

ApInt = (Int)'=4, for a.e.t €[l e].

1
['(2—q)

It has been proved (see e.g. Kilbas [[[16], Theorem 4.8]) that in the space Ll(] ), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional inte-
gral, i.e.

(DY) (! I{w)(z) = w(=).
From Theorem 2.3 of [17]], we have

("1{) (" Diw)(z) = w(x) —
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Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional deriv-
ative is defined in the following way:

Definition 2.12. (Caputo—Hadamard fractional derivative) The Caputo—Hadamard frac-
tional derivative of order ¢ > 0 applied to the function u € ACY is defined as

("“Diu)(z) = (176" u) (2).

In particular, if ¢ € (0, 1], then
("CDfu)(2) = (11~ "6u)(2).

Now, we prove the following lemma.

Lemma 2.1. Let h € C(I), and « € (1,2]. Then the unique solution of problem
(FeDfu)(t) = h(t); t € 1,
aru(l) — byu' (1) = dyu(&),
azu(T) + bou/(T) = dau(&2),

is given by

u(t):/1 G(t,s)h(s)ds,
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where the Green function G is given by: G(t,s) =

sF(a) (Zn )(1—1

dl 1 1 a—2 1 a—1 a _ _
el 1( = ) 25 (In5)° " + sz (In )7
di(In€)*~ 1 (Int)* "2 4 e o
_ (nfl)sA(nt) [F(i)(an) 1+F(a 1)(l I) 2 6y <s, s<t

dy (In€1)* 2 (Int)> 1 [
S
_di(In&)*t(In)* 2
S

(ln ) '+ r(a 1)(ln )a_Q]
(Zn s )a L+ F(oﬁl)(lng)a—ﬂ; §2<s5,t<s

Fa

Z

with
A = di(In&)* Hao(InT)*2 + 22 (o — 2)(InT)*~3 — da(Inés)*~?]

—  di(In&)* ao(InT)*~1 + 2 (o — 1)(InT)*2 — da(Inés)*1] # 0.

Proof. Solving the linear equation
("eDfu)(t) = h(t),
we get
u(t) =" I h(t )+01(1nt)“ ' ep(Int) T
On the other hand, by the relation Dﬁ Ifu(t) = Put

u'(t) = F(a i) f1 (Ing)*~ 2h( )&
+ O‘T 1(Int)*~ 2+0‘ 20(

), we get

t)*"

37

— di(In€)*2(Int)* 1 o a— a— _
sl"(a)(ln) by gl)sA( . [I‘2 (In )t + F 1)(”‘%) ? F(a)(l“ )* ]

(a)
di(ln a—
- 15(A1fzgl( )0 ag (InT) =% + 2 (a — 2)(InT)* =2 — dy(Inz)* 2]
I (In &) Y ay (InT)" %(a D)~ 2 — dy(Ing2)* ]
a—1 a—
_d1(ln£1)SA(lnt) [F%Q)(lnz)a 14 F(a 1)(an) thi) (ln%)afl]; s<&,s5<t
dy(In€1)* 2(Int)* 1 a— a— a—
S ) i (n D)2 )
- 15AnF)a) (In&2)*~az(InT)*~% + % (o — 2)(InT)* =3 — da(Ing2)* 2]
A (108 ap(inT)" 1 + B (0 = 1)(InT)*2 = dy(inga)* ']
a—1 a—2
— ) 2 rans(in )+ by (nE) 2 = () s <6, ¢ < s
@)
) 0T [ (In D)o 4 ey (D)2 72 — e (inf2)0 ]
dl(lnfl)aS:(lnt)a72[F(Zz)(lng)a 1 +m(l I)a—Z F%(Qy) (ln%)a—l]; fl < <£27 s<t
Al O [ (1n )0 7 (9 ey (n) ]
dl(lnﬁl)asz(lnt)a R a)(ln )a 14 F(a 1)(ln ) a—2 F%i) (lniz )a 1], G <s<b, t<s

2.1)
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From the boundary conditions, we have

[d1(In&1)*~ex + [di(In&r)*?Jez = af' ITh(1) = b{' 17~ h(1) — df I7h(&1)

[az(InT)*~! + 2 (a — 1)(InT)*"2 — da(Inés)* ey
+ag(InT)*=2 + %’(a —2)(InT)*=3 — da(Iné2)*2]co
= d§' I h(&2) — ad! ITh(T) — b5 17" h(T).

Thus we get

a—2

T e L
— %@(GQ(ZTZT)Q_Q + % (a —2)(InT)>?

— do(Ing&)*?) [ (Ins2 )1 ) g,

and
Co = 7Ag%a) (ag(lTLT)ail —+ b%(a — 1)(lnT)a’2
_ dz(ln§2 tj:l fl 1 l &1 )afl h(S)dS
- 76[1 e f1 (Ing)*! ;(2) ds
+ b2f1 l'fl: Ot QSFIZ((x—)l) d2f12 s Ot 13]11—‘8) ds.
Substituting the values of ¢; and ¢, in 2.I), we get

u(t) = F(a fl (Ing)*~ 1h(3)d5

a—2
+ di(Inéq) ~ (Int)® fl ln o/ 1;11(2) ds

+ b2 f1 (ln%)“ QSF}(LS—)l)dS - d2 f12(l”%)a_l s?((ii)dS]

_ 75112??:)71 [ao(InT)*2 + b?z(a — 2)(InT)3

— da(Inge)* 2 [ (Infr)e—1 M) g

+ B fay(InT)* ! + B (o — 1)(InT) 2

— do(Ing)* ] [T (In&r )1 M) g

_ dl(ln&)“Al(lnt fl (InL)ye- 15’;((2)ds

a— h(s h(s
+ by [ (InLye—2 (() )ds—d2f12 (In&2) 15F<(02)ds]

= [T G(t,5)h(s)ds.
Remark. Notice that the function G(-,-) is not continuous over [1,T] x [1,T], however
the function t — flt G(t, s)ds is continuous on [1,T).

In the sequel we will make use of the following random fixed point theorems:

Theorem 2.2. [12] 20] Ler (2, F) be a measurable space, X be a real separable gen-
eralized Banach space and F : ) x X — X be a continuous random operator, and let
M(w) € Myxn(Ry) be a random variable matric such that for every w € €, the matrix
M (w) converges to 0 and

d(F(w,z1), F(w,x9)) < M(w)d(z1,2z2); for each x1,29 € X and w € §,
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then there exists a random variable x : Q) — X which is the unique random fixed point of
F.

Theorem 2.3. [12|[20] Ler (2, F) be a measurable space, X be a real separable gener-
alized Banach space and F : Q x X — X be a completely continuous random operator,
Then, either

(i) the random equation F(w, ) = x has a random solution, i.e., there is a measur-
able function x : Q0 — X such that F(w, z(w)) = z(w) for all w € Q, or

(ii) the set M = {x : Q — X is measurable : AN(w)F(w,x) = x} is unbounded for
some measurable function A : Q@ — X with 0 < A(w) < 1 on .

3. MAIN RESULTS

In this section, we are concerned with the existence and uniqueness results of the cou-

pled system (L.I)-(T.2).

Definition 3.1. By a random solution of the problem (1.1)-(1.2)) we mean a coupled mea-
surable functions (u,v) € C(I) x C(I) satisfying the boundary conditions (1.2)), and the

equations (T.T)) on I.

The following hypotheses will be used in the sequel.

(H1) The functions f;; ¢ = 1,2 are Carathéodory.
(Hz) There exist continuous functions p;, ¢; : I — L (Q, R, ); ¢ = 1,2 such that

| fi(t,ur,v1) — fi(t,ug,v2)|| < pit,w)llur — uzl| + ¢i(t, w)|lvr — va;

fora.e.t €I, andeach u;,v; € R™, i=1,2.
(H3) There exist continuous functions h;, k;, I; : I — L (Q,R;); ¢ = 1,2 such that

I fi(t, w,v)|| < hi(t, w)+k; (¢, w)||ul|+1: (¢ w)||v]; fora.e.t €1, andeachu,v € R™.

First, we prove an existence and uniqueness result for the coupled system (T.1)- (T:2) by
using Banach’s random fixed point theorem type in generalized Banach spaces. As a con-
sequence of Lemma we define the operators N1, N2 : C x Q — C(I) by

T
A / G (t, 5) i (5, uls, w), w)ds, 3.1)
and

(Ng(u,u))(t,w):/1 Ga(t, 8) fa(s,u(s,w),w)ds, (3.2)
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where G (t, s) =

a dy (In€1)*1 =2 (Int)*1 1 « « «
sF(al)(ZZL Yo 1y 1(Iné1) SAl( t) [F(al)(ln Yo 1+F(a1 1)(lns) 1—2 F(d;l)(mész) 1— 1]
Sy (n )™ faa(InT)* = 4 Y (o = 2)(InT) " = = d(Inge)™
+d;X?f‘)(C:1; (In E1)a1 1[a2(lnT)o‘1 1+b2 (al_l)(lnT)Otl 2 _ da(Inés)®1 = 1]
n 1 (int)*1 2 o] — o 2\«
_di(ln&) ;Al(l t) [F(al)(ln yer—l 4 711(0‘1 T (ln yor—2 F(dofl)(lni) s <&, s <t
dy (In€1)*1 =2 (Int)*1 1 a o — 2Ny —
1(Iné1) SAl( t) [F(al)(m Yo 1+F(a1 1)(ln ) Q—F(djl)(ln%) 1-1]
—721’1‘;);1) (In&8) —ag(InT)™ 2 + %2 (ay — 2)(InT)*1 =3 — do(Inés)™ 2]
12
+ I (In&2) 2 Yy (InT) ™~ + b—z(al — 1)(InT)*~2 — dy(Inés) 1~}
al—=1(1pt)@1— a oy — al—
_di(In&1) sAl(l 1) [F(al)(ln yoa=ly F(a1 1)(ln yoa=2 _ F(dril)(ln%) Tl s < g, t< s
lnt)al 1
sF(al)(
dy(In€)*12(Int)*1—1 1 4 ay— b ap— d aq—
S g ) i) s ()
Mt [ (n D) ™ o iy (In D)0 7 = s ()71 & <5 < 6, 5 <t
i S a9 7!+ g ()™ 72 — Ry Inf) ]
ng) 1" (Int)*1 a o1 — [}
ng)" M0 ey (g DYoL g e (in Tyt e (1n©) 1) £ S s <G, < s
5F(a1)<ln )Ot]—l
@ 2 a1 —1
Sling) ;Al(lm) - [F(aofl)(ln%)m_l + 71«(;12 1)(l nLyer=2]
a1 —1 a1 —2
_d](lﬂfl) ;Al(l’flt) 1 [F(aofl)(ln%) 1—1 + F(al 1) (l Z)al—Q]; 52 S s, s St
né )1 2(Int)*1 1 1= 1=
di(In&r) ;Al(l )t [F(al (ln ) 1 F(a1 1)(ln )e 2]
a1 —1 [e%
—dlna) o [ (i)t b (in D)) 6 <5, ¢ < s
with
Ay = dy (In€1)* Hag (InT)*1 =2 + % (g — 2)(InT)*1=3 — dy(Inks) 2]

— dl(lnél)o‘l_2[a2(lnT)al_1 + %(al — 1)(lnT)“1_2 — dg(lngg)al_l] 75 0.
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and G(t,s) =
a ds(In€s)*2~2(Int)*2 1 « « ag—
SF(DQ)(ln )T T+ i) SAZ( . [F(OQ)(ln ) 1+F(02 1)(177,5) 22 F(d(;)(ln%) : 1]
By (1) faa(InT)*2 = 4 Y (0 = 2)(InT)*2 =" — da(Inga) >~
e (1) ay(InT)* ! + B (az — 1)(InT)7 2 = dy(In€a)™>~"]
ds(In€3)*2 = (Int)*2 2 Qg — «@ [e]
— el L [ (In )™ ™+ ey ()22 — iy (in€)°2 7' s < &, s <t
ds(In€s)*2~2(Int)*2 1 a o — o —
alnge) ™ WO [ s (inT)oe ™t 4 i (inT)oe—2 — s (inft)ee]
1
ey ()% (1) + f (a0 = 2)(InT) ™0 — dy(Ing)> )
+ B 2 (1n )2 ag (InT)*> " + B (ag — 1)(InT)*> 2 — dy(Ings)*> ]
ds(In€3)*2 1 (Int)*2~ a g — Qo —
— 3( 53) SAQ( t) [F(a2)(ln ) 2= 1+m(ln ) 272 F(Cl(f2)(ln%) : 1]7 SS&% tSS
lnt)ag 1
sF(ag)(
d3(In€3)*2~2(Int)*2~ 1 4 o — b o — d o —
S g ) ) — iy e
Al O [ (n ) ™+ iy ()72 = i (nf) 7 & <5 <y s <

ds(In€3)*2 =2 (Int)*2 1 o g — a
3(In&s) sAz( t) [F(Ozz)(ln Yoz = 1+F(a2 1)(ln yo2 2 F(az)(ln&;) 2— 1}

ol ) [ n$)* ™ + prasegy (In ) ™2 = i)@' & < s <&, t<s

Sr(az)(ln )0;2—1 1
SR JF@)WL%)” tt r(ab; ()]
ds(l 27 (Int)*2 ™ a — ag—2].
— dallnga)™ O [ (inT)eet b S (in D)2 g <5, 5 <t

neé- ag—2 nt ag—1 _
ds(In&s) zAz(l )2 [F(a2 (ln Yoz = 1 F(a (ln yo 2]

_ ds(ings)*2 " (Int) @22 [F(az)(ln yee—l 4 m(ln )22 &y < s, t<s

SAz
with
Ag = d3(ln£3)a2_1[a4(lnT)a2_2 + %4(042 — 2)(lnT)O‘2_3 — d4(ln§4)°‘2_2]
— d3(ln§3)°‘2_2[a4(lnT)a2_1 + %(ag — 1)(lnT)“2_2 — d4(ln§4)0‘2_1] 75 0.
Set

G! = sup/\G (t,8)|ds; i =1,2.
te[1,T)

Theorem 3.1. Assume that the hypotheses (H1) and (Hs) hold. If for every w € €, the

e (0l Gllar(- )]
Gillp1 (-, w Gillq (- w
M(w) := 1 ’ o] 1 ’ e’}
= ( Gt Gl
converges to 0, then the coupled system (I.1)-(I.2) has a unique random solution.

Proof. Consider the operator N : C x {2 — C defined by
(N (u, 0))(t, w) = (N1 (u, v))(t, w), (N2 (u, v))(E, w)). (3.3)
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Clearly, the fixed points of the operator NV are random solutions of the coupled system
(1.1)-(L.2). Let us show that IV is a random operator on C. Since f;; ¢ = 1,2 are
Carathéodory functions, then w — f;(t, u, v, w) are measurable maps in view of Proposi-
tion 4.1.2 we conclude that the maps

w — (N1(u,v))(t,w) and w — (Na(u,v))(t, w),

are measurable. As a result, N is a random operator on C x €2 into C. We show that IV
satisfies all conditions of Theorem 2.2]
For any w € €2 and each (uy,v1), (uz,v2) € C and t € I, we have

(N1 (ur, v1)) (8, w) = (N1 (ug, v2)) (E, w)|

T
< /1 ‘Gl(tvs)m.fl(svul(svw)vvl(57w)vw) - f1(57u2(5’w)7v2(5aw)7w)”d5
< /1 G1(E, 9)[(p1 (s, w)[[ur (s, w) = ua(s, w)|| + g1 (s, w)|[v1 (s, w) — va(s, w)|)ds
< Gilllp (s w) s llua (5 w) = w2, w)lloo + llga (- w) llso[[o1 (-, w) — va (- w)l|oo)-
Then,

||(N1(u17v1))(~7w) - (Nl(u27v2))('7w)”00
< Gi(llpr (5 w)llool[ua ( w) — w2 (s, w)lloo + [la1 (5 w) [lsollv1 (- w) = v2(+, W) loo)--
Also, for any w € Q and each (uy,v1), (ug,v2) € Cand t € I, we get
[[(N2(u1,v1)) (-, w) — (Na(uz, v2)) (-, ) |0
< Gi(llp2(, w)llsollur (- w) — w2 (-, w)lloo + g2 w)[c |01 (-, w) — V2 (-, w)l|oo)-
Thus,
d((N(uhvl))('?w)’ (N(UQ’UQ))(" w)) < M(w)d((u1(~,w),v1(-, w))v (’UQ(',U)),’UQ(',’LU))),

where

d L w), ° , Sw), va(, = [ur (-, w) = uz (-, w)|loo )
(s e o) = (o)~ et

Since for every w € (2, the matrix M (w) converges to zero, then Theoremimplies that
coupled system (T.I)- (I.Z) has a unique random solution.

Set
A(w) == (G7[[h (-, w)][oo + G3 A2 w) [0,
and
C(w) == max{G7||k1 (-, w)[loo + G3l[k2(-; w)l[oc: GT[[l1(-; w)][oc + G3[|l2(, w)|| o }-

Now, we prove an existence result for the coupled system (L.I)- (I.2) by using Leray—
Schauder random fixed point theorem type in generalized Banach space.

Theorem 3.2. Assume that the hypotheses (H1) and (Hs) hold. If C(w) < 1, then the
coupled system (I _I)-(I.2)) has at least a random solution.

Proof. Let NV : C x Q — C be the operator defined in (3.3). We show that NV satisfies
all conditions of Theorem [2.3] The proof will be given in several steps.

Step 1. N (-, -, w) is continuous.
Let (uy, vn)n be a sequence such that (u,,v,) — (u,v) € C asn — oco. For any w € Q



COUPLED CAPUTO-HADAMARD FRACTIONAL DIFFERENTIAL SYSTEMS 43

and each ¢t € I, we have
(N1 (tn, vn)) (¢, w) = (N1 (u, v)) (£, w)]|

T
/1 |G1(t7 s>|||f1<s7un(8’w)a Uﬂ(87 w)7w) - fl(sa U(S, w),v(s, w)vw)”ds

< GT”fl(a ’U,n(~7 w)v Un('v ’LU), U)) - fl('a u('a ’LU), U(', ’LU), w)”DO
Since f; is Carathéodory, we have

IN

[[(N1 (wn, v5)) (- w) = (N1 (u,0)) (-, w) ||loo = 0 as n — .
On the other hand, for any w € ) and each ¢ € I, we obtain
[ (N2 (wn, vn)) (t, w) — (N2 (u, v)) (¢, w)]|
T
A |G2(ta s)|||f2(-,un(~,w),vn(~,w),w) - f2(',U(',’LU),U(',w),’LU)||oc

G;HfQ(Vun('vw)vvn('7w)ﬂw) - f2('7u('7w)ﬂ U('7w)7w)||00'
Also the fact that f5 is Carathéodory, we get

IN

IN

[[( N2 (tr, v0)) (-, w) — (Na(u,v)) (-, w)]|eo — 0 asn — oco.

Hence N (-, -, w) is continuous.

Step 2. N(-, -, w) maps bounded sets into bounded sets in C.
Let R > 0 and set

Br:={(n,v) €C: |pllc < R, |V]loc < R}.
For any w € Q and each (u,v) € Br andt € I, we have

T
(N1 (u, 0))(E, w)| - < /1\Gl(tvS)H\f1(87U(57W),U(87W),W)HdS

T
< /1 G1(t, 8)|(ha (s, w) + kr(w) [[uls, wll + 11 (s, w) v (s, wl])ds

IN

T
/1 G1(t8) (171 (5 w)lloo + RIIF1 (5 w)l[oo + R[5 w)lloo)ds

< Gllh (s w)lleo + RlIFL (5 w)lloo + BRI w)]oo)
= El(w)

A

Thus,
(N1 (,0)) (5wl < €1 (w).
Also, for any w € Q and each (u,v) € B andt € I, we get
[(N2(w,0) (s w)lloe < Go([lh2( w)[loo + Rllk2(-, w)lloo + Rlll2(- w)]loo)
= Lo(w).

Hence,
(N (u,0)) (s w)lle < (br(w), l2(w)) := £(w).

Step 3. N(+, -, w) maps bounded sets into equicontinuous sets in C.
Let Bp, be the ball defined in Step 2. For each t1,t2 € I with ¢; < t5 and any (u,v) € Bg
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and w € (2, we have
(N1 (u, ) (t1, w) = (N1(u, v)) (2, )|

T
< /1 ‘Gl(tlvs) - Gl(t%s)l”fl(sau(87w)’v(57w)7w)”ds

T
< /1 G1(t1, s) — Gilt, 8)|(ha(s, w) + ki (s, w) [, w)lleo + L (s, w)||o(-, w)l|oo)ds
<

T
< (IhaCsw)lleo + Rk (s w) oo + Rllh(nw)lloo)/1 |G1(t1, s) — Gi(tz, s)|ds
— 0asty — ts.

Also, we get
(N2 (u, 0)) (1, w) — (N2(u, v)) (2, w)|
< (Ih2( w)[loo + Rl[k2(- w)l|oo + Rllla(-,w) o) /T |Ga(t1,s) — Ga(ta, s)|ds
—0asty — to. 1
As a consequence of Steps 1 to 3, with the Arzela—Ascoli theorem, we conclude that
N(-,-,w) maps Bp into a precompact set in C.

Step 4. The set E(w) consisting of (u(-, w),v(-,w)) € C such that (u(-,w),v(-,w)) =
AMw)(N((u, v)) (-, w) for some measurable function A :  — (0, 1) is bounded in C.
Let (u(-,w),v(-,w)) € C such that (u(-,w),v(-,w)) = AMw)(N((u,v))(-,w). Then
u(-,w) = Mw)(N1((u,v))(-,w) and v(-,w) = Aw)(Na((u,v))(-, w). Thus, for any
w € Qand each t € I, we have

T
[u(t, w)l| < /1 GL(t, $)|[[ f1(s5 uls, w), v(s, w), w)||ds

IN

/1 |Gt 8)[(Pa (s, w) + ka (s, w)l[uls, wl| + L (s, w)|[v(s, w]])ds
Gi(llha (5 w)lloo + [1R2 (-5 w)loo luls wlloo + ([T, w) oo [0 (s w]loo)-

IN

So, we get

[u(,w)lleo < GIIR1(s W) lloo + [[k1 (5 w) [lool[ul, wlleo + (11 (5 w) oo v (-, w]lo0)-
Also, we get

IN

[o(-; w)loo G5 ([lha (- w)loo + IR (s w)lloo (s wlloo + [[T2(, w) loc [0 (s w]])oo-

We obtain
[u(-; w)lloo + [Jv(- w)[lee < A(w) + Clw)(llu, w)l[oc + lv(-; w)llso)-
It follows that
A(w)
1—-C(w)
L(w).

IN

[u(s w)lloo + [0 w)[loo

Hence we get
[(u(, w), v(- w))lle < L(w).
This shows that the set E(w) is bounded.



COUPLED CAPUTO-HADAMARD FRACTIONAL DIFFERENTIAL SYSTEMS 45

As a consequence of steps 1 to 4 together with Theorem we can conclude that NV
has at least one random fixed point in By, which is a random solution of the coupled system

[CD- @2).

4. AN EXAMPLE

Let Q = (—o00,0) be equipped with the usual o-algebra consisting of Lebesgue mea-
surable subsets of (—oo,0). Consider the following random coupled system of Caputo—
Hadamard fractional differential equations

3
HeDz2y)(t, w) = f(t,u(t t ;
( Eu)( ’w) f( 7u( ’w)7v( 7w)’w)’ ;wEQ, tE[l,e], (4'1)
(eDfv)(t,w) = g(t, u(t,w),v(t, w), w);
with the four-point boundary conditions
u(lvw) - ul(la w) = U(Q,U}),
2u(T "T,w) = 2u(2
(T w) + (T, w) ugww)’ ;w € Q, 4.2)
3u(1l,w) —v'(1,w) = 3v(3,w),
o(T,w) + 20/ (T, w) = v(2,w),
where .
t = w?u(t)sint
flt,u,v,w) = ot T wuft) sin ;te(l e,
64(1 4+ w? + V)(1 + |u| + |v])
cw?v(t) cost
t,u,v,w) = cweN tell e,
9 )= ST w4 a7 o] [1,e]
and ¢ < m The hypothesis (H>) is satisfied with
cw?sint cw? cost
t = t = t = —_— t = .
p2( 7w) Q1( 7w) 0, pl( ,U)) 64(1—|—w2)’ q2( 7w) 64(1+w2)

Also, if for every w € €, the matrix

cw? Gy 0
Gil+w?) \ 0 G5 )

converges to 0. Hence, Theorem [3.1] implies that the system (.I)-(4.2) has a unique ran-
dom solution defined on [1, e].

5. CONCLUSION

In this paper, we provided some sufficient conditions ensuring the existence and unique-
ness of random solutions for a new class of boundary value problems of coupled Caputo—
Hadamard fractional differential systems with random effects in generalized Banach spaces.
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